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qerblpe 6blJIH- H'. OCTaJIHCb. -T :p H~. 

H !PB'lb HX C;M_YTHO CJlb111f.8Jl H3f/YTPH. 
(ttiaycr)' ' 

JlHCKpeTHhle npoeKTHBHhle np'eo6pa30B'aHH5l •. (Jlnn), , noJiyqeHhl; B 

npouecce noHcKa HOBhIX aJiropHTMOB .IlJIH pe111eiIHH,. • Ha • 3BM·- 3ai:taq 

pacn03HaBaHH5l H o6pa60TKH H306pa)KeHHH 'CO· 'CJie,llaMH · . qacTHU 

51.IlePHhIX B3aHMo.ne8cTBHH a Mar~HTHOM none. 

Te~MHH ".nHcipeTHhle" yKa3blBaeT H~ TO, qTQ npeo6pa30BaHHe 

BblnOJIH5leTC5l Ha,ll OT,lleJibHOH' '. TOtlKOH ' · TIJIOCKOCTH, 3a,llaHHOH 

.neKapTOBblMH KOOP.IlHHaTaMH. 

B pa6clTe ,llali ' lihIBO.Il H npciBe,lleH'' aHa.iIH3 : 11nn (npHMblX H 

o6paTHhIX), o6Jia,lla!OIUHX . CBOHCTBOM. "onTHMaJibHOH · '•."JIHHeHHOH 

K~aCCHqJHKaUHH ToqeK Ha. ceMeHCTBe KBa,llpaTHqHblX c!JYHKUHH H 

ycTo8qHBOCThD K OIIIH6KaM H~MepeHHH,qTo.: HanpHMep, .-D03BOJI5leT 

C03,lla'BaTb 6h!CTPhle H. '3qJqJeKTHBHhle aJirOPHTMbl Ha BCe;K ypoBH5lX 

o6pa60TKl-i TpeKOBOH HH.qJOpMaUHH',, 7" aKTyaJibHO_H • 3a,llaqH .• B 

COBpeMeHHhlX 3KcnepHMeHTax q)H3HKH 3JieMeHTaPHhIX q~CTHU [4]. 

B CBOeH .OCHOBe 11nn nocTpOeHhl Ha HCnOJih30BaHHH CBOHCTBa 

BeKTOpHoro npOH3Be,lleHH5l c9xpaHHTh OPTOf'dHaJ1bHOCTh no 

OTHO!lleHHD K npeo6pa30BaHH5lM Ha,ll BeKTOpaMH-COMHO)KHTeJIHMH. 

nocTpoeHHe TaKoro BeKTopa, KaK H B ~ 5), ocymecTBJIHeTcH Ha 

JIHHeHHhIX H KBa,llpaTH"!HhIX 3JieMeHTax, Bhl"IHCJieHHhIX no 

x-KOOP.IlH~aTaM CHCTeMhl "!eTBepoK TO"!eK, B351TblX Ha KBa.npaTH"!HhIX 

napa6oJiax. 

Oco6eHHOCThD noJiy"!eHHblX npeo6pa30BaHHH 5lBJI5leTC5l TO, "!TO 

OHH ' DOHH)KaDT CTeneHb MHOrO"!JieHa Ha .IlBe e,llHHHUhl H TeM CaMhIM 

no3BOJIHDT .neJiaTh nepexo.n K 'reoMeTpH"!ecKHM 061,eKTaM c 6oJiee 

npoCTOH CTPYKTYPOH, cymecTBeHHO ynpomaH CJIO)KHOCTh HCXO,llHOH 

3a.na"!H.· 

JIHHeHHOCTh 11nn, HX ycTOH"IHBOCTh Ii, CBOHCTBO HH_BapHaHTHOCTH 

no OTHO!lleHHD K C,llBHry 5IBJI5IDTC5l TeMH noJIO)KHTeJibHhlMH 
,, 

Ka"!eCTBaMH, KOTOpble HrpaDT Ba)KHYD POJih npH pe111eHHH He TOJlhKO 

TpeKOBblX, HO H MHOrHX .npyrHX 3a,lla"! KaK npHKJia,llHOro, TaK H 

HCCJienoBaTeJibcK'ciro xapaK'repa. 

HanpHMeP, noJiy"!eHHble B HaCTOHIUeH pa6oTe onepaTOPHhle c!JYHKUHH 



coBna.naIOT c IPYHKUHHMH 

{ 1,2,3,4}. onpe,neJrneMHX 

BH.I(a {13/24:23/14} 

pacCTOHHH8 qeTHpex KOnnHHeapHUX ToqeK 

.I(BORHllM (aHrapMOHHqeCKHM) OTHOWeHHeM 

BMeCTO {13/14:23/24}. KOTOpoe. KaK 

H3BeCTHo. HBnHeTCH HHBapHaHTOM no OTHOWeHHIO K npoeKTHBHUM 

npeo6pa30BaHHHM [l]. 

HHEe npHBO.I(HTCH BllBO.I( q>OpMyn onepaTOPOB npHMOro H 

o6paTHOrO npeo6pa30BaHH8, pacCMOTpeHU CBORCTBa 3THX 

npeo6pa3oBaHH8 H Ha npHMepax noKa3aHI:l BO3MO~HOCTH ~PHMeHeHHH 

nonyqeHHHX ~nn K perneHHIO npaKTHqecKHX 3a,naq. 

* 
B .ne8CTBHTenbHO8 nnoCKOCTH xoy pacCMOTPHM MHO~eCTBO ToqeK, 

pacnono~eHHllX Ha ceMe8CTBe KBa.npaTHqHllX IPYHKUH8 

H { (x.y) I y=Ax
2
+Bx+C } • (1) 

r)le A,B.c E K - n106He. He paBHUe O.I(HOBpeMeHHO HynIO qHcna, K 

none .neRCTBHTenbHllX qHcen -~RH qJHKCHpoBaHHUX A,B H C 06pa3yeM 

no)lMHOEeCTBO Q C n. 3neMeHTaMH KOTOporo HBRHIOTCH qeTBepKH 

npOH3BOflbHllX, HeCOBna)laIOmHx ToqeK BH.I(a 

Q { P.(x.y.) I X."1'-Xk ik=J0 i"1'-kJ0 = 0+3 }, Q c H. (2) J 1· J 1 • • ' • 

Ha MHOEeCTBe ToqeK Q paccMOTPHM BemeCTBeHHOe TpexMepHoe 

eBKRH.I(OBO npOCTpaHCTBO E BeKTOPOB <p EEC o6u4HUM CKanHpHUM 

npOH3Be,neHHeM .ItBYX BeKTOPOB 
3 

L'Pil/Ji• 
i=l 

H C HOPMO8 BH)la 

(<p,r/J) 

3 

II 'P II = ·' l <pi '· 
i=l 

'P,r/J e E 

.nnH Bcex <p EE 3a HCKnIOqeHHeM Tex, C OTnHqHllMH OT HynH 

KOMnoHeHTaMH • .nnH KOTopux 
3 

L'Pi=O, npH <pi"1'-0 , (i=1+3). 

i=l 

(3) 

(4) 

( 4a) 

C yqeTOM (4a) BllpaEeHHe (4) y)loBneTBOpHeT BCeM npaBHJiaM 

HOPMll: 

1. ll<pll ?: o. npHqeM ll<pll o Tor.na H TonbKO Torna, Korna qi= 0. 

