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BeJIB:KOBa E .B. 
cToHqHBa.ff paBHOMeTpH-__ ....... ,.... 

-468. 

-C'l'IITyT R,IJ,eptlblX HCCJieiJ,OBBHHH lly6Ha, 1991-

BBEAEHII1E 

8 HaCTORLUeH pa6oTe npeACTasneHO MaTeMaTWieCKOe o60CHOB3HIIIe nepeXOAa OT 

IIICXOAHOrO ceMeHCTBa pacnpeAeneHI/IH K ceMeHCTBY pacnpeAeneHIIIH AOCTaTO'IHOH cra

TIIICTIIIKIII *. 3TOT. nepeXOA H33biBaeTCR peAYKI.IIIIeH. CMbiCfl ero - yMeHbWe~llle pa3· 

MepHOCTIII npocrpaHCTBa Ha6n10AeHIIIH nplll coxpaHeHIIIIII IIIHcpopM81.1111111.11 ycTOH'IIIIBOCTIII 

A8HHbiX 11 1• . . . 

PaccMorpeHo -o~HOM-~ptioe ,npocrpaHCTBO Ha6n10AeH~H, cneAoBare~b~b, 3aAa'la 

peAYKLIIIIIII csoAIIITCR 3Aecb K y~e'H·i:.weHIIIIO. K:onlll<~ecrsa Ha6ntOAeHi1i:i' nepe~oAOM K HO

soi:l Bbl6opKe, cocroRLUei:l 1113 AOCTaro~HbiX cl-aTIIICTIIIK, KOTOpble, OAHaKo, 6YAYT see 

6onee npeACTaBIIITeflbHbiMIII Ill YCTOH'IIIIBblMIII nplll COOTBeTCTBeHHO HeorpaHIII'IeHHdM 

pOCTe 061>eMOB IIICXOAHOHIII:HOBOH Bbl6opoK. 

LnOPAAKOBbiE CTATII1CT111KII1 0AHOMEPHOV1 Bbi60PKII1 
\ ·'.: ~. ·,:,~ - ~ ~ \ 1 : -•: " r •• , ;: "":• :: :{ :1' , ~· ; . ·: -. 

nycTb ~( n) = { ~;·: l = ;:-;1 7 nocrieAOBaTen~HOCTb ~e38BIIIC~M~IX cny'laHHbiX Be

fliii'IIIIH lp111c. 11 111 R~(~i) - 'paHr ~~-a Bbl6opKe ~~~~. 3Ha'leHIIIe R0 (~i) cKnaAblsaercR 

1113 'IIIICna ~j; ~poro MeH~W-IIIX-~j· : ~l-1cna ~j I pat;~Hb~n~l~i ")IOC 1 - ca~a~, . 
_ PaccMOTpiiiM ABYMepHble TO'IKIII Qi = ( ~i·. n+ 1 ) = (x, y)'s nonoce: x E 
(-co, +co), y E (0,1). To'IKIII Qi MO>KHO ynopRAO'Il-\Tb no sropolit KOMnoHeHre: 

Qi~ ••• ,Q~, T3KIIIM o6pa30M, 'ITO Ot= ( ~n(j); __!.._) ,rAe~n (j)-nopRAKOBaR 
"(n) I I n + 1 .·· • 

CT3TIIICTIIIK8 Bbi60pK111 t;; . pi!IC. 2 . . 
Ha ocHoee Bbl6opKIII:~I.nl nony'IIIIMAPYrytO, YA06Hyl0 AnA Hac Bbl6opKy. no:no

MY sseAeM nocneAosarenbHOCTb 1.1enbiX 'll!lcen s(n). lllcKniO'IIIITenbHO AflR ynpoLUeHIIIR • .. · ·._ ... : n+ 1 ' • · 
pa6oTbl c 1.1enblMIII 'tlllcnaMr.1 MO>KHO C'IIIITaTb, 'ITO (. ) 1 = m0 - 1.1enoe 'll!lcno. - s n + · · 

nycTb - __ k_ = ~~~ , k = 0, 1 I • • • , s(n)~ 
Ak - s(n) + 1 n+1 

npiiiMep 1. . . ·: 7+ 1 
nonO>KIIIM-n = 7. s(n)+ 1 

s(7) = 812-1 = 3 .. 

