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1. Ooonuaqeuu.s: H nony"'eHHb~~· peaynb'l'aTbi 

D - xoHe'lHa!l o6nacTb B R3 c rpaHI~eii:' S - /J:BYMepHbiM MHoroo6pao1reM 

xnacca . C2• 

C(D),C(S)- noHHMaeMble B·o6~enplUU!TOM cMbiCJie 6aHaxOBbl npocTpaH-

CTBa. 

W- :JaMKHy~oe nojl;npocTpaHCTBO C(D), o6panoBaHHOe <f>yHK~llllMll, rap-

MoHn'leCKHMii B D., 

V - nojl;npocTpaHcTBO Tex 3JieMeHTOB W, xoTophl~ HMei<>T Ha S npaBHJibHYI<> 

HOpMaJibHYI<> npoU::lBO/];eyi<>. '': ·' ''•' 

M- llHTerpanbHbiH onepaTop Ha C(S), nopmK/];aeMbii't lljl;pOM noTeH~Hana 

/];BoiiHoro · cl:Ioll; 

A- onepaTop HenpepbiBHoro npop;omKeHHllll::l C(S) B W. 

'l!acTb. o6onHa'leHllH BBOIJ;llTCll no XO/];Y unnmKeHllll. 

B pa6oTe o6HapyJKeH pll/l: paHee HeunBecTHhiX cBOHCTB !I{; 8TH cBOHCTBa 

non:BonllioT cTpoHTb co6cTBeHHh1e <f>YHi~iiH H penoJibBeHTY jl;aHHoro~onepaTo-

pa. 0Hu JKe npimOjl;llT x' /];OBOJibHO npocTbiM MeTO/];aM peweHitll xpaeBh1X najl;a'l 

/];JIJI ypasHeHll.ll Jiannaca: 0/];IIH un TaKHx MeTOjl;OB - npo~ejl;ypa nocTpoeHll.ll 

OJIOTHOCTll noTe~ana Po6eHa _- pacnpocTpaHJieTCll Ha 6onee 'o6~uii cnY'Ia'ii 

3JieKTpOCTaTH'leCKllX :3Rjl;R'l. 

.. . : ~ ' ' 

Ot."\C!l.l'l~.'\lri"'ii HHC'ilt'JT I 
U"!5t!iWX BC::' ~~JlOilid 
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2. ilpe~BapHTeJihHhie CBe~eHHJI. 

. HanoMHIIM (eM., HanpnMep, [1]), onepaTop A pa:JpewaeT BHyTpeHHIOIO na-

p;a'Iy )lupiiXJie ;IJ;JIJI ypaBHeHII.II Jlannaca. 'Th.xaJI nap;a'la xoppeKTHa, no:lTOMY A -

HenpepbiBHaJI 6ueKQH.II C(S) :HaW. IIcnonb:JY.II :lTY 6uexqiiiO, npeo6pa:JyeM M 

K BII;IJ;Y, Y;o;o 6~oMy ;o;~ aHa:n~na. 

Ha'IHCM C IIDBCCTHOrO COOTHOWCHII.II _.;, 

V¢> E C(S) (AM if>)( f)= (Aif>)(r) + _!_ f da'(ii(T')(T- r')) "'(-') 
211" ls IT- r'l3 '+' r 

(r E D, n(T') - BHCWH.II.II HOpManb K s B TO'IKC r'). )lpyraJI ero <J>opMa 

(AMA-1)(A¢>)(r) :::::-:.:.. (Aif>)(T) + 
2
"
1 

·. f dr'C~1'( 1 _ 
1
-_,

1
). V'(Aif>)(r')) .. '* 

. 11" lv r- r 

VuE w ·(K~)(r') d2 -~(A(l-J;_ M)~~~u)(r') = 4~ fv dr'(V'~ IT~ r'l). _V'u(r')) 

(r E D, A ~1 ecTb npocTo cy:lKeHHe <I>YHKqHn W Ha rpaHtrey ux o6nacTu onpe7 

;o;~neHmi). 

XapaKTep onepaTopa K no6y:lKp;aeT paccMoTpCTb Ha W npoxm:ae;o;eHIIC 

T .. • _·· .. 
(u, v) = 411" fv df (vu·. v~) . 

•' j.:.,,_. . . 

I' ;:·:· 

0'ICBli;IJ;HO, "W CliiiWKOM WIIpOKOC, 'IT06bi Tpe_6yeMbiH ~~~Terpan cyru;e~T~~>BaJI 
. . 

;IJ;ll.II ni06oii napbi_ero :lJICMcHTOB. Orpa~II'IIn.iC..II ~pocTpaHCTB_OM V. Ha HCM 

(. )'·--lid'··.· av .. :: u,v =- au·-. 
411" s an ' 

•; ·;; 

Ep;IIHCTBcHHoe OTJIII'llle :lToro npmmBep;eHII.!!_OT. CKall.!IpHoro: un ( u, u) = 0 cne7 . . . ' ~ ~ ' . · .. ; . . 

;o;yeT He u = 0, a u = const. )laHHbiH Hep;ocTaToK nerKo ycTpa~~~~~· nonmKIIB 

:lKBIIBaneHTHbiMH Bee <J>yHKqtm V, pa:Jliii'laiOru;nec.II Ha KOHCTaHTY. BonHnKaiO-

w;ee MHO:lKCCTBO KnaccoB :lKBIIBaJICHTHOCTII H Hacne;o;yeT mmelmble onepaqnn 

·~3;zfr:i·:~' 

. ~ ;:1. . ~· ...... · 

2 
:.;.:~"·~:~; ~~-~-~~ .: 

I 

l 
1 

I 
I 

j 
-~ 
·l 
( 

f 
! 

/ 
• f 

V, a paCCMa TpiiBaeMoe · npOtmBep;CHIIC · CT8HOBIITC.II Ha HCM CKaJIJipHbiM.: ThxiiM 
' '· - .. . .. . ~. . ' ' . '. .. . . .,_, 

o6pa:JoM, H - npe;o;rtmb6epToBo npocTpaHCTBO. 
,•· . 

BonBparu;aJicb K K, npu~e~-Bo BHIIM~ne u =·const- E Ker ]( 11 

v~ E; . (K u )(r) = 4~ fs da: lr~ r'j. :~ (~'i;_E ~ {rED), 

TO ecTb K : V -t V. Bnaro;o;ap.11 :lTHM ;IJ;BYM CBOHCTBaM, Ha H. ~(.)?K~o <n;rpep;~~Tb, 

onepaTop·J: VuE v Je(u) = e(Ku) (6(u)- KJiacc :lKBHBaJICHTHOCTIIU)> 
.. f . •.• ·, _._ .. , -

.... _ .. _,. ,. 

IIccne;o;yeM ero. 

ITpe:lKp;e Bcero, Vu, v E· V 

(e(u): Je(v)) ~-- 41 ·-.f dr (Vu*(r') ·>(7c
4
·
1

·•· f da'
1
_ 

1 
_

1
- aav_(r'))) = · ·' 

11" lv · 11" ls r- r' n 

=··41 [ da41 . [ da;aau* (fJ ,- 1~,,~--aa_ v(r~_);, (Je(u)))(v))':·::} 
11" ls 11" ls n r-:- r .. n . . . 

(6(u),J6(u))=Iim
4

1 f da
4
1 "{ da'aau*(~·aau(r~)-~arctg(!jT-r'l)·~ 

- .. e!O 11" ls 11" ls , n n · 11" c 

1. 1 1 d 1 1 d ,au·(··~ au (~;)i . 1 1- ik. \ ( ,·k-,' ·c· k_;·(... _,·))). -= 1m -4 a-4 _ a ~a r 1 _-a r - 2 _=- exp -c + z _ • r - r = 
e!O 11" s . 11" s _ : n . nl . 211" k2 . -~ ·. . . 

12

_ . 
. 1 dk :.. 1 au ~- .. · =bm-1-=--_ exp_(-clkl) ~12 fda -a (r')_ exp(z(k.·_r)) -= 
e!O 411" k~ . , . -. (211") ls n _, . .. , ... 

. 1 

1 
ik . _ I -~ r _ _ - - -- .. _ · -

1

2 .. 
,,_. = I;fff 411" 'k2 exp( ..:.elk!~- (2i)~l2 lv d~ ~~ · \lu(r))o,e,xp,(z(.k _: T)) _ ~- . 