2 

j 
l 

2. ll<p + r/JII 5 ll<pll + 111/JII (HepaBeHCTBO TpeyronbHHKa) H 

3. llcipll = I cl<pi I I c I llipll (O)lHOPO.ItHOCTb), <p EE 

PaCCTOHHHe Me~.ny 3neMeHTaMH BE onpenenHM B BH.I(e 

3 

p (<p,1/J) =;IL (<pi -I/Ji) l=ll<p-r/JII. 

i=l 

Ce K. 

no 4eTBepKaM ToqeK P .· e Q (ij=O •+ 3) i 06pa3yeM cne)lyIOmHe 
J ' ' 

BeKTopu -3neMeHTll npocTpaHcTda E: 

[~x~l ... [.>.l .. [s,l [il 
X • :~ • : , S • :: • ~; 

. 3' ,. •' ' 

.. . [~y 1] 
Y. = :;; 

,. ,.,,. 

. ( 5) 

r)le ~xi=xi-xo, ~yi=yi-Yo, {i=1+3), X,Y.~,"i ,E. 

C yqeTOM ycnoBHH (1) BeKTOp y MO~HO 3anHcaTb TaK~e B 

BH.I(e nHHe8Ho8 KOM6~HaUHH BeKTOPOB x H s 

y =As+ Bx - 2x0x, A,B e K, x,y,s e E, x
0 

e Q c H. (5a) 

B COOTBeTCTBHH C H3BeCTHO8 3a,naqe8 O nepneH.I(HKym1pe [2). 

onymeHHOM H3 KOHUa BeKTOpa, <p E E Ha nonnpocTpaHCTBO U c E, 

HBRHIOmeecH TaK~e eiKRH.I(O~UM OTHOCHTenbHO nHHeRHllX onepaUHH H 

cKanHpHoro npoH3 B e)lemrn, B E cymecTayeT O.I(HO3HaqHo 

onpe,neneHHll8 3neMeHT a,"6nH~a8llJHH 11 K npoH3BOflbHOMy 3neMeHTY 

<p E E H .nnH <p cymeCTByeT enHHCTBeHHOe pa3no~eHHe 

cp=a+f3, ' ( 6) 

TaKoe, qTo a e u, a (3 1 u. 3neMeHT r = a Ha3UBaeTcH 

n p o e K u H e ·8 3neMeHTa cp Ha nonnpocTpaHCTBO u. H 

reoMeTpHqecKH npencTaBnHeT co6o8 ocHoBaHHe nepneH.ItHKynHpa, 

onymeHHoro H3 cp Ha no.nnpocTPaHCTBO '· u, · a. BenH4HHa 
"-J.' 

a= inf ri a-cp II HBnHeTcH nnHHO8 3Toro nepneH.nHKynHpa. 
aeu 

TaKHM o6pa30M, paBeHCTBO r 

E 
O 

onepaTop npoeKTHpoBaHHH 

pep onpe.nenHeT B npocTpaHcTBe 

cnpoeKTOp), ocTaBnHIOmHR ace 

3neMeHTbI H3 IlO,IUIPOCTpaHCTBa• U H8H3M8HHblMH. 

3 



nnH Toro 4To6u HaHTH onepaTop npoeKTHpoaaHHH a HaweM 

npocTpaHCTBe E, paccMOTpHM B HeM BeKTOPH w, C KoopnHHaTaMH 

wi (i=1+3), nony4eHHHMH no npaBHRaM BeKTOpHoro npOH3BeneHHH 

aeKTopa x Ha aeKTop s cnenyIDmero BHna: 

w = [ :~ l = [. :;2: :;2 l 
w3 i\i3 - LA2 

w EE. (7) 

BeKTOP w opToroHaneH aeKTOpaM x H s(no onpeneneHHID).Torna, c 

yqeTOM (5a), OH 6yneT OpTOrOHaneH H BeKTOPY y 

(w,y) = A(w,s) + B(w,x) - 2x0 (w,x) = o. (8) 

C npyroH CTOpOHH, 

(w,Y) = (w,f) - (w,c) = O 

HRH (w,f) (w,c) w,f,c e E (9) 

rne y npencTaaneH a BHne pa3HOCTH f - C T. e. 

· {~l -[ r: l f-c 

a qepe3 fi\., fL Hf,: o6o3Ha4eHH yi• (i=1+3). 

npeo6pa3yeM aupa~eHHe (9).nnH 3Toro HattneM HOPMY aeKTopa w: 

II w II 

3 

[wi I 
i=l 

I Li:2- ,:L2 + i\.,:2 - i:i\.2 + i\.L2 - Li\.2 I 

= 11:2 (L-i\.) + ,:(i\.2-L2 ) + i\.L(L-i\.)I = l(i\.-,:) (L-,:) (L-i\.)I. 

no ycnoBHID HecoananeHHH T04eK a qeTBepKe H3 Q 

HOpMa llwll - O.Pa3nenHM o6e qacTH paaeHCTBa 

nony4HM 

(p,f) (p,c) fo, fo Yoe Q, 

4 

(P. (j=0+3)} 
]' . 

(9) Ha llwll. 

(10) 

·1· ' 
I 
I 
t 

rne 

p 
w 

llwll 
H llpll ~ ILPi l=l[-~;-i_ I 

llwll 

[wi 

•LWi 

1. (lOa) 

nocne 3TOro BHpa~eHHH nnH pi• (i~i+3) 3ailHIIIYTCH B BHne 

L,: 
P1 ( i\.,L, i:) 

( ,:-i\. )( L-i\.) 

-i\,: 

P2 (;\.,L,i:) 
(,:-L)(L-i\.) 

i\.L 
P3 (i\.,L,i:) = 

( ,:-i\. )( ,:-L) 
(11) 

HHTepeCHO OTMeTHTb, 4TO nonyqeHHHe TaKHM o6pa30M ¢YHKUHH 

pi(~.L.i:) a T04HOCTH coanana~T c'¢yHKUHHMH cno~Horo OTHOllleHHH 

{ 13/24: 23/14} H nnH. HallleH qeTaepKH {. O,i\.,L,i: } 3anHWYTCH B 

BHne 

p 1 = {Oi\.Li:}={Oi\.i:L}, p 2 = {OLi:i\.}={OLi\.i:} H p 3 

PacCMOTPHM Tenepb BeKTOpH 

g [ ;~ l H q {}~l 
H 3ailHWeM pa3no~eHHe nnH BeKTOpa f B BHne 

f = g + q, g E U, q .1 U,f E E. 

