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l!a B ypaBHeHHH WpeUHHrepa no ¢a3e pacceHHHH, PerynHpH3aUHefi no THXOHO

BY nonyqeHa ycTofiqHB8H paccqeTH8SI CXeMa UliSI 38M, 

Pa6oTa BbmonHeHa B fla6opaTopHH BbrqHCliHTellbHOli TeXHHKH H 
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Zhidkov E. P., Malyshev R. V. , Chr istov E. C. P5 - 9063 

Solution of the Inverse Scattering Problem by 
Newton's Method 

It is stated a simple convergent process for the const 
raction of the potential in Schrodinger equation from the 
scattering phase shift. Using Tikhonov regularization~ it 
is obtained a stable computing scheme. 
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() 1975 061J€0UHeHHWii UHC•u•y• .JI0epHbiX UCCAe008QHUii ,/1y6Ha 

I 

B:eeJleHze 

B HB.C'l'OJIJIIel pa6o'!'a pacCMa'!'pH:BaeTM o6pa'!'HBII 38Jl8.11a Rll8.H

'l'OBol '!'eOpHH paCCeiiHIUI Jl,JUI pa.llHBJILHOro ypa:BH8HM Wpe.JJ,1UU'epa 

~II+ { k2- (J"(lO}~ = 0 

C xpaeBHM fCJIOBB811 

1(0)•0. 

OE.X"" o. (O.I) 

(0.2) 

1I0'!'8HitlUUI (J (X) Dp8,ltiiOJJB.I'8.8'l'c.a: Bel!leC'!'B8HHYM Jll J.II;OBJle'!'BO,PIIDPII 

Hepal!eHc'!'By 

J-x 1\fC>C)I d.x ~ oo. 
0 (0.3) 

Ilyc'!':D f.,. tl(, 1..., a 'f.,. (;c, k) pemeHM ypa:eHeHM (O.I), y.u;o:e.Be'!'Bo

~e coo'!':ee~C'!'BeHHo fCJIOBBHM 

I · /) k - i kx 1 · J I 
~~rn t.,tl(, >e. = ( '""~o) 
x~- , , (0.4) 

'fv- ( o, k) ... 0 ~ \f~ ()(, k)=.i . (0.5) 

~ Roc'!'a #..,.. ( k) B ~ pllCC811HKlt scr ( k) Onpe.Jte-

.umc.a: ~OI*YJI8IIll 

. f) ( k>= t'rm ttll, k)- Wi 0 t<1 b, u.,.ct bJ:: fL... )( .... 0 ... t-v Tt I (0.6) 

:.f.,~;- #; \fv ' 

D <-lc.> I. 'f~..,..-- = '{..1t~H 
~cr(k) J<•o 

.(.,.crt,-1..) 
1 

( f...~-=o). <o.7) 
f..,. C<, 1<.' 

.5;.rtk) = 

3 



B pa6oTax/l/ 6H~ nocTpOeH YCTOHqHBul anro~HTM BOCCTaHOB

~eHHR noTeHUHana Ha 3BM no aKcnepHMeHTan»HoA ~ae. 3~ecb npo

~oAZaeTCR HayqeHHe B03MOEHOCTei pemeHHR OTHOCHTe~o Lr(X) 

ypaBHeHHR •iLiYl - \,tk) '-"'0 , r~e 5"tk) - 3~a.R: qlylnaum, 

a <i'l <.1')- onepaTOp, CTaBl!IJil!!l B COOTBeTCTBI1e KaZ,I\OMy llOTeHUl1a.JJy c.r(}c) 

WHKUHil paccemiHR :J..r C 1<.) no q)opMJ .. e (0. 7). Ha ocHo:ee 

MeTO~ HbiOTOHa..;.i<aHTOpOBH'Ia/2/ C y'leTOH OCHOBOllOJiaraDIJII1X pe-

3YJibTaTOB B.A.MapqeHKO no o6paTHOI a~qe paccemiHR/3/ no~eHo 
aH~HTH'IeCKOe ~o~aaaTe~bCTBO CXO~OCTH npHMeHKeMoro BJl/HTe

pauHOHHOrO npouecca. Tipe~ozeHa H HOBa.R:, 6o~ee npocTa.R: cxeMa ~ 

onpe~e~eHKH noTe~ no ~ pacceHHHH :e npe~o~ozeHHH, qTo 

H3BeCTH0 1 11~0CTaTO~O XOpomee "HaqaJibHOe npH6~eHHe K li!:CROMOMy 

peweHHIO. TipHBe~eHH peay~»Taru qJi!C~eHHoro cqeTa. B pa6ore HayqeH 

npocrei~ c~an o6paTHOH 3~qH, Kor~a noTeHUHan :eoccTaHaB~

:eaeTCR o~oaHaqHo no o~ol ~» WJHKUHM paccemiHR. C~aA Ha.mi

qHff CBff3aHHHX COCTORHHH y HCKOMOrO noTe~ CBO~TCR K 8TOMY 

c noMOrubiD ~nepaTopo:e npeo6paao:eaHHA KpaMa-KpeiHa/4, 5/. 

§ I. HeKnTopye c:ee~eHKH o6 o6paTHOA aangqe 

B 8TOM naparpaq)e cq)opMy~po:eaHH HeKOTopue c:ee~eHHH o 

npmMOI H o6paTHOH 3~qax paccemiKR B y~o6HOI ~ npHMeHeHHa 

qJyHKUHOHaJibHoro MeTo~ HbiOTOHa-KaHropo:ewqa q)opMe. 

B:ee~eM ~eiHHe HOpMHpOBaHHHe npocTpaHCT:ea X, Y H Z 
c o6UqHHMH one~ c~ozeHHH H JMHO&eaHH Ha :eemecT:eeaHHe 

qHC~ c~e~DmHM o6paaoM: 6y~eM o6oaHaqarb qepea -~ npocTpaHCTBO 

4 

:eeweCTBeHHHX H3MepHMHX ~ Lr(X) 1 Y~OE~eTBOpRIOmKX yc

~OEHil (0,3) C HOpMOI 
DO 

ft\.Tf/X = Jx ilT(X)IdX. (I. I) 

OTMeTHM, qro X - no~oe npocTpaHCTBO. 't!epea y- o6oaHaqHM 
p - t 

npocTpaHCTBO :eemecT:eeHHHX q)yH~ i (;<; l i:- L.: C- ..., • <.><>) , a6co~THo 

HenpepHBHHX npH )( > 0 H 'l'WUDC, qTO '< ~ 
1
< X i €: L! ( o, •;....--> ) • 

HopMy :e Y onpe~e.mDI c~e.l~YDl~JlM o6paaOM: 
... 0 

n#~~y= Jxlt(x>ld.x +-_L'~()(Jiolx. (1.2) 

TaK RaK ulne(o, ..,.., .. 11-l'~x . To 11 ¥•LJt- ...,_ ,.,.,> ~ u {-1ry _ . 
IlpoCTpaHCTBO ?. onpe~e~ KaK MHOZeCTBO qJyHK!liDi f ( 1:_) , 

npe~CTaEBMYX B B~e npeo6pa30BaHKR Wypbe HeKOTOpOI 4JyHK!lHH 

; C><H· y • T,e. 
on .1 

J p -2~/<X .J f t k) ::; T (X) e C\. X 
-~ 

HOPNJ EBe~eM paPeHCTBOM 

tff 112 = 1 fUy_ 

-'-""<k.:<-><>. 
' (I .3) 

(!.4) 

MHo:aecno ~ f ( x) ~ Y 11 J (><) =: 0 npJI X <. 0 o6oaHa1JliDI 

'lepe3 4 • a MHOJWCTBO 4JyuitQd f ( /r. ). npe;a;CTal!JD!SX B 

l!B.ne 0.3) c Hexoropol f txJ E- Y.._ , o6oaHa'DIM qepea 2 + 
Ha (1.2) CJle.QeT. 'ITO Hopua 1! Y4. onpe;a;eJUieTCR Ja!!eHCTBOM 

QoO ' 

r~Jrtv =- Jx I f(>olclx =II -l'li_x 
.L+ 0 

{!,5) 
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Ilycn P; H P; - onepaoropu npoeKTRpOBaH:wt Ha no.n

npocTpaHCT:ea Y+ R :l+ , Tor.na ,lJ,Illl JIIJ6oi ~ itx)(... Y 
HMeeM 

""'' 1'. oo I 
"" -2ik X } s -2.l1C.X s + -2iltX Pil_£¥<><Je d1( = of.cx)e dx=oPyaie c:b·.<r.s> 

06osHa'IHM 'lepes .OV"c::::: X -co:eoeyrmocu noTeHI.U~aJioB IJ(X) f X, 
,lJ,Illl KOTOpHX y rpaHR'IHOI 3~'1R (0.!)-{0.2) He'r C06CTEeHHHX 'IRCe~ 

\f H BH:(JTJ~_!>Horo ypo:eHR:. 0TMeTHM, 'ITO ,lJ,Illl TOro, 'IT06H 1J € _{)_tr , 

Heo6xo,nHMo H .nocTaTO'IHO, 'IT06H WHKIJ;RR: .tlocTa ·/cr(k)(0,6)y.noMeT

Bopa.na YC~OBHil 

!llo ~I IIIT(~)j = Yntr;> 0 · 
.l,.l<.?.f) (I. 7) 

Ilycu J..L S- MHOlleCTBO ifJyHKiu!i 

y,no:e~eTBOPffllmHX YC~OBHHM 

.s 0:.), (- 00 <.: k..:: 00 ), 

5c~<>= Sc:-ic> =5-1c-k>, (!.8) 

oQ . oO 

c: Jr -ikx1 Jc -2ikx 1-.JCk)= r 5 C><Je otx=2 ,5 (.2.><Je d..x., 
·- QO --

(I.9) 

eYI s c+o)- .e., S<+ 00) =a, 
(I.IO) 

r,ne -~(X)~ y • COBOeyiiHOCTl> tflYHKI.lHit t 21S(2.X) J C y ,lJ,Illl 

KOTOPI:JX <fJyHruum s l k), nOCTpOeHHaJI no (I. 9), y,noMeTEOpa:eT 

(!.8) H (I. IO), 0603Ha'lHM qepes .fl.F . IlpoeKIUU> STOro MHO

llteC'l'Ea Ha y+ 0603Ha"'HM tiepe3 _i2f= ?; (l.Lf), a COEOeyiiHOCTl> 

6 

npoas:eo,IJ;HHX no x npH X > o Wm<uiDi Hs ~ o6osHa"'HM tiepes 

..11~, . O'le:eH,IJ;Ho, .Il~, = { i{-f_5(.2.x)} C:. X. 
MHoaecT:ey _iliT npHH~eaaT , HanpHMep, :ece HeoTp>maTe~b

HHe noTeJmliBJlH lT(XJ~ 0, (O<-.x<,..), a TaKlle noTeJmliBJlH, ltJlii KOTO

Pi:JX illTIIX < .i . 
Onpe.n~ :e npocTpaHCTBe X onepaTop 

· Joo -2.ikx <:pelT)= 1- 5vd'> = 2. Fs}2x) e d.x, (I. II) --
CTaBsrntd :e cooTEeTCTBHe noTemnm.ny u- l'<J ifJYHKIJ;lw 1-Svt kJ., 
r.ne SJK>-~ paccemi:wt (0. 7). B 131, :e qacTHOCTH, 6H~O 
DOK!l3aHO, 'ITO 06JIB.CT:b SHal{eH:wt 4>'(u-) CO,IJ;epDTC.II E npoCTpaHCTEe 

