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Bt3eoenue 

' 
B HaCTOHmefi pa.60T8 TIP8'AROlK8Hll M8TO~ o6pameIDIB H8BllP0~8HHHX 

OKfill:MR~HHHX 6RoqHo-~aroHaRhHHX H oKfill:MR~HllliX 6RoqHo-Tp~x~aroHaRh

HllX MaTPHl\ BH'Aa 

bl 
bl a2 

0 
ul 

ul T 
b2 0 U2 a2 b2 a3 u2 

3J= fr= ---------
A3) = b , u m-2 ' Ar = 

a~-2 b ( 1) m-2 m-2 am-1 um-2 
0 b m-1 um-1 aT 0 m- l bm-1 um-1 

T T T T T T ul u2 · ·. · u11r 1 u m ul u2 · · • • • · • .um-1 um 

m-1 11rl 
r'Ae: i ue ,um~e=1-KBa'Apa.THH8, i b1, be; ae ~e=l- KBa'Apa.THH8 H8BllpolK'A8HHll8 
MaTPHl\ll, HM8IDmH8 o~aKOBH8 pa.3M8PHOCTH, T-3HaK Tpa.HCTIOHHpoBaHHH, 

3) - 6RoqHo-~aroHaRhHaH MaTp~a. r - H8BllPOlK'A8HHaH CHMM8TpHqHaH 

6RoqHo-Tp~x~aroHaRhHafl MaTPHl\a co BC8MH OTRHqHHMH OT HYRH B8~MH 
6RoqHHMH yrROBHMH MHHOpa.MH. 

Bo MHOrHX npHKRa~HX Sa'Aaqax B03HHKaIDT CHCT8Mll RHH8fiHHX 

ypa.BHeHHfi BHCOKoro TIOPH'AKa. IlpH peweHHH 9THX CHCT8M TipflMHM 

CTIOC060M MoryT B03HHKHYTh TPY~OCTH, CBH3aHHH8 C H89qxp8KTHBHOCThID 

rrpHMeHeHHH cTaH'AaPTHHX crroco6oB o6pameIDIB MaTp~. 



]9HTQqHHe H o:KanMJI~HHHe JI9HTQqHHe MaTPHI.UI BH,na (1) 3aHHMaroT 

BH,ll;9JI9HH09 M9CTO B T90PHH ITOJIH08 8JII'96paHqecKo8 rrpo6JI9Mll CMCTBM 

ypaBH9HJ1:A: 
tlz='Y H co6CTBBHHHX 3HatJ:eHJ1:A: tlz=A'Y ;;-et (2) 

CHCT8Mll aJII'e6paHtJ:8CKHX ypaBH9Hl1:A: o6inero BH,na (2), r.ne z,'Y ER (R -,,, m m 
8BK~OBO rrpocTpaHCTBO) c ITOMOtnhID rrpeo6pasoBaHJ1:A: no,no6HH ' 

QT(QtlQT)Qz='Y CBOMTCH K CHCTBM8M Ax=&, !3) 

r,ne: x,& ER, a M8TPHUa A HM9BT BH,n A=QtlQT H rrpe,ncTaBJIBHa o,nHofi 113 
m 

M8TPHU (1), x=Qz, ~=Q'Y_ 
IlpH STOM YKa38HHH8 rrpeo6pa30BaHIDI 06Jia,naroT CB08CTBaMH: 
1. QTQ = QQT = 8 (8 - B,nMHH'l!HaH M8TPHU8J, 

m m 
2. det ( tl ) = n Ak = n µk = det (A) , 

k= 1 k= 1 
m m 

Sp(tl) = z Ak = z µk = Sp(A), r,ne: 
k=l k=l 

tlzk = Akzk, Axk = µkxk, 

s_ llzll = II.xii, urn = 11&11, 

4. lltllllltl- 1
11 V = IIAIIIIA-1

11 

(4) 

H,OCTaBJIHIDT 8KBJIBaJl8HTHblMH BbltIHC™T8JlhHbl8 crroco6HOCTH . M8TPHU 

tl HA H pemBHJ1:A: CHCT8M (2) H (3) OTHOCHTBJ!hHO B03MYtn8HHfi tl ± M H 
H 'Y ± D.'Y. 