{01:Li\.}={Oi:i\.L}. 

(12) 

npencTaaneHHe (12) ynoaneTaopHeT ycnoBHHM (6) 3anaqH o 

pa3R0~8HHH 3R8M8HTa f E E H Il03TOMY cymecTByeT RHH8HHHH 

onepaTOP p TaKOH, 4TO 

pr = g • g E u, ,f E E. (13) 

Tenepb, C yqeTOM (10), (12) H (13), nerKO 3ailHlll8M 

aupa~eHHe nnH onepaTop~ p: 

6 



p = [ ~ 
P1 

0 0 l 1 0 . 

P2 P3 
(13a) 

onpe,nenHTenb 3TOH MaTpHUH det(P) = p 3 * o, T.K.i\l.*O. H3 (11) 

cne,nyeT, qTo o6nacTbD onpe,neneHHH onepaTopa (oTHOCHTenbHO L) 

HBnHeTCH BCH qHcnoBaH OCb 3a HCKnDqeHHeM JJ.BYX ToqeK L = i\ H ' 

L = L, B KOTopux cpyHKUHH pi(i\,~L) TepnHT 6ecKoHeqHu8 pa3puB. [ 

nonyqeHHllH onepaTOP HBnHeTCH ll p O e KT Op OM 

p2 r = P(Pf) =Pg= 9, 

r,ne 

[

1 O O ] '[fi\] 
pg = 0 1 0 :L 

P1 P2 P3 ~ 

2 
T.e. P =P, 

[ 
f 1· 
i\· 

= fL =g, 

(p,g) 

a (p,g) = (p(i\,L,O),fL=O) = 0 + 0 + lfo = fo. 

TaK KaK 

BunonHeHU H ,npyrHe CBOHCTBa npoeKTOpa: caMOCODPHX8HHOCTb, 

nonoxHTenbHaH nonyonpe,neneHHOCTb,H HOpMa era paaHa 1 . 

.lleHCTBHTenbHO, H3 (12) cne,nyeT: 

ttftt=ttg+qttsttgn+uqu, OTKy,na npH fL>f0 nonyqHM llfll>llgU=IIPfU 

H, ecnH f e u, TO Pf=f, T.e. II p II = 1. 

TaKHM o6pa30M, RHHeHHllH onepaTop Pf=g nepeBO,UHT RHHeHHOe 

npocTpaHCTBO E a ce6H, TaK KaK geU, UcE, H, a CHny det (P) *O, 

-1 B UcE cymecTayeT o6paTHHH onepaTop p [3]: 

p-1= D 1 [ P3 0 0 l [ 1 0 0 l 
p O p3 O = o 1 o 

3 -p 1-p 2 1 d 1 d 2 d 3 

3aMeTHM, qTQ KOMilOHeHTll B8KTOpa d - di (i=1+3) nonyqaDTCH 

H3 p. TaKHM o6pa30M qTQ HOpMa d TOXe pa a Ha 1 T. e. i • • 

UdU=l. HeTpy,nHo y6enHTbCH, qTo PD=I, r:U.e 1-e,nHHHqHuH onepaTop. 

Tenepb 3anHrneM KOMDOH8HTll B8KTOpa d KaK cpyHKUHH 

nepeMeHHOH L H napaMeTpOB i\, L 

6 

f 

~l 

~ 

f 

P1 -1 
d (i\ LL) = - - - = 'c(L-L) , 
. 1 • • P3 i\(L-i\) 

P2 1 
d (i\,L,L) = - - - = • L(L-i\) , 

2 P3 L(L-i\) 

1 ·1 
d 3 (i\,L,L) = -. - = --(L-i\) (L-L). 

P3 i\L . 
(,14) 

noae.neHHe H CBOHCTBa cpyHKUHH Pi (i\,L,L) H di (i\,L,L) 

OTpaxeHll B Ta6nHue. a rpacpHKH HX ceMeHCTBa npHB8,U8Hll Ha 

PHC .1 (a,6). 

HanpaaneHHe H cpopMa a·eTB~H cpyHKUHH pi (i\,L,L) H di(i\,L,L) 

onpe,nenHDTCH 3HaqeHHHMH napaMeTpOB i\ H L, qTo. BH,UHO 

rpacpHKaX ceMeHCTBa.3THX cpyHKUHH npH qlHKCHPOBaHHOM i\=l H 

pa3nHqHllX 3HaqeHHHX L. 

Ha 

EcnH Mll 

paccMOTPHM B 

3acpHKCHpyeM, HanpHMep, napaMeTp L, 

Kaqec~Be nepeMeHHllX;. TO pi(L;i\,L) 

a i\ H L 

H di (L;i\,L) 

6y)l.yT OilHCUBaTb IlOBepXHOCTH, Ha KOTOPllX 'pea.RH3YDTCH, HalliH 

npeo6pa30BaHHH ·: .llnH KaX,UOH H3 KOMITOHeHT 'B8KTOPOB p H d 

MO/l(HO. nocTpOHTb , Ta!rne' noaepXHOCTH,. _cpparMeHTl,I _,UB yx H3 HHX 

npHB8,U8Hll Ha pHc.2. 

Tenepb c noMombD o6paTHoro o~epaTopa 3aDHrneM npe,ncTaaneHHe 

,URH B8KTOpa f B BH,Ue: f=Og , g e U,f e E. (15) 

.lleHCTBHTenbHO, 

Og 
[ 

f i\ l If i\l = f - fL 
(d\) - fL, 

f ,.: 

r,ne (d,g) fL= dlfi\+ d2fL + d3f0 (nonyqaeM H3 (10)). 

7 
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~~/l~;fmJi iii" " \ 'i J>.>,V>,> 1 II"~ .;; / L __ ,.v , , lf 'ti . . . _ . , 

B r 

PHC.l.cl>parMeHThl rpacjJHKOB cjJyHKUHH p. (A LT) H d. (A L-c) (a 6) 
l. , , .l , • , 

H CeMeHCTBa Tex ~e cjJyHKUHH (B,r) .llflH A=l H L=0.1;0.5;1; .•• 

8 

) 

~ 

. .. 
I 
, 

Ta6nwua.0CHOBHhle xapaKT8PHCTHKH cjJyHKUHH p.(A,L,-c) H d.(l\.,L,-c). 
1 ' l. . 

I ct>yHKUHH I 06n .onpe.nen. I_HynH _ l~otIKH ~cTp .1 AcHMilTOThl 

pl ( I\ , L, -c) I -c e ( -o, , °') , -Cat/\ 

p 2 (A,L,-c) lte(-m,o,),-catL 

p 3 (A,L,-c) 1-ce (-m,m) ,TatA, 
-c.<L 

d 1 (/\,L,-c) -ce(-o,,m) 

d 2 (A,L,-c) -ce(-o,,m) 

d 3 (A,L,-c) -ce(-m,m) 

-c=O 

-c=O 

H8T 

-C=I\ 

-c=L 

-c=6 

-c=L 

-c=O 

-C=I\ 

' 
H8T p 1=L/ (L-1\.) 