Slim~Jarexp( -c:lkl) I"' \ 12 · f dr (Vu(r)fexp(i(k · r))l\;, 
e!O 411" . .· J2~), lv .. _ .. 

::' 
1 1 -~ 1 ... , ~- - - . . - 12 

= - dk_ ~ lr dr (Vu(T)) exp(i(k · r)) =, ....... 
411" (211") · D ·· . ·• ·· · 1 

. 1 l - 2' ' = -
4 

· dr!Vu(T)I-·=·(e(u),e(u))· , , •';·'-' . 11" D . 

(ncnonwyeMke a;o;ecb nonO:lKCHIIH :MoX.:lio HanTn B [2],[3]). _Hanl~qo aii:MnT'oBocTb, 

lio~:lKIITeJibHO·cTb u orp~~miocTb J. KpoMe Toro, nocioill.eyT· '· 
• f ~-

II J II = sup. • (e(u), Je(~))/cecu); e(u)) -~ 1': 
. uEV,v¢conat. ·' '. . :_._ . ,. . 

. cneKTp J nPHH~;IJ;liC:lKliT OTpen~y [0,1] (c~.(4]). 3TIIM Ha.Kllap;Lm~TC.II orpaHII'le-

HIIC 11 Ha cneKTp M. 
"~ ~;~;. 
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3. · CneKTp~bHbie cBOHCTBa onepaTopa -M · ·' 

06o::ma'InM N -IIHTerpanbHblii onepaTop Ha C(S) c li~poM, apMIITOBO conpH-
, o~' ). • •. • 

)KeHHb!M B~PY M. . Kax .liDBCCTHO ([4]), !11, N KOMnaKTHbi u ux cneKTpbi, oa 

liCKIDO'ICHIIe~ ;~'IKli 0, ~~ICKpe~Hbl. CooTBCTC'rBeHH~, ecni~ ,\ =I 0 npiiHa~llC)KliT 

cneKT'py' M,' T'o HaH~eTCH 

t/JE-C(~):.,(NtfJ)(~=-
2
'1 I d~,(ii(~~r·:- 1:'))t/J(r;)= . .A*t/J(r') (rES).=* 

- 1rls r-r' · 

~(_!__ f-du'-
1

_ 
1 _

1
t/J(r')) = -

2
\.A*+1)t/J(r') (i'"E S):.=9 (..\*+1) fdut{J = 0. =? 

on 47r ls . r- r' ls 

. Ilpn ..\=f; .:.:1: ls'dutk = _0. Cne~oriaTellbHO, no,Teope~e -~ paopei1JIIM,()<_::Tn BHYT-

• u u ' • ou . 
peHHe~ oa~a;u Heu~mm 3u E_ V : On ==: .t/J, npJ.I'IeM u onpe~eneHa c TO'IHOCTbiO 

~0 a~p;liTIIBHOH llOCTOHHHOII. ,Il;nH 3TOH cpyHKIIlili 
' . ~ ' 

1 rd ;· .:1 ·'·(·_,). (K )·(.;:'\ ··c- :·.·._) . -a (J' )·. 1('* · )au 
- J~ u -~-·. -~'~-' r = u r 1 rED . =?a \.U =?"' + 1 a· =? 
47r s , ;. - r:' , , . ·· , n ·· ~ n 

a·· · 1. · :· 1 . . • 
a(Ku- -(..\* + 1)~) ~·o. =? Ku- -(..\* + 1)u:::::, const. =? 
n\ 2.

1 
. 

1
_._.2. ... . 

0(Ku) = J0(u) = 2(,\* + 1)0(u) . =? 
2

(..\* + 1) E (0, 1] . =? ..\ E [-1, 1] . 

BcnoMHUM Te~ep~;~~~Th Ha 'c(S) ypaBHe~~~~- ;.M <P ,; <P BblnonHHeTcH TOllbKo 

npu <P = q, Hanp_o;r:I~~' ypaBHeHne .M~~~, :::,1uMeeT,: He,Hyne~?.C pemeHne 
. ~ -~ ~ , \ o;. ·. : •'\ 1 • " 

<P =const # 0 ([1]). B proynbTaTe cnpas~rruBa 

TeopeMa .1: CneKTp onepaTopa M (N) cop;ep~nTCH B [-1,1)"." 

EIIIe o~uH cpaKT cBHOaH c o~UHaKOBOHKpaTHoc·hro_ coBna~aroiiiiiX co6cTBeH-

Hb!X O¥a'IeHun_f\f .M· N. OcTaHoBUMCH H~ op;HoM: TaKoM l,JHa'Ie~I~n ..\ -:f 0, -1. 
- 'l-" ' • . <,·: ... 

IlycTb ero KpaTHOCTb s. CooTBCTCTBCHHO Hanp;eTcH. s. llliHCIIHO HCOaBliCliMbiX 
. - ' . ,_.. ;. ,.J. . . ,.,_, .·'..:; .·. '·-·""' ,· .. .::.:;: 

<I>YHKIIIJH tfJ(i) E p(S) : NtfJCi>. = ,\t{J(i); i = 1,: .. ,s~ Ilo p;oKaoaaHoMy BbllliC 
. ; a (i), .· .. 

Ka)K~OH t/J(i) OTBe'IaeT u(i) E V: · : ~ t/J{iJ. =?: ''· 
· un . 

'," ' ', l . , ' : ';, , 

Ku(il- -(..\ + 1)u<•l = const . =? 
' 2 ' - ·iJ 

4 

•, 

\ 

' 

I 
~ 

i. .. 
I 

K(u<il.+ 2constf(..\:+ 1)) = ~(..\+ l)(u{i) + 2constf(..\+ 1)) . =>: 

:Bhi6op ~{i) MO)KHO no~'IUHIITb YCllOBUIO Ku{i) '= ~(..\ + 1)~Ci(' Tor~a 

, KA(A -tu{il) ~ .!_A(M+ 1)(A'.,:1 uCil) = .!_(..\+ 1)uCi>. :~,. M(A -tu{il') = ..\(A-t~(i>). 
2 2 ' ' ' " ,.. ', ' " , 

Ho A-t uCil; i = 1, ... , s TaK :a-;e n~menHo HeoasucnMbl, KaK n tfJ<i>; i = 1, ... , s. OT-
. ' , 

CIO~a: BCliKM co6CTBCHHM cpyHK~UH kf, ~TBe~aiDIIIM ~' npe~~~aBUMa llliHCUHOll 

KoM6nHannen A -tu{i);. i~~ 1, ... , s. TeM caMbiM HaMil ~oK~aHa 

TeopeMa 2: ,II;m1 nro6blx <P E C( S), ,\ E R, ~.oBneTBOpHIOIIIliX M <P = X<P n 
·· · · ·· ·. a·· __ ·. ·a · · 

,\=I 0, 1, IIM~~T MCCTO A<P E v, N on(A<P);, )..On (A¢>) . 

; TpeT~~ llOllO~·eHl;~ ccpop~ynnpye~ '~:rii~cliTellbHO. o~~~a. TOpOB 
7 
M 2' N 2 (~X 

• •• 0 ·~-- ,: : r.r . . ·,··r··.. ~ .. · · · ··· 
co6cTBCHHble OHa~IeHUH HeoTpnnaTCllbHbi):'BaeAeM {77;} : -

i EN, 7]; E (O,oo), ((77; < 'li) {:} (i.> j)), 

A; := { <P E C(S) I M 2 <P = 7];7¢>} ¥ {0} , B; = {1P ~p.(S) I N 2 t/J = 7];
2 t/J} =f;.{O} . 

• • J .. . • ., 

(MHo::rKecTBa, Ker M 2n J(er N 2 
•• P~<:c~aTpu~~~bCH He 6yp;yT.) 06ooHa'IUM 

'.:_'' ~ ·. .·' ', .l:,: ... '-;, -:, ->;; ;_ ·:.~" ·,~,:...._• •, ·',:.:. ~ ~ ~~rt~·'-: 

qepeo { cfo;{k)} - 6&mc A;, qepro { t{J;<"'>} - 6aonc B; (i ~po6eraeT cBoro ~6nacTb 

~H~'IeHni't I): ·c~~bKynHoc:rb ~Tiix 6aoucoB onpe~eneHHbiM o6paooM Ji~p~npye-

Ma. Bo-nepBbiX, V i,j E I ·. · .. "' 

(i '=f=j)' '* ( fdu<fo;CkltfJ/~i:: __!__ { du(M2<fo;Ckl)1f;;<n> =· 
ls .· 7];

2 ls . . 