L , 6o~ee '!.'oro, onepaTop <j> (U') BsaHMHO O,IJ;HOSHal{HO oTo6pa

meT MHOUCTBO J..},J Ha MHO&eC'l'EO J-.n. 8 , T. e. ltJlii JIIJ6oi ifJYHKIJ;HH 

Sck> , y.noBJieT:eopiWIIBI yc~o:eHRM (1.8)-(I.IO) (H To~I>KO ltJlii 

'l'aKOI) CYIIIeCTByeT e,JtHHCTBeHH!ll! no'l'emnm.JI \.h!i.) f- ~2V", C i{lyHK.Iuieit 

paccemnm Sv-c"', paBHol aa.zta.HHoit S C k.) . HapiiJIY c onepaTopoM 

<I? (IT) (I. II) onpe,neJIHM B npoc'l'paHC'l'Ee X , Hrpa.lllleM oc

HOBHYI> po~ B HamHX paCCMOTpeH:wtX, onepa'l'Op 

"f'(tT)= ttf~(.:2..X)' ( 0 <.X<. Oo} I (I.I2) 

r.ne ~ f5..,.()c) nocorpoeHa no S"ck.) !J>opMy~oit(0.9). 06JIB.CTI> 

sHa-qeH:wt aToro onepaTopa co.nepuTCR: B npocTpaHCTEe X . OT

Me'l'JJM, 'ITO "f (IT) onpe,neJIIIe'l'CR: no 'P ( lT) !J>opuy ~ol 

"f' to")= i;. ~ fp~ [ <f>cv->] f.;_ ikx elk 
-- l 

(I.I3) 

7 



Jie.MMa I.I. OnepaTop "f'c<.r) BsaHMHO O.ItHOSHa'lfflo oTo6palW.e'!' MHo-

llec'!':eo .(2 I.T Ha MHOlleC'!'BO .(l~, 

.UoRasaTeJibCT:eo. l1s onpe.ne.neHJm .(l~, CJie.nye'l', lJTO 1\f(u-) 

OT06pameT ..(2 ..r Ha .[2_~, • 06paTHO, H3 ypaBHeHlfJI MaplJeHRO l! 

o6pa'!'Hoi sa,naqe paccesrHlfJI/3/ noJIYlJaeM, lJ'l'O ecJIH ..Sck.) E-fl 5 , 
00'1'6HUHBJI tr {)() f .Q V" H onpe,D;eJIIleTCH O,II;HOSHa'lffiO no 3HalJeHHJIM 

~ f,sCXJ (1,9) npPI X~ 0 • TaR KaR lS<+oo)-.0,( tsC><>E:X) , 
I 

TO F,5 CX) :eoccTa.HaBJIHBae'!' f~ f><J npH X> 0 no 4)<>Pfo!YJie 

fs ()()=- S;..:
00

r.5c!)dt. CJie.n;oBaTeJibHO, ec.mi F; ... ()()=fs_p<J.(O,<X4:"•i, 

TO PI fs~(,)CJ = fs ... (l<l( 0 <. X <. 00 ) ' lJ'l'O BMecTe c sj ( k) En$ (j ==l, 2) 

.n;aeT ~ (>CJ=o;_(x) E.O"" JieMMa .n;oRaaaHa. 

BH6op onepaTopa ·"f(IT) o6yCJIOl!JleH TeM, lJ'l'O ~ 1ff;(.ax), 

nocTpoeHHaR: no 5 ( k> no OTHoweHHil r.na.ztKOCTH H y6iil!a.HHII Ha 6ec

ROHe'IHocTH ,l!e.n;eT CeM aHaJ!OrH'IHO HCKOMOMy- OOTeHl(l'laJ!y , lJ'l'O CO 

CBOeA CTOpOH!i 003BOJiae'l' npoBeCTH Bee paCCUO'!'peHHII,OC'l'aBaHCL 

:e O,IJ;HOM JIHWL npocTpa.HC'!'Be X 
IaR RaR Ha JIB!iRe c;{lyHKUPIH F5 C<.J HeTpy.n;Ho copoiJMYJIHpoBau 

He06XO,D;HM!ie H ,D;OCTaTOlJHHe YCJIOBHII ~ Toro, lJT06ii COOTB6'1'CTEYD

IIjd ciJyHroum S cl<.; no'!'eHuuan LT{><) HMeJI onpe.n;eJieHHoe lJHCJio 

npOH3BO,D;HiiX 0 y6iil!aJ1 RaR X- 1'1 (l( +oo), JIH60 BRCnOH6HUHBJILHO, HJIH 

HClJeaa.n To~ecTBeHHO npPI .l( >A H T • .n;., TO npz no.nxo.n;ameM 

H3MeHeHHH MeTpHRP! npOCTpa.HCTBa paCCMaTpHBaeM!iX noTeHUHBJIOl! MOll

HO 6ea Tpy,n;a nepeHeCTH OCHOBH!ie YTl!e~eHHII 3TOft pa60TY l! 

~yrHe npOCTpa.HCTBa, 60Jiee ITO,D;XO,D;Im!He ~ .n;aHHOft KOHRpeTHO! 

o6paTHOA 3a,D;a'IH paCCeJIHHJI. 

8 

§ 2. .1l.Hd!l!epem!!f!nLH!ie c:eolcTl!a onepaTopa cP (v-) 

TeopeMB. 2.1. OnepaTop ~(IT) (i.H) , .neftcnym!HK H3 npocTpa.HCT:ea 

X ( q i) :e npocTpa.HcT:eo HenpepuaHiix ~ CC- o<O, .,., ), .nl!all,llli 

HeTipeJiil!HO .JtH®epeHQHpyeM B JlllCSoii 'l'O'IB8 tr ~ ..Q.,. . llepBM npOPI3-

BO.n;HaH no ~ewe onpe,neJIIle'l'CJI orpa.H~eHH!iM JIHHeAHiiM onepaTopoM 

00 

<P'(U")h: 2~kjhcx)U~(x)qdx, (-oo<k.,.tx>), (2.I) 
0 

C HOpMO! 

11 c}
1
£(}"Jh/Jc.,--, oO)" m;~ ~pi.ztlln'x-J uh11x , c2.2) 

r.ne 

u ll(,t...>= j.,&c.-k>-5 li<.>J~cx,l>=-zik ..0("'~) c2 3> 
11" 17" f._,.tk) TIT ...., J • 

a tf'.,t)(,k) •fv(k)H m., JUU)'l'CJI, cooTl!eTcT:EeHHo. (0,5), 

(0,6}. (!.?). BTOpBJI npOH3B0~8R onpe.n;eAReTCJI orpaHHlJeHHOA 

6HJDIHeiHol lflof.lldl 

oO -

cf'(u-J(~fl)-:::.2~zf J,(}I.JU.,rx,k>f.,clC,I;.)kJh~)U~t!,:)dt t (Z. 4) 

o +]h~/"J1u;JJj 
~ HopMW Roropol cnpaEeAnHJ!a oneHKa ~ 0 

ft cp- II ~>ll . -~ J o u (IT}{q,n ,-. ""~l~.-~ ..... .r;.P~lli71ly.-'f'111v'iPf'v, (25) 
(/ •. ~- .. ~~._,,~ 1,... i • -\.~l- .. ! .,. '"I -• • 

ilpe.IU!apHTeJILHO 6yl{eT • .nOKasaHa: 

t 



JieMMa 2. I. .lJJIR: JIJ06oro noTeHIUIBJia lTt.x) t D u- cjmecTByeT 'lRCJIO 

b=b('-'"PO• Ta.Koe, 'ITO .!WI Bcex hu>c- X c aopMoA llh/IX<-S 
crrpaBe~o CJie~~ee paSJIOXeHHe .!WI BOSMYmeHHOA ~ paCCeH-

HID! 

0<" 

'- i 5 I z;k J! ::!. k I · · <J- hU-) = ..._ .. l~<)·- -vr.· !l(><J'f. U<, )o.X t- W(.u- h /.:.) 
l..l ,. ...... t.rtlc..) () .r .I ) 

(2.6) 

(IGJ ( v, It, kJI/_. = 0( ~ /11/-~) , 
1....[-..>o, <>") .{l. (2. 7) 

r.ne tf-- C", k. >, t. t k > \.1 5._.. L ~) onpe,neJlliDTCR: no aeEOSMYmeHHOMY noTeH

UHaJIY LTC~) WOPMY~ (0,5), (0.6), (0,7), 

goKasaTeJibCTBO: llOKaxeM CHa'laJia, 'ITO .!WI EOSMYmeHHOA ~HH 

iiocTa . .2. 1 c /..; crrpaBe,nmmo pasnoxeiDie 
.t,rt-1 ""' 

i' .. ck; = K..lb -r J!-tt~<J'f.;~,c)(,k>fc-t-<,UJx ,("~ho). (2 8) 
t<n-4 L> • 

PaccMoTpHM WYHKIUm 

tc,,k)-. Wt~lT"tx,k>~lfv-+~IK",kJj(=l~r'f~~-f:-'f.t+h). (2,9) 

!13 (0,5) R (0.6) TIOJIY'IJaeM, 'ITO CY!IIeCTEyeT /;,w, hX',kJ: f..,.Ck),. 
JC+Q" 

C ,npyroA CTOpOHH, rrpH BelleCTEeHHHX k ~ 0 .1W1 tf.,- lx, l<.) 

CITpaEe,nJIRBO npe,ncTaEJieHRe (2.3), '{TO BMeCT~ C paB8HCTBaMH 

e,rw. Wtfvu,k.J, fv-.IJi,-I<Jj=-2;(, ~~"':!. ViHcrti,kJ,fll"t~{i,bj =·0 
)\ ... ., u p . 
.naeT Vl'l!A t (>i, k) ==. Tvt ~ ~ k) • 0Tc~. RHTerpRpyJI TO~ecTBO 

)C. .. ...., 

d~ fu, kJ·= t wt fvt~, kJ, 'f.rl-~ (,J, .. )j = h(X)lf.rl-/..(i,/<.) t(x, k) 

10 

no X aa RHTepBaJie Co. oo ) , rrpwto.D;HM K (2,8). 06osaa'laJI 
00 

w c. kJ = r J h (,{>'f..,., h (.<, k.) fo.r(.(, k>d)( J 

t<Tll<.J 0 
(2.!0) 

RS (2.7) R (0,7), IIO~'laeM npe,nCTaBJieHRe 

sv~ h ( k) = Si.:'d:.>[i t- We- k) ]LJ. f.. wckJ] -i.. (2.II) 

Terrepb ~cRpye.u noTeHIU~WI (.T(J<) e- ..Ov H BH6epeM ,no6aBey ~{l()t- X 
'l'a.Koll:, 'lTo6H Y.JtOBJie'l'l!Op!tllOCL 

11~1~ :=o min f OLTI'X' ±m..r€;e..pf-31lvi'.x,-J}. 