-C=I\ 

H8T p =-V(L-A) 2 . 
-c=L 

T =(LH)/2 3 . p 3=0 

. 2 
p3-4AL/ (L-1\.) -C=I\ 

-c=L 

-c3=(LH)/2 

2 H8T 
dr (L-1\.) /41\.L 

-c3=L/2 

2 ·HeT 
d=-L /41\.(L-I\.) 2 . . 

T
3

=1\.j2 
H8T 

d3/\2/4L(L-I\.) 

TaKHM o6pa30M~onepaTophl Pf=g 1-1 Og~f ~cTaHaBnHBa~T B3aHMHO 

0)lH03HatIH08 · COOTBeTCTBHe, TOtI8K Ha RHHHH :H3 ceMeHCTBa (1) 

(npH A,B H C io) H TO'l8K nwmrn y=y o; npHtieM TOtIKa . (xo;~o> 

HaXO)lHTCH Ha RHHHH npwtta.nne~ameH TOMY ~e ceMeHCTBY (1). ' . . 
npoH3B0RbHO B3HThl8 Ha RHHHH H3 ceMeHCTBa (1) '18TB8pKH 

HecoBna.na~mHx TOtieK o6pa3y~T IlO)lMHO~eCTBO QC M. YcTaHOBHM 

B tieTBepKe IlOPH.llOK H 3a)la)lHM TPOHKY { Po,P1,P2} HRH 

p e n e p ' B KOTOPOM TO<IKY p O (xo,Yo> Ha3oBeM 6 a 3 H C -H O H. 
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p
1

(71.,7,-c): 

1liH11 r· 
I 1\tl .1111 ft -lnlh 
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B ·3anaHHOH TaKHM o6pa30M CHCTeMe KOopnHHaT x-KoopnHHaTU T04eK 

qeTBepKH OTHOCHTenbHO 6a3HCHOH, T04KH 6ynyT paBHU 

COOTBeTCTBeHHO 0,71.,L H 'C. EcnH 3a¢HKCHPOBaTb penep Ha naHHOH 

nHHHH f(x), TO n~6aH T04Ka Ha HeH BMecTe C"T04KaMH penepa 

6yneT nopo~naTb 4eTBepKy H3 Q H HaWH npeo6pa30BaHHH cnnn) 

ycTaHOBHT B3aHMHO onH03Ha4HOe COOTBeTCTBHe Me~ny T04KaMH 

P(x,y(x)) 3anaHHOH nHHHH H T04KaMH H(-C,Yo> Ha nHHHH y=yo. 

nerKO BHneTb, 4TO onepaTOPHUe BUpa~eHHH npeo6pa3oBaHHH 

g=Pf H f=Og 3KBHBaneHTHU 3anHcH B BHne cKanHpHux npoH3BeneHHH 

BeKTOPOB H3 E: 

Yo P,f 

H y(x) = ( d,g ) 

3 

= \p. ( LL 'C) y. ·L i , , i 

i=l 
3 

Ldi (>,,L,-c)gi 
i=l. 

P,d,f,g e E , (16) 

rne yj = y(xj) , j 

( 14), IlPH4eM y (x) 

0+3 p. H d. 3anaHu ¢opMynaMH (11) H 
• 1. 1. 

y(x3) opnHHaTa TeKyIUeH T04KH, 

COOTBeTCTBY~IUeH KoopnHHaT·e -c = x3- xo, B KOTOPOH H 

BU4HCnH~TCH ¢YHKUHH p. H d.~) 
1. 1. 

B CHMBOnH4eCKOH ¢opMe BUpa~eHHH (16) 3anHWYTCH B BHne 
-1 . 

. y 0 = V[y(x)] H y(x) = 2J [Yo·L (17) 

-1 
rne qepe3 2J [.] H 2J [.] o6o3Ha4eHu onepauHH npHMoro H o6paT-

Horo nHCKPeTHUX np~o6pa3oBaHHH B T04Ke 'C = x-xo~ 

*)TaKHM o6pa30M, ¢opMym,1. (16) 'npencTaBJIH~T TOt{KH .(-C,Yo> H 

(-c,y(xo+-c)) qepe3 6apHUeHTPH4eCKHe KoopnHHaTu [l] pi H di• 

3anaHHUe B OCTaJibHUX Tpex T04Kax qeTBepKH H3 QC M, TaK KaK 

LPi =l H l di =l. 
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*· 
nepeAneM Tenepb K paccMOTpeHH~ CBOACTB nnn. nycTb 

y =f(x)-n~6aH HenpepHBHaH Ha [~b] ¢YHKUHH B neACTBHT8llbHOA 

nnocKOCTH. 3aaaaHM Ha f(xf penep no TpeM npoH3BOllbHHM B (a,b] 

TOqKaM. Toraa H3 opaHHaT penepHHX ToqeK H TeKymeA TQqKH 
I 

Ha f(x) COCTaBHM BeKTOPH F=( fA,fL,f(x) ) H H=(fA,fL,h(-c) ) ', 

rne ,_ CHMBOll TpaHcnoHHPOBaHHH H npH -c=O (6a3HCHaH TQqKa) 

h(O)_,;= h 0 = f(x0 ). 

nepeMemaH TeKymy~ ToqKy anonb nHHHH f{x), noTpe6yeM,qTo6u 

CHCTeMa H3 aayx ¢HKCHpoBaHHHX ToqeK (PAH PL) H nayx nonBH~HliX 
(P

0 
H P-c) ToqeK 06pa3oauaana qeTaepKy, Ka~auA pa3 ne~amy~ Ha 

HeKOTopoA llHHHH H3 ceMeACTBa (1).B 3TOM cnyqae nnn npHMYT BHn 

H 

h (-c) 

f(x) 

V [f(x)] = ( P,F) 

V-l[h{-c)] = (d,H) 

(18) 

(19) 

r ne (-c,h (-c)) TQqKa Ha llHHHH h(-c), opnHHaTa KOTOpoA 

coananaeT c opnHHaToA napa6onu(npoaeneHHoA no TpeM ToqKaM 

fA,fLH f-c) B TQqKe xo.CneaoBaTenbHO, TQqKa H(-c,ho) onHrneT 

HeKoTopy~ ~paeKTOP~~ (o6pa3) HllH X a pa KT e pH CT HK y 

h(-c) B TO BpeMH, Karna TeKymaH TQqKa P (x,f(x)) 6yaeT 

nepeMemaTbCH anonb nHHHH (npoo6pa3a) y = f(x). 

oco6eHHO HHTepeCHliM C TQqKH 3peHHH 

npeo6pa30BaHHA HBnHeTCH ceMeACTBO ¢YHKUHA BHna 

PaCCMOTPHM 6onee nonpo6HO npHMeHeHHe nnn K 

¢YHKUHA: 

1) n = o. f = c, c = canst. Torna F = ( C C 

h(-c) = (. p , F ) = clpi = cl = c 

nonyqeHHHX 

f(x) 
TQqKaM 

I 

C } H 

= xn. 

