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1 Bae~eHHe 

HecooTBeTCTBHe reoMeTpH"<IeCKou rrpocTOTbI rrocTaHOBKH oaµ;a"<IH 

rroµ;rOHKH OKpy)KHOCTH K HOMepeHHblM TO"tJKaM H HTepan;HOHHOH CJIO)K

HOCTH peaJIHOaD;HH MeToµ;a HaHMeHbllIHX KBaµ;paTOB Bee BpeM5I TOJIKaJIO 

aKcrrepuMeHTaTopoB Ha rroucKH rrpocToro H arreraHTHOro MeToµ;a pellle

HIDI. PaHO HJIH IIOOµ;HO IIpaKTH"<JeCKH Ka2Kµ;hlH BblXOµ;HT Ha MeToµ;, KO

TOpbIH Mbl (uo-oa HaH60Jibllleii µ;ocTyIIHOCTH CCblJIKH) 6yµ;eM HaoblBaTb 

MeToµ;oM Kpaycpopµ;a [1]1. IlpoCTOTa q>OpMyJI u 6blCTpoTa rroµ;roHKH 

HBJIHIOTCH rrpHBJieKaTeJibHblMH CBOHCTBaMH aToro MeToµ;a. K co2Kane

HHIO, B peaJibHhlX ycTaHOBKax, rµ;e q>HKCHpoBaH paoMep uoMepHeMoii 

µ;yru, KaK TOJibKO µ;erro µ;oxoµ;HT µ;o 60JibllIHX paµ;uycoB BOCCTaHaBJIHBa

eMOH 0Kpy2KHOCTH, HacTyrraeT paoo-qapOBaHHe: MeToµ; "cpbIBaeTCH" Ha 

MaJible paµ;uycbl [2, 3, 4]. 
BhlHCHeHHe o6'beKTHBHOH Ka"<JeCTBeHHou rrpH"<IHHhl aToro ( CM. HH2Ke 

rr.2) He CHHMaeT HCKyllleHIDI IIOJibOOBaTbCJ[ BblllleyrroMJIHYThlMH rrpeH

My~eCTBaMH MeToµ;a Kpaycpopµ;a TaM, rµ;e OH "µ;orr2KeH pa6oTaTh Ha

BepHHKa" (aTo o6bl"<JHO OOHa"<JaeT, "<ITO. rroµ;roHJieMble TO"<JKH pao6po

CaHbl IIO"<JTH IIO Been OKpy:iKHOCTH MaJIOPO paµ;uyca). 

TaKHM o6paooM BOOHHima oaµ;a-qa: rrpoaHaJIHOHpOBaTb KOJIH"<JeCT

BeHHO OaBHCHMOCTb TO"<JHOCTH MeToµ;a Kpaycpopµ;a OT paµ;uyca rroµ;ro

HHeMOH 0Kpy2KHOCTH c TeM, "<IT06bl HaHTH TaKyro o6rracTh µ;orrycTH

MhlX paµ;uycoB, B KOTOpOll COXpaHHJIHCB 6bl BCe rrpeHMy~eCTBa aToro 

MeToµ;a. 

· B HaCTOJI~ell pa6oTe B rrpeµ;IIOJIO:iKeHHJIX, BIIOJIHe BblIIOJIHHMblX µ;JIJI 

MHOPHX q>HOH"<Jec:tmx ycTaHOBOK, BblBeµ;eHbl µ;ocTaTO"tJHO TO"tJHble Teo

peTH"<JeCKHe t3aBHCHMOCTH OT paµ;uyca KaK HeBJIOKH MeToµ;a, TaK H OT

HOCHTeJibHOll OIIIH6KH B orrpeµ;erreHHH paµ;uyca. CrrpaBeµ;rrHBOCTb cµ;e

JiaHHhlX rrpeµ;rroJIO:iKeHHll rrpoBepeHa C IIOMO~bIO "tJHCJieHHoro aKcrrepu

MeHTa, BhlIIOJIHeHHoro Ha ocHoBe rrapaMeTpoB µ;eTeKTopa APEC [4] H 

noµ;TBepp;HBIIIero TeopeTH"<JeCKHe peoyJibTaTbl. 

1CneAyeT OTMeTHTb, 'ITO ell\e oa 20 neT AO Kpay<J>opAa 0TOT MeTOA 6bJJI npeAJIO)KeH 
H.H.foBopyH<>M [5] H wupoxo npHMeHHJICH B OIUlll. 



2 MeToµ; Kpay4>opµ;a 

IlycTb 11MeeTCH n aKcrrep11MeHTaJibHbIX TO"<JeK (xi, yi), ... , (xn, Yn) 11 

cyll\eCTByeT ;a;ocTaTO"<JHO o6ocHOBaHHruI rl1IIOTe::3a O TOM, "<ITO 11X pac

IIOJIO)KeHlle Ha IIJIOCKOCTl1 OIIllCbIBaeTCH ypaBHeH11eM OKPY:lKHOCTl1 

(x - a)2 + (y - b)2 = R2. (1) 

c Hell::3BeCTHbIM n;eHTpOM ( a, b) 11 pa;a;11ycoM R. 3aµ;a-qa orrpe;a;erreHIIH 

aTl1X rrapaMeTpOB IIO ll::3MepeHHbIM TO"<JKaM 11 eCTb ::3aµ;a-qa rro;a;roHKl1 

oKpy:lKHOCTl1. B MeTo;a;e HallMeHblllllX KBa;a;paTOB (MHK) ;a;rrn: on;eHKl1 

a, b, R 1111.\eTCH M11H11MyM cpyHKn;110Harra 

n 

S2(a,b,R) = LPI, (2) 
i=l 

r;a;e 

Pi = ✓c X; - a )2 + (y; - b )2 - R. (3) 