Tor.na R3 xopomo R3BecTHHx oueaox 
>< 

llf.r (x, kJf ~ x e,cr f 2 tilflt>Jdfj j 

I k l.{l;rtl.k> 1 ~ ex J' i J i /vciJl oLf j , 
oO 

I fu- (J(·JJ/" ex:pf )-lJtr({Jjdtf 

(2.12) 

(2.13) 

(2.!4) 

(2.15) 

CJie.JtYeT, '!{TO uwck.>Ncc- .... , .... > ~ i/2. . CJie,noBaTeJILHo, c Tax l!N6paa

HHM h (i) RS (2.!I) DOJIY1JaeM CXO,II;IIIIIeeCR: no HOpMe npOC'l'paHCT

Ba C ( .. ~, ()C)) paSJioaeHHe 
fiD ;><> 

5rn-l. (b.:: 5"" (. k)- ;t~tJ jhcxJ<fw,lJ(,bf(T'txJ)oixl. H/w ~k), (2•16) 
to- () il:::o 

~ TOI'O 'I{Todu llanyqKTL (2.6), OCTSAOCL no,JtCTaBHTL BO 

B'l.'opol yea npaBol 11acu (2.16) paSJioaeHBe 

II 



" tfv,l,(~,kJ==f..,.l.<,k)t- }C::;v-ti,t)k.Jht~)\.fv~kd,l<lcif, 
0 . 

y (<, f, 1<-J =: //t k) { tfcr(•,k) f..,_ti,k.) -lf.rtl,ki /u-U, I<Jj. (2.17) 

Tor~a UJ(u,~, k) onpe~e~eTCR aupaxeHHeM 

W(u, h, k) = -2. k f;2rh r~l<)tf.rU.i<.)dX ftH~)~L.Ji, f; k)lf.,...~a,l-)dr 
·-3 ""' 

0 
.. ~ 

0 
. . ~-11·0'1(2.18) 

t 2 i k fv ( k) J h IX) Cfw~ t.o~, kJif,,v,l)d." J ~I•Jif)••k)f._..u; k)tiAL;(v· l}Wc!) 
() l) ~ 

On;eHRH (2.13)-{2.15) BMecTe c /lwlk>IIU-:·-»J .. 'l..z..rr;mT (2. 7). JleMMa 

~oKa3aHa. 

noKaaaTeAbCTBO TeopeMH 2,1, OueHRH (2,2) H {2,5) BHTeKBET H3 

(2.13)-{2,15), 113 (2,8) CJie.lJYeT HepaBBHCTBO 

SUp I fv.tk)- fv}k>) ~liLT,-~ IIX .exp f IIU.II_x- 1- IIL72 "X t 
l-,l10 

cnpaBe~oe ~ JID6Hx ~yx noTeHUHaJIOB H3 )( • 0Tc~ no~aeM, 
'ITO eCJIH lJ t:fl17 lj=i,l) H HOpMa /lt.J;-tT,/Ix ~OCTaTO'IHO MaJia, TO 

CllpaBe~o HepaBeHCTBO 

'P Lb/> I P tk.J/-1 f.:..d">- f.~t"-JJ~ l'nA~ tA-,ib/- B lf.,.,_t~>--&,ck;/ :> 0~ 
r tc.J. ~ tv; • l.ho .AA~HJ 

V noKa3HBallllee, 'ITO MHOllteCTBO S2 <J ~-~<~;roe. CJie~oBaTeJibHo, 
~ ~OKaaaTeJibCTBa ~qxpepeHUHI>yeMOCTH onepaTopa <j? ( u) OCTa

JIOCb npOBepHTb, 'ITO eCJIH lJ t- .D.J , TO 

fA"M - 1 f/ cPCvt ~J - ptvJ- 4:> ~~rJ h }JC. = 0 , 
Jil\~"'0 llhJIX (-DO, 00) 

12· 

r~e onepaTop ~lv) onpe~e~eTCR (2.1). Ho BTO paBeHCTBO 

HB~eTCR AHmb HHOft 3anBCbD paBeHCTB {2,6), (2,7), 

~ Toro 'IT06H HaftTH BTOPYD npoHaBO~, pacCMoTpHM npH 

~CHpOBaHHOM ~ & )( pa3HOCTb 

""' 
cp'(()'tkJ~- ~1(<T>3 = -!-r Jac..:>l u;,k u.kJ- u~u).>JI Jx. 

.2.11<. 0 
(2.19) 

llo~CTaBAaH B llpaByD 'laCTb (2,19) pa3JIOllteHHe Jl. 

j 
J
)! p . I I il f) { l) (htl)t/tiJJdJjt··· 

u , 1llJ-'' LikH-.L
1
u c1,k) ht1-J;.,..d,k.;l{,.tt,t<-)arf.1'tr'' ) 1r _, 

VI.,-,~ ' - Vfv ' lik. lT 0 () 

KOTOpOe HB~eTCH CJie~CTBHeM pa3JIOllteHHI (2,8), {2,17), llO~aeM 

llOCJie HeCJIOZHHX BHK~OK HCKOMOe BHpallteHHe (2,4), TeopeMa ~OKaaaHa, 

Sa.Me'\taJillle, O'feBH,ItHO, BHpa&eHHSi (2,1) H (2,4) HB~DTCR rrepEoii H 

BTopol npoH3BO.nHOi onepaoropa <j?(v) B JID6oii TO'IKe u- t:- X , ~ 
KOTOpol ~tT to)-/ 0. B oueHI<ax (2.2) z (2.5) MOZHo noJIOlKHT:b 

»1 .= i"oo/ 1/.,.d->/ 
(T ...... J(..:. vo 

B aaKJID~eHHH BTOro napar~ pacCMOTpHM onepaTOp 

QClT)= 5.,.ckJ _.., .. )<_ <. 0<>, (2.20) 

CTaBSIUIIfll B COOTBeTCTBHe KaJr.llOMy llOTeHJllW.JIY lri') !':- fJ. v if>a3Y 

paCCeJIHHSi D..r ( lc.).:: - 2 i, C, !J<.r l)(.) , .113 orrpe~e.iJeHHSi 
onepaTopa c;PC<JJ (I.II) HMeeM Q(v)=:-21 fVJ(i-cpl.:)) · 

OTcD~ rrpaBKnO ~~epeHUHPOBaHHSi CJIOZHOI W,yHKqHH H TeopeMa 2.1 

~ cpa3y cJie.lJYDQee yTBep~eHze: 
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TeopeMa 2.2. OnepaTop ()tu-J (2,20) c o6~CTDD onpe~eAeHKH 

_Q LT ( § I) .1'1 o6~CThRJ 3Hat~eHml: B c_ (- -"', oo) ~a.li,II,H HenpepbiBHO 

~R~epeHU.I'IpyeM. llepBan npoR3Bo~an 
()<'> 

Q'iL"Jh = 2z -\~\kJ cf;!.rJh = kl fJ.ic..J(
2 

J h,>tp)"1-<).Jolx 
1 

0 (2.2 1) 

a BTOpBH 

u '{~-~}( h,g) =. 2. i s;2
t k) cf;;c:-)h ~ 1c~-->g - 2 i s __ "!-c k) cp'~·v)( h, 8 ), 

r~e cj>'i•n .1'1 
rf,'' 't" (v) onpe~e.mmTCH (2.I), (2.4) • 

0TMeTHM, 'I'TO Blipallt8HHe (2,2 i) COB~aeT C paHee OOny'leH

BOH B /I/ M8TO~OM ~30BHX ~HKI4ml: npOH3BO~Oi onepaTOpa (2.2~. 

§ 3, l1HTerpa.JIDHHe npe~CTaB~eHM l!J1!! 'f.: (x, J.:.; .1'1 ;: V, k) 
.1'1 .lU$l>ep8HUH8JIDHHe CBOiCTBa onepaTopa r'f {iT) 

0CHOBHOi! ueJJ:biO HacTOSiutero rraparpacpa SiBJISiSTCH H3)'1ieHHe ~lf¢

llJepeHI.(HQJihHHX CBoiiCTB onepaTopa ~l!T) ( 1,12) TaK KaK .1'13 (I, !3) Me

)Jy8T, 'ITO ·"f ( lF) nonyt~aeTCH .1'13 cp ( lT) (I. II) rryTeM noc~e~o
BaTe~DHoro npRMeHeHRa ~eAHHX onepaTOpOB,He 3aBHCHUlHX OT u-
TO H3 TeopeMH 2.1 .1'1 npaBHJia ~peHI4HpOBaHHR C~03HOA ¢yHKuHH 

B~TeKaeT, 'ITO onepaTOp ~llT)TOXe ~ali,II,H ~~peHI4HPyeM, npHTOM 

I Joo ;- I - 2ik.x k . 'f(vJh::: d~ k__""Pl.[<f>c'-"Jhj~ ol 1 (o'-X"""),(3.I) 

~l(.:-h. h= L-!: j 1? +- [ cp''cv-x0,hJ.t
4

;Lxdk,(o .. ~· ._.,), 
I ~~ tJ.~ A.-"' z (3,2) 

14 

r~e cp(v") H cp'(u-) onpe~e.mmTCH (2.I ), (2.4). 06ocHOBaHRe 

aToA WOpManDHOA B~H ~eTCH TeopeMoA 3,I. ~oKaaaTeA~>CTBO 

CTpOHTCH C OOMO~D H8KOTOpbiX HHTerpaA~>HHX npe~CTaB~eHH! H 

nocrpoeHEBX no HRM onepaTopoB, nonyt~eHEBX B nepBoA '!acTR naparpa-

qa. 
HanoMHHM, 'ITO eCJIH r..TcJ<J t=- X , TO peweHKH lf..:r U, ~) H 

.f.t,-(x, k) ypaBH8HM (O.I~ npe~CTaBHMbl B B~~G, 7/ 

i.O 
1
.>< 1> _ s~'l-lkx ._ ( J<.ex i) siM kt oU- (3 3> 

l<r •"' - k ·-r 6 ' i<. 1 
• 

~kx r>O + il:.f- LL 1 
t<T(~<,h = e. +-) j_(J<, ) e 0.) (1Nic~o)J(3.4) 

rAe .lUll Jl,ltep f< Cx, f) H L (J(, f) cnpaBe~H OI48HKH 

)( ~ 

f /<Cx,-l-Jj~ f: J.JU"Wi~S .expi J srumjdsJ 1 (D~f-'><)) (3.5) 
X-[; 0 
2 .., 

1 L Cx. fJ/ ~ ± -~ u(~>J oh ej( Pf J 5 IJCSJ/ ds J ) (x d' tx>J., (3.6) 
x..:f:_!.: 

.2. 

a~ RocTa 

~ ( Jx, 
tkJ = i + JLC)()e otx 

<T D 

KpoMe Toro, ecu IJl)(J f: Dtr , T/8/ 

p-1 ... •k 
ttr ck) = 1 + Skc)(J ~ t x Jx J 

0 

.a 

5iU.<;/dx ' t:>o 

D 

""' J I kc~<J/ri.x: ~ oo . 
0 

(3.7) 

(3.8) 

Ha (3,3) H (3,4) K TeopeMU 0 CBepTKe, nony'laeM ~ KB~TOB 

pemeHBit !f..:rCK',kJ H f(TC>t, k; npe~C'l'aB~eHM 
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'fv-"-u, k) = J}{l>c, t) tinlkf J1 
() k. ., 

(3,9) 

;L 2iJ:.X j"" . 1 2ikf1L 
Yr.:-t-<,k; =e. t- Nrx,<:)e ctr T X - , 

(3,!0) 

r.ne H.n;pa HI x, +) H N ( x, 1:-) BNprura!O'I'CII ~epes H.n;pa k (x·, t) 
H L ( K I t ) il>OPMYJia.MH 

m.nlf,h:)x: 

u ( + . = 2 J I< (x:. s J<l ~ t- 8 J d. rx ]klxfJ k1x, f3-.2ot)c&3, (3 , II) n J( I ) 1 t . t 0 out . I I 
J)t·2 I ( v ~ f&x), 

2-l:-x 

N(,,tl = trLcx,2t -x) +- 2 Jux,uLcx,2-i-sJciS, (3,!2) 

x cx.-.1:-<<»)· 
0TM6THM, ~TO H3 (3.!!) c~e.n;yeT 

H (>(I()) = H ( x, ") = j_ } o~.x:~va, (3.!3) 

Hs (3,~) H (3,8) BNTeRaDT npe.n;cTai!R6HHH 
o<l . , 

l.' J 2ikx fff7 1., 
t~ ( l ) = i r- n ( x:.) e. c;~_ x: J ~><> ax -< ()GI ~ 

lT 0 I 0 
(3.!4) 

r·\k)~l f- j~-(x) ~2lkxJx) f,r(><J/ri~<..:::. 00, (3 !5) 
v () (l • 

IIpz:ee.n;eM HeRoTopNe oueHKH, Heo6xo.n;HMNe .nRH ~bHeAwero HSROlleHHH. 