3THX 

H nnH o6paTHoro npeo6pa3oBaHHH nonyqHM TaK~e f = c T.K. 

H = F a \'d. = 1. • l i 
I 

2) n =1. f(x)=x H F=(x
0

+;>.. , ~0 +L , x 0 +-c) = x
0

e+x, e=(l,1,1) 

12 

J 
) 

'1 

I 
} 

H h(-c) = V[x] (p, F) = x 0lpi + (p , x ) = x
0 

+ o = x
0

• 
. I 

Hao6opoT: H = ( x 0+A, x
0

+L , x 0+o } = x
0

e + x
0 

, 
I 

r ne XO = ( A , L , 0 ) • 

Torna 

f(x) V-_1 (x'
0

] = ( d , H ) = XO + ( d,xo) = 

1 1 1 
=X - -----r(-c-L)A + ----r(-c-A)L + 

O A {L-A) L( L-A) 
---(-C-A) (-C-L)O 

AL 

=XO+ 
- AL-C{-C-L) + AL-C{-C-A) 

AL(L-A) 
=XO+ 

= X +(X - X) 0 0 x, T.e. f(x) = x • 

(L-;>.. );>..L-c 

;>..L(L-;>..) 
= xo+-c= 

3) n=2. f(x)=x2 .nocTpOHM BeKTOp F no KOOpaHHaTaM x;>..,XL H x-c: 

2 
F = x 0 e + 2x0x + s.Toraa, B cHny (p,x) = (p,s) = o, HMeeM 

h(-c) = '.D[x2 J = (p,F) = (p,xie)= xiLPi = xii = f(x0 ). 

nnH BHnonHeHHH o6paTHOro npeo6pa30BaHHH HaAneM B8KTOP H: 

' 2 2 ' H = (f(x;>.,),f(XL),h(-c)) = ( (XO+;\). (xo+L), XO )= 
2 . 2 2 ' x
0

e + 2x
0

x
0 

+ s
0 

, rne s
0 

= (;>., ,L ,o). 

Torna 

f (x) =V-1[x~]=(d,H)=x~(d,e)+2x0 (d,x0)+(d,s0 ) 

=x~ Ldi+2xo -;>., L-c(-c-L)+;>..L-c(-c-;>.,) 

;>..L(L-;q 

2 = XO + 2xo-c + -c2= (xo+-c)2 2 = X • 

+ 
-;>..2L-c(-c-L) + ;>..L2-c(,:-;>.,) 

;>..L(L-;>..) 

2 . 
ne~M~~~~~~: H3 n.1-3 cneayeT, qTo Ax +Bx+C = d1y1+d2y2+d3y0= 

= - Y1-C(-C-L)/;>..(L-;>..) + Y2-C(-c-;>..)/L(L-;>..)+yo(-c-;>..) (-c-L)/A~.OTc~na, 
2 2 npHpaBHHBaH K03¢¢HUHeHTli npH X H -C, nonyqHM none3HY~ ¢opMyny 
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iJISI onpeneneHHSI Ko3¢¢HuHeHTa A napa6onu no opnHHaTaM Tpex To4eK 

H napaMeTpaM i\. H L: 

A= - y 1/i\.(L-i\.) + y 2/L(L-i\.) + Yo(i\.L. 

JierKo BHneTb, 4TO oueHKa K03¢¢HUHeHTa A no H3MepeliHllM T04KaM 

6yneT TeM JIY4We, 4eM 60JibWe paCCTOSIHHe MeX<ny penepHllMH 

T04KaMH no OCH a6CUHCC ( i\.~1,L>>i\. ) • 

. 4) n = 3, f(x) = x
3

• F = ( (x0H) 3,(x0+L) 3,(x0+i:) 3)
1

= 

= x;e + 3x~x + 3x0 s + t , rne t' = ( i\.
3

; L3
, 1:

3
)

1 

H Torna 

h (1:) (p,F) x; 1 + 0 + O + (P, t) x; + i\.Li:, 

rne i\.Li: = (p,t) = LPi ti (npoaepSieTcSI HenocpencTBeHH011 

noncTaHOBKOl1 KOMnoHeHT pi H ti). 

Tenepb MOX<eM , 3anHca Tb aupaX<eHHe h (,:) nJisi Ky6H4eCKOl1 
. 3 2 

napa6onu · o6mero. BHna f (x) =ax +bx +cx+d, . r ne a,b,c,d -

K03¢¢HUHeHTH. V[ax3+bx2+cx+d] = a(x~+i\.Li:)+bx;+cxo+d 

ai\.Li:+f (x
0

) = h (1:) ,oTKY na HaxonHM npH ,: * o: 

a = (. h (1:)-f (x
0

) ) /i\.Li:. 

nJISI o6paTHOro npeo6pa30BaHHSI Ha11neM BeKTOP H: 

H = { (XOH) 3 , (xo+L) 3 ,x; + i\.L"t: ) 
1 

= 

3 . 2 
= xoe + 3XOXO + 3XOSO + t,:, rne t,: ( X

3 ,L3 ;i\.Li: / 

Torna 

-1 3 3 2 
f (x) =V [x0HLi:]=(d ,H)=x0(d,e)+3x0(d,x0)+3x0(d,s0 )+_(d,t,:) 

3 2 2 3 x
0 

+ 3x
0

,: + 3x
0

,: +,: (XO+ 1:)3 x3 rne 

2 · 3 
{d,e) = 1 , {d,x0 ) = ,: , {d,s0 ) = ,: , a {d, t,:) = ,: • 

' 14 

ne11cTBHTeJibHO, 

(d, t,:) 
1 

i\.(L-;\,) 1:(1:-L);\,3 + 

1 
---~,:(,:-;\,)L3 + 

L(L-i\.). 

1 ,: 
+ ~(,:-i\.) (1:~L);\,L,: (L-i\.){(L-i\.) (i:2 -(L+i\.)1:+i\.L)-i\.