Herr11HeliHOCTb IIp011::3BO;rJ;HbIX (2) IIO rrapaMeTpaM OKa::laJiaCb HeTp11Bl1-

aJibHbIM ::laTpy;a;HeHIIeM, ;a;rrn: o6xo;a;a KOToporo 6bIJI rrpe;a;rro:lKeH n;errbIR 

pn:;a; ;a;ocTaTO"<JHO acpcpeK'i'IIBHbIX IITepan;IIOHHbIX MeTO;rJ;OB [2, 3, 4]. 
Ilpe;a;rro:lKeHIIe Kpaycpop;a;a [1] COCTOl1T B ::3aMeHe (2) Ha cpyHKD;IIOHaJI 

n 

S = I:((x; - a)2 + (Yi - b)2 - R2)2. (4) 
i=l 

JierKO IIOKa::laTb ( CM. Harrp. [1]), "<ITO HOpMaJibHble ypaBHeHirn, rrorry

-qaeMbie rrpII ;a;1rcpcpepeHn;IIpOBaHIIII ( 4) no napaMeTpaM, HBJIHIOTCH JIII

HeliHbIMH OTHoc11TeJibHO a, b 11 1 = R2 - a2 - b2, "<ITO rro::3Borr.si:eT rrerKo 

Bbl"<JHCJIHTb on;eHK11 a, b 11 R 6e::3o BCHKIIX 11Tepan;Hii. 
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O;a;Haxo B [2] 6blrra rro;a;Me"<JeHa o"<JeB11;a;Hrui rrp11 Pi ~ R CBH::3b 

n 2 

s = L PUP; + 2R)2 ~ 4R2 L Pl = 4R2 S2, (5) 
i=l i=l 

K_a"<JeCTBeHHO o6'bHCHHIOll\ruI, no"<JeMy npH Ml1Hl1Ml1::3aD;Hl1 S aTOT cpyH

KD;l10HaJI "npe;a;no"<JFITaeT" OKpy:lKHOCTb C pa;a;11ycoM, MeHbllil1M ( CM. nYH

KT11p Ha pHc. 1 ), "<JeM y Ton, "<ITO ;a;om1rna npoiiT116rr11::3KO K H::3MepeHHbIM 

TO"<IKaM, Ml1HHMl1::311pyn: cpyHKD;HOHaJI S2, norry'laeMbIR B MHK. Ilp11 

pacnbJIO)KeHlllI TO'leK no Bceii OKPY)KHOCTl1 aTOT acpcpeKT He CKa::lbIBa;

eTCH. 

3 AuanHo MeToµ;a Kpay4>opµ;a 

MbI npe;a;norraraeM, "<ITO X-Koop;a;11HaTbl ll::3MepeHHbIX TO"<JeK ;a;eTep

Ml1H11p0BaHbl (HeCJiy"<!aliHbI). 8To COOTBeTCTByeT q>l1::311'leCK11M aKcnep11-

MeHTaM, B KOTOpbIX X-Koop;a;11HaTbl onpe;a;eJIHIOTCH nOJIO)KeHlleM ;a;eTeK

TOp0B (KaMep, npoBOJIO'leK 11 T.;a;.). A y-KOOp;rJ;HHaTbl ll::3MepeHHbIX TO

"<JeK crry"<IaRHbl 11 onpe;a;eJIHIOTCH cpopMyrroii, crre;a;yroll\eli H::3 (1 ), 

Yi= b- JR2 - (x; - a)2 + Ei, (6) 

r;a;e Ei ( i = 1, n) - 01IIH6K11 11::lMepeHHli~ He::3aBl1Cl1MbI 11 pacnpe;a;erreHbI 

HOpMaJibHO co cpe;a;H11M O n ;a;11cnepc11eii o-2 (;a;ncnepcllH npe;a;norraraeTCH 

O;rJ;HHaKOBOli µ;ITH npoCTOTbl, XOTH MO)KHO paccMaTpHBaTb lI 0611.\Hli crry-
-qan). 

Hallla ::3aµ;a'la COCTOl1T B TOM, 'IT06bl onpe;a;eJIHTb OIIIH6Ky, ;a;ony

CKaeMyIO MeTO;D;OM Kpaycpop;a;a np11 60JiblllllX pa;a;11ycax R OKpy)KHO

CTll, lI ycTaHOBllTb TaKlIM o6pa::30M rpaHHD;bI npnMeHeHHH aToro Me

To;a;a. OcHOBHoii rrapaMeTp B Halllen ::3aµ;a'le ~ pa;a;Hyc R. By;a;eM c'ln

TaTb, "<ITO X-Koop;a;nHaTbl ll::3MepeHHbIX TO'leK pacrrOJIO)KeHbl CllMMe-: 

TpH'IHO OTH0CllTeJibHO Ha'larra Koop;a;llHaT: X1 + ... + Xn = 0 ( aToro 

TaK)Ke MO)KHO ;a;o6nTbCH nepeHOCOM CllCTeMbI Koop;a;HHaT ). HaxoHen;, 

ecrrn TO'IKH X1, ••• , Xn paCIIOJIO)KeHbI Ha paBHbIX pacCTOHHHHX ;a;pyr OT 

;a;pyra (aTO o6bl'IHO HMeeT MeCTO B aKcnepnMeHTax), TO ;a;onoJIHHTeJibHO 

norry'laeM xf + ... + x: = 0. ,Il;JIH ynpoll\eHHH 060::lHa"<IeHHli y;a;o6Ho BBe

CTR aHaJior ll::3BeCTHbIX rayccOBbIX CK060K ¼ I:i=l xPyq = [xPyq], TaK "<ITO 

[x] = 0, [x3
] = 0. 
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B aTmc o6m3Ha"<JeHirnx peweHIIe ::mµ;aqn no;a;roHKl'I oKpy)KHOCTH Me