.. = \' idu<fo;<kic~·~t/J/n>)_= 77~: ·yd~<P;<,k>t/JiW = o) . 
7],_ ls . . . 1], .ls .: , . ... -, . _: . ··.· . a-<·· . . 

Bo-BTOpbiX, npu 7]; =I 1 MO)KHO llOllO)KUTb tPi(,k) = on (At/>;{kl). :=} 

ldu<fo)i.!tPi(k) ~. r ~ucfo;(k)~(A~;(k)) ;} r 'dr IV(Acfo;{k))l
2 > 0 . :=} 

ls . ls on . . lv . 
..\ -:~ . . .'r ·,,. :~· . :- ·, ·. ,;_._, __ . -~ --:· ·:~(·.:.: ; : ... :_.··:~~- ... " :. ·, ··~ ~.r ·.-

IIpone~ypa I'paMa- IIIMnp;Ta ([4]) nooBoliHCT ~oBneT:BopnTb Tp.e6oBamoo 
;! .-.\ " ·'.-/·--' - i ~ .. ,, ~ ;~:. !. ·.: tl 1 du<fJ;(k)t/,;(") = hk•• . 

~; ;o;· r • 
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IIpoBepnM ero BblllOITHCHIIC B crry•iae 1]j = 1. II~ T'eopCMC J T/1 = 1, npii'ICM 
Vi=/= j V¢ E A;, Vl/J E B; :Pi¢ =.0 ,> Qil/J = 0. =>., 

At={¢ E C(S) I M¢ = -¢}, Bt = _{1/J E C(S)I Nl/J = -;1/J}. => ,Il;rr.11 rr;o6I;>JX 
. ·. • .· . . .... , ,' . 2 •, .. : ··,. 2" .. 

P;Pi = ciiP;, Q;Qi = 6;jQ;. => (1 ::__ P;) =' 1- P; , (1:-· Q;) =' 1.:...· Q; { 
. ) 

'HeHyrreBblX v EAt. I' E B 1 v = const, a I'- nrroTHOCTb noTCHliiiarra Po6eHa Ha (1- P;)(l'-: PjY = (1- Pj)(1 ~ ~;).: ci':- o:)c~- Qj) ~ 6- Q;)r(i -~:Q;) .. => 

S ([1]). · CorrracHo onpep;erreHino nocrrep;Hero . :,:_ " . : 2- :_ ' ; ;·~·'. "7' : i. ·~. . • 

((1- P;, ~ .. (1- P;;.)) = (1-P;,) ... (1- P;,.), 
;4., 

. ·:. . . 1 . 

c~nst. -~ c~~~r is d~' If'- r'l l'(r~) 
. .. 

(rED). => i 

((1- Q;,) ... (1·- Q;,.))2 = (1 :,_ Q;,).:. (1- Qf .. ) . => 
, .. 

fs dav I' = const' k da 1 da'l'( r) 1 ' 
If'- r'l l'<r') = 

-:.-; ~-·; l ;···; 

= 471"; co~st'/~~- I : i
312 

ida' l'(rJ exp(i({ r))l 2 

,, k (27r),. ~- .·. . 

l 
l 

Ilpn mo6hlX it. ... , in E I (il < ... < in) o~ep':l'Topbl 

1-:.:p{i.,.~:i~} = (1- P;,)~: :(1_- P;,.) = 1- P;1 -; :;·- P;,. ;<::. 
\·,, 

(npHMCHCHIIC npeo6panoBaHn.!I <Pypbe omi:caHo Bblwe). IIorrarM I' cnHrymtpHoii 
' ._, ( ·-:. :··." • <. . ' ; ·:-~ •·• ·--~- ·~ -·..;~:)~ . ;,·~ . -· ~ 

,i,J. 

o6o611ICHHOH <f>yHKliHCHJMCpCHHOro pocTa, rrerKO ~J;?x,a:JaTb, 'ITO ee <J>ypbe-o6pan 

1-::: Q{i,, ... ,i,.} = (1- Q;.) ... (1- Q;;.) = 1- Q;,- ... - Q;,. 
f" 't..,; l i ~; ''( 

1 f ~· ---:3fi J~ da l'(rJ exp(i(k · r)) =/= 0. => OT v, p MOJKHO noTpe6oBaTb v =: 1 u 
(27r) s . . : .. 
{ dUVf' = 1. 8TUM OKOH"'aTCIT~HO )l;OKa:JaHa 

ls. · . 

ThlC nop;npocTpaHCTBa C(S). ,Il;rr.11 aTux nop;np?cTpaHCTB cnp~~rrnBo: 

'i'eopeMa 3: .. CncTeM:bi U{¢;(kl.},U{1fJ;(k)} co6cTBCHHhlX <l>YHKliiiii onepaTo- ViE I V¢ E A; 'V_l/J.E B;: 
·. iEI iEI 

p~~ 'M:2' N2 ~02KHO ~opM~P~~a;~ ycrroane;:;· r dact>/k)l/Jj(n) ;; C;jC;~.r- . 
. . ~ '(i E {it. ... , in}) <=> ( ¢ ~ X{i., ... ,i;.}) <=> ( tP ~ Y{;1 , ... ,i,.}) • (*) 

' " 

4. -IlocTpoeHHe co6CT~eHHbi~.«<»YHK~HH H pe­

, 30JibBeHT onepaTopoB M,N .: 
; ~ 

t 
BocnorrbiJyeMCH e111e op;HUM cBoiicTBOM on.epaTopoB P;, Q; : 

.-
i 'l ' ',. '"'· ; ·~". { ~ • - i ·1 - : '' . '.: 

vq, E C(S) M f;rp = E(i)(M rp;(k)) is dal/J/klq,_,; • ' 
. i ' . : k ":-'";,--' ~ ~-: :-; ·": ~ " TeopeMa 3 -p;erraeT: B<mMoJKHhiM riricTpoeHHC .co6cTBCHHhlX <l>YHKliiiii M, N 

' • ~ • • • c " ~ • • • ' ' ~ • • , i = -r:(ilq,;~klis da(Nl/J;(k)l~ ~ -r;(i) q,!(k)ls ~al/J;(~l(M ¢) ~ ,P;~ q, ' 
~ '· • "_ .' ' : ' I 

MeTop;oMKerrrrora ([5)). Hcn~rrbiJy~ 6annchl, ynoM.!IH~Thl~ B ';'CopeMe, onpep;emiM 

Vl/J E C(~) .f/?_;t/J = E(i)(Nt/J{~~) is da¢;(k)1/J =;= 
. ...... ... . . . k .: . " " : . 

= lf(i)t/J;(k)isda(¥~;<1'>)~ = l((i)l/J;(k)'fsda¢;<kl(N~) = Q;Nl/J. => 

MP{· ·}- P{· ·: }M NQ{· ·}- Q{· · }N: => IJ, ••. ,tn - llt•••tln ' , llt•••tln - IJ, ... ,In ; • 
• • • • • • '"' • \. ;. _l • i' ~- ~ 

- ~-: 

<'' ~ 

P; : V¢,~ C(S) 
·'. 1 __ .... <' 

P;¢ = 'E(i) ¢;(k) is da_l/J;(klq, ; 
_,. k. ·' .. . '\ ,:· ' . 