CHCTBMH ~BHHHX ypaBHBHJ1:A: c MaTp.11uaMH 6JioqHo~TPBX,nHaroHaJihHoro 
! . 

BH,na ITOHBJIHIDTCH ITPH ~CJI8HHHX pernBHHHX Kpa9BblX sa,naq, sa,naq CITJiafiH 
- annpOKC11MaIUU1 / 7 ,$/ • 

ArrrrapaT pa60TI1 C MaTpHUaMH YKa3aHHblX THITOB HCITOJ!h3YBTC_H ,I{JIH 
pernBHHH rrpo6JIBM, CBH38HHI1X C IIOBI1111BHH8M s(WJBKTHBHOCTH 

Bbl~C™TBJ!hHHX M9TQ,I{OB rrpH aHa™3B KHHBMaTHqBCK08 H ,npyro8 HHqJOp
M8UHH, rronyqaBM08 Ha ycTaHOBY..aX qJH3HKH BblCOKHX SHBprHH' H 3

i •. 

IlOTpB6HOCTH rrpaKTMKH IIPHBOMT K HBOOXO,nHMOCTH rrpoB8,I{8HHH 
,I{OIIOJIHHT8JlhHHX HCCJIB,I{OBaHJ1:A: CB08CTB JI8HTOtIHblX H OKa8MJI~HHblX 

M3TPHU, 3TH CB08CTBa CBH3aHH co crroco6aMH rrpaMoro pernBHHH CHCTBM 
~B8HI1X aJII'B6paHtIBCKHX ypaBHeHJ1:A: BblcoKoro rropa,nKa, ocHOBaHHllX Ha 

BBKTopHo8 qJaKTOPHSaUHH MaTPHU,o6paTHHX K 6JIOtIHHM Tpex,nHaroHaJihHllM. 

2 

I, 
I 
; 

i -~ 

Cnoco6bl OOJ)CU4e'/iU..q 6,to't{'H,0-0UQZO'/iO..A,b'/iW: u 

6~0"{,xo-mp~xouazo'H,Q..A,b'libi:l 0Kat1.JJ.A,ex'liw: .llCl7npu~ 

HTaK, crrpaBe,n™Bll CJl8.nyIDtnHB TBOP8Mbl. 
TeopeMa 1. IlyCTh An- C.!1MM8Tp.!1tn!aH H8BblpOJK,J:(8HHaH OKaitwreHHaH 

6JIOtIHO-,n.11aroHaJihH8H M3TPMU3 B.11,na (lj. Tor,na ,I{JIH l!Bni· .- SJIBMBHTOB-
_, l.J 

6JIOKOB o6paTH08 M8TPMUI1 !En= A" MMBBT MBCTO rrpe,ncTaBJI9HHB . 

V'.j3W., BC™ •l,:;i<Y;(m-1); -V.j3, BC™ hi<j=m, 
l. J l. 

c!Bn 1 ij '= 
W~j3V~. BC™ hj<i((m-1); -j3v~. BC™ l(j<i=m, 

l. J J 

- - l ~T ~T - i . . . - . V.j3W.+ bi = W.j3V.+ b. , BC™ 1°,i=j<,tm-1), 
l. l. J. J J 

(5) 

j3, BC™ i=j=m, 

r.ne 

{ 

~ _, ~ T _, 
V.= b. ·u., BC™ 1,; i,;; m-1, W .. = u .. b.', 

l. l. l. J J J 

m-: T ' l ' 
J3 = ~um- k~; tukb~'ukJ ~- , det(j3-. );tO, 

BC™ 1( j( m-1, 
(6) 

B CHJIY det(An);tO. 

