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1. BBE.llEHI-IE 

CpenH nH¢¢epeHuHanbHllX ypaBHeHHH B 4aCTHllX rrpoH3BOnHux, 

BCTpe4aIO!l(HXCSI B IlPHKnanHUX 3anaqax, oco6y10 ponb Hrpa!OT HenHHeHHlle 

HHTerpHpyeMue 3B0RIOUHOHHlle CHCTeMll. 1-!HTerpHpyeMue CHCTeMbl 06nana10T 

pSinoM 3aMe4aTenbHblX CBOHCTB, B 4aCTHOCTH, T04HblMH peweHHSIMH THna 

conHTOHOB. B HaCTOSI!l(ee BpeMSI rrponomKaeTCSI HHTeHCHBHaSI pa6oTa no 

HCCnenoBaHH!O HHTerpHpyeMOCTH H KnaccH¢HKaUHH HHTerpHpyeMblX CHC'.eM 

c onHo8 npocTpaHCTBeHHOH rrepeMeHHOH 

(1) 

B paMKax CHMMeTpH8Horo rronxona (CM. [1,2]) B Ka4eCTBe KPHTepHil 

HHTerpHpyeMOCTH CHCTeMbl (1) IlPHHHMaeTCil HanH4He y Hee BblCWHX 

(o6o6meHHblX) CHMMeTpH8. KaK H3BeCTHO, KOHCTPYKTHBHble anropHTMbl 

rrpoaepKH Heo6xonHMUX ycnOBHH HHTerpHpyeMOCTH H HaXOlI<neHHH BllCWHX 

CHMMeTpH8 CHCTeMbl ( 1) npH M>l cymecTBeHHO 3as HCHT OT CTPYKTY pu 

rnaBH08 MaTpHUll F = ll8F<X/au13 II, <X,/3=1,2, ••. ,M. COOTBeTCTBy10mHe 
N N 

anropHTMbl nnR KBa3HRHHeAHblX CHCTeM C 4HCROBOA Hesupo~neHHOA 

rnaBHOH MaTpHueA 

(2) 

det A~ 0 

npH cneny10meM orpaHH4eHHH Ha co6cTBeHHble 3Ha4eHHH A(X MaTpHUbl A 

(3) 

6unH pa3BHTll B [ 3] H peanH30BaHbl B CHCTeMax KOMilbIOTepHOH anre6pu 

FORMAC H REDUCE [ 3, 4]. B HaCTOH!l(eA pa6oTe anropHTMbl pa6on,1 [ 3] 

0606ma10TCil Ha cny4aA CHCTeM (2) 6e3 y4eTa orpaHH4eHHH (3), HO npH 

HeKOTOpb!X nononHHTenb HUX ycnOBHilX Ha BeKTop-¢yHKUH10 f. 3TO naeT 

803MO~HOCTb aBTOMaTH3HPOBaTb HccnenosaHHe HHTerpHpyeMOCTH nnH 

uenoro Knacca Ba~Hb!X nnH rrpHno~eHHA 3BORIOUHOHHblX CHCTeM, HanpHMep, 

CHCTeM THna CBil3aHHoro HenHHeAHoro ypaBHeHHH WpenHHrepa. 



2. OCHOBW CHMMETPH~Horo rronxonA 

KpaTKO HaITOMHHM OCHOBHUe ITOHHTHH H pe3ynhTaTU CHMMeTpHHHoro 

rronxona. 

OrrpeneneHHe 1. nH~~epeHUHaflhHOH ~YHKUH8H 6yneM Ha3uBaTb nn6yn 

¢YHKUHD, 3aBHCHmyn OT KOH8lJHOro lJHCna nHHaMH'l8CKHX rrepeMeHHUX H3 

6ecKoHetJHOro Ha6opa x,u,u
1
,u

2
, ••• 

OrrpeneneHH~ 2. ]H¢¢epeHUHaflbHaH B8KTOp-¢yHKUHH H=(H1 ,H2, ••• HM) 

Ha3uaaeTCH CHMMeTpHeH ypaBH8HHH 

COOTHOJJl8HHD 

(1), ecnH oHa ynoaneTaopHeT 

dH/dt=F. (H), (4) 

rne F. - MaTpH'lHhlH nH¢¢epeHuHanbHl,IH orrepaTOP 

F =F +FD+ ••. +F DN, 
* 0 1 N 

a~_ a ~ _ (F
1

) -BF /Bu 1, a,~-1,2 •.. M, 

H rne d/dt H D=d/dx - orrepaTOPll rronHoro nH¢¢epeHUHPOBaHHH ITO t H X 

COOTB8TCTB8HHO: 