Q;l/J =:= E<i> lfJt> is da:p;<k>t/J 
. k '· . ., 

· .. - Q; .: _Vl/J E C(S) 

(HH)l;CJEC B031IC OHaKa CJMMbl YKa:JblBaeT Ha OaBIICIIMOCTb o6rraCTH II3MCHCHII.!I k 
·.· _-;. ~ ~~1 ~--~- ~-C .. · .. ~~-~ ~ • ._" :-::··~·., _:·-~ •'· ; _.. ~1· '!: 

OT oHa"'CHHll i ). Q-qeBH)l;HO P;(C(S)] ~ A; , Q;[C(S)] = B; II · 
b ' -.· ,i r; 5_l 

\ 

V¢ E A; Vl/J E B; P;¢ = rp', Q;l/J = t/J ; 
: ~-: ;, 
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Onep~Top M- (J!) p;onycx(aeT 'cyJKc.Hue ua_ X{;;, ... ,i,.} (Y{;1 , ••• ,i .. }) • B curry (*) 

cneKTP TaKoro cyJKeHnll coBnap;aeT co cneKTpoM M, N Bcrop;y, KfJOMe Tex To'IeK, 
'. ' .. ·. ·r - "~~-" ,. ;~:·':'- '.;.· .,.~' ·~:·_.; -~--~ -: 

'!ei'I MO)l;Yllb paBeH 7];, ••• , 7];,.. Crrep;oBaTerrbHO ( cM. [4]), 
.. } .. .. . { . ~-.: i ' ·-> ~ j-(. ~' _: ~- '; f' .. . :: 

-' • .r ~ l ~ f : 

lim II (M i x{ilo····i .. }t 11~/p = lim II (N jY{iio····i .. }t W'p = sup I.AI. 
p-+00 · · ' · p~OC>- . I -- ' ? ,. · · • · · · c'neKTP M,N 

,.. I.AI_I- %, ... ,7]; .. 

,Il;aHHoe cooTHomeHue nooBorrneT CTPDI!..'l'h -.;,e co6~TBCHHI>ie <l>;HK~ni'I M, N, xo­

Topble He npuHap;rreJKaT K er }.12
; I< er N 2

• 

,D;onycTIIM,-yJKe no~CCTHbl PI> QI; ... ; ~•-1> Qn..,I· Cy~ccTBYIOT rru 7Jn, An, 

Bn? 0TBCT Ha aToT Bonpoc norroJKnTerreH, ecmi cneKTparrhHblH pap;nyc onepa­

Topa. Mel- PI) .•• (i- Pn-d. (N(1- Qt) ... (1 -:: Qn-I)) OTliii<IeH OT Hyrrn. 

"C'Iu~aJI y:Kru3aHHoe yCJioBIIe Bhlnomi:eHHblM (npu HyrreBoM cnexTparrbHOM pap;uy­

ce liCCJIC~OBaHllC UpOCTO npeKpa~BeTCJI ), . liMCCM 

V¢> E C(S) (I- P1) .· .. (I- Pn-d4>'= Pn4> + (1- PI) ... (1- Pn)rP , 

V(6 E'R sup I.AI <' 6 < 'ln) 3q E N Vp>q 

cneKTp M 

· I .AI < 'ln 

· II J\12P(I- P1) •.. {1- Pn)l/> II < 62
P II (1- Pt}· • • {1- Pn)rP II 

~ ' ' _ .. -., 
;~ '·t 

C p;pyroil CTOp()Hhl, MO~{HO Bhi6paTh 4> E C(S): Pn4> #- 0 . =? 

{ ~ : ' : >.' \' . 2 ' . ' • • . 

lim M P(I- P1).:. (1 '-- Pn-t)4>/ II M P(I- P1).;. {I- Pn-l)rP II = 
p-+00 

= lim '7~2pp:,p + J\12P(l -· P~) .... (1 - Pn)rP = 
. p-+oo II 7],.2PPnrP + J\12P(l- PI) ... (I- Pn)l/> II 
. = P,.~/ II Pn4> II= rPn(I). =? 'ln ~ (M2 (/>~{l)Jrj>,.(I))I/2 · 

OT 4>n (1) rre;KO ~~p~i'ITII K t/J,. (I). Y'ITCM p;Ba ~6c;OHTCJihCTBa: 

is du4>,. (I)( Qn4>n (1)) = is du(Pn~n (I))~~(Il =is du( rPn (I))
2 

::j. 0 , 

8 

.,. 

1..1 

"' 1 

Vt/JE C(S) lim (N /'7n)2P(I - QI) ... {1 - Qn)t/J = 0 . =? 
v-oo _ _";t·- . ':' -. -~ '~ ,. ·: . 

't/Jn (I) = Ji_.~ (N /7Jn)
2P(1 .- Q?). ,·. (1 -;-f?n-I)rPn (I) /(is ~u( rPn (I))

2
) = 

, .· ._ 'n.- , « •• '. 

= Ji_.~(q~~n(~: + (]\T/'7~)~\g(l. ::,_Q~))rPn(I))/(.fs~u(~n(I))2 ) = 

= Qnrf>n (I) l<is du(<fn (I)f)t= o._· '~ ~~(I) E ~n ' is du,P~ (l)tPn (l)>=l .. 
- · .. \ . ~ . .> ' . ; ' " ~ )~ . , 

Kax n Bhlme, y~oBIIeM npexpa~eHnJI Hccrrep;oBaHIIJI CJiy)KHT: 

I
• ··( ; .. ·.II -M! Pc1, P .. ~ .) ··: ·c· .1:' P. .. ·)<·-~ A. <:> r d ·'· (I)A.) 11) I/p:_ o 

]~~ ~~~~~~IL. ' -.~.: .. ;- n-1 ~~'l'.n Js U'l'n 'I'. • - • . 
' -_ . ; . . ~ .- . - . .. ' . ' ~:. 

· Heco6rr~p;~HIIe ero BhiHyJKp;aeT cp;enaTb HOBhln mar,- paccMoTpeTb 
• ; • - 1 - ··- - •• 

lim (M/7Jn)2P(1 - P1).:: (1 ~Pn~I)(,P- rPn (I) { duf/'n (1)¢>) =' 
v-oo. Js 

;_~_,,·, ; __ ~' --- n ,,-- ·~ 

=-Ji_.~(~n(4>- ,P,.(I)fsdut/Jn,_(l)I/J} + (M/7J~)2P(g(I·.::_ .P;))rP).7' '. 

= Pn( ¢>- rPn (1) is dutpn (i)¢>) ·~ P,:.~-'- ,P~(l)[dut/J~ (Il{.P,.¢>)'. · =?.' 

Jlu6o An = { ,P E C(S).I¢>/if>;.<Il·= const} ', B .. = {iP E C(S)'IT/JNn (Il = cemst} 

II paccMaTpimaeMblH npep;err paBeH Hyrrro npu Bcex ,P E.C(S),.rrn6o HaUACTCJI 
' ' '~ '. '. __ ;, " : - - ' _, _.,. ' ' ' ' ' ," < .·- .:.' '. • • -·~~ 'i ;-

:. rP ~p(S):: P,.~ -_rfin(I) is 1C:tfJ,.<Il(P,.¢>) 'f.q ~ 

IlepBrui allbTCpHaTUBa npHBO)l;IIT K IICX())l;HOU CIITY~IIII, OCTaHOBHMCll U~T~MY 
~ · ·' , r . • 1 , •• ~ " ' " • .. : ; ",. t ! _ 

Ha:BTopoii:. 06ooHa'III~ 

rf>n(2) = P~(~ __: lf>n(1)fs·dut/J~(I)~)/ II P,.(¢> -·<J>~(I)Js'du1/Jn(1)</>) II ;. =? .. 

11'4> <2) 11-:\ . rP <2le A . { du¢> <2ltj; (I):_ 0 \ =? 
:_ - -~- .. _i- ) ' . n ~· ; ~/ ~S : n- n 7 .. ,.:.:. ~ 

. is d;r/>,.~~!(~n(rfo,.<~) ~·,p,.<:l fsdut,.(I)~,.l2!)) ~·· 
'. =~is-~~;~<:lc·;p,.<2~ _ t/J .. (I/f;·a~.~~<I>,p~<2>)~-0-~:. 
c_,. 1 ~u~~ (2;{·Q,.(,p;.l2i:;,p~<I")! {:"i;,JZ<~~n (2))) = 
·· s · ·. ·., \ ' · · ls . : 

9 



= r d<1</>n <2>_(_4>n (2) '_ tPn (1) r d~4>n(1 ) <l>n (2>')) ~ f d<1(</>n(;))
2 :~i 0: '* 

~ ; . ~ . ~ . 