IloR333T~,llh~TEQ.._ MaTPHUY An rrpe,ncTaBMM B'B.11,ne: 

b: I :i l. & l b: 0 

A~= T . r,ne: n = --- , & = 
m u b m-:;: I u -m m--

0 bm-: . u 
. -m-1 

06paTH8H 

MMBTh BH,n 

- 1 
MaTp.11ua An, corJiaCHO MBTO.ny,oKa8MJI8Hl1:A: 

- 1 
A~ 

= l 
-1 

r,ne J3 = [u - filT~- 12!] . 
m 

(n-1+ ~- '&j32lT~-1] 

[-J3&T~- 1] 
r~--:a~J l. 

(7) 

i14:, 6y,neT 

(8) 

BllITOJIHHB M3TPHtJ:Hbl8 YMHOlK9HHH, Hafi,neM HBHI18 B.11,n j3, (-n- 12lj3] , 

[-mT~- 1 j3), [~· 1
+ ~-

12i.132tT~-!] H, CJl8,I{OBaT8JlhHO, ITOJIYtIHM npe,ncTaB-

JI8HHH B.11,na (5), (6). 
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Ciij)8B8,n.JIHBOCTb STID:: npe,ncTaBnemm ycTaHaB.JIHBa8TCH Til)OB8PKOfi 

OCHOBHHX paB8HCTB A~rB~ = 8 = rB~A~. TeopeMa IlOKasaHa, 

3aMesaI-rne 1, Ilpe,ncTaBneHHH,aHanoruqHue (5),(6),6ll.JIH nonyqeHll 
paHee B pa6oTe11

~
1

• O~aKO pesynhTaTll HaCTOHll(8fi paOOTll npe,ncTaBnH-

IOTCH 6onee OITTHManbHllMH, ITOCKOnhKY CHHMaIDT orpaHJ1qeHJ1e 
,· ;• S' 

~det(ukl ;,! o}:;. KpoMe Toro, nonyqeHHlle . B ·' np~,ncTaBnernrn 
!1~1; ,.._, ,._ 

OCHOBaHll Ha TP8XToqeqHUX peKypcHBHllX Bllpa~eHHHX (6) .nnH V H w. 

Ilocne~e 6onee qYBCTBHT8nbHll K OIIIl16KaM 'MaIIIl1HHllX OKpyrnemm ll 

MoryT ITPHB8CTH K H8YCT08qJffiQCTH Buqucnemm. 
HIDKe, C HCITOnb30BaHJ18M pesynbTaTOB pa6oT11b,ll ~ rronyqeHu rrpe.n

CTaBneHHH .nna 6onee nrn:poKoro Knacca MaTpttu, )Br = A;/ . 

TeopeMa 2. IlyCTb Ar - CHMMeTpHqHaH HeBUpo~,n8HHaH OKa8MnBHHaH 
6noqHo-Tpex~aroHan1HaH MaTpuua B~a (1). Tor.na .nna <rB~i .. - sne~' 

• 1 J l.J 
MeHTOB-6nOKOB o6paTH08 MaTpHLJ,U rsr = ¾" HMeeT M8CTO npe,ncTaBneHHe 

<rBr>ij = 

3,necb 

viwj+ wipwJ, ec.JIH l(i(j((m-1); -wip, ec.JIH l(i(j=m, 

w:v~+ w.pwTj' ec.JIH l¾j(i((m-1); -pw~, ec.JIH 
l. J l. J 

Bii + w1pwi = Bjj+ wjpw}, ec.JIH 1,:,i=j,;(m-1), 

p, 8C.JIH i=j=m. 

l~j(i=m, 

(9) 

m-1 T _, -I 
p = ~1;1·-·~ (ukWk)} . , det(p );,!0, B CHny det(Ar)c/0, 

.m. k= 1 

T i . T . . m- l • 
W.= W.~ ~ (Vkuk)} + V.~ ~ (Wkuk)}, 1=2,3, ... ,m-2, 

l. l. k= J· l. k= i + l 
m-1 T m-1 T (10) 