M oo 

d/dt 
M oo 

[ [ D1 (Fa) B/Bua, D B/Bx + [ [ ua B/Bua. 
1 +l i 1 <X=11~0 a=l i =O 

IlOPHnKOM CHMMeTpHH Ha3NBaeTCH MaKCHManbHOe lJHCflO 

BHa/Bu~ * 0 nnH HeKOTOPNX a,~ E (1,2, •.. M}. Ecnn 
n 

Ha3usaeTcH aucme8 (o6o6meHHOH). 

orrpeneneHHe 3. rrcesnonH¢¢epeHunanhHNH orrepaTop 

L [ 
k=m-n+2 

A Dk 
k 

deg(L)=m, 

n, TaKoe, lJTO 

ne:2, CHMM8TPHH 

(5) 

K03¢¢HUHeHTl,I Ak KOToporo eCTb MxM-MaTpHlJH03HalJHNe nH¢¢epeHUHanbHUe 

¢YHKUHH, 6yneM Ha3NBaTh ~OpManbHOH CHMMeTpHeH CTerreHH n rropHnKa m, 

ecnH OH ynosneTsopHeT HepaeettCTeY 

deg(Lt- [F.,LJ) s m+N-n, (6) 

rne 

Lt = L (dAJdt) Dk, (F,,L] = F ,L - LF,, 
k 

a YMHOJKeHHe rrcesnonH¢¢epeHUHanbHux orrepaTopoB orrpenenHeTCH 

¢opMynow 

2 

aDk•bD1=a[ (~)D1 (b)•Dk+l-t, 
l=O 

(
k) k(k-1). .. (k-1+1) 
I 1-2• ... •! 

TeopeMa 1 (CM. [1,2)). ECnH 3BOflDUHOHHaH CHCTeMa (1) o6nanaeT 

CHMMeTpHeH rropHnKa n>N, TO nnH nn6ux m>O cymecTsyeT ¢opManhHaH 

CHMMeTpHH CTerreHH m rropHnKa n. ■ 

CornacHO TeopeMe 1, ycnoBHH cymeCTBOBaHHH ¢opMaflbHOH CHMM8TPHH 

rropHnKa n HBflHDTCH Heo6xonHMUMH ycnOBHHMH cymeCTBOBaHHH CHMM8TPHH 

rropHnKa nle:n. 3TH ycnOBHH, Ha3UBaeMue B nanhH8Hlll8M ycnOBHHMH 

HHTerpHpyeMOCTH, ecTeCTB8HHUM o6pa30M B03HHKaDT B rrpouecce 

rrocTpoeHHH ¢opMaflbHUX CHMM8TpHH H MoryT 6UTb rronoJKeHU B OCHOBY 

KnaccH¢HKaUHOHHUX anropHTMOB. 

3. AflfOPHTM HAXO~]EHHH ~OPMAflbHOfi CHMMETPHH 

PaCCMOTpHM 3BOflDUHOHHYD CHCTeMy ( 2) 6e3 y'leTa orpaHH'l8HHH ( 3) • 

B o6meM cnytJae rnaBHaH MaTpnua A CHCT8Ml,I (2) HMeeT µ pa3flH'lH11X 

co6CTBeHimx 3Ha'leHHH A/0 c KpaTHOCTHMH pl, i=l, ... ,µ, 1sµsM. C 

rroMomhn nHaroHanH3 ynmero nHHettHoro rrpeo6pa3oBaHHH H rrepecTaHOBKH 

ypaBHeHHH B CHCTeMe IlPHBeneM (2), K crreuHaflbHOMY nHaroHanhHOMY BHny 

ut= F "AuN+f(x,u,u1, ... uN_1), (7) 

l 
>. , a=~Er , r = [ a , a -1] , 

t> I I I I 1+1 
(A)ap= 

O, a*~, a,~=1, ... ,M, 

a1+1-a1=p1' a1=l, aµ+1=M, 

TO eCTb A=diag(>.t11•· .. ,?t.µIµ), rne II - enHHHlJH11e plxpl-MaTPHUll, 

Al'F-AJ' Al'F-0, i=l, .•. ,µ. 