2
(i:-L)+L

2
(i:-i\.)}= 

,: {i:2 - (L+i\.)1: + (L+i\.)1: 
3 

,: . 

npononX<aSI 3TOT rrpouecc nJISI n =. 4, 5, .•. , Ha11neM, 4TO 

onepaUHSI V [xn] rroHHX<aeT cTerreHb f(x) Ha nae enHHHUll (n=n-2). 

noKaX<eM 3TO nJISI CJiy4aSI xo=O. B 3TOM CJiy4ae F=(i\.n,Ln,1:n)'H 

h (1:) =V[xn]= (p,F) =¢ (i\.,L,1:) .{ (L-i\.) ,:n-1_ (Ln-l_i\.n-1) i:HL(Ln-2_;\,n-2) }= 

=¢ (i\.,L,1:) { ••• }, rne <P (i\.,L,1:) =Hi:/ (1:-i\.) (1:-L) (L-i\.). (20) 

C noMOIUbn pa3JIOX<eHHSI n 

Ln-i\.n (L-i\.)Lr.!1-ki\.k-1 

k=l 

BUpaX<eHHe B ¢HrypHllX CK06KaX rrpHBOnHTCSI K BHny 

{ ... } (1:-i\.) (1:-L) (L-i\.) Pn-J (i\.,L,1:), rne pn-3 (i\.,L,1:) 

MHOr04JieH CTeneHH n-3 OTHOCHTeJibHO i\.,L H ,:. nocJie rroncTaHOBKH 

B (20) H coKpameHHSI o6WHX 4JieHOB ITOJIY4HM 

h (1:) V[xn] 

n-1 

;\,Li:{ Li\.i-1 

i=l 

n-1-i 
L ~-1-i-kLk-1} ( 21) 

k=l 

OTKyna BH'AHO, 4TO h SIBJISieTCSI onHOPO'AH011 ¢yHKUHel1 OT i\.,L H ,:. 

Tenepb, noJiaraSI n=4, 5, C noMOWbn ¢0PMYJI1l (21) Ha11neM 

h4(1:) = V[x4 ] = i\.L1:(1:+L+i\.)=i\.L1:2+(i\.L
2

+i\.
2

L)1: 

H h
5

(i:) = V[x5 ] = i\.L1:{i\. 2+i:2+L2+(L+i\.)1:+i\.L}. 

npH BllnOJIHeHHH o6paTHllX rrpeo6pa30BaHHl1 BeKTOPll H 6ynyT paBHll 

H = ( A4,L4,h4(1:) ) ' nm:1 x 4 H H = ( i\.
5

,L
5

,h5(1:) ) 'nJISI x
5

• 
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Bocnonb30BaBWHCh nHHeHHOCTblO npeo6pa3oeaHHH, MOJKeM 

npHMeHHTh ero nnH MHoroYneHoB n- ii cTeneHH o6mero e11na 

Pn (x) = [ akxn-k ,k 0,1,2, .,n. 

n 
B 3TOM cnyyae 3an11weM BeKTOP if.>n-k [akFn-k 11 Torna nonyYHM 

k=l 

'D [P n (x)] (p,if.>n-k) =(p.[akFn-k) = L~(p,Fn-k) 

'ah ( n-2 
L k n-k r ) 
k 

k k 

Pn-2 (-c) · 

3anHch npeo6pa3oBaHHH nnH o6mero e11na ¢YHKUHH f (X), 

X E [a,b] TaKJKe 6yneT conepJKaTb 3HaYeHHH 3TOH ¢YHKUHH B 

TOYKaX penepa H B TeKymeH T04Ke, a pe3ynhTaT HX npHMeHeHHH 

np11eeneT K noHHJKeHHIO Ha nee en11H11uu cTeneHH MHoroYneHa, 

KOTOPUM MOJKeT 6UTh annpoKCHMHPOBaHa Ha [a,b] ¢YHKUHH f(x) 

( TeopeMa BeAepwTpacca, pa3noJKeH11e f(x) B cTeneHHOH pHn, 

11n11 npyr11e npeo6pa3oBaHHH Han f(x)). 

* 
BeCbMa BaJKHUM nnH npaKTHYeCKoro npHMeHeHHH )lTITI HB.irneTCH 

Bonpoc ycTOHYHBOCTH 3THX npeo6pa30BaHHH K OWH6KaM B 11cxonHUX 

naHHUX. 
- - - - - , nycTb F = F + &', rne F = ( fA,fL,f-c)-BeKTOP H3MepeHHUX TOYeK, 

I 

a g = ( cA,cL,c-C) - BeKTOP ow1160K B COOTBeTCTBy10m11x TOYKaX. 

Torna 

h(-c)='D[f(x) ]=(p,F)=(p,F)+(p,&') = h(-c)+c(-c), rne c(-c)=(p,&'). 

11ccnenyeM noeeneHHe ow116KH c (_-c) B TOYKe -c=x:....x0 : 

C (-C) (p,&') pl c A +J?2CL +p3c-c• rne CA 11 C -
L 

¢HKCHPOBaHHUe ow116KH penepHUX TOYeK, a c-c- cnyYaHHaH OWH6Ka B 

TeKymeA TOYKe.113 nocnenHero paBeHCTBa cnenyeT, YTO ow116Ka B 
. 16 

ii(-c) onpenenHeTcH n11HeHHOH KOM611Hau11el1 onepaTopHux ¢yHKUHH 

P . (A L -c) H OWH60K B HcxonHUX TOYKax. One pa TOP p orpaHHYeH 
1 •• 

BCJOny 3a HCKfllOYeHHeM nayx penepHUX TOYeK, T.e. 

3 

l lpi (A,L,-c) I 
i=l 

< "' 't'""A -ca<L 
I I I 

H Il03TOMY ii (-c) 6y neT TaK:Xce orpaHHYeHa, ecn11 orpaHHYeHU f A'f L 

H f-C. 

BHn ¢YHKUHH pi(A,L,-c) Il03BOnHeT 3apaHee oueHHTb KOp11nop 

ow1160K no HX ropH30HTanbHUM aCHMilTOTaM, a HMeHHO: 

p1➔ L/(L-A), p2➔ -A/(L-A) H p3➔ 0 np11 -c ➔ ±m. 

B 3TOM cnyqae c(-c) onpenenHeTCH 3HaYeHHHMH A, L HCA' CL• TaK 

KaK c-c 6yneT nonaanHTbCH ¢YHKUHeH P3•TIPHYeM, ecnH CA - CL• TO 

c(-c) ➔ o, a ecnH, npH 3TOM, OHH HMelOT pa3HUe 3HaKH, TO 

lc(-c) lslc0 (L+A)/(L-A) I, rne c0= max{cA,cL}.11, TaKHM o6pa3oM, 

np11 ILl>>IAl,AL>O nonyYHM p1➔1. p2➔ -A/L ➔ o 11 p3➔ o, 11 Torna 

C (-c) - CA. B cnyYae, ecnH L - A H -c ➔ "'· TO npH CA - CL 

cnaraeMue plcA H P2CLKOMneHCHPYIOT npyr npyra H3-3a pa3HUX 

3HaKOB, a c(-C) ➔ P3C-c➔ o. TipH 3TOM OWH6Ka 6yneT pe3KO, 

B03pacTaTb, ecnH CA - - CL• TaK KaK OTHOWeHHe (L+i\)/(L-i\) 

CTaHOBHTCH 6onbWHM npH (L-A) ➔ o. 