. Q~~<l>n~~> ~ .1/Jn<1> fs'~(f~,y·>;)2>') /o. =*.; · . 

~~~2; ~,Q:<¢~(2) ~ t/J~ (1; zd(f'L(1;;n (2>);<1 d<1(</>n(2))2 )-~ 
. ' : .. , . ~..::1 . '; ·,:.. . , _s . •·· ., . ::_ s . . . 

=lim (N/TJ~)2P(l}(1 :_ Q;))(</>n(2) ~ tPn(1) 1 d<1</>n(1 )</>~(2l)JCj d<1(</>n(
2
))

2
). =* 

p-+00 .·,i=1 . .: ; '· ' s . s 

tPn ~2 ) E Bn, 1s d<1</>n (1)1/Jn (2) =-0·, 1s d<1</>n (2)1/Jn (
2
) = 1 . 

• ''< 

,Jl;aJibHenniue warn o~IeBH)J;Hbl. 0Hu nooBOJliiiOT BOCCTaHOBllTb Bn;An· OcTamim-

ec.11 A;, B; Moi:lio ucKaTb Ton :~Ke npo~ep;yp~fr.·Co6cTBeHHble ·<flyHK~Im onepa~ 

TopoB M, N 6yp;yT cop;ep:lKaTbC.II B MHO:lKeCTBax 
- . \. ·~ .. ~. . . . ...;· .. 

A;<+>= {(1+ M/m)'t/1 t </> E A;} , . A;<->= {(1- M/TJ;)</> 14> E A;} , 
..... ~ :, : --- _- j : < '. •.• • • ~ • ' ,.' ~ • ' ~ 

B;(+),;, {(1 +N/TJ;)t/J 11/J E B;}, B;<-> = {(1-:- NJTJ;)t/J 11/J E B;} (i E I). 
''-: ' - . . ' 

Ilepexop;.11 K·BOnpocy o penoJibBeHTax M,N; o~pep;emiM~;,(;: 

'(~; ~0) {;} (Al~>'~= B;(+) ={0}), (~; =1) {;}(A;(+) =1- {0}, B;(+) =I {O}Y, 

((; =-o> *<.At->= iJ;<-> = lon; ((; = 1) *(A;<-> :/{o}, n;<-> =f {o}). '* 
~,., ,~..;, -r· .. 

CneKTp M,N eCTb U{~;T];, __:(;TJ-;}. 3HaHue ero OKa:JblBaeTCJI p;ocTaTO'IHhlM 
i ' 

p;JI.II nocTpoeHll.ll (>.- M)-\ (>.- N)-1 npu >. t- U{~;1J;,~(;~;}. B caMoM'p;ene, 
i 

. V>.,>.' E R,''>. =f >.'. (~ -M)-1 = >. ~ >.'((M- >.')(>.- M):~ +.1). =* 

(>. _ M)-i = _jc +(M .:...TJ;)e! _ii__ +(M- Tli)e; (M+ TJ;)';(>. _ M}-1. =* 
). - T/i ). - 1]; ). + 1]; ). - 1]; ). + 1]; 

.. ' ;· ''• ' ·. ' ; ' '.· ,.( - )6 
(
, M)-1 1 M + 1 6 M + 1 M - rt2 -. ( 2 

A- =--+----+-- --+ ... + 
. _>. +1 >. ,;+- 1 >.,-"12 >. +: h ·~ 7''f/2 _, >. + 112 

'"'+ TI; .-.'1;, --~- (>.-M_ )""1·=' 
(

n-1 (M )e; (M. + )';) '·· 
i=1 >. - 'li >. + 1Ji ' ' . ; ' 
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'i 

l 
!tl 

:{ 
~.f' 

J 

t 

) ! 

_ 1. -~·( ~; ~-(.M . .0hi_.)·e; .. (;),'rr·~1 (·M~''li).e;.(M_+'li)''.:. ---+~ --+ -- --. + 
>. +'1 J7'2, >.--: 'li::··::,\~:-rti_ ; >. +: 1Ji j=1 >.- 'fli' >. + 'f/j . • 

. +_f·i:(:li_;(-~.JJ~-\~,-._._.)···:·{;'_(.;M·.·\·~,+_·_-~_-)·_ ,;)· 'i'Mf~)·P. . 
•p=O). . i=1 ). · 'la .>. + TJa 

npul>.l > 'ln ll >. I= --:1; ~2'f/l;~·(2'f/2; .... :; ~n-11Jn~~' -(n-:TJn·-1· 'CXOA~~~Tb CT~-
. . ' . . _-:,. - ~ J ' 

neHHoro pnp;aBKpyre 1>.1 > 1Jn o6ycnoBJieHa _cBoiicTBaMH 
, - , ·--·· , - ·- , ' •• _~.L'!~; -", ... , ~ L ,·.: •. ::: .. ·. 

n-1 n-1 . . .. II (M- 'f/;)e;(M + 'f/;)(; =(II (M __; 'fli){;(M + IJ;)' .. ;)(1.-.P{1, ... ,n-1}), 

i=1 i=1 
.. ' 

1• II ((.1.. · P-.. ' ... · ).M)PI.I11p .1}· ··11 (M ·r ·x·· ' .. .. )P ll 11
p p~ - {1, ... ,n-~} ;. ':. = p~~ · ' _ {1,;.:,n'-1} · ' = 'f/n• 

'liTo KacaeTcn peno~bBeHTbl (>.- N)-1
, TO oHa nony~aeTcn un (>.- M)-

1 

f ·: ' - ~ ~-- -:;._- .:1·--~~- ~·: .. -- '-t. 

np.IIMOH oaMeHoii M ~ N. " 

5. J(n<:tccuqecKHe 3a~aqu ;r:::t:lip:uxne, HeuMaHa H 
Po.Ge~a ...... - ' ,,,_:.. . .. ·· ·, .· 

< · .. ~ ; 

HmKe ucn<?JihnyiOTCH cnep;yiOI.l\IIe penyJibTaTbi npep;hlp;yl.l\ero . pa3,!\eJta: 

1 1 00 1 1
00 

:•:' :..\1.- M)-1 = 2 +il:(l + M)M", {1-N)-
1 

= 2+ 2 L(1 + N)N". ' 
n=O ., · - · . - ··:.· -; -J n70 

V</> E C(S) VljJ E C(S) V(6 E R: sup 1>-1<6.< 1) 
cneKTP M 

.,· 
.. · .1>-1 =f•l ~ ,-

J~ (M 1 or< 4> ~ v Js d<1J-1</>) = Ji.~ (N Jof(t/J ·"' .~-' fs d<1v1/J) = o 

(no-npe:lKH~~y '!_,I!; E C(S) : v = 1? N J-1. = -;-~-'• Js ~<1 .. ~~ ~ 1; c~op;I~M~CTb BCIO-
•• -. ' -~ - . ' ·- " '~ ~ '" .•. -~ 1 ~ ~ >? _'.;. ~: •. :.o _; 

p;y paBHOMepHaH). )l;aHHble llOJio:lKCffil.ll UOOBOJI.IIIOT pewaTb BCe OCHOBHblC THllbl . 

KpaeBbiX oap;a~ p;ll.ll ypasHeHll.ll Jlannaca. KpaTKoipaccMoTpiiM xa:~Kp;bln 1m TII-

noB ([1]) . 

BHyTpeHH.II.II oap;a~a )l;npnxne: HaRTH rapMoHu~ecKyiO B D <flyHx~niO 
_ .... · · ·r;·:l:., · ·; '"· :~ r , · · __ , ·., : • 

u E C(D), npnHUMaK>uzy!o Ha S oap;aHHoe olia~eHue'<f>,E C(S). Pewemie ee 
. , .. ._-.:; 
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MO~Ho n:cxaT:b B BRAe noTeun;n:ana ABOHHoro cnoH , 
• - • > ~ : • ',. -~ i. • 

... i ! • ·; ~ --~-----·~ .. : 

u(~ = (A~)(r) -~-(~a)(r)'d~ 2-''r~a,{n(rj(r_-;')) ~(~') T{. 
i i · 21rJs_ - \ ·lr:;-r'l 

~ ~ ! 
. ' { \ l ' 

(rED,_ il(r')-BHeWHJIJI HOpMM~K s B To'iKe r',o E-C(S)). IInoTHOCTb TaKoro 

noTeHn;n:ana a noA'III~HeTcH ypanrieHmo 4> = ·-x_ -t3a = - {1 - M)a . Ypan~eiiue 