TO;D;OM Kpay<f>0pµ;a BhlrruIµ;HT TaK2: a, l'I b onpeµ;eJIHIOTCH l'I3 Cl'ICTeMhl 
Jil'IHenHbIX ypaBHeHHii: 

{ 
[x2]a + [xy]b = ½[xy2

], 
7 [xy]a + ([y2] _ [y]2)b = ½([x2y] + [y3] _ ([x2] + [y2])[y]), ( ) 

a pa;a;nyc R - H3 cooTHoweHHH 

fl2 = a2 + g2 - 2b[y] + [x2J + [y2J. (8) 

3;a;ecb a, b, R - O3Ha"<JaIOT ou;eHKl'I napaMeTpOB a, b, R. 
B pa3HbIX q>H3H"<JecKnx_ aKcnepnMeHTax u;enhIO no;a;roHKl'I OKpy)KHO

CTl'I MO)KeT 6bITb Jil'I60 ""<Il'ICTbill" (pl'IT (T.e. npoBeµ;eHHe annpOKCl'IMl'I

py10~eii: Jil'IHHH, Hanp. TpeKa), nn6o ou;eHKa 3Ha"<JeHHH R (no pa;a;nycy 

Kpl'IBl'I3Hbl TpaeKTOpl'Il'I onpe;a;erui:eTCH l'IMllYJibC 3apH)KeHHOll "<JaCTl'I~I). 

B nepBOM cnyqae KpHTepneM Ka"<JeCTBa MeToµ;a HBJIHeTCH cpeµ;HeKBa

;a;paTl'I"<JHM "HeBH3Kall (nnn "xn-KBaµ;paT", KaK HHorµ;a ero Ha3hlBaIOT): 

:R2 = tcJ(x; -a)2 + (y; - b)2 - R)2, 
i=l 

a BO BTOpOM - OTHOCHTeJibHM OWl'I6Ka: 

M=R-R 
R . 

(9) 

(10) 

Ifo (5) cne;a;yeT 6onee yµ;o6HM <f>opMyna µ;nH HeBH3Kl'I ( CM. TaK)Ke [2, 3]): 

i2 = .!x2 = .! t ((x; - a,)2 + (Yi - b)2 _ R,2)2 
n n i=t 4R2 

(11) 

Bemr"<IHHhl (10) n (11) cny"<Iaii:Hbl (T.K. cnyqaii:Hbl ou;eHKl'I a, b, R n 

Koopµ;nHaTbI y;) n ;a;rui: nccneµ;oBaHl'IH MeToµ;a Kpay<pop;a;a cneµ;yeT HanTl'I 

nx cpeµ;Hne 3Ha"<JeHHH (3:k) n (?). 

2 
,Il;orroJIHIITeJibHhIM CIJ;Bll:rOM II IIOBOpOTOM CHCTeMhl KOOplJ;HHaT JierKO 11;06HTbCJI 

Toro, 'ITO [y] = 0 II [xy] = 0. O11;HaKo Mhl 3Toro He 11;enaeM, TaK KaK Tor11;a Hapyrna

IOTCJI Ba:lKHhle rrpelJ;IJOJIO:lKeHH.11 0 HecJiy'IaHHOCTH x;. 

4 
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B Haweii: 3aµ;aqe eCTb µ;Ba napaMeTpa, BJIIIHIO~l'Ie Ha TO"<JHOCTb pe-

3YJibTaTa: pa;a;nyc R (;a;ocTaTO"lHO 6onhwoii:) n cpeµ;HeKBaµ;paTH"<JecKM 

OWH6Ka l'I3MepeHHll u (;a;ocTaTO"<JHO MaJIM). JierKO BHµ;eTb, "<ITO npH 

u = 0 Bee TO"<IKH nonaµ;aIOT TO"<IHO Ha oKpy)KHOCTh II MeToµ; Kpay<pop;a;a 

µ;aeT TO"<JHble ou;eHKH a = a, b = b, R = R npH JII060M paµ;nyce R. C 

µ;pyroii: CTOpOHhl, KaK Mb! BHµ;enn, npH 3ap;aHHOM (J' > 0 H 60JibWKX R 
npHMeHeHHe MeToµ;a MO)KeT npHBeCTH K 6oJibWHM OWII6KaM [2, 3, 4]. 
Cneµ;oBaTeJibHO, Bee onpeµ;enHeTCH cooTHoweHHeM µ;Byx o"<JeHh MaJibIX 

napaMeTpoB: O' H R-1, 3a KOTOpbIMH npnxoµ;HTCH cneµ;IITb O"<JeHb aKKy

paTHO. Hn)Ke Bee Hawn <popMyJihl Bbllll'ICbIBaIOTCH C TO"<JHOCTbIO µ;o Ma-

JibIX Bhlcwnx nopHµ;KoB OTHOCHTeJibHO u n R-1. 

Ilpe)Kµ;e Bcero Bhlpa3HM onpeµ;ennTeJib cncTeMhl JIHHeii:Hhlx ypaBHe

HIIii: (7): 

1 1 
det = 4R2 [x2]([x4]-[x2]2)+ R[x2]([x2€]-[x2][E])+([x2]([€2]-[€]2)-[X€]2). 