HaKOHeu, paCCMOTPHM noaeneHHe OWH60K Ha xapaKTepHCTHKe h(-c) 

B OKpeCTHOCTH "wyMOBUX" TOYeK -C=A H -c=L.B 3THX TOYKax pi(i\,~-c) 

HMelOT aepTHKanbHUe aCHMnTOTU (-c=i\ - nnH P1, -C=L - nnH P2 H 

-C=A, -r=L - nnH P3) H Il03TOMy BeTBH ¢YHKUHH pi(A,L,-c) B 

OKpeCTHOCTHX 3THX TOYeK H3MeHHIOTCH TeM 6onbwe, YeM 6n11JKe K 

HHM nonxonHT TOYKa -c. B pe3ynhTaTe HX BKnan B OWH6Ky c(-c) 

CTaHOBHTCH onpenenHJOmHM, H Il03TOMY aenHYHHa OWH6KH 
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KOppenHpyeT C noBeneHHeM COOTBeTCTBy~mefi ¢YHKUHH B6RH3H 

CB6efi acHMnTOTH, qTO H nonTBep~naeTCH "TeHb~" Ha 

rpa¢HKe(pHc.46,r). EcnH ~e(A,L), TO B 3TOM npoye~yTKe 

¢YHKUHH P3(A,L,~) nocTHraeT 3KCTpeMyMa B TOqKe ~3=(L+A)/2, 

3 · 2 
T.e. P3C~3, = -4AL/(L-A) , OTKyna BHnHo, qTo c(~3±o) MO~eT 

pe3KO B03pacTaTb npH AL>0 H Hao6opOT yMeHblllaTbCH npH 
~ ·' 

AL<0 (rne o-OKpeCTHOCTb TOqKH ~3,. TaKHM o6pa30M, non6HpaH 

napaMeTpH L HA, MO~HO "HacTpaHBaTb" onepaTOpHHe ¢YHKUHH Ha 

nonxonHmHfi pe~HM HanpHMep npH pacno3HaBaHHH RHHHH HRH 
I o , 

¢HnbTpauHH OT IIIYMOB. 

KaK H MO~Ho 6HRo npennoRaraT&, ycTofiqHBOCTb onepaTopa K 

0111H6KaM TeM 60R&111e, qeM 60R&111e "6a3a" (IL-Al) nRH Bcex ~. 

KpoMe A-o<~<A+o H L-o<~<L+o, rne o(A,L) - OKpeCTHOCTb 

ToqeK ~=A H ~=L, a B6nH3H TOqKH 3KCTpeMyMa. P3 (A,L,~) OHa 

3aBHCHT TaK~e OT 3HaKa AL. 

* 
B 3aKR~qeHHe noKa~eM Ha npHMepax B03MO~HOCTb npHMeHeHHH 

noRyqeHHHX npeo6pa30BaHHH nRH peweHHH npHKRanHHX 3anaq.CpenH 

HHX 8CTb 3anaqa pacno3HaBaHHH npHMHX H KBanpaTHqHHX 

TpaeKTOPHH no KOopnHHaTaM ToqeK, pacnoRo~eHHHX BnORb RHHHH 

npHMoyron&Horo pacTpa.B DROCKOCTH H306pa~eHHH (PH~.3,*)Ha 

MoneRH napa6onHqecKHX TpaeKTOPHH 6paRHCb HCKa~eHHHe 

OIIIH6KaMH(pa36poc ToqeK Ha RHHHH COCTaBRH8T no ±250 OTcqeTOB 

HRH 1% OT noRHOH IIIHPHHH noRH H306pa~eHHH) TOqKH. 3aTeM no 

BH6paHHOMY penepy (TPH CTPOKH pacTpa) ~HRH OTo6paH~ 

*) rpa¢HqecKoe npencTaBR,eHHe pe3 y n&TaTOB npeo6pa3oBaHHH nonyqeHo 

no nporpaMMe PARASCOPE (H3HK Turbo Pascal,v.3.0) DPH yqaCTHH 

Txafi Jle TxaHra. 
18 

. f',O,L-,,:) ; \ l · I \ , \ 
J>' "-..__- '·"'....., I 

- ·-:-::=-~~ . I f:--,~--:::. {r-
\ / \ ! )L>o 

·- . . . {/~ 
-.. , __ ~---~~~-=-=w.l•? 4---.r 

~...... r..__"'t: ·- • --
•- - ~ _..,,-

~-_,,., : 
. -~---/ : ~,~--._ 

--~ ~ .j. '<o-¼. 

.,i- ,.JI 

--~-" 

~

r • 

...... ....... :.. ; _, 

.,...;"" . 

'~;ffe: 
- >-L>o : " . . ~ 

~ y.'-:.r,-!"_.✓-~- <~-
·'<' 

• • Ta&-

~,J'-- ~->.:'cT-""';:,.:X' 

,\L <O 

,... ;>.l,.(.Q . L. 

• .r,.1.: : g.,,(,c> .,,ii<i:..,._ 

-~- c.: ,·,'?,t~tf~~ft 
---~Iti~¥~N,.-,.-~ .. 

''•'."'"'=,;,::.,.,..-:..._,.,:;;..,: 

-;:i 

,ht>.,i.,,:) 

-,.;;; 

'-l't.l 1 ,c, It; 

a 

~-~ 6 

. ' 
-~.: .. ~~ \'tl.;,b;~~ 1! t-~-----~--tj ... ,----,___,,-:~~==-~ 

B 

1~ .. \! 2.~. 

: ..... J5br 
. \.,.lt), 1<1HS: 

I ':!.';_:,.•;_,IUI S 11•/• ~•_;., 

PHc.3.npHMepu npeo6pa30BaHHH napa60RH48CKHX TpaeKTOPHH, 

3anaHHHX Ha KOOpnHHaTHOH ceTKe xje[l,20000),YjE[l,25000], 

~x=50,(a - 6e3 OIIIH60K 6,B Hr - C OillH6KaMH B HCXOnHHX 

naHHHX). 
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PHC.4.CTpHMeHeHHe nnn nnH ~HflbTpauHH TOYeK Ha npHMOH H 

napa6one:(a,6-yYacTKH napa6on; s-y=const H r-yYaCTOK npHMOH). 
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opnHHaTU penepHHX TOYeK Ha Ka~noH TpaeKTOpHH, a Bee 

OCTaJibHUe TO'-!KH TpaeKTOPHH nonBepraJIHCb npeo6pa3oBaHHID 

D(yk(xl)](k-HHneKC KPHBOH, 1-HHneKC CTPOKH). B pe3yJibTaTe 

nonyYeHO ceMeHCTBO xapaKTepHCTHK hk(~) B BHne HCKa~eHHHX 

OWH6KaMH IlPHMHX, napanJieJibHHX OCH ox C yBeJIH'-!eHHeM OWH60K 

B 30He "WYMOBHX" TO'-!eK, KOTopue Tenepb MoryT 6UTb nerKo 

HCKJIID'-!eHu rHCTOrpaMMHpoBaHHeM. 