IlycTD 

"" o<> 

[(x)-= fSiU7.>>iJ~ 6(x.)= JJu-l~J}d'<. <'5/~J==-J6t{)df. 
0 / ;1.. / )(. 

{3.!6) 

"" OTMeTHM, ~To ~Ji lx> ~ J"'-rtlTcfJidt ~ fitJtix· 
H3 (3,5) H (3.6) no.nyqaeM .nRH .a:.n;ep Hl,o(, +) H Nu, f) oueHKH 

{ C H6KOTOpofi IIOCTOHHHOI C > 0 ) 

16 

/Hl-< ,tJ/ ~ t [ U•J +- d .. J] ~ C.{llviiX i-IWI/~] ~ (o ~ t f. xJ, (3.!7) 

f 
IN.r><,+>f~ Cf 6tt) +- JoCIA>6"Cxti:-~A)c.fuj )cx~f:<-<>oJ.(3.IB) 

Hs noc~e~ei oueHKH c~e~eT, ~To 
.,0 

]JNCx.f;Jd.l f. C.{o,ln r-o,Zrx;j ~ C.f11vt'x t-liv-1/¥] . (3.!9) 
)4. 

,UwW>epeHQHpy.a: o6e CTOpOHN (3,Il) ITO t H SB.MeHH.a: t Ha X 

H X Ha t , no~aeM 

p ( x· I -1:) = H; ctx) = s ; Cj VI cb -2 J( ) l<c 1 ) !1:-h I) t-+ () 2. (3,20) 

t- j kci, ¥J kct lu-2xl)lr1!1~'~(1.1·2.:Jdl.<, 
OueHRa (3,5) .n;aeT x .2.. (:x.d:~ ~><>)· 

-ft... . ftz 

J 
n n r t _ 2L( .t) 

JP(l,fJ/._.,f [()1;;[.:1>~ f. j/ifi>J[tJLS'((I:)t:::. .... ,(_._-_{:~"""), 

Mt44 ( {:t ~) r%11< ( l:6- ~) ~ J .J... t ) J..... 

R3 ROTOpOI B&TeKaeT, qTo 

ftpc.,+;fJx ~ 2'td;erd)t 1. f- 1't c t) e 't( V) 1 o~ f._"""' 
0 

If 

+ ' ill.TI!}( 
~ J IPCx,t)/clx ~ 2 1/LTJIX.e {tt 31/t.ni. -euuf~J<3.2I) 
o,_t .. "" o :X 

Onpe.n;eJIHM B npoCTpaHCTBe X onepaTop HHTerpHpOEaHHH ] co SHa

qeHIDIMH E IlpOCTpaHCTEe 4 IIO ¢opMY~e 
CWO 

Jfc·<-J =- 'J f.tt)tH-
1 

( o ._ Jl- £. CY>). (3.22) 
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B npocTpaHCTBe Y+- BBe.n;eM orrepaTop .IU$I>epeHUHpOBB.HIDI 

D ¥ ( , > =- fr , .. J , o <- x: " .x> • (3.23) 

06JiacTbiO 3Ha'leHM D .R:BJI.A:eTCJI rrpocTpaHCTBO .X . O'leBH.D;Ho, .ItJlSi 

JIIOCh:x f 1,; & X H ~ t>< > t- 4 crrpaBe.IJ;JIHBH paBeHCTBa 

H 

D l f(A) = f ()() J :J D<JI;<) = 8{><) 

!Jl fllr .. = Ji /llx , li D~llx =- 11911y+-

ITo JUUlY H (x,i)(3.II) rrocTpoHM onepaTOp!l 

""' . At=- jHU,xJfvt)df, (o <X< rx:>) 
x (3,24) 

H ..,., 
(I 1- P)f = DAf = f(x) -jPcx,+Jfit),U)(o<-><'<><>JJ c3 •25) 

r.ne f (,.-. t) onpe,~teJI.A:eTCJI (3.20). B npaBoii 'laCTR (3.25) y'ITeHo 

(3.13). 

JieMMa 3.I. OnepaTop P , ,~teHCTBYmufii R3 X B .X ,.RBJIReTca orpa

HH'leHHHM orrepaTOpOM C HOpMOH 

· · II Vii-- J}tTII p IIPt'ix ~ .211Lrl'xe :x. t i+-3ntJnxe Xjhlx. (3.26) 

,UoKasaTeJI:&CTBo, IIycTI> f ~ X , Tor.na . 

Jxd.x}!P(~.+;fr+JjJt:::o {;fd-1/df jx/PCx)>}dx~ ~'tfliPCx,iJ/dx llfJiXJ 
<) j, L) 0 

'ITO BM8CTe C (3,21) .IJ;a8T (3,26), JleMMa ,ItOKa3B.Ha, 

CJie,IlCTBIIe I. OnepaTop A (3,24) c o6JiaCTI>Il orrpe,~teJieHHJI X HMeeT 

06JiaCTb 3Ha'leffiiA B Yt U 

liAflly"' "".2ULrilx€
11v 11X) i~ .31/ullxeitvUXj/J{J/X. 

18 

IIocTpoHM no .A:.npy N (,.(, t:) (3.12) onepaTo~ 
oD 

(I+ f)f= tC>") + JNcx,+>fd>df1 (o~x«oo) (3.27) 
;( 

Ill 

(I+~)~= DCir-fJJ.f. <3.28) 

JleMMB. 3.2. OnepaTo~ f H q Jmllfiil'l'CJI orpaHW~eHHHMH orrepa

TOpaMH, rrepBlill - KB.K onepaTop H3 4 o Yr- , a BTopoi! - KB.K 

onepaTop H3 X B X , rrpnoM 

llf#lly+ ~ f j:illfii,X+ 61LJIIxe
11

(/"
11
X +llt!11Xe

211
ui

1
X}IIfity;,<3.29) 

liUII-- .2. .21iLJil}( l 
IIC:dllx£. ~ ± w11x+- 611trlx.e. :x+!iLJuxe 111 fu.x· (3.3o> 

.lloKasaTe.JlbCTBO: TB.K KB.K .ItJlSi JIIl6oit j f Yt 
Uf fUy = li FJf'liy = H DF J{ llv:: II 6J {1/x5.li C1IX II fi!x_ ==/!C1jki

1 fit-y-t-' 
t + fl. 

TO .ItOCTaTO'IHO ,ItORa3aT:& (3.30). IIycT:& ~ e. X , Tor.na H3 orrpe,~teJie
HH.A: (3.28) onepaTOp~ q TIOJJY'laeM IIpH X > 0 - ... y~ =- .al {N(x,+Jj H'-t;JotsJcU-:::: 

tl..x "- t 

=- SfN{><,x)- rN;cx·, ~)ol~]f(t)a+. 
J( X 

IlO,ItCTaBJIHH B rrpaEyD 'laCT:& STOrO paE8HCTBa BHpaE8HHe (3.!2) .ItJlSi 

!1/(x,t)C TIOMOI!ll>Jl OI:(8HRH (3,6) H OD;8HKH /
3/ 

I o L (X,, x.l > + ..l u-c ~>J :!f: J. 6'<x~>6'Cx . ..-x')e~v.1> (3.30'> 
'b><· 'f .2. 2 2-

j 
TIOCJI8 H8CJIOZHOA BYKJia.ltKH nplliXO.IJ;HM R (3,30). JleMMa .IJ;OKa38.Ha. 
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JleMMa 3,3, ilOCTpOeHHHH ITO ~ r [:,() (3.I5) OITepaTOp 

"" 
(I+- r Jf = jrx) +- J f(~-l\) fit-)rl+ ' (3.3!) 

,neilcTBYIIllliDi R3 ITpOCTpaHCTBa X B X , JIIII6o R3 y- B Y , orpa

HKqeH R RMeeT OrpaHR~eHJillH 06paTH~H 
.,0 

(l +- rf1f =(J + JI)f = fix) -~-1 net -x)i(+>clf) (3.32) 

r.ne ~po II t~J oiTpe.nenSieTCH (3.I4). CITpaBe,nJIIIIB~ o~eHKH 

!J(I +- r) fliX( YJ ~ 11 +- r rliu1.,. c-;] ll.fii)ClYJ , (3.33) 

1/(I + ITJ# 1/X(YJ ~ f 1 +- il nllt-tc .• '<> 1 j h t'ilx( YJ (3,34) 

~ORa3aTe~bCTBO: 06paTRMOCTh onepaTOpa 1 + .[' B~TeRaeT H3 H3-

BeCT!illX TeopeM 06 RHTer~nlillX ypaBHeHifJIX C pa3HOCTHblM i!.l{p0!/9/ • 

~ Toro ~To6H .noRa3aTn oueHRH (3.33) H (3.34), ,nocTaTo~o OTMe

THn, ~TO ec~H ~(><) €: )((Y), TO f"'I'li-><Jfi~)tif = fh-t:Jfd-t-.<;dt, 
" 

oTey,na c~e.nyeT , 'ITO oiTepaTo~ D H [' ROMMyTHPYIJT H 

~ J_):~~- ... J (d-;di/~10/Jrll~.:rfMneMMa llORa3aHa. 