= mn- l.lenoe no.ycnOBIIIIO. nycTb m1 = 2. TorAa 

* /JiiR eet.feuci-ea pacnpeiJeneHuO. eepoRTHOCTeiJ . P iJ-• {} E 9 un_u dnil nap~MeT
pa {} E e cTaTucTuKa X (eeKTopHaR cnyvaiiHaR eenuvuHa) Ha3bteaeTCR iJocTaTO'IHoiJ 
cTaTUCTUKoiJ, ecnu · iJnn mo6ozo · co6btTUR A cyUJeCTeyeT eapuaHT ycnoeHoiJ eepoRT-

HOCTU p {} (A/X =X) 1 He 38BUCRUIUU OT {}. . 

r-;:--;: : . - :. --:,:- . -, 
;' (.;,f }, ... r ... tl~_,ttt<ul m.:nnyr 
~ -:-:in~:;n_Hz t:ce:teJIDilUd_ 
! ·GMSnHOTEKA 

~--.... ·---



,. 

0 ,"3 ~~ ~ ~~~ ~s 1i ~(; }t 
Puc. 1. UcxooHan ebJ6opKa ~(n>./l.nn onpeoeneHHoc;u ece ~i > 0. 

. 0.5. 

_,.) 

-- -- - -- -- -- -- ·- -
-.--·i,_ - ----~/') 

-.- - - , Q . \:IS 

-· ·-· - ,. Q '·' 
_. :_ --· l .. 
-Q -.eQZ. 
. ~ 

~':>• l(~) ~) -~~~ 
_If 

.J) 

f~)' 

- .:__ .. Q:1-
-a, 

. ~~)' . ~, .. ) 
'·J, 

' o· ·,. •' l '· ··· .· > r • .,_,·.._. • 

. Puc; 2. npeocrcieneH'!e, Tf!'leK Qi. 

·; .. 
Q: i I -.---.,--:-: 

,.. ;\~ 

:oasJ?\~'-
.... ,· 

;;, 

. 7"' s --:1, 

-'!, 

~ y • ' 

l~") 

; _ ..... 

·· "··o;s 
2. 

lctz.. : I 

o.zs A~- ---r~L 

0 1'-o ~~) 

I 
I 

~~tl) 

.I' 
I 

~~) ~f•,) :~ ) 

Puc. 3. nopROK08b/e CTaTUCTUKU,U3 Ha6opa ~(n), COOTeeTCTBYIOUIUe !fUCflaM 
Xk, ~ := 0,4._ . ' ' • . , . . ' ; . . . . . 

~ : ' 

~ ; 

2 
<. 

.-,. 
\i' 

1: 
\) 

' li 
--·: 

-~. 

O~peAeni1M 'li1Cna Ak, k = 0,4: 

A0 ::;::; 0*2/8 = 0, x. '= 1 *2/8 0,25, X2 = 2*2/8 = 0,5, 

X3 = 3*2/8 = 0,75, X4 = 4*2/8 = 1 I p11c:. 3/. ·. ) j• 

2. TEOPEMA 0 CXOAL'IMOCTL-1 
.. 

BeeAeM eenl'iYI1HY ri( nl : 

s(nl + 1 . Rn (~j) 
r(inl = ~ Xk. 1 II E (Ak_1 ,Xk] I. 

k=1 n+1 
( 1) 

nycTb F(x) = p 
'li1Hbl ~j • ' ' 

~~- < X 1. -ltJyHKJ.ti1A pacnpeAelleHHA HeKOTOpoi:i Clly'laHHOii'eelll1·· 
f ! 

·TEOPEMA 
Ecri11 F(x) HenpepblBHa ~ 's(n). -+oo, To 

- ''.0._(" ' •' . '" .. 
Jf '; 
l.t ' 1 n .. . 

rn(Z) =~~1 II r/" 1 < Zl np11 z,>~.(0,1) . ,?\f.·.· (2) 
.,. r.·• 

CXOAI1TCA K Z B cpeAHeM KBaApaT11'lHOM. 

AOKA3ATEI1 l:,'c'rBO \! .• 

npe>t<Ae BCero OTMeTI1M, 'lTO. Bee T1 , ••• , T n OA11HaKOBO pacnpeAell.eHbl COBMeCT· 

HO, 11 11x pacnpeAeneHI1e e Knacce HenpepblBHbiX ltJ.p,:F(x) OT caMoii F(x).He 3'aei1CHT.
1 

Aanee. . ... 

.:;; • 1 ~ ~; 1 

r ~ (Z) r (Z) + ---f- ~-1 max (rlnl , rlnl) <: Z 
n n n i:1=i .. • J 

(3)'1 

nOCKO~bKY 3JleMeHTaMI1 CYMMbl B r n (Z) ABllAIOTCA 11HAI1KaTOpbl. l-13 (3r cpa3y nony~ 
'li1M, 'lTO 

··~ 

Er; (Z) = Er (Z) + - 1- ~ P l max (-(n) r(n)) < Z I . n n2 . . 'l , 2 , 
n . ·, •.;tl .. , " · .,"·. ,.,. 