,II;anee, 

b = 2let(zk[x2]([x4] - [x2]2) + [x2]([x2€] - [x2][€])), 
a = 2let [X€J([x2][€J - [x2€n, 

II, HaKoHeu;, 

R,2 ~ b2 + [x2] - 2b[€] - ![x2]. 

Ilocne aToro 

(12) 

(13) 

€2 ~ [x4] - [x2]2 
4fl2 

b b2 a2 ab 
-A ([x2y]-[x2][y])+-A ([y2]-[y]2)+-A [x2]+2-A [xy]. 
R2 R2 R2 R2 

(14) 
Mb! BHp;HM, "<ITO det npeµ;cTaBrui:eT co6oii: cyMMY Tpex BeJIII"<IHH, HMeIO

~nx, cooTBeTCTBeHHo, nopHµ;KH R-2, u • R-1, u 2. AHanorH"<IHO, B (13) 
Bxoµ;HT cyMMa µ;Byx BeJIH"<IHH nopHµ;KoB R-1 II u cooTBeTCTBeHHO. IIo

aToMy npH O' <{: R-1 cneµ;yeT OCTaBHTb JIHW_b nepBbie cnaraeMble B 0THX 

cyMMax, npn u ~ R-1 - JIHWh nocneµ;m-ie, a ecnn u n R-1 cpaBHHMhl, 

TO Haµ;o Y"<IHTbIBaTb Bee cnaraeMble. PaccMoTpHM cooTBeTCTBYIO~He 

cnyqan nocneµ;oBaTeJihHO. 

1°. u <{: R-1
, HJIH TO"<IHee, KaK a11µ;Ho H3 (12), aTo cnyqan: 

R <{: .!.J[x4] - [x2]2. 
(J' 

(15) 

5 
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B aToM cJiy<Iae pa;a;I1yc R µ;ocTaTO'IHO MaJI. II MeToµ; Kpaycpop;a;a pa6o

TaeT TaK )Ke xopowo, KaK II o6bI'IHbIII MeTO)l; HaUMeHbWIIX KBa;a;paTOB. 

B (14) Bee CJiaraeMhie IIMeIOT O)l;IIH nopH)l;OK ( ~ o-2) u MO)KHO noKa::mTh 

(Mb! He npIIBO)l;UM Bcex BhIKJiaµ;oK), 'ITO cpeµ;Hee :JHa'IeHue KBa;:i;paTa 

HeBH:JKU 

II 

( ) 
n-3 i2 = --0-2 +o(o-2) 

n 

(IR; RI)~ const · u, 

(16) 

rµ;e const He naBUCUT OT U:JMepeHHbIX :JHa'IeHuii, T.e. naBUCUT OT n, 
[x2

], [x4
], R n Bbipa)KaeTClI o<IeHh rpoMonµ;Koi'I cpopMyJioi'I, npIIBO)l;HTh 

KOTopyro HeT Heo6xoµ;UMOCTH. 

2°. u ~ R-1, HJIH TO'IHee, R ~ u-1 ✓[x4] - [x 2 ]2 ( cp. c (15)). B 

aToM cJiy'Iae paµ;uyc R CJIHIUKOM BeJIHK n oIUn:6Ka MeToµ;a Kpaycpop;a;a 

BeCbMa BeJIUKa. BeJIH'IIIHbI (13) onpeµ;eJIHIOTCH TOJihKO IlOCJieµ;HIIMH CJia

raeMhIMU, a npeHe6pe)KHMO Mano, a B cpopMyJie (14) nepBoe cJiaraeMoe 

urpaeT peIUarow:yro pOJih. To<IHee, 

b ~ rx2fJ-rx2 nf1 
~ 2([f2]-[f]2- [xi2)' 

[x J 

R2 ~ g2 + [x2J - 2b[1:], 

A2 [x4] - [x2]2 
f. ~ ,.. .... 

4b2 + 4[x2 ] - 8b[1:] 

(17) 

(18) 

Mhl BII)l;HM, 'ITO BeJIII'IIIHhl b II R IIMeIOT nop11µ;0K a-1 n: ( c TO'I

HOCThIO µ;o MaJihIX BhIClllIIX nopH)l;KOB) IIX cpeµ;HIIe' nHa'IeHIIH BOo6w:e 

He naBIICHT OT IIcxoµ;Hhlx nHa<IeHn:ii b II R. IloaToMy OTHOCIITeJihHaH 

OIUII6Ka (10) CTaHOBHTCH nopHµ;Ka 1: 

(£fl)~ 1, 

'ITO onHa<IaeT, 'ITO o4eHKa R HHKyµ;a He roµ;IITCH. Bnpo<IeM, MeToµ; Han:

MeHhWHX KBaµ;paTOB TO)Ke 6eccn:JieH B aTOll cn:TyaIJ;IIII ( CM. penyJihTaThl 

'IIICJieHHOJ.'0 aKcnepn:MeHTa, OilllCaHHOro HII)Ke ). 

-Cfro KacaeTCH HeBH:JKII (9) (n:JIII (11)), TO µ;eJio o6cTOIIT CJIO)KHee. 