TeopeMa 3. I. OITepa Top r\f' ( v) (I. I2) .IU3aJI!,llill HenpepbiBHo ,nHtl¢epeH

~pyeM B Jlll6ol TO'IRe l/t- Dv. ilepBM ITpOH3BO,nHM ITO <Pperue ,naeTCR: 

orpaHKqeHHI>IM o6paTHMI>IM onepatopoM: 

'"'f(vJh = (l+T)(I r-P) h iJ t: X. (3.35) 

06paTHHM OITepaTOp .fiBMeTCH TOlle OrpaHH~eHHHM H m.IeeT Blf.l{! 

r :fcu;f1 
h :::(1 ~ C;-) h ' he-X. (3.36) 

OnepaTO~ r, p H q OITpe.neMIJTCH WOPMYMMH (3.3I)' (3.25) 
R (3.28). 
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t 
ij 

~ 
~ 

noKa3aTeRoCTBO: ll3 ITpe,ncTaB~eHER (3,9) C~e.nyeT, ~TO~ ~oro 

h ( i ) ~ x- CITpaBeMl'!BO TO~eCTBO 
,_ " 

2ik Jht<n(·u,k)olx = 2<1:. )ht,.)ctJ( Jf..·Ux,+J ~'" 2 i:.f-,[t= 
D / V o ~ 

..,..., . . . c<> oo _ 
2 

; .J:. """' 1 ( 3. 37) 
= 2 i j ~JM2k t-cl.t- J H lx, t)lw;dA =- Je k.dtJ Hf,,t;l1tdx' 

0 -c- ·-"" It! 

r.ne SI,npo f\..{ ( t, +) B IToc~e,nHeM RHTer~e ITpo.nOJIJKeHo ITO t He~eTiillM 
o6pa30M. B03M03HOCTh 3aMelill ITOpa.nKa RHTerpRpOBaHRa B (3.37) ~ 

h ~ )[ B~TeRaeT H3 O~eHKH (3.I7). 0603Ha~HM 
D() 

H (;<:).::::- J Hct, X) ht~)olt 
' J 

HCx,-t)=-- H{i,l·J, (3.38) 
lXI 

Tor.na ITPH X > 0 H3 c~e.ncTBRH I ~eMMH 3. I ITo.ny~aeM D H ( )( J = 

= (I+ P) l, c- X , ~To BMecTe c oueHRoil (3.I7), R3 KoTopo.V. 

c~e.nyeT H (,: > t: I: (- "". IX> J , .naeT 1-f (,.:) ~ ·y . M3 TOlK,llecTBa 

(3,37) H ITpe,ncTaB~eHHR (3.I5) Haxo,nHM c~e.ny~~ WOPMy 3arrHcR 

~ orrepaTopa g/C vJ (2.I) 

. . ""' .. I -2ikx 
cf/(vJh == J 7 (I+- T')rttx; J .e. d x. · (3.39) 

-<><> 

BMeCTe C 1-+ (,:.)f. y H ~eMMI>I 3,3 ,naeT cp'tv-;h t: .l: ,nM 

~oro h ~ X . BH~RTM e~ R3 o6eRX cTopoH (2.6), rro.ny~aeM, 
c y~eTOM (I.II) R (3,39)1 ITpe,ncTaB~eHRe 

. "': . .,., 1 -2.kx 
WLvl., k)= j~2f (2x)-2f~t2J<J-(Itl)Hc"''Jt dx(3,40) 

1 
/ I v-r ~ l_; 

·-"" 
TaK RaK BCe ITO,nblHTer~nlille 'l~elill rrp;m~eJraT y , TO OTCIO,na 

C~e.nyeT, ~TO W ( 1.T, h , k) t- l:. II pH BCeX ,nOCTaTO~HO Ma.JihiX ITO 

HOpMe h (,..,! ~ X . llom,3y.ficn RHTer~I>HHMH npeoCipa30BaHHHMM M 

COOTEeTCTBYDIUIMH OUeHKaMR, 110Jiy11eHHUJ.!l! B HallaRe :JTOrO nap;;rpa(pa, 

HeTpy.nHo BhiBecTH R3 npe,ncTaB~eHM (2.I8), ~To IIWtv;l,,l.. 'lf.;z.=-._ 
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= Oc II hux) • T.e., ecJIH o603Ha'!'HT:b 

S
><> r. . , - 2 l kx 

W ( V; !., 
1 
k) = .l.L (ul h 1 J<) ~ olJ( , -- (3. 4!) 

TO 

11 D .a..cv, ~.;o:>llx ~ 11 Dlv; ~;x >ily = oc ;, hllx). (3.42) 

CpaBHHEaff (3,40) H 33,41), llOJIY'!'aeM 

2 ~t~ t 2x; - 2 t t 2x) - cIt- r J H r x; = .I2 ( u; t,; ;t, > J (-"" ._ x ... ooj_ 

Ilpo.n~epeHUHpyeM o6e qacTH no X rrpH X> 0, c yqeTOM (3.24) H 

(3.25), >IMeeM cJie.IJYD!Iee paBeHCTBO, crrpaEe.n;mrBoe .IlJIIl Bcex h (~J 
:113 .IlOCTaTO'!'HO MaJIOii OKpeCTHOCTH TO'!'KH Cf c _Qlf 

L(f' (2!<) - l-('f. 1 (2x) -(lt-f )(l t PJ h£1\).: D..O.tv,h, X), (3.43) 
Ph If 

3.nec:b 1'1CilOJI:b30Ba.HO, 'ITO onepaTOpii D (3.23) :11 I + r (3.31) KOMMY

THPYDT. BcrroMHHaH onpe.neJieHze onepaTopa ~(v)(I.I2), nocJie~ee 
paBeHCTBO 3alliDIJ8M B BH.ne 

/fcvr~J- rfc.r)-(LI-f){ItPJh Dl2 (Lr); .><)' 

'!'TO BMecTe c oueHKon (3.42) ~eT 

II ~~X H "f("~ ~J- -ftu-;- ri +-f J( It-P) h ll_x = Q(u ~l!x).<3.44) 
11:3 JieMM 3,1 n 3.3 cJie.nyeT, 'ITO onepaTop(l~T)(I +P) 11 (3,44) 

.flBJlfl8TCR: orpaHH'!'BHHHM orrepaTopoM H3 _X B X • CJie.noBaTeJI:&Ho ,(3. 44) 

noRa3HBaeT, 'ITO onepaTop rf tu-; .nmpilepeHUHpyeM B TO'!'Ke a-t ilu-, 
H ero IlpOH3BO.n;HO~ RBJlfleTCll (3,35), noRa3aTeJI:bCTBO o6paTHMOCTH STO

ro orrepaTopa R (3.36) BSTeRaiJT za .noRasaHHoit B CJie.IJYD!IeM _rrapar~ 

Teopew 11 .1 . (eM. ( 4. 6) ) • TeopeMa .noKasaHa. 
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§ 4. :?opMyJil>l o6pameHIDI 

OcHOBHNM co.nep3aHHeM aToro rraparpa¢a RBJIReTCR: .noKa3a

TeJibCTBO CJie.nynme~ TeOpeMH 4.1 0 IIOJIHOTe RBa.n;paTOB pemeH~ 

KpaeBoit 3~'!'H (0,1)-{0,2) B CJIY'!'ae OTCYTCTBIDI C06CTB8HHHX 

'!'HCeJI. ilOJIHOTa KBa.n;paTOB pemeHHH 3~'1':11 illTypMa-]MyBRJIJlfl Ha 

KOH8'!'HOM RHTepBaJie 6biJia .IJ:ORa3aHa IJ, M, JleBHTaHOM/6/, 

TeopeMa 4,1. Ilycn Lh•J t- D..,- H lf..,. {x 1 k.)- peweHne (0.5) ypaB

HeHHR {0,1), TOr~ ypaBH8HHe 

' o6 . 

k J nl.K) y) (x,k)d )( = fc k) 
0 

C JIID6oH npaBOH '!'aCT:biD B~ 
o<> 

fCkJ == j tfvY1M2kxdx, 
0 

- ""'<'- k~ <><>, (4.I) 

i(.o() t:- y+ (4.2) 

RMeeT e.nRHcTBeHHoe peweHne h(x)t,)[ , ROTOpoe ~eTCH ~OPMYRO~ 

"" 2 

hcx;=-4 2_i ]Fck) ~~cx,_k> df.. 
II-X -"', • .a /,;r (I<.> 

0<... JC. <:. ~) (4.3) 

r.ne f.rt~·.I..J n /.-d•-) orrpe.neJIRIDTCR (0.4), (0.6), 

llOKa&eM CHa'!'aJia, 'ITO STa TeopeMa .n;orrycRaeT CJie.nyromyiD 

8KBHBaJI8HTHYID WOPMYJIHPOBRy. 

TeopeMa 4.1' 0 IlycTD orrepaTOpii p J 4 ll r IlOCTpOeHH no 

lfi~<J e _Qu- ~OPMYJiaMH {3,25), (3,28), (3, 3I) 1 Tor.na B npOCTpaHC-

TBe .X (§ I) CIIpaB8.IlJIHBbl TOlK.IleCTBa 

(I t- Q )(It 1 J( I1- P) =- I, (4.4) 

(I +-P)(I+0)(It-r)=I 
(4.5) 

23 



ll OTCIOL\3. 

[(I+-1)(I+-PJ)-1 =I+~. (4.6) 

)J,oKaaaTeJI:OCTEO: Vl3 (3.37) Iii onpe,.neJieHIDI onepaTopal+P (3.25) 

CJie..nyeT, ~TO ypaEHBHHe (4.1) 3KEHEaJI8HTHO lilHTerpaJI:OHOMy ypaEH8HiiliO 

BoJITepa EToporo po,.na 

( 1 + p )h = ~ ~ 1"> = {c><) EX (4.7) 

3aTI!ilW8M E OTI8paTOpHOit WOpMe paEeHCTBO (4.3). 113 (3.10), (3.15) 

:n TeopeMbl o cEepTKe TIOJIY'!aeM, 'ITO .IIJU! JIJOCloll :pYJiKUI1H F(k} Bli,lla 

(4.2) CTipaEe,.l{JIHEO T0~8CTEO 

_2. i }F ( ~:., f;2
l k) J:L•JJdl = ~fl j(rt r J ~(}.;)\?_ - 2

• ~c.x dx J x: 
r._.,. "" . -~-...., (4.8) 

'X J e2 ;b r)Nt.,t;c 2 '"Y«j dk.=(I + F){It[)j} o<-x,,..,, 

r..ne oneparopu I+- f lil It- r onpe,.neJIR:IOTCR (3.27), (3.31). 0T

M8THM, 'ITO 3,.nec:o MOXHO npRMeHHT:o ¢OPMYJIY o6pameHIDI ~ KHTerpaJIOE 

cPyp:oe, TaK KaK lil3 JI8MMU 3.3 EUTeKaer, 'ITO qJyHKUIDI (J + f)f (J() 

aelCOJIIOTHO HenpepuEHa llplil X > 0 . 3aMeHa UOpR,.nKa HHTerpHpOEaHIDI Oll

paB~Ba9TCR 06U~HUM o6pa30M C llOMom:OIO OU8HOK, llOJIY'l8HHUX E § 3. 

ilOCJie,.nHee paEeHCTEO llOKa3UEaeT, ~TO (4.3) 3KEHEaJI8HTHO 

paaeHCTBY 

hc-'J= DCI+F)(I+-r)fix>, tt. Y+- · 

Ilo,.ncTaEJI.Iffi B npaByK> 'laCTb .f IJ(J = JD i(J() H f'IRTUEaR:, 'ITO 

J(I t- I') =(I,_ r )J ' HMeeM 

h (J() =(It G )(It- r) ~l]i.) r ~(A)"' pj(Jf>)(, (4.9) 