panpemHMo, nocxo1Ihxy CAHHHD;a-~~I;H~AneJKHT pro~ni,~HTHoMy ~iio~eci-ny M! 

CooTBCTCTBelllio A-13 =- (1-'M). ~- i 

A:::: - 3(1 ~--Mr·t = - ;~3- ~ E =;(1 + M)J.r: __ ~~ 
- - n=O 

.. 1 -c -c -')<- -')) '(r) .. ·. ___ :: ··1· d 1 n r r -::-r:- -'A-'(-') ur=-- a '+'r-
. 47r' s - W- r'l3 

-f: .!_ f da'(n(r:_)(r .. - ;')) ((1 + M)Mn~)(r') 
- n=o41r 1s lr- r'l -

(r'E D). 

. . · . . ' . : .. ~ ' } -. -- • : ... ., . ; >" "::'" ·. ,.._.,. "' 
IIonyTHO. oxanblnaeTCH onpeAenCHHoii n: <lJyHxn;n:.B: I))ulia oaAa•ni ,II;n:pn:xne. 0Ha 

(nerxo nponepHTb) HBMeTCH HAPOM onepaTopa F- ArF, rAe -

'Vu-~-~(D) ru=u!S, (Fu)(r)= 
4
1 ( d~'-1 .. 1

_
1
-u(f') (rED). 

1r1D r-r' 

BHeWHHH oaAa'la HeiiMaua: HaHTH rapMOHH'Ie-cxyio B G = R3\D <lJy:Hxn;nro 
. . . 

f E C( G), HMeroiD;yro Ha S oaAaHHYIO npann:1IbHYIO HOpManbHYIO npoxmBOAHYIO 

'-
.,P E (;(S) n: o6paiD;aiOID;yiOCH B 0 Ha 6ecxoHe'IHOCTn. IlpeACTanneHn:e 

!( ;;'\ 1 l d I ' 1 . R( .. ,)­r,=-
2 

a-
1 
.... ,

1
1-' r ._ 

1r s r-r 
(7-;'E G) 

CBOAHT 3T;~po6neMY K rp~H'IHOMY ypimHeHHI9 .,P =- (1- N)/3. * 
. : '- ~ • ~' " • - "f 

f3 .=, :- (I-Nr1t/J = - ~"'- ~ f:c1 ~ ;)N .. ~ . * 
. -2· 2n=o· .. : 

,._ 

~ ~ 

1 1' 
f(r) = - - r da' - .. .,P(r') -

. 47r1s. lr-r'l 
00 

1 . . 1 .. - '' ... -: .. ,:_;-- :. ·: _; ;·.:.-

IV "fo'47r'fs da'lr- r'l((l,~- lf)N".,P~-f~:[;J: -cr E G) : 

~ ~; ..... 

12 

~-._, ~~ 

,_ 

.:. 

I 

BHyTpeHH!IH oaAa'la Hei'IMaHa: HaUTH rapMoHn'lecxyro B D <J>yHKD;HIO 

v E C(D), IIMC~;: Has naAaHHYIO npaBI11IbHYIO H~p~a:it~~;~ npoliO~A~Y~ ·_ ·- .•, 

t/J E C(S). IloAo6Ho npc~biAYID;ei.Iy 

; ;·t.:. 

,. -~~(-~ ~ 
2
1
7r fsaa' W ~-~, 1 ~(r'), (r e'D), 

' j 

.i) i, .. -\ 

OAHaKO Tencpb .,P = f3 + N f3 = (1 + N)/3. ,II;auHoe ypanHeHue paopewnMo nn:Wb 

npu ycnoBUII is da~!/J :: ~; ([! ]). 8T·~ -~e y~~o~~Ie B1Ie'ICT ~XOAI~MOC~b p~~a 
.1. ;. ~, :·oo ::· . , . ' - ·:_ ; _ oo . _ :: '; , -: - -- ._ · ~. 

~ {-N)~'rf = ~- ('-N)n('f ~· Jl[a;v . .,P). ~-
n=o n=O ·· S 

' 

' ' 00 ' ,; .-· ·00 ,· 

(1 +,N) L ( :!f>"t€ = .tf· ,_=> fJ ;::::, L (~N)".,P ,+ CO_fl!!t. Jl· :::} 
n=O. - 'n=O· ·. ' ' 

v(r} = f: ?r. L_aa;,-~ L .. ,,((:...N)"v·)(r') + 'const (rED)'. 
• n=O ~1r S r- r 
.-. ,..'Jt"'i-,.--J~_x. ~·~:r,: . 

BHcwHnli oaAa'la ,II;npnxne: HaHTU rapMOHII'I~cKyro B G <lJyHxn;ii~ g E C( G), 
. , .. -. ; .. : .. :n; 

npnHuMaromyro Ha S .oaAaHHOC oHa'ICHIIe 4> E C(S) II o6paiD;aiOIIJ;YIOCH B 0 ira 
,... ' > • •• 

;t, 

6ecKOHe'IHOCTII. 3AeCb p&"lyMHO npct:~;cTaBHTb 

(
;;'\ 1 i d ,(il(fo')(i;"- r')) ( -t) . 1 <i d A-)f(l d I 1 c-')) gr1 =-

2 
· a .

1 
..... ,

13 
... or,· +-

1 
.... 

1 
_ aJl'+' _ a.

1 
.. ,_--IJlr 

1r s r - r. r - ro s • · · s r. - ro 
' . ' ~' 

=-.-~: .:-..!.·~~~-~-~~ :• ·~;;;;· •:J··· •" •.> .. 'o;_ ,- ",{ ,··:-..-- .'' •' ":-<' J4~ I" 

(r E _G, ro - HCKOTOpa!I TO'IKa D). TorAa a+ M 0 = (1 + M)o;, 7. rAe.· :·· ·-
- j' _, . -· ' . . ',, ' ' 

' . -~,, i''i' ;••·.;' . . •,' 1~ ;" r::,. /" '' 
!(rJ d;} 4>(r) _ -,· .. -_

1
( f da~~)/(f da'

1 
.. , • .. ,~(r''))- '(f-E S)'.' * 

r - r 0 1 s 1 s r - ro 
.._ ._·',:·' ~<•"' ••'." ,IC_l 

B cuny CBoii~TBJl is da~1= 0.:::} ~!I~~ (~M)"1 CXOAIITCH, a OHa'IIIT, ygoB-

. ··, : . .• ,,"t '.... ~ .·:_: 00 . -.. . tt=~ ''',": t \ o6 . . / ··~-~ ... 
1ICTBOpneT ycnoBIIIO (1 +M) ~ (-M)")' =I·:::} a= E ( -M)"! + const.:::} 

n=O n=O 
,·~t·.,~- ...... ~; .~ .. ~~ 1 : ~ J 

. (r"'_=_--~ .!_ t· ~a,(ii(r')(r- r'))((-M)n (fo') + 
g '.) ..... LJ? .. ,.. ..,,3· ./" -.. ' n=O ~1r., S r- r . ' ·'· ·'· . · 

+ ,- 1 ~,ct·aaJl4>)/( faa' I_' I · .. IJl(f"')) r- r 0 1s - . 1s r - ro . 
. .. -· - ·- ~ : -~ .. 

(fe 'a).·" 

r ·-. -~ 
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,; t ·" , , :'', 
OcTaJIOCb HRHTH I'· IlpnHHMM BO BHIIMRHHe TpeTbe no norrmKeHnn, npim~eH-

HbiX B HR'IaJie naparpa¢a, HMeeM Vt/J,E C(S) \ i. .' ~" 

l' 

niL~ ( -:-Ntt/J = l'fs duv.,P + Ji_~( -:-~t( t/J- I' Is duv_t/J) =:I' fs.du~t ·~~ 
\ . . -· 

I'= lim (}_N);.(~/(fdu)). , 
. n-oo Js 

8TOT proyrrbTRT MOJKHO o6o6ll{HTb HR arreKTpOCTRTU'IeCKite CIICTeMbl:· 
,J '• -. ;· , .,, ,,, .,·, 

6. Q6mas: npo6Jie~a, 3JieKTpOCTaTU,KH npOBO­

~HHKOB 

PaccMoTpni.i cncTeMy n npo~~)J;HUKo~,<noMell{eHH~I~ 0B!B~yyM. IlycTb D; -

o6rracTb npocTpaHCTBa, ::JRHHMaeMas: i-M npmw)J;HHKOMj S; - · ero noBepxHOCTbj . . '":-, . 