KaK Bll)l;HO Im (5), B 'IllCJIIITeJie (11) CTOIIT IIMeHHO Ta BeJIII'IllHa, KO

Topyro MllHllMll3llpyeT MeToµ; Kpaycpopµ;a 

s = 4R2 i 2 -+ inf . 
a,b,R 

6 
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KaK y2Ke OTMe'Ianoch, BMecTo "npaBHJihHoro" pa;a;uyca R, µ;arow:ero 

S = R2u 2
, cpyHKIJ;IIOHaJI MeToµ;a Kpaycpopµ;a npeµ;no<InTaeT MeHhiime 

paµ;nychl. IIx BeJIIl'IIIHa B :JaBIICHMOCTII OT Il:JMepeHHhIX :JHa'IeHHll M0-

2KeT cJiy'Iai'IHo MeHHThCH OT R ~ l/a ;a;o R ~ const = /[x2]. 
Mhl OIJ;eHIIM cpeµ;Hee :JHa'IeHile HeBH:JKII ( i 2) ( OHO OKa:JhIBaeTCH He 

nopHµ;Ka o-2 IIJIII const, a npoMe2KyTO'IHoe: nop11µ;Ka u ), ncnoJih:JYH µ;o
BOJihHO TOHKile <paKThl Il::3 MaTeMaTH'IeCKOll CTaTIICTIIKH. 

BeKTOp own6oK (Et, •.. , En)T = E IIMeeT MHOrOMepHoe HOpMaJihHOe 

pacnpe;a;eJieHne co cpeµ;HHM O II µ;naroHaJihHoii KoBapnaIJ;HOHHOll MaTpII

IJ;eii diag(a2
) • .1Iro6oe opToroHaJihHOe npeo6panoBaHHe S = C · E (rµ;e 

er. C = E, T.e. C - opTorOHaJihHaH MaTpIID;a n X n) µ;acT HaM CJIY

'IallHbIH BeKTop 6 B TO'IHOCTII c TaKIIMII 2Ke cBOHCTBaMII. Mhl Bhl6epeM 

MaTpHIJ;Y C TaK, 'IT06hl nepBhle Tpu KOMilOHeHThl BeKTopa 6 6hIJIII cJie

µ;yrow:ne: 

{ 

01 = fo,E, 
62 = ~[x1:], 

0 - ,/n X 2 E x 2 E 3 - v'[x4]-[x2]2 ([ ·] - [ ]( ]). 

(19) 

.JierKO npoBepn:Th, 'ITO nepBbie TpH CTpOKH TaK onpe;a;eJieHHOH MaTpIIIJ;bI 

C µ;eiicTBHTeJibHO B:JaHMHO opTorOHaJihHhl, a µ;onOJIHllTh llX µ;o opToro

HaJihHOll MaTpHD;hl n x n M02KHO npon:nBOJihHhIM o6panoM. Iloµ;cTaBIIB 

Bblpa2KeHHH (19) B (17), HaiI;a;eM, 'ITO 

A ✓n([x4] - [x2]2) 63 b = ...c_.._ ____ 62 i:-2 

. 2 3 +•••+Un 
(20) 

IIn (20) y2Ke Bll)l;HO, 'ITO XOTH B TUilll'IHOM cJiy<Iae 6; ~ a II noaTOMY 

b ~ l/a, HO ecJIII 03 ~ 0 B TO BpeMH KaK 6] + ... + s~ ::::::: (n - 3)a2, 

TO BeJIII'In:Ha b 6~n:nKa · K HyJiro. B aToM cJiy<Iae n: HacTynaeT "Kpax" 

MeToµ;a Kpaycpopµ;a: ecJin: b ::::::: 0, To comacHo (17, 18) R2 
::::::: [x 2

] ::::::: 

const II i 2 ~ const, 'ITO y2Ke Heµ;onycTHMo, T.K. TaKOH "q>IIT" xy2Ke 

;a;a2Ke npocToii n~µ;roHKII npHMOH JIIIHn:eii, KOTOpaH II TO µ;aeT i2 :=:::: a2
• 

,il;JIH Toro 'IT06bl rpy6o OIJ;eHIITh BepOHTHOCTb aToro ll HaIITll cpe;a;Hee 

{i2), Mhl 6yµ;eM c'In:TaTb TOJihKO BeJIII'IIIHY 63 cJiy'IaIIHoH (rayccoBcxoir), 

a cyMMY s~ + ... + s~ IlOCTOHHHOH II paBHOII ee cpeµ;HeMy nHa'Iemno 

( n - 2)u2• Iloµ;cTaBIIB HalllII cpopMyJihl B Bhlpa2KeHIIe )l;JIH HeBH8KII (18), 
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HaH)];eM, 'ITO C TO'IHOCTbIO go MaJibIX BbICillIIX nopH)];KOB 

A2 . [x4] - [x2]2 
€ ~ 4[x2] - n(n - 2)-2([x4] - [x2]2)u-48~ · 

B aTOH q>opMyne ~Illb BeJIII'lIIHa 83 cny'lauHa, II noToMy 

A2 o-2 loo _.c [x4] - [x2]2 
€ = -- e 2 dt~ ( ) ./2-i -oo 4[x2] - n(n - 2){[x4] - [x2)2)u-2t2 

7r 

~0-2 
(n - 2)2{[x4 ] - [x2]2) 

81rn[x2] 

. HTaK, cpegHeKBagpaTII'leCKaJI OlllII6Ka npII nogroHKe OKa3aJiaCb 

{21) 

Jfi-2} ~ const • fo, T.e. cy~ecTBeHHO Bblllle, 'leM ga)Ke npII nogroHKe 

npHMOH JIIIHIIeu ( TaM oHa ~ const • u ). B aToM II cocTOIIT rnaBHbIH 

HegocTaTOK MeToga Kpayq>opga. 
3°. u II R-1 cpaBHIIMbI. B aToM cny'lae det cnegyeT Bbl'IIICJI~Tb no 

IlOJIHOll q>OpMyJie (12) II, IlO)];CTaBIIB B Hee (19), IlOJIY'lIIM 

det = [::] {(83 + vn · J[x
4
~~ [x

2
]2 )2 + 8! + ... + 8~}. 