CpaEHHEaR: (4.7) H (4.8), llOJIY'IaeM (4.4), (4.5), 'ITO EM8CT8 C o6pa

THMOCTl>JO J + r (JieMMa 3.3) ,naeT H (4.6). TeopeMa ,.l{OKa3aHa. 
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AQKaaaTeJI:OCTEO TeopeLlli 4.1. 113 JieMMU 1.1 EUTeKaeT, ~To oneparop 

·'"'f(LTJ (1,II) Ha MHOJKeCTEe .D.v- HMeeT o6paTHUH X= ry;-1
, 

onpe.neJiemrna Ha MHozecTEe i2..t-= i'CQ..,.)c )(. CJie,noEaTeJI:oHo, 

,IJ;JlR: Jlll6HX l.T t n..,. H i (; _Q X EHllOJIHeHU paB8HCTEa ,{_ ("'f!l.rJ)=if 

1<1 A.jl( X(fJ) =f. . VTCJJ,IJ;a E npe.nnoJiozeHHH, 'ITO onepaTop A' 
CHJI:OHO ,.nHcMJepeHllHpyeM1 B yze ,IJ;OKa3aHHOH E TeopeMe 3.1 ,.nn<!J.jlepeH-

UHpyeMOCTR r:P , nOJIY'laeM ,IJ;JlR: JIK>6UX trc-fLvn f= "f(<.r; 

paEeHCTEa 

x'ciyf'(v)h==h ) -~f'(v;,((f)h=h I nt-X) (4.10) 

T.e. X'rn=C"t'(i.r)r~rf=it.:-1. TaKHM o6pa30M, OCTaeTC.fl H<iliTll ., 
oneparop X . HHxe orpaHK'IRMCR Haxo~eHMeM (cJia6oH) npoM3EO..nHO~ 

no raTo onepaTopa X , a paEeHCTEa (4.IO) npoEepv.M Henocpe,.ncTECH-

HO. 

llOJIY'IRM CHatJaJia C noMom:oJO ypaEH8HIDI reJihr;aH,ll;a- ·JlCEJ!TaHa-Map

~eHKO pa3~0~8HR8 pa3HOCTH nOT8HQHaJIOE Vi(J()-ll, iK} nocpe,.ncTEOM 

pa3HOCTR "f(u;_)- i'Cu;J . PaccMoTpHM ,.npe KpaeEue 3aL\3.'1M (O.I), 

(0.2) C nOTBHUHaJiaMR '-:1 (j =11 2} H3 flt.T • llyCTl> J<,_
2
1x,y)

.R,IIJ)O onepaTopa npeo6pa30EaHIDI 
o<l 

~- u,k) =:: /v.cx,k) t- )J<., 2 u,t:;f..._d,i:.)c[f TL-1 I )( , I ,l (4.II) 

r..ne /<7 (", k). Cj -=1, 2) onpe,.neJIHeTCR (0. 4), M nycn no ¢y"HKUIDIM 
) (_· 

paccrumrur ..... >vj d<J l j "'1; 2) nocTpoeHa qJyHKUIDI 

~ - . 
J (x.yJ== 1... J LS.LkJ-/:ilT.tkJ

1
l P_(J(,k)P..,.i>)';ak. <4.12) J .1~~~ \,.; .l Tv, h, 

Tor..na H3 paEeHcTEa llapceEaJIR .IJ;JlR: rpaHH'!Holi aa.na~H (0.1), (0.2) 

c '~ ( j = 1, 2) t _Q v cJie..nyeT ToJI[,T.{ecTEo I 3 I 

/<.,z. (;<·,yJ -r- fc><.;yJ t- JJ<,,l u,f;fcl,j)d.f'=o)"•!)(4.I3) 
' ~ 
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0TCJO~, y'il!TI>IEM, 'ITO -..:... ~" k,.z t.t;x) = ~ t,:) - ~ t><J, riOJIY'IaeM 

ITpH X =y C~e~mmee npe~CTaB~eHHe ~ pa3HOCTH ~b!X ~yx noTeH

rumJIOE H3 Dv- (§ I): 

"" 
~i;c.J- u;tx)-= .2.lfrx,X) + d ;· . 2 iX x k,-.z t x; I; /t ix; J/- . (4.14) 

Us rrpe.n;cTaE~eHwt (I. 9) ~ 5tr c J,.; tj~l.l.}H (3. 4) .!WI fr {;(, k) ) Tv 
rroJIY'IaeM ~ / t x, y) ( 4. 13) lmpallteHRe 

00 

/ u,y) = f;'
2

(xt-yJ -r- jLc~~',)';tJf._,_c+Jdt, 
• X.-1-)' 

(4.15) 

r~e 

""' 
f . _ . .L jse: .t C' '·j ikx; 1 y 

12(;<.) -.2'£_,,}Jv;(lr..)·-,_)u-}"-J e Gtl<, €: J (4.I6) 

1:->-
L (x. )'A)·~ L C<,t -y)+ Lcy~t-x) r)U~<,'>JL(y,f-!l)cls. {4.I7) 

)<,. 

Pacct.m.TpHEM ( 4.13) rrpR !J)m<cRpOBaHHOM X Ka.R JpaEHeHHe OTHOCH

Te~:cao /< 12 tx.)'J,(ii.~)'<<><=>), no~'laeM HS oneaox (3.6), (3.301) 

'ITO npH mo6oM E. > o CYIIIecnyeT 8 > 0 Ta.Roe, 'ITO ecJIB 

llf;
2

C><JI/yi- <.0 , TO //tJ;- U"J.IJX <E. H 

~ {_ 

f ~LX.)- u; (><) =2 L t f.,(!<.} 
1\=0 

1
(o<-X .c. oc J, (4.18) 

r~e pa~ cxo,D;HTCII no aopMe npocTpaHCTlla X, a ero 'IJieHH onpe~e.llll:-

KJTCII no !WHKU!tl!t1 ~ U,'j) (4.15)-(4,17) !f}opMYJiaMH 
1)0 

'f C-<J = fcx.x) , f ex;=- ~~cx,t,)f-c-t"'JdtJ, 
o I " oo (4,19) 

f. £><) = r~(x,t,.)dfll Tfct~,t"_j,)cUh ... J~cc,,tJ.)ici,,x)d~, 
~ X X ( n ~ 2. 3, ... ) • 
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HycT:c Terrep:c l! (4.16) noTe~ LJ; t.() .:::(}"(A) b !:)_ •.J" tPHKCHpOEaH, 

ht,:.) - rrpoH3EO~bHI>Ifi aJieMCHT H3 X H ~U.>=Vl-"'>rthc .. ,, 

rne t - EemecTEeHHgfi napaMeTp. Tor~ rrpH Ecex ~ocTaTo'lHo ~~x 

t .IL1IH pa3HOCT!t1 S,,n.t~,tl<-)- .:,._,..:i<J cnpaEe,li,JIHEO pa3JIOJKeHHe 

(2.6) ( ht•'l ..... t ht.:>) • IIo~cTal!JUIH ero E rrpaEyKJ 'lacTb (4.l.h) H 

,n;H4JllepeHUHPYJI TIO~'leHHOe pa3~0llteH!t1e 0~ pas no t , ITO~'laeM 
npH t = 0 TO~eCTBO 

~ ~ D~ . 
· · l ~ uk · h(~<.)·= d._ 2i Jtkjhcl:Jif~Lb,l)M.Jp~ ~J.{k_, (4.20) 

a.. A: ·-.,. u ro- t ; 

cnpaBe~oe ~ JIJo6oro h t,.:) t- X . AHaJiorH'lHO, rroncTal!JUIH pa3~oJKe
HHe ( 4.18) E npaEyiO 'laCTb (2. 6), IIOJJaraSI E TaR nO~'leHHOM paEeHCT

l!e 

s =- 5 =- e.<bf-2 I s.rl/..>j Sv: = f;(bL 2 i. ( C._.Lk) ·H: [tl>. )J{ ( 4. 2i) 
"i ._,.. r ) ' 1 l 1 ~~·"''ll.2. , 

.,.., 
r~e od~.)= Jfcj(,Ha112kXJx, ~e Y~, H .n;wjxf;epeHUl-!pYSI 

0 . 

no t , HaxO~ npK t = 0 TOJI,I{eCTEO 

"" "" [).1. J . k) = I J } ~ ti J 'i'"t~) t;;-LJ<,~) d.11C. lil.z.<..xJ),.(>< (4, 22) r: L /<. I d~ ;,c, 0 ~ :z. (4C.) l v , 
U 0 .-,)<> 7V 

r~e 1.<7'c.k-J=I#vt.lc.)l e"pf 1S"'l.kJf . KoM6HHHPYH ll:ox,necTEa {3,37), 

(4.8) H (4,9), IIO~'laeM, 'ITO (4.20), (4.22) 3KBWlaJieHTHH (4.4), 

(4.5). TeopeMa ~oKasaaa. 

C.ne8C'l'EHe I. IIycu onepaTop~>~ Pi H <f 't tr) onpeneJieHH (I. 6), 

(2.1), Torna ypaBHeHHe 

Pi [ <PJ(i.TJ~] ·=[ft.:) e. -.2;/..x d.x , f ()() ~ Y~ (4. 21) 

KMeeT e~cTBeHBoe peweaze 

h Lq =- (I+- q) D f<AJ-= [~'tv>] -iDflx:> t X · (4. 2'() 
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noKaaaTe~bCTEO: Ha npe~cTaE~eHRa (3.39) c~e~eT, 'ITO ypaEHeHHe 

( '1.23) 3KBHB~eHTHO ypaEH€HJUJ 

(It-f)Ah= ·~ .ft"Yt, 
r~e onepaTOpH A H r onpe~eJilliOTC.Ii (3.24), (3.3I). 

C~e.noaaTe~bHO, B CMY (3.32), A h =(I+-Ti )~ , a oTciUJ;a 

(I+- P)h ::(I +H)D~ , '!TO BMecTe c (4.5) MeT (4.24). 