HO Tj OAI1HaKOBO pacnpeAelleHbl, n03TOMY 
,. 

Ern (Z) = P I T~n) < Z I 11 

Er 2 (Z) = _!_ P l T (n) < Z I + !!..=.1 PI max (r(n) 
n n 1 n 1 • 

T~nl) <?:I , (4) 
" 

CneAoBaTenbHO, ocTanocb·BbiACHI1Tb noBeAeHI1e ;o.eyx 'Belll1'li1H:· 
',\ 

:t{ :,.- ~,.j 

~~n) (Z) = ~1 = P l T~n), T~n)) < Z I 

3 



A~n) (Z) = ~ = PI max td">, T~0)) < Z I. (5) 

PaccMoTpi1M 'laCTHbl.:-i cny11a.:l Z = A.k• 1·.:;;;; k .:;;;; s(n). 71(n) 

np11HI1M3Tb 3Ha'leHI1A ni1Wb ;\.0 ).1 , ••. ,A.k_1, T.e. _Bn!tJ 
Hbl npi1H3Ane>K3Tb 0Tpe3KY (0,;\.k) : n + 1 

11, T~n) MOryT np11 3TOM 
Rn1~2) 

11 ---
n+1 

p j~> < A.k =P 1 Rn(~ 1 ) 
·n+1 .:;;;; A.k I 11 • .1 . . 

I · · (n) (n) < ,. I 
P max(T 1 • T 2 ) "k 

max(Rn1~1),R~(~ 2 )).:;;;; A.kl• 
P I n + 1 

k (n+ 1) 
HO Ak (n + 1) = ( ) + 1 = k *m 0 , TaK 'ITO . s n . , . . 
t· 

( ) k*m 
A1~. (A.kl =PI R 0 (~ 1 ) < k*r;n0 1 =~·., 
~) (Ak) =PI max(R0 (~ 1 ), RJ(~ 2 )) < k*m 0 l 

k*~0 (k*mn -1) 

n(n- 1) 

AOfl>K-

(6) 
-:: 

(7) 

TaK KaK R0 (~ 1 ) 11 R 0 (~ 2 ) cosMeCTHO nPI1HI1M310T ace B03M()>KHble napbl 11icen i11j, 
. 1 ' .. · ,,. '" . ·.. . ' . 

1 .:;;;; i =f= j .:;;;; n, C BepOATHOCTbiO ( 
1 

) , 1160 ace nepeCT3HOBKI1 AnA paHrOB n n- . 
(R 0 (~ 1 l •...• Rr(~ 0 )) pasHoaepoATHbl. . , . . . .. . 

,: ·: Af"> 11 A}" Hey6b1aa10lit11e cpyHKU1111 no ·z: An~ Z E (A.k-l• A.d npi1seAeM 6ea abi·

BOAa OUeHKI1 AflA H33B3H~IbiX cpyHKU11.:-i: 

. 1 1 
I &r> (Z) - Z I < n + s(nl +1 ~ • ~) ! ; t (8) 

.... , . .· ·. "'. -.... 1 . . ,'1 
~-~J IZl ~.Z2 1 .:;;;; 3*1--n' +. _,_, •• l. (9) 

HepaseHcTaa (8) 11 (9) A310T aoaMO>KHOCTb oueHI1Tb MaTeMam'lecKoe O>K11A3HI1e 

11 A11Cnepcl110 aenl1't11Hbl r n (Z) (npi1B~AeM 6ea abiB()Aal : 

2 
l~rn (Zl -ZI < -.---

canst 
Dr0 (Z) < s(n) + 1 

(10). 

( 11) 

np11 n ~ oo sepxHI1e rpaH11Ubl o6o11x HepaseHCTa c-ipeMATCA K Hymo, cneAOBaTenbHO, 

r0 (Z)CXOI.\11TCA K Z H3 (0,1) B cpeAHeM KB31.\p3TI1'1HOM. 

3. BbiBO,lJ.bl 

Lh TeopeMbl s n. 2 cneAyeT, 'ITO: 

1. Beni1'111Hbl in> aci1MnTOTI1'1eCKI1 pacnpeAeneHbl pasHoMepHo Ha [ 0,1]. 

2. B~m1'111Hbl rjil) pasHoMepHo rpynn11py10T Bbl6opKy ~In! Ha wKane aepoATHOCTe.:-i: 

4 

·l 
f 

l. 