W1= v.~ ~ (Wkuk) }, W -1= W _ ,~ .~, (Vkuk)} 
' k=l m m' k=I 

{ 

Vi= 

w = j 

i -1 n ck) , 1=2,3, ... ,m-1, V1=8 1 , 
k=2 

j 
( n ckBjj), j=m-1,m-2, •.. 2, W1=B11 , 
k=2 

4 

( 11) 

i 
·.·';~·'· 
'l 

,i_ 

~ 

-: -1 -1 
Bkk = <¾+!+ Gk_lbkl, B11 = G0 , Bm-l,m-:= Am, k=2,3, •.• ,m-2 

- l 
ck+l= -(/i.k+lak+, ), k=l,2, ... ,m-2 

T -1 
Ak+!= bk- akAk ak, A2 = b1 , k=2,3, ... ,m-1 

- I T 
Gk_l= bk- ak•!Gk ak+l' Gm-2= bm-1' k=m-2, ... ,1. 

IloKasaTe.11hcTBo, 3,nec1 ,nnH nonyqeHJ!H npe,ncTaBnemm 

.nnH rBr' KaK H B ,noKa3aTenbCTB8 TeopeMU 1, MaTpmzy Ar 
B BH,ne: 

A _ [ r m l 21T um ' r,ne: r = 

bl a2 
0 

ul 
T 

a2 b2 a3 Uz 

--------- 21 = --
aT b a u m-2 m- 2 m- 2 url 

0 aT b m-1 m-1 u m-1 

~anee, TIPHMeHHH T8XHHKY OKa8MneHH8 1141
, 6y,neM HMeTb: 

,,-i· i = [· [r· i + r lmpmTr· 1] [-r· l21p) j, 
r (-p2tTr· 1] P 

(12) 

(9)-(12) 

3aIIBllleM , 

, . (13) 

(14) 

r.ne :J'.1- o6paTHaH K HeBupom,neHH08 CHMM8TpttqH08 6noqHo-Tpex~aro-, 

HanbH08 MaTpHlJ,8 ff (13), ,nnH sneMeHTOB-6nOKOB KOTOpo8, B COOTB8TCT

BHH c
116

'
171

, HM8IDT M8CTO npe,ncTaBneHHH (11)-(12). 

-1 er > ij 
{ 

ViWj, 8C.JIH l(i(j((m-1) 

= T T 
W.V., 8C.JIH l(j(i((m-1). 

l. J 

(15) 

,Ila.nee, BillIOJIHHB C yqeTOM (15) Bee MaTpttqHHe onepau,HH 
B {ff-1+ r·121p21Tr-1 }, ~-5'"12lp }, {-p21Tr·1} H P, TIOnyl.JHM npe,ncTaB

neHHH ,nnH (Ar
1
=r8r)ij ~a (9)-(12). CnpaBe,nnttBOCTb STHX npe,nCTaB

neHJIB ycTaHaBnHBa8TCH TipoBepK08 OCHOBHHX paBeHCTB A~f{ = 8 = rp,ff¾· 
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PaB8HCTB8. A:r8r = ~ ll !BrAr = ~. oqeBll.ll;HO, 
CHCT8M3M M3TPIB!HHX paBeHCTB! 

8KBllB8JI8HTHll CJI8m'IOil1HM 

a~ ( !B,,,) . , . + b . ( !B,,, ) . . + 

{ 

~ J i-•,J l. J l.J . 
a. (!Bq-) · 1 .+ b. (!Ba-)·.+ a .. l(!Ba-)it' .+ 

l. " 1- .1 l. J l.l. J;t .; .1., l. 

a1,1<!Br>1+1,j+ ui(!Br)mj = 

ui (!Br)mi = 

Oij' l¾i<j<m, 

~i' 1~;i=j,;(m-l), 
m-1 

i:: ~uJ (!Ba-Ji:: ~ + u (!Ba-) , i=j=m, £ = 1 . !o , !om m , mm 
(16) 