06m3Ha'1IIM ( = 83 + Jn • y'[x;;[x
2
]2. 8To rayccoBCKaH CJiy'laHHaJI Be-

y[x4J-[x2]2 A 

JIII'lIIHa co cMe~eHHbIM cpegHIIM A = ../n • 2R -=/= 0. BbI'IIICJIIDI b, 
nony'IIIM 

OTKY)];a 

A ..fn. J[x4] - (x2]2 . ( 

b = 2( ( 2 + 8l + ... + 8~) ' 

A2 ((2 + 8l + ... + 8;)2 

€ = n. (2 + 4(x2)([x4) _ [x2]2)-I((2 + 8l + ... + 8~)2· 

BHOBh, KaK II B npegblgy~eM crrY'lae, ::mMeHIIM BeJIII"IIIHY 8l + ... + 8; 
Ha ee cpegHee ;JHa'leHIIe (n - 3)u2• Targa 

(
A2) a-2 · 100 _(t-A/a)2 (t2 + n - 3)2 € = -- e 2 __ .o___ ___ .:__ __ dt 

./2-i -oo nt2 + u2B(t2 + n - 3)2 
' 

(22) 

8 

{ 

rge B = 4(x2]((x4] - (x2]2)-1. Ilog1rnTerpanbHaH q>yHK~II5I 1rneeT gBa 

Bbipa)KeHHbIX nIIKa - B TO'lKe A/ u II B TO'lKe 0. IIoaTOMY rrpu6mI)KeHHO 

(23) 
( A2) ~ ~, / (n-3)2([x4]-[x2]2) _ n((.r

4
]2-(-22]

2
) 

€ ~ 2 V 8,rn[x2J, ue SR a + 
· 4R2o-4 ( n([x4)-[x2j2) )2 + ([x4J-[x2]2)n2 4 n2.,.2 + n - 3 . 

rge A II B onpegeneHbI Bhlllle. B q>opMyne (23) B nepBoM cnaraeMOM 

rrepeg 0KCilOHeHTOH CTOIIT BeJIII'lIIHa, npaKTU'leCKII COBnagaro~aH C Be

JIH'IIIHOH (21). IlpII (R · u) - oo aKcnoHeHTa cTpeMIITCH K 1 II Mbl 

IlpIIXO)];IIM K Bhlpa)KeHlllO (~1), HO Korga R · U 1:IMeeT nopH)];OK 1, 0KCil0-'

HeHTa "yBo)];IIT" Bee cnaraeMoe K Hynro, a npII R · u ~ 0 pelllaIO~IIM 

CTaHOBIITCH BTOpoe CJiaraeMoe. 

ffaKOHe~, o~eHIIM OTHOCHTeJibHYIO OlllU6Ky orrpegeneHII5I pagnyca, 

npegnoJIO)Kl:IB gnH npocTOThl, 'ITO a - Ma.ho, a b ~ R: 

/1R- RI) / R- b) R- (b) 4R
2
u

2
(n - 3) 

\ R ~ \ ~ ~ R ~ n([x4] - (x2]2) + 4R2u2(n - 3) · 
. (24) 

0TMeTnM, 'ITO q>opMyna (24) crrpaBe)];JIIIBa JIIIIllb npn n ~ 4. ,I(eno B 

TOM, 'ITO npn n = 3 cpegHee ::3Ha'1eHIIe (b) 6ecKOHe'1Ho! 8To MO)KHO 

Il0Ka3aTb CTporo, HO Mbl He IIpl:IBO)];IlM )];OKa3aTeJibCTBO. 

4 'C!HcJieHHbie peoyJihTaTbl 

l:hicJieHHble peayJibTaTbI noJiy'1eHbI Ha OCHOBe napaMeTpOB ycTa

HOBKl:I APEC TaK, '1T06bI cMogem1poBaTb ycnoBHH aKcnepuMeHTa no 

noncKy pacnaga µ - 3e [4]. 
B aTOM aKcrrepnMeHTe 6bIJIO aage:iicTBOBaHo 10 ua 18 ~IIJIIIH)];pH

'1ecKIIX MHOrOIIpOBOJI0'1HbIX nporrop~IOHaJibHhIX KaMep. Paguyc rrep

BOH KaMepbI 64.0 MM, gecHTOH - 314.6 MM. PaccTOHHHe Me)Kgy rrpoBo

JI0'1KaMII BHYTPII KaMep ~ 2 MM, rroaToMy aKcrrepIIMeHTaJibHhle TO'IKII 

IIMeIOT Ollll:I6Ky ~ 1 MM. 8q>q>eKTHBHOCTb pa60TbI KaMep B cpegHeM co

CTaBJIHJia 97%. Ilpu BOCCTaHOBJieHHl:I TpeKOB Tpe60BaJIOCb, '1T06bl Ha 

TpeKe Jie)KaJIO He MeHee 8 TO"IeK, a TaK)Ke He )];OllYCKaJIHCb pa3pbIBbI BHy

TpH TpeKa ( OTCYTCTBl:Ie aKcrrepIIMeHT8,.;'lbHbIX T0'1eK B cocegHIIX KaMe

pax ). TexHH'1eCKIIe xapaKTepucTIIKH ycTaHOBKII 6bIJIH rrogo6paHbI TaK, 
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1 
I 

"<ITO pan6poc paµ;nycoB oKanaJic.SI npnMepHo B µ;nananoHe OT 15 cM µ;o 
70 CM. 