q;- arreKTpnqecxnii napa)];; a;- noBepXHOCTHM ~rroTH~~T~· ~ap.s)J;a (a; E C(S;), 

k dua; = q;).' ~ce nepeq~c;HHble ~ap~eT~bl 6ropimMe~Hbl~j D;, S; y)J;OBrre-
,' .·' . -· . ', . 

TOOp.siOT TeM JKe Tpe6oBaHH.sM, 'ITO H D, S. Onpe)J;erriiM ::JRBIICHMOCTb Ot, .•. , On 
,: < 

~.._: 

OT reoMeTpHH CliCTeMbl H ql, .. ~ , qn . 

3ap11Ahl Ha St, ••• , Sn HaxoA.sTc.!l B paBaoBecn~ ~o cs~n~' ~rrexTpnqecxnM no-
• • • ' • -~ ·-- , • .- - ' ' • .I 

JieM .. 8:ro paBHOBeCHe npO.SBll.SeTC.S B <flopMe I.IOTeHUUaJia noJI.!I 
. ! • \- • - • ~ ' ~ ~ "- ' • '6 ~-' ,' I 

~(r) ==,.~ 4~ k; du' If"~ r'l ~;(r'') +canst (rEW). 

BAOJib npoBO)J;HliKOB noTeHUHaJI nocTO.!IHeH: ~ l D; =canst; (i = 1, ... , n). * 
·a ' n' 1 ',(n(T)(fo-r')) :. -~'', ·' . . . .: 
2-

8 
(~)(T) =a;- :E- f du _ _ 3 .. a.;(r ) = ((8;; + N;;)a;)(r) = 0 

n . ·=t 21r Jsj .- lr-:- r'l . · J, . , . . I . 

(r E S;, HopMMbHM npmm~o~Has: 6epeTC.!I n:myTpu noBepxHoCTH, no noBTO-

p11IOIUIIMC.!I IIH)J;eKCaM B~eT~.!I CYMMIIpOBRHHe ). ,I(aHHMCIICTeMa ypaBHeHHH <flpe)J;-

roJibMoBa. CoiO::JHM x ueii 

,B; + f: _!_ r du'(n(r:_)cr _: [')) P;(r') ·= (ci;; + M;j),Bj)(~ = o (rES;) . 
i=l 21r Jsj lr- r 'I 
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:~ • /--;_. _·-:.:_~ < -~; -~ ._n ,._ .. : ___ ;. n . , , 
OnepaTopbl M;;,N;i oTo6pa:lKaiOT E£)C(S;) H:a. E£)C(S;)> IIx cBoncTml., o'!eBn-

. i=l i=l 
)J;HO, coBna)J;aiO; co cBoiicTria:t-m M, N. ; · 

,I(n.11 cncTeMbl ypaBHeHnit ( li;j + M;j ),Bi = 0 cpaoy MOJKHO yxaoaTb n mmeiiHO 
- - v. . .• :- ' • - '. 

HroaBnciiMblX peweHnn: ,8; = v;Cl> =.0;~, ... , ,8; = v;<n> = Cin· =} 
.(. : _,T"-' • : ,·: ' •. •, • ~ ' I : • ·, ,_\ .; : _: ; ·: ·, •. ·'·~ \ t ·-~-~ 

n 

3{fl;(l)}, ••. ; {fl;(nl}.E (E£) C(S;)) •: (C;j + Nij)flPJ=,O, , \ 1,~ ' -~-·< 
' , i=l . .. , 

Vc1; ·~:, C.>\E R; .(ck{fl;(k)} = 0 {::} ck: ck = 0) ··.1] 

r 

( C06JIIO)J;aeTC.!I UpaBIIJIO. cyMMHp~BaHII.lJ no UOBTOpHIOLL{HMC.!I IIH)J;eKCR:I\1 ). ThKIIM 
. . ~ ' . ..· ; -. ' ~ . i '· . ~ . ; ~ t !. ', 

o6paooM, KP!tT!f.OCTb co6c_':('BeHHoro oHa'IeHII.!I A = -1 onepaTopoB M;j, N;; He 
• ;1-" ~ ·~-~ u", ·~· .'', ~-·~·~._}~:_ ' ;,;;•: '"' /;_:.,:• 

MCHbWe n. MoJKeT mi oHa 6biTb 6orrbwe n? 

06ooH'a.JnM:q;<k).= 1 duflP>: Kax n~Bec~Ho (cM:[6]), ql>' .. ,qn o)J;HO::JHa'!Ho 
lsi . 

CBH::JaHbl c Ot, ••. , On • B. 'I_ltCTHOCTII, 

(qt=O, ..• ,qn=O){:}(at=O,; .•• ,an=O). =} 

Vet,'.::; Cn E R (( ckqi(k) = 0; i = 1, .. •, n) {::} ck{fl;<k,l}= 0 {::}. Ck • ck = 0) . => 
• ; !, :, • : \. 

{q;(tl}, ..• , '{q;.(n)}- 6aonc BRn. =} 3~1> .. •: ,'Cn E R : {q;} = ck{q;(k)} . => 

{a;} = Ck{fl;(k)}. :::} {fli(l)}, .•• , {fli(n)} - 6~IIC B npocTpaHCTBe co6CTBe;t1HblX 

<flYHKUIIii Niii. OTB~'IaiOLL{~I'x co6cTBCHHOMY .oHa'!e~~IO· A = -1. Bb16op aToro 
' - ~ 

6aouca n~)J;~IllHIIM r~oB~IO.: 1i~~>, ~ ~ik• =} a; = qk_flN>,_ ij d~v/i) flp> ~ Cik· 

,I(anee cne)J;yeM auanoruu c oa)J;a'Ieii ,I(upnxne. Ilo)l;06Ho W, V u A )J;JI.!I o6rracTII 
. I n . ~. _: _n· I: -; n -. ;;-. 

D BBe)J;eM W;, V; II A; )J;JI.!I D;. =}'W = ffiW;, v = ffiV;,A = ffiA;. =} 
- !_, ;i ;:"-::·::- .. ,._,_ ·>"· .. ':' &=1 ;: . 'i=l ,< .. ~.,?·i?l _.:· 

, . -~. .n' ,., , .. ,. '·. 1 . . :· . : 
V{<Pi} E (ffiC(S;))> -J\'{(S;i + M;i)tfoj} = {v;} E W' ;• rAe•>' .· .. 2 

::,__, ~ .. :·· i=_~ ·. •."' :,· .·" ~--- "« ' • • -_. ::~.. ' - •• ".~- ., • "' 

v;(r') = 4~ fvk dr'(V'( w~ r'l ~. V'(Ak~k)(r')) ~ (K;kAktPk)(r) . cf- E ri~) . ~ 
V{u;}, {v;} E ';/ ({~;}, {;;;; d~··4l:,; Tdf(Vu;··:iv~) ~ '41 : f d~ u;*. aav; . =} 

. 1r Jv, 1r Js, n 
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V{u;}EV' (({u;},{u;})=.O<=>u;=const;;· i=1,: .. ,n) .. => 
, t · _ • "' • :;' · t ~ '"· .._ r · 

V{u;},{v;}EV' (({u;}"'{v;})'!au;.-:-v;=const;; i=), ... ,n). =>, 

V{u;} E V' 6'({u;}) E V'/':v. * r,· 
r·.-

. ·:·_ : ,_ ... , . de/ -~ !") ·.: ::;-d :: .. . ·~ . . :.:. ~ : ' ·•·-;f 

V{u;},{v;} EV' (6'{{u;}),6'({v;})) = ({u;}, {v;})- cxaJIHpHoe npmmile;o;emte 

HaY'/~ • OnepaTop K;;, B cBoiO o<Iepe;o;b;:~6na;o;a~T ,cBoncTBaMn: 
~ 0 

..J 

{coristi} E ~er K;; n V{u;} E V' {K;;u;} E;V'. => 

· Ha V'f;.. ~~P~A~~ J': 'v{~;} E V' J'6'({~i}) = 6'({K;;uj}). 
,·,:c:'~-·; :.~·r·:.:~··"; : ·: 1 · .• '.;. ··:·. '.:··.--!-:' 
IJpoBepiiM apMUTOBOCTb, nonmKIITCJibHOCTb II orpaHU'ICHHOCTb J'. 