§ 5. BocCTaHOE~eHHe noTeHU~a no 5c lJ H Ha'l~bHOMy 
npH6JrnllteHHIO 

TeopeMa 5.1. Ilycn 3aMHa <PYHKUM 51'< ( k.; , npHHa,IVlelialrtaR: MHo

lKecTEY il S ( § I) , Tor~a Bcer~a cymecTByeT Ha'I~Hoe npH6.muteHHe 

L~. (x J t: Ulr , TaKOe, 'ITO noc~e~oBaTeJibHOCTb 

"" 
J 5 . ( 2. 

tJ' t><J = Lt: t,.;.J- 4. J. t .)..tk>- nd"' J ~~ u,I. .. ;J.k. (~~ot J(5 I) 
, .. , n (ixi'- .. ,)0 '-'c " ,, ... ~ • 

r~e fv.. U, k.) peweHHe (0.4) ypaBHeHM (O.I) c if(~) =Jo (><.), 

a 5v.., t k.J onpe.neJI.flJOTCR no tr.., ti-) {f>opMy~oa (0. 7), cxo]lHTCR no 

HopMe npocrpaHCTEa X(§ I) K noTeHIUmJIY lf,. t><J~4,. .II.11li Koroporo 

{f>yHKUIDI pacceHHM 5v: L k.> paEHa ~aHHoil {f>yHKUHH ~S 11- t k.) ... 
noKaaare~bCTBO. ITocTpOHM E ..flo..r oneparop 

' "". . . I ::z ;kx 
QtvJ=- t ):. jj SJtk)- ~1+-tlJj e dk) O~l<·ooJ(5.2) _,., 

r~e S,. c k) - 3aMHHBJI {f>yHKI.lHR H3 12. ,s 
erCR (0.7). TaKKaK{f>yHKUHH 5..,.0.-> H 

, a S ..r L k. ) onpe~eJill

S* l k) npHHaMellaT a.s 
(neparu:r, no onpe~e~eHHJO, a ETOpaJI no yc~OEHJO reopeMS), TO pa3-

HOCTb sv- s.~~(§ I). C~e.noEaTeJibHO, 06JiaCTb 3Ha'leHM oneparopa 

Q (if) co.nepDTC.Ii E npOCTpaHCTEe .X . 
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l13 onpe.neJieHM oneparopa '\ftv) (I.I2) no;ry'laeM .II.11li () Uf) 

npe.ncraE~eHHe 

Qtv)::. i'(vJ- Lff:(2x) = LftF;l2J<)- F:tz,.,Jj, (5.3), 

r.ne t.tf~(UJ::::. 4-!: J"" (i- S*t.l>)e 2 'k..xd.k. (O"'><' .-,, 
l'i rJ.j. )\. _.., , 

noKa3aTe~bCTEO TeopeMH npoBe]leM, npHMeHRR MO]lH~pOEaH-

HHH Mero.n HbJOTOHa-KaHropoawqa12/ K oneparopHOMY ypaEHeHHIO 

Qun=o. (5.4) 

IlOKaEeM CHa'!aJia 1 'ITO llOCJI€.1lOEaTeJibHOCTb 1~f~:o 

coan~aer c noc;re.noBaTeJibHOCTbJO 

(5.1) 

u:;,,., = LT~ -[ Q'<v">]-1Qlif.,.) , i1=0,,,2 1 (5.5) 

KOTOpaJI llOJIY'!aeTCR, eCJIH npHMeHHTb Ha3BaHllliH M€T0.1l K pemeHHJO 

ypaEHeHM ( 5. 4). 0TMeTHM, '!TO :113 ~eMMH I. I EhiTeKaeT, '!TO ( 5.4) 

HMeeT B npocTpaHCTBe X eJlHHCTEeHHoe peweHHe u )- te ..Q u , 
.II.11li KOToporo Jc~ .. d-> = S,.. c k) . Ha aT oro aaMe'!aHim cJie.nyeT, 

'ITO Q l u-) npe.ncraEHM E EH.Jle 

Q(v) == rf(u')- ~(U'If-). ( 5.6) 

OcraeTC.ff ]lOKa3aTb JIHWb CXO,nHMOCTb TIOCJie]lOEaTeJibHOCTII ,.,~-.., <.<.) K 

aTor~y peweHHIO. 

TaR RaK "f (if,.. ) - {f>HKCHpOEaHH!l~ aJieMeHT !'13 X , TO 

Q; -,r11 Q it t1l/" 
(v) = ":t' (iJ) 

1 
{i.J) = :J (If). (5.?) 

CJie,nOEaTeJibHO, TIOCJie,noEaTeJibHOCTb (5.5) npHBO]lHTCR K EH,ny 

rr-v.., =-u""-[·rf'(IT._)]-1 Qcv"J, »=u.t, (5.8) 
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r.D;e onepaTop ['fk.J] -i .D;aeTca (3.35). Ore~ H paseHcTso 

d..-!:: J~ ') tl,-j dc.>jf\.-) .. J.il=[It-(;r(u,J]Qw·,.), (5.9) 
(ill. 1• -"' ,. .:.r.. v.-

KOTOpOe E~TeKaer H3 onpe.D;e~eHRH onepaTopoE ~ (3,28) H CQ<uJ 

(5.6), nony~aeM, ~To (5.I) ecTL ~rnL KH~ sanae~> (5.8). Hs Teo

peMhl 3.I C~e.l\'{eT, 'iTO E 0Rp8CTHOCTH Kali,IlOH TO'ffiH •T€; .Q. c.r 

HopMa li [f'wJ.ridx orpaH~eHa (eM. Taue oueHKY (3.30), lfTo BMecTe 
..... TJII C orpaH~8HHOCTbD BTOpoft TipOK3BO.D;HO~ ~ {v) H Henpe~BHOCTLD ca-

MOrO oneparopa :Ptu) llOKa3~BaeT, B CKnY (5.6) H (5.?), 'iTO 3a 

C~eT B~6opa HalfaJibHOrO npH6~llteHRH LT0 c _f2i.T ,ll;OCTaTOlfHO 6~3RO 

K HCKOMOMY fiOTeHQHa.ny 1J ,._ ( ilu- OTK~TOe), Bcer.D;a MOJBHO o6ecne

lfHTL cxo.D;HMOCTD nocJie.D;OBaTeJILHOCTH v 11 c><) (5.I) K U;tf..c) (cM/21) 
TeopeMhl 6 (I,XYlli) H 5(2,Ylli). 3TH YCJIOBRR o6ecnelJHBaDT TaRllte ClltH

MaeMOCTb onepaTOpa (5.8) B H8KOTOpOH OKpeCTHOCTH HalfaJILHOrO npH6~· 

llt8HRH (.To L .. } • OTO co Cl!OeH CTOpOHH npHBO,ItiiT K TOJ4Y. 'iTO u~ c Da 
.IVIH Be ex Yl =0, I, 2.. • ( U"0 e- ...0....,. no nocTpoemm) • C~e,~~;oBaTeJILHO, 

IPYHK~HH pacceSIHitB 5v~I<.J { t1-=o, ;, 2 . ) npl'!Ha.,IVIemT ll S , OTKYJJ.B. 

EMeCTe c :;_.,. E: D"' ill eim lT.., = v,. TIOJ!YlfaeM,B CHny JI8MMhl I. I, 'iTO 
.... .J " .. Cf1 

{flyHKl.UIR paccesrnRR 5v,.(i}COEna.u,aeT c sa.D;aHHOi! s"' d:.) . TeopeMa ,11;0-

KasaHa. 

CJie,llCTEHe I. lipH yc.noERRX reo pew 5, i noc.ne,~~;oBaTeJILHOCTL 

"" v,.~, t.: J = u-.., t.- > - .d:. ~ J i 5 tkJ _ S Lk>Jt D
2

£i", lc.J.:H .. , {5.!0) 
d.i< , .. _ 60 II- tr,. ;(}" ... 

r.D;e u0£,.., - H&lfaJILHoe npH6JIHllteHBe, a :iv-.,.0•) (.,==0.1, . .) onpe,~~;eJIHI)TCB 

ITO v., u.) qJOIJMYJiaMH (0,4), (0,7), CXO,ItHTCSI R il.OTeHIU18JIY 

V~< [."><.} c .QlT , lVUl ROTOpor.o 5..r,.(k) .=: S~(l:.). 
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,lloKaSaTe~LCTEO BbiT8KaeT Ji!3 YC~OBRH CXO.D;HMOCTH OCHOBHOrO npo

uecca HbmoHa (121, Teopew.a 5 (I.XYlll)). 

C~e,llCTEJI!e 2 • .1l.nR: ~roon WYHKUHH 5.- e.O.s cymecTByeT E fl...r c<I>epa 

u: Hv-v~lix~t.. TaKaJI, 'iTO l'IH8pauHOHHble npouecCI:J (5.I) H 

(5. IO) cxo,nHTCff K ll,. ,JJ,IDI ~oro Halfa.JILHoro npH6JIHllteHIDI\f, c U , 
40KasaT8JILCTBO CJie.D;yeT Ji!3 Teope~ 06 YCTOlllfHEOCTH rrpouecca 

HbDTOHa (121, reopeMa 3 (2,XYlli)}. 

PaccMOTpHM B saK~eHHH naparpalfla Henpep~B~i! aHa..norfiO/ 

HT8pauHOHHOrO npouecca HLD'l'OHa-l{ll.RTOpOBMlla ,IVJ.H perneHIDI o6paTHOll 

sa.D;a~ pacceRHKH,HS~OEeHHHil E TeopeMe 5.I H c~e.D;CTBHH I. Hs 

Teope~ 0 CXO.D;Ji!MOCTR Henpep~EHOrO aHa..nora MeTO.D;a HL~TOHa npH 

yc~OBHH cymeCTBOBaHRff H30RHpOEaHHOrO perneHJI!R ypaEHeHIDI (5,4)/II/ 

H TeOpeMh! 5,I CJie.D;yeT YTEep~eHJI!e, 

TeopeMa 5.2. IIycn 5* tkJ (;; D ,') M u* c ll.lf - perneHHe ypaE

HeHIDI ( 5. 4), TOr.D;a E ...D. v cymeCTByeT crpepa L,/; }iV- tJ" .. II '10 t , TaRM 

'iTO .lUf@lepeHUJI!a.JILHO YpaBHeHHe E npocTpaHCTEe X 

~ =- ( 1 + q(;.rJ) Q tv) : - f'':VlvJ f 1 
QCv), o ~ f.e-., (5. II) 

r.D;e q(u), 0Lv) onpe.neJIR:~TCJI (3.28), (5.6), c Ha'la.JILlillM yc-

~OEHeM \..T( o) = V 0 (;; L-/ HMeer perneHRe trt-1:-) t: _flu, { o '!= t ..: ...><>) > 

.IVIH KOToporo t'-1~W~ li U"l~ J - u-.... ilv:::: 0. t .. .,.. .n. 
3aMelfaHHe, Hs (5.IO) c~e.D;yeT, 'ITO ypaEHeHHe (5.II) MDXHO sarrHcaTb 

E EH.D;e oa . 

d.()"==- ..4... J... (r. ~ ck)- 5 ck)4 ])
4 u kJolk, (5.I2) 

dJ: d..t. Jt J I * oJ(+) J t-u-d·J I 
-110 (ost~o-.;. 
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§ 6. Peay~TaTH qHC~eHHHx axcnepHMeHToB'Ha 3BM 

3~ecb Ha OCHOBe pa6o~1/ K YTEep~eHRM npe~~ napar

~OB npe~O%eHa pacqeTHaR CXeMa BOCCTaHOB~eHRa noTe~ no 

¢aae pacceaHKa. CqeT Ee~ca Ha 0BM cnC-6000.llycTb B~tk) - ~aaa 

pacceRHKH HeRoTopoH WYHKUHR ~)~tk)~!l~, onpe~e~eMOR no 

noc~e~eH ~OPMYHe 

6*tk)=--2itn,_)..,lic..) 
1

- <.><>.c..kc..<.><>. (6.1) 

PaccMoTpRM onepaTopHoe ypaEHeHHe 

Rtu-;= QwJ- o*d> =o, (6.2) 

r~e onepaTop Q(v) onpe.ne~eTca (2.21}. llpRMeH.llli Mo~~HUHPOBaH
HHH MeTa~ HbDTOHa/2/ R pemeHHD (6.2), npKXo~ c yqeTOM (2.22) 

R ypaBHeHRD, 
c.<> 

~.2. J h')lc"J'f;c . .:, k)d.~t. =-- ( tu.,.d->-S,.ttJ), (6.3) 
lt-~l~,, 0 c 

r~e u;, ("-)- Ha'la.JibHoe npH6JIUeHae, a u-_, t..: > npa Yl = 1, 2, .. 