{ 

a ·+l (!Ba-) ·+i J.+· b 1 (!B.,,) .. + aT1(!B,,-) 1_, +.u1 (!B.,,) . = O . . , . l¾j<i<(m-1 ), l. J l. ' J l.J J • • J J IDJ l.J . 

j-1 T T m-1 T .. 
i::~ui,:(!BrJi::•~ + u.B .. + i:: ~Ui:(!Brli:-~ = 0 ., H,J<i=m; 

{;=1 !o !oJ J JJ {;=j+l !o !oJ IDJ 

{ 

(!B:J'Ji,j-laj+ (!BrJijbj+ (!B:[)1,j.iaJ,1+ (!Br)imuJ = Oij' l<i<j¾(m-l), 
j-1 m-1 
i::~(!B.,,).i,:Ui:~ + B .. ui + i::~(!BrJ-1:"tlf= 0. , 1,,;j<j=m, £ = 1 J J.!o !o . l. l. £ = i+ 1 l!o !; im 

{ 

(!Ba-)i . 1ai + (!B.,,) .. b. + (!B.,,). ·+·a~+l + (!Ba-). u~= 8., l<i=j¾(m-1), , , r , J.J. J. . , J., J. 1 J. , im J. J. • 
m-t 
{;~!~ (!Br)m{;u{; ~ + c!Br)mmum = ~m' i=j=m, (17) 

· ,(!Ba-) .. 1a.+ (!B.,,).jb.+ (!Ba-). j'a~,1+ (!B.,,). ujT = 0 .. , l¾j<i<m. 
. . J J., J- J J l. J J J., •• J J l.ffi J.J 

Ilo,ncTa~llM B (16) ll (17) COOTB8TCT~t;°Il1H8 BllI)8.l!t8HJIB ,nJIB (!Br){;µ' yqn-
TllB8..H rrpn 8TOM rronyqeHHH:e paHee B paB8HCTB8.: 

{ 

- _ , { _ - { 18) 
Bkk/3k+l - ck+lBk+t, k+l, ckBkk - Bk_ 1.k-1 /3k, 

ck+lBkk= Bk+l,k+1f3k+l, l'-(k¾{m-2), Bkk/3k = ckBk-1,k-1' 2"'k¾(m-l), 

{

r.ne B{;{; o:rrn~:Ha B_ c l~J, 

c{;+l = -(A£ a{;+l),. c{;+l 

T -1 ~ 
.f3{;+! = - Ca{;+ 1 A{; ) , /3{;+1 

-1 T 
= -! G{; a£+ 1 ) , 

(19) 
-1 

= -(a{;+lG{; ), 1,;;{;'-((m-2). 

B P83YJibT8T8 rronyqaeM, qTo paB8HCTB8. (16) ll (17) CBO.D:HTC.H K 

TOl!t.D:8CTB8.M ll, CJI8.D:OB8.T8JlbHO, crrpaBe,nJillBOCTb rrpe,ncTaBJiem-rll: (9)-(12) 

YCT8HOBJI8Ha. TeopeMa HOK838H8. 

6 

l .J 

38M848ffij8 2. 3,necb Mll He OCT8H8BJillB8.8MCH Ha oorrpocax 0 
MHO~z

1
CTB8HHOCTH rrpe,nCT8BJI8J:!IDl: , ( A/ = ~f) . 0rM8TllM JIMlIIb, qTQ C yq/j

TOM l MHOJ!t8CTBO rrpe,ncTaBJiem-rll: .D:JI.H ff cymecTBY8T T8Kl!t8 ll .D:JIB 

(Ar;=!BrJ H COCTOMT ll3 16 rrpe,nCT3BJI8m-rll:, yqMTllBalOJJITTX Bkk B BH,n8 (12). 

B 33KJIIOqeHHe 8BTOPll 6Jiaro,napHT 
I1p()HBJI8HHilll K pa6oTe. 
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