• .<- • • 

v::zt 
·,,:;;. 

V{u;}, {v;} EV' , (6'( {u;} ),J:~'({v;})) =(J'6'( { tti} ), 6'( { ~;} )) = 

_ ~ 1 L d 1 L d. ,out(;;.;. 1 .. · . 8v;(.~') . - L.J- a- a-- r 1 ----- r => 
i,j=l 47r S;' 41r s, On lr- r'l On . 

V{ui} E V' (6'({u;}),J'6'({u;})) = 

• 1. ~ 1 {··a· 1 r d ,ou;*(;;'\ 8u;(-') 2 (1l~ ~'I) = tm .L. '__;_ J~' a4'""J~ a a r J 8 r -arctg - r- r = 
~!O i,j=l 41r S; 1r S; n n 1r· £ 

=. lim. '_!_j. ~k·exp(~4~6;lt~12 f ~r(k·V~;(~)i~~p(i(k --f'))l2 ~ 
~!o 47r k2 i=t (21r) lv, . 

.' ' . ', .- .· . - '. . - . . 

1 J ~ I n 1 . { . ~ ~ 12 
. , . ::;. 41r dk ~ (27r)3/2 lv, dr("Vu;(f')~. ~a;p~i,(~. r)) = 

=__!__ f dr(Vu;*·Vu;)=(6'({u;})i6'({u;})). => 
41r lv, .. 

· CneKTp J'. co,;o;ep:lKUTC.II B [0,1]. 
,·+' 

. . --;, ... -~ ~ . .. l !' 

CB.II:Jb onepaTopoB M;;, N;;, J' Bne'!eT orpaHn'I~~IIe n Ha: cnexTp M;;, N;;. 

Bb16epe~ ~pmmBOJibHYID HeHyJieByiO {t/1;} E CEeC(S;)):. LN;;tP;}= .A{t/1;} 
. . . . ' .. , ·-1 ;'.·<~ ., ' ; '" :' 

(A npUHa;D;JI~:lKIIT KOMOJICKCHOH OJIOCKOCTl; li OT
1

;l~Ha OT {-1)). ,II;~ Hee-

-~ :, < ' • ·' • • - • ~ ' ' .. ' •• .. • • ' i -
{) n 1 1. . T . --~ 

an<'{;; 41r:ls, da'lr- r'l t/J;_(r:~) ~ 2(A + 1 )'1/J;(~: 
. . '· - • • • - - - _-:_· ' ; • '~ ~ .. 7 . ;. ::_ .• f 

/ 
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(r E S;, HopMaJibHM npmmBo;o;Ha.a 6epeT<:H n::JHYTPII noBepxHocTu). => 

(A+ 1)L; dat/J; = 0. ::}' L. dat/J; = o::.\=>;~U; E,~: ~~ -==·¢; .·~::} 
i: 41 :1aai 1 _ 1 ~, 1 ~;(i')).~U\;;ii~)(f;) ·: (rE.D;). => ·· 
i=l 1r ls, . r/:-- ~ . . . . . 

!_(ICu ·)=·~(A+ 1)ou; .. ; !...(~c~ ·-~(A; 1)u·)·= 0. => 
on IJ J 2 on . On . IJ J 2 1• .. ~ . • 

K;;tt] -.~(A + 1 )tt; = canst; . => 

6'( {K;ju;}) = J'6'( iu;}) = ~(A +·i)e'({u;}) . => 
j 2 

1 ' . 1 
2(A + 1) E [O,. 1) . ·=> X'E [-1, 1 • .. 

OnHTb BCTaeT Bonpoc, JIBnHeTc.II nu A ·=.-1 .co6cTBeHHbiM ::JHa'!eHIIeM M;;, 
,. "I. 1,"- , • .' 

n 

N;;. ,Il;onycTn~i {t/J;} E (ffiC(S;)): {N;;t/J;} = {.,P;}. => 
' . i=l '. . ' ' ' 

w(f')=i:
4
1 J~aa.' 1 _ 

1
_,

1
'1/J;(r') .. (rER~). =>., 

i=l 1r Js, ,·. r- r ' . . . 

0 n 1 l ,(n(f')(r-r')) ~1 · 
2-(ll!)(f'\ =- •1··-""- da •1··(r) = ((-S-- +N--)·1··)(f'\ = 0 on 'J 'f'a ~ 21r s I~- ~,13 'f'J IJ IJ 'f'J 'J . 

;=t , r r 

( r E S;, HO~MaJibHa.!I npOI~::3BO;D;Ha.!I 6~peTC.II I;nBHe ~C>BepxH~C'i-li).· O~ciO;o;a 

f dr(Vw:·: vw) = :t f ~a ~· 8[ 8 (w) = o 
k• . ~1 ~ . n 

·.!.. 

(G' - o6JiaCzb npocTpaHCTBa R3 BHC Dt. ... 'Dn). Ho Ill E. C(G') n C1(G') 

n lim ll!(f') = 0, noaToMy ((Vw)··!· G') = 0. * (Ill ! 'c') = const = 0. => 
li'J-oo . . 

(Ill ! S;) = 0; i = i,: .. , n. ::} B CIIJIY e;o;nHCTBeHHOCTli peweHUJI BHJTpeimeii 

::Ja;o;a~xu ,II;npnxrre (Ill.! D;) = 0; i = 1, ... , n. => { .,P;} = 0. => IlocxoJibKY M;;, N;; 

KOMnaKTHb!, A = 1 npxma;o;ne:lKUT ux pe::JOJibBCHTHoMy MHO:lKCCTBy. B 1ITore 

~· = (-1)_' MaKcniiaJibHOe no Mo;o;ymo co6CTBeHHOC rm~-qeHneM;j,'N;;. 

OcTaJIC.II noCJie;o;Hml: war 'K nocTp~eHUIO {Jl;<1>}, ·~., {Jt;<nl}. Onpe;o;eimM 

., :''''(}';; : V{t/>;} E (EeC{S;)) Q';jtP; = Jli(k) L da v;<">.,P;. 
i=l s, 
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":·· 
n . ,,· 

06pan E9 C(S;) npn: p;eii:cTBHH onepaTopa 
i=l 

C;;- Q';/' o6o::ma'IHM Y'. CBoHCTBa 

Q';;o Y' nop;o6Hbi csoii:cTBaM 'Q1 , Y{1}:' 

n 

1. Q';;Q'jl, = Q'iJ,· => Y' -oaMKeyToe nop;npocTpaHCTBO E9 C(S;). 
.. . . . . i=l 

2. N;;Q';~c = Q';;Nik· => llMeeT CMbiCJI cy:lKeif~e N;; j Y'. 

3. (6;;..:. Q';;)J.l;(k) = 0; k =1, ... , n. 

4. ECJIH {t/1;}- co6cTBeHH8JI <l>YHK~II11 If;;, OTBC'Iai0~8JI co6cTBCHHOMY 

oHa'IeHniO A tf -1~ TO /s; duv;<">t/J; =,::!.Js; du(M;;v;(k))t/J; = 

=- f duv;<">(N;;t/J;) =-A { duv;<">t/J; = 0 . => 
·ls; ls; 

.. {(6;;-"Q';j)t/J;}'::::{t/J;}; =>· {t/Ji} E Y'. => 

CnexTp N;; j Y' norrY'faeT~ H; cnexTp~ N;; HCK1IIO'Ielin:e~ TO'IKH ( -1 ). => 

Ji.~ II N;;l ... N;';_l;(o;k- Q';k) 111/p = sup IAI=7J'<1.=> 
cneKTp Nij 

l.-\1 # 1 

. n 

~{ <P;}. E <EB C(S;)) lim N;;1 ••• ·N;p;(6ik .,-- Q';k)<Pk = 0. :::::} 
p-+oo . ~- . -. . ~·-i=l 

··lim(-N;;1 ) ••• (-N;p;)<P; = 
P-+oc:> ~ . , -

= Iim(-N;;1 ).' •• (-N;P;)Q';k<Pk = J.li(k) f du.v}k><Pi· => 
P-:-+~ ls, 

. 1-'i(k) ~ Ji_~( -N;it) ... ( -N;P;)(i;~k) I is. du) .. ~ 

a;:= lim ('-N;;J ... ( -N;P;)(qkv,<"> I f du) . 
p-+oo . . ls. 
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