:~ 
I 

3. ~HcfJOpM8U11A 0 F (x) OCTaeTCA B nopAAKOabiX CT8TI1CTI1K8X ~(n), j =:= ,l,n, cpeA11 KO

TOpbiX KOHe4Hoe '111cno.c HoMepaMI1 in = j 0 (k) = k*m 0 . ABflAIOTCA (', 
1 '1 - AOC-

- -12 1 s n + 
T3TO'IH011 CT3TI1CTI1KOI1 •·.· :c . ·.··" . . .- ,. . ,. , 

4. 8b,I60p~a-~(n).Mo>KeT 6bl;~:~c;OH'111aO paaH6~~Tp~~~aa~~. T.e. ~~;,.;:;~e~-~~p~X~A 
K HoaoH npeACT~ai1TenbHOH Bbi60pKe ~(n). ropa3AO M~Hbwero o6beMa. . . - . 

' ' ' ' •• ' • • ' ' < ' ' ' • ' "· • " "~; 

np11Mep 2. 
nony1111M seni1'111Hbl rf?) = Tj : 

·. H7(~j) .. . • .. 
Tj = :E Ak-1 *I I 8 E (Ak-1; AI(] I. 

no np11aeAeHHOH paHee abi60pKe ~(7 ) ip11c. 2./: 
., 

R 7 (~ 1 ) = 3, R7 (~2 l ,; 2, 

R 7 (~ 3 ) = 1, R 7 (~ 4 ) = 4, 

R7 (~ 5 ) = 5, R 7 (~ 6 ) d'7, ~R7(~7) ,;,· 6. 

T I ;; 0~1 I 3/8 E (0,1/4]1.' + 1/4*1 I 3/8_. E (1/4, 1/2]1 + 

+112*1I3/8E(1/2,3/4]l +3/4*1 (3/8E(3/4,1] I= 1,4,T.e.T1 =1/4. 

· AHanori1'1HO Bbi'II1CnA~TriA: 

T2 = 0, T3 = 0, ·74=1/4, 

r 5 = 1/2, T 6 = 3/4, r 7 = 1/2. 
1 . '1' 

nonO>KI1M € = s(n) + 1 = ,3+1 ='tt4: 

1:L:1:3 . '(1s't11 ~5-~1-:' 4, 

0 · o.zs. · · o.S .. O.?S i. 1:. . ,, 
~ ~.:~ ·; . 

Pur;_ 4. 3HaYeHUR eenuYuH T~n) , n = 7. 
. • ~ ,, ; '" :-; . ~ 4; i 'f 

TorAa 8 Ha6ope CT8TI1CT11KI1 ~( 7 ) ~ 7 (2) ~ ~7 (4), ~7 (6) ABflAIOTCA €-AOCT8TO'IHbiMI1 

craTHcmKaMH, "'aTa Hc)saA abl6opKa ~·ril: 

~(7) = I~ 1 = ~n (k*mn), I =: 1, s(n) l 
,. 

MO>KeT 6b1Tb ycneWHO HCnOflb3088H8 8 A8flbHeHWeM/p11C. 4/. 
A8TOP sblpa>KaeT HcKpe~HIO.i> npHaHaTe~~HocTb. E.ri.>KHAKoay· aa noAAep>KKY pa-

6oTbl. ··· · .. ·· ... , '. 

5 



Jll-1TEPATYPA 
.- •• -,. •• _ • .f', '·.· 

1. MareMaTuYecKaR 3HL(UKnaneiJun.M.: HayKa, 1979, T.2, c.375. 

2. CupaJKiJuHae ·C. X.'· E.iJacraraYHai:'ri,' Kaiiew1i,tx·Ha6apae · napniJKaebtx c'rarucruK.·::.. 

npaza, TpyiJbt MeJI(iJyHapaiJHau wKonbt:;<blt¢epeHquu no reapuu eepaRrHacru u ' 
!vtareMaTU'IeCKOii cra'rucruKe. 1982. 

_.; 

f.~ ' 

( •.! ·' ~·." \ 

.. . .. 
' • j .. "~' 

I 

'...,•', 

'," 

., 

:-' .. :.,. -~ . ~"' . "" ;;.,' 

i \- ~ ... · .. ·"!'' . • ·r-: ~ 

. ~- .. j~ 

PyKOm1Cb nocT'ynHna B 'H3AiiTenl.i::i<:i.1H OTAen 
.. - 30'oKTAGpR i99froAa.. ·' .•· ,:·. 

\ ' .. ~"' 

6 
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