Ha PHC.4 npHBeneHu pe3yJibTaTU npHMeHeHHH 1mn nnH 

~HJlbTpaUHH TO'-!eK Ha npHMOH H napa6one c OWH6KaMH B opnHHaTax 

TOYeK, nocTHraromHMH 3-25%. B HH~HeH YaCTH rpa¢HKOB noKa3aHU 

cneKTpli "YaCTOTHoro" noBTOpeHHH 3Ha'-!eHHH OWH60K Ha 

xapaKTePHCTHKax h(~).OTo6paHHue no MaKCHMaJibHOMY nHKY TO'-!KH 

(~ h ) c MHHHMaJibHHM WYMOM o6paTHHM onepaTOpOM v-1 [h ] 
o• o • o 

BOCCTaHOBfleHH Ha HCXOnHHX KPHBHX.CTpHMep npeo6pa3oBaHHH 

CHHYCOHnu npHBeneH Ha PHC. 5, H3 KOToporo BHnHo, '-!TO ee 

o6pa3 HMeeT Ha 3anaHHOM npoMe~yTKe Ha nsa nHKa MeHbwe, 

YeM npoo6pa3(3¢~eKT noHH~eHHH CTeneHH MHoro'-!JieHa Ha nsa). 

CBOHCTBO YCTOH'-!HBOCTH npeo6pa30BaHHH K H3MepHTeJlbHHM 

OWH6KaM H IlPHBeneHHUe npHMepu noKa3UBaIDT, '-!TO 9 noMombID 3THX 

nnn MO~HO C03naBaTb rH6KHe anropHTMli nJIH aBTOMaTHYecKoro 

OT6opa npoMe~yTKOB Ha OCH ox, B KOTOPHX HeKOTOpaH rnanKaH Ha 

(a,b] ¢YHKUHH f(x) MO~eT 6UTb npH6JIH~eHa C H3BeCTH08 CTeneHbID 

TO'-!HOCTH napa60JIOH H TeM caMUM npencTaBJieHa B BHne cyMMH 

KBanpaTH'-!HHX CilJiaHHOB Ha BCeM npoMe~yTKe (a,b]. 

CpaBHHTeJibHO He60JibWOe '-!HCJIO apH~MeTH'-!eCKHX onepaUHH, Ha 

KOTOPHX ocymecTBJIHIDTCH nnn, H B03MO~HOCTb nporH03a TOYKH C 

npHMeHeHHeM o6paTHoro npeo6pa30BaHHH MOryT CJIY~HTb OCHOBOH 
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.UJUI C03.llaHHH 6UCTPUX aJffOPHTMOB nOHCKa TpaeKTOPHfl CJIO)KHOfl 

no cpaaHeHH~ c np~Mofl, HJIH napa6o~ofl, ¢opMu. 
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PHc.5.rpa¢HKH HCXO.llHUX TpaeKTOpHfl H n6Jiyq~HHUX -~apa~Tepic¥HK 

(a,6 - 6e3 HCKa)KeHHfl, B ..: 'c ··011ni61<aMH B TOtfKax ,UO '±3%):. 

CymecTayeT TaK)Ke MHoro .npyrHx 3a,naq r.ne nnn MoryT 6uT& 
• ~ ' 1 , ! 

I '.~i .-, 

noJI~3HUMH.HanpHMep, C _nOMOmb~ noHH)KeHHH CTeneHH MHOroqJieHa Ha 
.j:·, 

.naa MOJKHO cpaBHHTeJibHO 6UCTPO oueHHBaTb no 3KCnepHMeHTB1lbHUM 
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T04KaM cTeneHb annpoKCHMMpy10mero MHoro4aeHa He onpe~eaAA ero 

K03cjJ¢HUHeHTOB. 
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,l.luKycap H .,[( • 
.[(HCKPeTHb!e npoeKTHBHbie npeo6pa30BaHirn 
Ha KOOPAHHaTHOH nnocKOCTH 

PS;..90-314 

,[(au Bb!BOA H npoBegeH aHanH3 AHCKpeTHb!X npoeKTHBHb!X 
npeo6pa3oBaHHH /.[(IHI/, OCHOBaHHb!X Ha HCnonh3OBaHHH H3BecT
HhlX CBOHCTB BeKTOpHoro npOH3BegeHHH, KOMilOHeHThl KOToporo 
onpegenmoTCH nuHeHHb!MH H KBagpaTHtIHblMH 3neMeHTaMH, BbltIHC
neHHblMH no a6cu;uccaM qeTBepoK TOtieK. ,[(IHI 06na,u;a10T CBOHCT
BOM onTHManhHOH nuHeHHOH KnaccH¢HKall;HH TotieK Ha ceMeHCT
Be KBagpaTHtIHb!X ¢YHKll;HH, noHH)l(aIOT cTeneHb MHoroqnelia 
Ha µ;Be egHHHll;bI, HHBapHaHTHb! OTHOCHTenbHO CABHra H YCTOH-

. tIHBbl K OWH6KaM H3MepeHHH BCIOAY, 3a HCKn!OtieHHeM ABYX "wy
MOBblX11 TotieK. IlpHBegeHbl npHMepb! ucnonh3OBaHHH .[(IIII B pewe
HHH pHga npaKTHtleCKHX 3agaq o6pa6oTKH 3KCnepuMeHTanbHb!X 
gaHHblX /pacn03HaBaHHe H ¢HnhTpau;HH TpeKOBOH HH¢opMall;HH 
H gp./. 

Pa6oTa BhlnonHeHa B fla6opaTopHH BhltIHCnHTenbHOil TeXHHKH 
H aBTOMaTH3all;HH OJUUI • 

IlpenpHHT Qfr1,emmeHHOrO ,HHCnfTyTa HAepHhIX HCCJieAOBaHHH. ny6Ha 1990 

ITepeBOA aBTopa 

Dikusar N.D. 
The Discrete Projective Transformations 
on the Coordinate Plane 

PS-90-314 

The discrete projective transformations (DPT) have bee 
found and analyzed. The transformations are based on the 
known properties of the vector production, the components 
of which are defined by linear and quadratic elements cal 
culated.on x-coordinates of fours of points. The proper
ties of DPT are: optimal linear classification of points 
on the family of quadratic functions, decrease of the po
wer of the multinomial on two, invariant with respect to 
the shift and stable to errors of mea~urements everywhere 
except two "noise" points. The examples of using DPT on 
solving some practical problems of the experimental data 
processing are given (pattern recognition and filtration 
of points on the samples of tracks and so on). 

The investigation has been performed at the Laboratory 
of Computing Techniques and Automation, JINR. 

Preprint of the Joint Institute for Nuclear Research. Dubna 1990 