Ilpn npoBeµ;eHllll '<IllCJieHHoro aKcnepuMeHTa 6bIJIO B3HTO n = 10, 
c, = 1 MM, aKcnepnMeHTaJibHble TO'<!Kll Xi COOTBeTCTBOBaJlll paµ;uycaM 

KaMep. :.:ho npnBeJio K cneµ;yroI.U;eMy pan;a;eneHIIIO o6nacTeii : 1) R ~ 
100 cM, 2) R ~ 1000 cM, 3) 100 CM ~ R ~ 1000 cM. ,Il;rr.SI ;a;ocTH)KeHirn 

Heo6xo;a;nMoii TO"<IHOCTII B "<IIIcJieHHOM pac"<IeTe MeTo;a;oM MoHTe-Kapno 

Ka)Kp;aH TO'<!Ka Ha pnc. 2 ll 3 norry-qaJiach ycpe;a;HeHneM on;eHOK napa

MeTpoB 104 crry"<IaMHbIX OKPY)KHOCTeii ('<ITO Tpe6oBaJIO nop.Hp;Ka 1 MllH 

Ha II8BM PC-AT /386). Ka)Kp;aH TaKaH oKpy)KHOCTh c :JaJio)KeHHhlM B 

Hee pa;a;nycoM II CJIY"<IallH0 panbirpaHHbIM n;eHTpOM HaKJiap;bIBaJiaCb Ha 
MOp;eJib p;eTeKTllpyIOI.U;ell ycTaH0BKll, '<ITO ;D;aBaJIO 10 OTC'<!eTOB, no KO

TOpbIM p;Ba)Kp;bl on;eHllBaJillCb 3aJIO)KeHHble napaMeTpbI: MeTO;D;OM Kpa

ycpop;a;a ll no MHK. On;eHKll MHK npoBop;nrrncb MeTop;oM, . npe;a;rro

)KeHHbIM B [2]. 8TOT MeTO~ no TO~HOCTII npaKTI!'<IeCKII He ycTynaeT 

MHK, a ero MallIIIHHOe BpeM.SI Jilllllh B 1.5 pana 60Jib11Ie, "<IeM y Me

Toµ;a Kpaycpop;a;a. Cpep;H.SI.SI HeBH3Ka Bbl'<IIICJIHJiach no cpopMyne (11) II 

nocne ll3BJie"<IeHII.SI KopH.SI n ;a;eneHn.SI Ha c, ycpeµ;H.Hrracb no 10 TbIC. pe

aJill:Jan;IIii:, p;aBaH oµ;Hy T0'<IKY Ha rpaq>IIKe 2. AiiaJIOrll'<!HO no q>opMyrre 

(10) c nocrre;a;yroI.U;llM ycpep;HeHlleM Bhl'<!llCJI.SIJiaCb TO'<!Ka Ha rpaq>nKe 3 
oTHOCIITeJihH0H 011In6Kn pa~nyca. Ha rpaq>n:Kax B Bllp;e KplIBhlX II30-' 

6pa)KeHhI :JaBlIClIMOCTll k = J[i / c, , ( M) n ( R) oT R, Bbl"<IlICJieHHble 

no q>opMyrraM (16)-(24). 
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Pnc. 2. CpaBHeHne cpopMyrr 

µ;JI.SI HeBH3Kll C penyrrbTaTaMll 

"<IlICJieHHoro a;cnepnMeHTa no 
MeToµ;y .MoHTe-Kaprro. 

Pnc. 2 µ;eMOHCTpnpyeT xopo11Iee corrracne npn6JI1I)KeHHbIX cpopMyrr, 

norry"<IeHHhlX B µ;aHHoii: pa6oTe, c penyrrhTaTaMII -qncrreHHoro aKcnepn

MeHTa. 

0.7,----------------. 
0.8 

I\ 

e;o.5 
V 

0.4 

0.3 

0.2 

0.1 0.0 .__..._ _ _.__-__________ '"""---' 
0 50 100 150 200 250 300 350 

R. cm 

Pnc. 3. CpaBHeHne cpopMyrr 

µ;JI.SI oTHOCIITerrhHOH own6KII 

pa;a;nyca c penylihTaTaMll "<Ill

crreHHoro aKcnepnMeHTa 

no MeTo;a;y MoHTe-Kaprro ll 

proyrrhTaTaMll MeTo;a;a Hall

MeHbWllX KBa;a;paTOB. 

Mn pnc. 3 Bllp;H0, '<ITO paµ;eycbl MeHbWe 100 CM BOCCTaHaBJillBaIOTC.SI 

TaK )Ke xopowo, KaK ll B MHK, a naTeM MeTop; Kpaycpop;a;a pa6oTaeT 

nnoxo, ;a;a)Ke XY*e, '<!eM noKa:JbIBaeT pncyHoK. ,II;erro B TOM, '<ITO XOTSI 

OTHOCHTeJihHaH owII6Ka pa;a;nyca B MHK pacTeT, HO cpe;a;Hee 3Ha"<IeHne 

pa;a;nyca COOTBeTCTBY eT ;a;eiicTBllTeJibHOCTll, B TO BpeM.SI KaK B MeTo;a;e 

Kpaycpopµ;a cpeµ;Hnii pa;a;nyc yxo;a;uT Ha Marrhle :JHa"<IeHH.SI (cM. pnc. 4)! 
8TIIM n o6'b.SICH.HeTC.SI o6MaH'<IllBOe npeBOCXO;D;CTBO MeTo;a;a Kpaycpop;a;a 
Hap; MHK nocrre 300 CM (pnc. 3). · 

X 

350 ...,._,_.....,._-T"_..,..._...---r-7 

300• · · · · 

~250• · · · • · ... 