onpe~enReTca ~pMY~oH 

U: (J<}-= LT~ o<) ;.. h~ l-" > n. = o i . .> 
""',... ,., " J . ..- ' 

(G.4) 

r~e h'lltJC.),(h=O,r. )- perueHHe ypaBHeHKa (6.3). l13 TO~eCTBa (3.37) 

no~'JaeM, 'ITO ypaBHeHHe (6.3) 3KBHBa.JieHTHO ypaBHeHHm Bo~Tepa 

nepBoro po~a rc 

JN (t, x > h,vi-Jdf =-_! Jl ¥-Tvtt..>j 1 o".! f...>- 8~~£'-J)x <s.s> 
)I; X -s,·l)t 2 k x d. k . 
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Cxo~OCTb HHTerpa.Jia B TipaBOH 'JaCTH (6.5) o6ecneqHM 3a C'JeT 

Bl:l6opa Ha'la.JibHoro npa6.muteHKa tl0 • .lJ.nR: aToro OTMeTRM, 'ITO ecJIH 

u-u.) !:- L1(o,.,..,). TO ciaaa pacce.fiHKa sl)" l kJ npH k. ., r .:><") HMeeT 

aCHMTITOTKKy/12/ 
00 

S Lk.).:: ...L )u-u.)ol.( +- o( .L). 
IT .2.1<.. 0 !'(. (6.6) 

OTcD.na Ha'Ja.JibHOe npa6.mutem'le tr,l><J El:l6epeM H3 yc~oEKa 

oO 

Ju;c,c;)cll( = ~IYVI2k5,.dc.) 1 
0 I(., ,;;o 

(6.?) 

r~e rrpe~eJI cnpaEa cymecTByeT, ec~a HCKOMI:IH rroTeHIU1a~ LTJ> t- L
1 

( o. v<>), 

TaK EH6paHHOI! {.T0 (,t.) o6ecne1JHBaeT a6CO~THYD CXO~OCTb E CHJIY 

(6.6), HHTerpa.Jia B npaBOH 'JaCTK (6.5) npH V\= 0. lloJiaraH X-=0 

B (6.5), no~qaeM C yqeTOM (3.13), 'ITO f"' Vl 0 tJ();.i,.<. = 0 , tfTO 
c 

EMeCTe C (6.4) ,naeT 
~ 

"" j v; (.() ctl(::: J C.To (><)J)( • 

D o 
(6.8) 

C~e~oEaTeJibHO, eCJIH (6.7) B~nonHReTCR ~ lT0 (,c;), TO EHnO~ReTCR 

H ~ Ecex c~e,nyiiJIKX np!r!6JIIDKemfil C.T'IA u;, Yl = i, 2 • .!J.HqxpepeHUR-

PYR no X o6e cTopoHI:I (6.5), c yqeTOM (3.15), no.rryqaeM, )1)lR 

I Vl = o 1, . l'JiTerpa.JibHOe ypaEHeHHe 13oJaepa BToporo po~a 
Vl '\1 1 I 

h~t;<.J- Jp..r_l..:,f;h.,t.J.)oiJ == ~ J7ty .. /q.Slf~l(J-6,tL>j0t'l2kx~1,(6.9) 
" ..,.. '-' (.) 

r~e B-o (<,t),naeTCR (3.20), a CXO,IUlMOCTb HHTerpa.Jia cnpaEa E (6.9) 

r,JQlKHO OTipaE~aTb C TIOMO!UbD aCliMITTOTKKH (6.6). llpH 'HfCJJeHHOM C'leTe 
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CHa'iana no ,;, 1,..; Haxo~ qasoByJO ilJYHKUHJO 

&'r u, k.) = -L LT..,tA)~l'l-1.2.( kx- Su. u,kJ) 
""'"" K "" J 

Su..,LO, k.; =0. (6.10) 

Tor,n;a/ 121 

r5,J l f,_) =:: {I !WI St.J ( J<, k) 
""' j..., \,))Q ""' 

SIJ""(O) = o, (6.II) 

a 
(.>0 

I fu:, ( t> j .2. = i?J< p t { J ifc,("J ~ i!Yl (2 kx -25u:_ U, k))dx j.(6 •12) 

H,npo 1''-"J•.t) ypaEHemm (6. 9) onpe,n;e.llffeM no (3.20), r,n;e kifv t.o<, i) 

Haxo,n;RM H3 yprumemm . ( . ·.11 
Vd.lt2 (J(i-~.z. 1\-ta . 

1<v: u.tJ= f 5 c.r,t>,ds +- j ~s )<.T"(:,~okt.r..cs;.J,>-;;ct~, (6•13) 
Q (J<-/;1'2 ()(-ty:2. 0 

KOTOpoe pewaeTCff MeTO,IJ;OM IIOC~e,IJ;OEaTaHbHHX npH6~eHKa/3/, ~ 
Eh!tfHC~eHIUi npaEOll 'laCTH (6. 9) IIpRMeHJieM MeTO,IJ; peryMpHsarum, aHaJJD

rHtrHh!M npe,n;~oxeHHOMY A.A.THXOHOBh!M H ApceHKHh!M ,IJ;Jlff Bh!trH~eHHH pa

,n;oB ~poe/I3,I4/, H,IJ;eH MeTO,IJ;a COCTOHT B TOM, ~TO EMeCTO KHTer~ 
"" 

J' f: d<.)Ur.'llioc elk B rrpaBOi! tJaCTH (6, 9) CtrHTaeM KHTerpa.n: 
() n 

\ "'r tkJ ( 1 .. :i. i<. 1 J -i.LM 2 k x ol k , d.. - rrapaMeTp peryMpaaar.um. 
,)() " 

ITpe~oxeHHaa Eh!rne pactreTHaa cxerda rrpoBe~cb Ha Mo.n;e~hHUX 

3a.rr,a'lax. ~ Ha'laJJbHOrO npH6JIIDleHHH 6~ noTeifl:lMJIIl EH.n;a 

'T~LJ L-A) =: 2 C01l /(/ -2) - 0, 5 ~1\1 2 )1. ,(0 !t )( 10. J<:) J v~>{l,);: 0, (i( ~.1f:) 
H cfc;''£.,;, "'- 2 r_mC.J(./2) ·- ~-1'\11 2x, co~x!; il..) .I cr';:'c.,;;-=.o, ex~.~-.;), 

B Ka'leCTEe 6 * c k) rro~ara.n:H E o6owc CJIY'la.R:X qasy pacceHHI'Ui 

noTeHUHaJJa (J,._L.:.)=. 2CA1(~/2), (os.x~.T.:)1 rJ<A(X)=O, (X~A), 

fiapa.MeTp peryMpH3arum cJ.. =0,002, 3HatreHHe peryMpH30BaHHOI 
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rrpasoil 'lacu ( 6. 9) B TO'IKe X= 0 Ell'IHCJULID! sKcTpaiiOJifiUlleil no 

sHatreHlmM rrpe,II;h!JIYll1HX Tpex TotJeK ¢opMY~Oi! Fco>=-ft~;-HF(2)-Fti>) 

PaccMaTpHB~ TaKJKe CJIY'fai! v.,c .. ;= '!fl!VIX i-tJ,5Sil12;<.,lo~x~;;:;, 

lfol;,i.)201 (1(~JZ)1 IJ.,..{,.:.)=. ~1\4)1. (O"'X"£)1 li' .. !A.I-"O,!P.of'e3y~TaTh! tfllC

~eHHOrO C'leTa IIOKa~EaDT, tfTO pacqeTHh!H noTe~ COBIIa,IJ;aeT C 

HCKOMh!M, C TO'<JHOCTb!O ,IJ;O TpeToero 3HaKa, IIpHTOM ec~ npO,I!;O~Tb 

tfHC~O HTepauHH,STY TO'<JHOCTb MOEHO yEe~qHTb, 

Ha Ta6nnue Ia npHBe.n;eHh! pesy~oTaT~ c'leTa c pery~pasauaeli 

H 3KCTpaiiOJlffUHeH B HY~e, a Ha 16-~ CpaEHeHHH pesy~oTaTh! ctreTa 6e: 

peryMpH3auiDf, 3TH ,naHHUe HarM,D;HO ITOKa3h!BaJOT sqxpeKTHBHOCTb IIpHMe

HHeMOH s,n;eco peryMpHsauRK rrpH pemeHHH o6paTHO~ sa,n;atrH pacceHHHa. 
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LT.,. 

2,000 
1,997 
I,990 
I,977 
I,960 
1,937 
I,9IO 
I,878 
1,842 
I,800 
I,755 
I, 705 
I,650 
1,592 
I,529 
I,463 
1,393 
I,319 
I,243 
I,I63 
I,080 
0,955 
0 907 
o:8I6 
0, 724 
0,630 
0,534 
0,438 
0,339 
0,241 
O,I41 
0,041 
0 

Ta6mma I. 

LT*- HCKOM!ffi ITOT8HUHaJI 2 U>$ ( )( /2.) I ( ('} ~ X .. X) 

~- HatJaJibHoe npn6.71HlKeHHe 2 em ( x/.z..) - 0, 5 ., 1)12X 
(O~x<..JZ) 

<J::/- Vl -M wrepaullil. 

if~/ 

2,000 
1,898 
I, 795 
I,695 
I,60I 
I,5I7 
I,444 
1,386 
I,342 
I,I3I 
I,300 
I,300 
I,3I2 
I,334 
I,362 
I,392 
I,422 
1,447 
I,464 
I,469 
I,459 
I,430 
I 382 
I:3I3 
I,222 
I,IIO 
0 976 
o:824 
0,655 
0,473 
0,281 
0,083 

CJ?:> 
2,638 
2,I52 
I,96I 
I,972 
I,968 
1,945 
I, 9I4 
I,886 
1,840 
I,808 
I, 749 
I, 707 
1,648 
1,590 
I,529 
I,45I 
I,387 
I,348 
I,245 
I,II6 
I,089 
0,997 
0 904 
o:sn 
0,719 
0 608 
o'537 
o:425 
0,347 
0246 
o:I45 
0,023 

ia. 

I ,.VI 
'-'·~ 

2,149 
2,008 
1,974 
I,994 
I,96I 
1,938 
I,9I2 
1,880 
I,840 
1,803 
I, 752 
I, 706 
I,650 
1,590 
1,530 
1,465 
I,390 
1,323 
1,244 
I,I62 
I,082 
0,993 
0,906 
0,8I4 
0 727 
o:618 
0, 5SJ 
0,427 
0,346 
0,245 
0,144 
0,006 
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(J lol 

'" 2,092 
1,999 
I,982 
1,983 
I,959 
I,937 
I, 912 
I,879 
1,841 
I,802 
I, 753 
I,705 
1,650 
1,591 
1,529 
I,464 
1,39I 
1,322 
I,243 
I,I6I 
1,081 
0,993 
0 907 
o:8I3 
0,729 
0,620 
0 546 
o:429 
0,345 
0,243 
0,152 
0,010 

LT~> 

-3I,534 
- 1,642 

0,588 
2, SJ5 
2,908 
2,I67 
1,409 
I,396 
1,906 
2,227 
2,006 
I,56I 
1,402 
I,59I 
1,531 
I,467 
I,395 
I,318 
1,240 
I,I64 
I,082 
0,994 
0 906 
o:s15 
0, 722 
0 629 
o:535 
0,441 
0 346 
o:247 
0,143 
0, 708 
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