]nH 3anaHHOH CHCT8M11 HHTepsanos ( rl), rropoJKneHHOH MaTpHUeH A, 

orrpenenHM pa36HeHHe IlPOH3BOflhHOH MxM-MaTPHU11 A " 1/aa~I/ Ha 6noKH: 

<IJ> r r · · 1 A = 1/aa~II, aE 
1

, ~E J' i,J= , ... ,µ. (8) 

crrpasennHsa cnenynmaH neMMa. 

fleMMa 1. rrycTh nnH nsyx MxM-MaTpHU AH B 3anaHo pa36HeHHe (8). 

Torna 
µ 

(AB)<IJ>= [A<lk>B<kJ>, i,j=l, ... ,µ. 
k =1 
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YTBepllC,UeH!!e JJeMMbl Henocpe,ncTBeHHO CJJe,nyeT H3 3aKOHa YMHOllCeHH.H 

MaTpHU. ■ 

CJJe,UCTBHe. nycTb A- MxM-MaTpHua, TaKa.H, 'ITO .UJJ.H npOH3B0JlbHOH 

MxM-MaTPHUbl B KOMilOHeHTbl MaTpHUbl [A, BJ <II> He 3aBHC.HT OT KOMilOHeHT 

MaTpHU B<ll>, ••• , B<µµ: Tor.ua 3TO 3KBHBaJJeHTHO ycJJOBHIO 

A<ll>=a·I , i=l, ••• ,µ, 
I 

r.ne a - CKaJJ.HP, II - e.uHHH'!Hble plxpl-MaTpHUbl. 

noKa3aTeJJbCTBO OCHOBaHO Ha TOllC,UeCTBe 

µ 
[A,B]<II> = [A<ll>,B<ll>l + L "1k(A<lk>B<kl>_B<lk>A<kl>), 

k =1 

BblTeKaIOll(eM Henocpe,ncTBeHHO H3 JJeMMbl, H TOM qiaKTe, 'ITO Ma TPHUa, 

KOMMYTHPYIOlll.a.H C npOH3B0JlbHOH MaTPHUeH, nponopUHOHaJJbHa e,UHHH'IHOH 

MaTpHL{e. ■ 

nepe11,neM K aJJropHTMY HaXOllC,!leHH.H qiopMaJJbHOH CHMMeTPHH ,UJJ.H 

3BOJJIOUHOHHOH CHCTeMbl (7). no.ncTaBJJ.H.H qiopMaJJbHYIO CHMMeTpHIO (5) B 

HepaBeHCTBO (6), IlpHpaBHHBa.H K03qlqJHUHeHTbl IlPH Dm+N, Dm+N-l HYJJIO H 

paccMaTpHBa.H no OT,UeJJbHOCTH ,!lHaroHaJJbHble H aHTH,UHaroHaJJbHble 6JJOKH 

B CMblCJJe pa36HeHH.H (8), IlOJJY'lHM CJJe.UyIOWHe ypaB'HeHH.H Ha MaTPHUY Am: 

p. -i\ )·A <IJ>=O, i"j, i,j=l, ••• ,µ 
I J m 

(9) 

N·i\ D(A <ll>) + [F ,A l<ll>=O, i=l, ••• ,µ. 
1 m N-1 m 

(10) 

YpaBHeHHe ( 10) npHBO.!lHT K CHCTeMe JJHHellHbIX ,UH<p<pepeHUHaJJbHblX 

ypaBHeHHll C nepeMeHHblMH K03qlqJHUHeHTaMH Ha KOMilOHeHTbl MaTpHUbl 

A <II>, HCCJJe.!lOBaHHe KOTOpoll B o6weM cJJy'lae 3aTpy,UHHTeJJbHO. B 
m 

HaCTO.Hll(ell pa6oTe Mbl BBe.neM .!lOilOJIHHTeJJbHOe orpaHH'leHHe Ha npaByIO 

tJaCTb 3B0JJIOUHOHHOll CHCTeMU (6), Il03BOJJ.HIOll(ee H36ellCaTb yKa3aHHblX 

TPY.UHOCTell. 