"' V200>· · .· .... ·. 

150 ----zs: ___ : ___ : __ : __ -___ : __ . . . . . . . . . . . 

100,. · < · · · : · :- · -:- · · -:- · · -:- · 
. . . . . . 

50 · · ·. · · · :. · · · :. · · :. · · .:. · · .:. · 

o----------------0 50 I 00 I 50 200 250 300 350 

R. Clf 
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Pnc. 4. IloBep;eHIIe cpe

µ;Hero paµ;nyca B MeTop;e Kpa

ycpop;a;a. 



OKOH'lJaTe1IbHblli BblBO;D; 0 npnMeHIIMOCTII MeToµ;a Kpaycpop;o;a ;o;o
CTaTO'lJHO necc1IM1ICT1I'lJeH: ;o;a)Ke B "611arono11y'l!HOM" cny-qae ;o;nana
noHa II:3MeHeHIIH paµ;nyca (15) MeTO;D; Kpaycpop;o;a npnMeHIIM TOllbKO 
µ;mi: ou;eHKII napaMeTpOB no "Bbl'lJIII.I.\eHHbIM" µ;aHHblM, CB060;tJ;HblM OT 
nacopeHIIH TO'lJKaMII IIIYMOB II1III ;o;pyrnx TpeKOB. Ero He1Ib:3H npHMe
HHTb ;D;lIH pacno:JHaBaHHH II npocne)KIIBaHHH TpeKOB. IlpuMeHeHHe )Ke 

po6acTHblX MeTO;tJ;OB [6] nepeBO;tJ;HT MeTO;D; Kpay<pop;o;a B panp.s:;o; HTe
pao;IIOHHblX, cpeµ;II KOTOpbIX OH HBHO ycTynaeT y)Ke ynoMIIHaBIIIeMyc.s: 

MeTO;D;Y [2]. 
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K1,1cenb 1/1.B. 1,1 ~p. 
l/lccneAoBaH"1e r:'paH"11.l np"1MeH"1Mocrn MeToAa KpaycpopAa 

; 

P5·91-189 

noArOHK"1 oKpy>t<HOCT"1 

npoCTOTa cf>opMyn 1,1 6blCTpo-i-a noArOHK"1 ABJIAIOTCA np"1BJleKaTeJlbHblM"1 
CBOHCTBaM"1 :noro MeTOAa. K CO>KaJ1eH"1IO, B peanbHblX ycTaHOBKax, rAe cp"1KC"1· 
poBaH pa3Mep "13MepAeMOH AYr"1, KaK TOJlbKO. Aeno AOXOA"1T AO 60JlbW"1X pa· 

l , -. • ! 

A"1YCOB BOCCTa~as111,1saeMOH OKPY>KHOCT"1, HacTynaeT pa3O'laposaH1,1e: MeTOA 
."cpblBaeTCA" Ha MaJlble paA"1YCbl. BblACHeH1,1e o6beKT"1BHOH Ka'fecTBeHHOH 
np"1'1"1Hbl :noro He CH"1MaeT 1,1cKywett"1A nonbJosaTbCA BblWeynoMAHYTblM"1 
npe"1MYI.J.leCTBaM"1 MeToAa KpaycpopAa TaM, rAe OH "AOJl>t<eH pa6oTaTb Ha'sep
HAKa". B HaCT~AI.J.leH pa6orn BblBeAeHbl AOCTaTo•iHo TO'IHble Teopern'fecK"1e 

,3aB"1C"1MOCT1,1 ot paA"1yca KaK HeBA3K"1 MeToAa, TaK 1,1 OTH0~"1TeJlbHOH ·OW"16K"1 
s onpeAeneH"1"1' paAHyca. CnpaseAn"1BOCTb cAenaHHblX npe.a.nono>t<eH"1H npose
peHa C nOMOI.J.lblO '1"1CJleHHOro 3Kcnep"1MeHTa, BbmOnHeHHoro Ha OCHOBe napa· , 
MeTpos AeTeKTopa APEC "1 • nOATBepA"1BWero Teopern'fecK"1e pe3yJlbTaTbl. 

Pa6oTa Bbl~OnHeHa B Jla6opa1op1,11,1 Bbl'f"1CJ1HTeJ1bHOH TeXH"1K"1 1,1 aBTOMa
T"13al.ll1"1 OIIIAIII. 

Coo6merne Q6-1,e.u1meHHoro HHCTHTyTa l'I.Uepn1,1x HCCJle.z{OB8.HHH_. lly6Ha 1991 
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nepeBOA aBTOpOB 

Kisel I.V. et al. . 
Study of the Ap~licabjf ity of the Crawford's Method 
of Circle Fitting . '. _. _ • 

P5-91-189 

The attractive features of the Crawford's method of circle fitting are easy 
to formulate antj fast to calcul!3te. Unfortunately in real. experiments where the 
length of 'the arch measured is restricted-the m_ethod is failed in cases of large 
radii estimating them by wrong, smaller values. There are quite objective reasons 
of this phenomenon, but the above advantages of the Crawford's kept a temta· 
tion to use it in: cases when it "has to work certainly". Analytical expressions 
for the dependent:e of residuals and relative errors on radii fitted 'were evaluated 
in assumptions applicable to many physical facilities • 'The validity of these as• 
sumptions was examined by a numerical experiment-carried out on the base of 
parame_ter~ of the ARES detector. 

Jhe investigation has been performed at the Laboratory of Computing 
Techniques and.Automa~ion, JINA'. 
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