KOMilOHeHTbl 

TToTpe6yeM, 'IT06bl 

MaTpHUbl [F ,B(ll> 
N-1 

.UJJ.H npOH3B0JlbHOll MxM-MaTpHUbl B 

He 3aBHCeJJH OT KOMilOHeHT MaTpHUbl 

B<II>. CorJJaCHO CJJe,!lCTBHIO H3 JJeMMbl 1, 3TO paBHOCHJJbHO YCJJOBHIO 

F <II>= rp (x,u,u , ... u )·I., • i=l, ••• ,µ, 
N-1 1 1 N-1 1 

(11) 

r.ue rpl - CKaJJ.HpHble ¢YHKUHH, Il - el!HHH'lHble pixpi-MaTpHUbl. 

4 

I 

ti 
11 
I, 

,,,1 

I 

iJ 

3aMeTHM, 'ITO orpaHH'leHHe ( 11) BilOJJHe orrpaB}:laHHO, TaK KaK OHO 

HMeeT MeCTO ,UJJH MHOrHX BCTpetJaIOll(HXC.H B npHJJOllCeHH.HX 3BOJJIOUHOHHUX 

CHCTeM, B tJaCTHOCTH, ,!lJJ.H CHCTeM THna CB.H3aHHOro HeJJHHellHoro 

ypaBHeHH.H llipe.nHHrepa. 

no.ncTaBJJ.H.H ( 5) B HepaBeHCTBO (6) c ytJeTOM orpaHH'leHH.H (11), 

rrpHpaBHHBa.H HYJJIO K03qlqJHUHeHTbl IT pH 0 m+N, • • • 
1 0 m+N-n+1 H Bbl,UeJJ.H.H 

,UHaroHaJJbHhle H aHTH,!lHaroHaJJbHble 6JJOKH, rroJJy'laeM peKyppeHTHble 

COOTHOWeHH.H na K03qlqJHUHeHTbl Ak 

rrop.s:r,nKa n: 

qJOpMBJJbHOll CHMMeTpHH CTeneHH m 

1) TTpH k>m A =O. 
k 

r o, hj 

2) TTpH k=m A <IJ>= ~ 

m l y<ll> ._. , l.-J. 

3) TTpH k=m-1,m-2, ••• ,m-n+2. 

rne 

A <IJ> -
k - 1 r 

l 

(i\ -i\ )-1-B <ij>I hj 
i j k A<ij>=O' 

1 

k 

( Ni\)-1D-l(B<ll>I )+Z<ll> i=· 
1 k-1 <ii> k ' J, 

A =O 
k 

B 
k 

~(A - C dt k+N) k+N 

(12) 

C 
J 

m +N-J 

E 
k=O 

1 A DkF l F DkA m + N- J-k{ ( ) ( ) } 
I ~O m-k m-k J+k+ 1-m - N-k N-k j+k+ 1-N 

Y, zk - rrpoH3BOJJbHble KOHCTaHTHble MxM-MaTpHL{bl. 

B tJaCTHOM CJJytJae, Karna Bee co6CTBeHHble 

KPBTHOCTb 1, orpaHH'leHHe (11) TepHeT CMblCJJ H 

nepexo.nHT B ananorHtJHUll anropHTM pa6oTu [3]. 
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HanOMHHM, 'ITO K03¢¢HUHeHTU ¢opManbHOA CHMMeTpHH no onpeneneHH~ 

.llOfl~HU 6UTb MaTpH'lH03HatJHUMH .llH¢¢epeHUHanbHUMH ¢YHKUHHMH. IT03TOMY 

.llflH cymecTBOBaHHH ¢opMaflbHOA CHMMeTpHH CTeneHH m nopH,llKa n 

Heo6XO,llHMO BunonHeHHe ycnOBHA HHTerpHpyeMOCTH 

B <II> I 
k-1 <II> E 

A =O 
k 

Im(D), k=m-1,m-2, •.. ,m-n+2, (13) 

03HatJa~mHx, 'ITO neaaH tJaCTb (13) npencTaBnHeT co6oA nonHy~ 

npOH3B0.llHY~ no X OT HeKOTOpoA MaTpH'lH03Ha'lHOA .llH¢¢epeHuHaflbHOA 

¢YHKUHH. YcnOBHH (13) HaKnanuaa~T CHflbHUe orpaHH'leHHH Ha ¢YHKUH~ F 

H MoryT 6UTb nono~eHu B OCHOBY KnaccH¢HKaUHH 3B0fl~UHOHHUX CHCTeM 

(7), o6nana~mHx BUClllHMH CHMMeTpHHMH. OTMeTHM, 'ITO npenno~eHHUA B 

pa6oTe [3] anropHTM o6pameHHH onepaTopa D no3BOnHeT aBTOMaTH'leCKH 

ocymecTBflHTb nposepKy ycnoBHA (13) B XO.Ile nocTpoeHHH ¢opMaflbHOA 

CHMMeTpHH. 

4. AflfOPHTM HAXO~BEHHH BWClliHX CHMMETPH0 

rrycTb 3B0fl~UHOHHaH CHCTeMa 

(11), o6nanaeT CHMMeTpHeA H 

(2), Y.llOBneTBOPH~maH 

nopH,llKa n>N. Torna 

cneny~mee onepaTopHoe cooTHomeHHe, BUTeKa~mee H3 (4); 

rne 

d 
-(H*) - [F*,H*) 
de 

d 
-(F*) 
de 

d 
= -(F ) ·DN-1 

dt N-1 + 

H =H +HD+ ... +HD", 
• O 1 n (H.)a(3=8Ha/au 13 ., cx,(3=1,2 .. . M, 

l l 

H co 

d/de = [ [ D1 (Ha) a;aua. 
l CX=li=O 

orpaHH'leHH~ 

BUnOflHHeTCH 

(14-) 

H3 COOTHOllleHHH (14) BH.llHO, 'ITO npH orpaHH'leHHH (11) HMeeT M8CTO 
paBeHCTBO 

H. - diag (H
0

) L = 
Ljdiag(A )=O, 

0 
(15) 

6 

l 

1 

rne L = EA Dk 
k k=O 

peKyppeHTHUM 

- ¢opMaflbHaH CHMMeTpHH nopH,llKa n+2, BU'lHcneHHaH no 

¢opMynaM (12) npH HeKOTOPOM ¢HKCHPOBaHHOM Ha6ope 
3HatJeHHA npOH3B0flbHUX KOHCTaHT 

BeAcTBYH o6eHMH 'laCTHMH (15) Ha 

onepaTop 

- a a Dcx=D-8/8x-u
1 

•8/Bu , 

HaA,lleM KOMnOHeHTU CHMM8TPHH 

npOH3B0flbHUX ¢YHKUHA hcx(ucx): 

H C 

3fleMeHTOB MaTpHu 

BeKTOp-¢yHKUH~ ul 

TO'lHOCTb~ .llO 

a --1 - a a 
H =Dcx(Lul)CX+h(u), cx=l, ... ,M. 

y<ll> 
1 

z <ii>• 
k 

H o6pamaH 

npH6aaneHHH 

(16) 

AnropHTM o6pameHHH onepaTopa 5 npHBO.llHTCH B pa6oTe [3). ITpH era a 
npHMeHeHHH npoHCXO.llHT a~TOMaTH'leCKaH nposepKa ycnoBHA 

(Lu ) E Im(D ) , 
1 ex a (17) 

npe,llCTaBnH~illHX co6oA He06XO.llHMUe ycnOBHH cymecTBOBaHHH CHMMeTpHH 

3a,llaHHoro nopH,llKa. H3 ycnoBHA (17) B03HHKaeT CHCTeMa 

anre6paH'l8CKHX ypaaHeHHA Ha npOH3B0flbHUe KOHCTaHTU 

MaTpHU y<II>, Z <II>. B cny'lae ee pa3pell!HMOCTH noncTaBnHeM 
k 

(4) 11 BUnHCUBaeM nepeonpegeneHHYW CHCTeMy ypaBHeHHA B 

npo_H3B0,llHUX .llflH onpeneneHHH ¢YHKUHA hex (u(X). 

0TM8THM, 'tJTO B tJaCTHOM cnytJae, Karna 

F <II>= C · I C EiC 
N-1 1 l' 1 1 i=l, ... ,µ, 

flHHeAHUX 

3fleMeHTU 

(16) B 

'laCTHUX 

CHMM8TPHH nopH,llKa n (ecnH TaKOBaH cymecTayeT), Mo~eT 6UTb HaA,lleHa 

no ¢opMyne 

H D-1 (Lu
1
), 

rne L - ¢opMaflbHaH CHMMeTPHH CTeneHU n nopH,llKa n+2. 

ABTOPU 6naronapHT 

06cy~,ll8HHH. 

B.naccHepa 
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3a HHTepec K pa6oTe H none3HUe 
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