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Cy~ecTByeT AaBHRR npo6neMa: ecnH HeKoTopaR 3aAa4a He pewaeT

CR T04HO, a pewaeTCR TOnbKO C noM~blO MeTOAa nocneAOBaTenbHblX 

npH6nH)l{eHHH, TO KaK MO)l{HO Ha OCHOBe HeCKOnbKHX npH6nH)l{eHHblX 

3Ha4eHHH BOCCTaHOBHTb BCIO HCKOMYIO ¢YHKQHIO? EcnH HCnOnb3yeTCR 

TeOpHR B03My~eHHH no ManoMy napaMeTpy H H3BeCTHO. AOCTaT04HO 

MHoro 4neHOB PRAa no CTeneHRM 3Toro napaMeTpa, TO HeCMOTPR 

Ha pacXOAHMOCTb TaKHX PRAOB HX MO)l{HO ¢opManbHO npocyMMHPOBaTb, 

npHMeHRR MeTOAbl naAe' 6openR' KOH¢opMHblX OT06pa>KeHHH H HX KOM-

6HHaQHH. To4HOCTb nOA06HblX MeTOAOB cyMMHPOBaHHR aCHMnTOTH4ec-

u 
KHX PRAOB 3Ha4HTenbHO B03pacTaeT, KOrAa YAaeTCR Y3HaTb noBeAe

HHe 4neHOB PRAa TeopHH B03My~eHHH npH 6onbWHX CTeneHRX napa

MeTpa pa3nO)l{eHHR. 0AHaKO ecnH H3BeCTHbl nHWb HeCKOnbKO Ha4anb-

HblX 4neHOB PRAa, a noBeAeHHe K03¢¢HqHeHTOB npH 6onbWHX CTene-

HRX napaMeTpa pa3nO)l{eHHR HeH3BeCTHO BOBce, TO T04HOCTb ynOMR

HYTblX MeTOAOB KaTaCTPO¢H4eCKH CHH)l{aeTCR. B 6onbWHHCTBe cny4aeB 

peanHCTH4eCKHX MOAeneH B006~e He YAaeTCR nony4HTb ·aHanHTH4ec-

KHe Bblpa)l{eHHR 6onee 4eM AnR BTOporo nOPRAKa TeOPHH B03My~eHHH. 

'B TaKOH CHTyaqHH ynOMRHYTble MeTOAbl ¢opManbHOro CYMMHPOBaHHR 

COBCeM HenpHMeHHMbl. 

B AaHHOH pa6oTe ¢opMynHpyeTCR HOBblH Me TOA, no3sonRIO~HH soc

cTaHOBHTb ¢YHKQHIO Beere no ABYM ee npH6nH)l{eHHRM. MeTOA aHanH-

3HpyeTCR Ha npHMepe aHrapMOHH4eCKoro OCQHnnRTOpa. T04HOCTb Me

TOAa OKa3blBaeTC.A HCKnl04HTenbHO BblCOKOH' MaKCHManbHaR OWH6Ka 

npH Bbl4HcneHHH'3HeprHH OCHOBHoro COCTORHHR He npeswwaeT 0,1%. 
,QonycTHM, Heo6xoAHMO HaHTH ¢YHKQHIO f(g) npH gc;; G. ,QnR rn

ro 4T06bl nocneAOBaTenbHOCTb npH6nH>KeHHH CXOAHnaCb K "1CKOMOH 

¢YHKQHH f(g) MaKCHManbHO 6blCTPO, BBeACM AOnonHHTenbHYIO nocne

AOBaTenbHOCTb {zn(g)I /n = 0,1,2 ••• /. ¢yHKQHH zn(g) Bbl6HpalOTCR 

TaK' 4T06bl o6ecne4HTb HaH6blCTpe~tiiyio CXOAHMOCTb OCHOBHOH nocne-

AQBaTenbHOCTH {fn(g,zn (g))I K f(g) paBHOMepHO Ha G. no3TOMY 

zn(g) MO)l{HO Ha3BaTb ynpaBnRIO~HMH ¢YHKQHRMH • .QnR CXOAR~eHCR 

nocneAOBaTenbHOCTH MO>KHO yKa3aTb TaKOH HOMep n = S , Ha4HHaR 

C KOToporo fn ( g, Zn ( g)) C· 3aAaHHOH CTeneHblO T04HOCTH B CMblCne 

KowH nepecTaeT OTnH4aTbCR OT HCKOMOH T04HO:;\ ¢YHKQHH f(g). 
noAPa3yMeBaR cKa3aHHoe, 6yAeM Aanee nHcaTb f

8
(g,z

8
(g)) ;.,f(g)., 

3Ha4eHHe n = s 6yAeM Ha3blBaTb T04KOH HaCblll,\eHHR. . ·• 

Ha.R3b1Ke f!HHaMH4eCKOH TeopHH Ha6op ¢YHKQHH fn(g) npH n= 

= 0,1,2.· •• ~onHCblBaeT ABH>KeHHe no AHCKpeTHOH nepeMeHHOH n. no

cneAOBaTenbHOCTb { fn (g) I COOTBeTCTByeT nyTH ABH)l{eHl-!R. 1-1cKOMaR 

·": ~_ ....... , 
2 

1 . 

. ., 

¢YHKQHA f(g), K KOTOPOH CXOARTCR pa3J1H4Hble nyTH, HrpaeT POJlb 

aTTpaKTOpa. npH ABH)l{eHHH B6J1H3H T04KH HaCblll\eHHR s ¢opMa np1,1-

6J1H)l(eHHH MeHAeTCR c11a60, TO eCTb ~BH)l{eHHe e6J1H3H T04KH Hac~e

HHA npH6JlH3HTeJlbHO aBTOMOAeJlbHO 
11 • 

,QnA ¢OPMYJ1HPOBKH ycnoBHA aBTOMOAeJlbHOCTH onpeAeJlHM $YHKQHIO 

g( f) ypasHeHHeM • 

f O ( g, z O ( f) ) = f • 

BBeAeM o603Ha4eHHe 

fn (f) = fn(g(f), zn(g(f))). 

/1/ 

/2/ 

no nocTpoeHHIO ¢YHK4HH /2/ BblnOJlHAIOTCA CJleAYIO~He rpaHH4Hble yc

JlOBHA: - -
f0 (f)=f, f

8
(f)=f(g), 

rAe g = g( f). l-1cnoJ1b3j'eM npocTeHWYIO ¢opMy 3.anHCH ¢YHK4HOHaJlb

HOH aBTOMOAeJlbHOCTH: 

fm+n(f)=fm(fn(f)). /3/ 

,QnR AaJ1bHe111wero YA06Ho nepeHrn K HenpepblBHOMY npeACTaBJleHHIO 

HTepaqHOHHOH npo4eAYPb1. BBeAeM nepeMeHHYIO tn=en H ¢YHKQHH 

Zn ( tn , g) = Zn ( g) , 
/4/ 

f (tn ,g,z (tn ,g)) = fn (g, zn (g)). 

npoAOJl)l(HM aHaJ1HTH4eCKH see ¢YHKQ~1H, 3aBHCA~He OT HOMepa HTepa-

4HH' Ha 0611aCTb _HenpepblBHOH nepeMeHHOH t ~ 1 H onpeAeJlHM 

f ( t, f) = f( t, g ( f). z ( t, g( t))) • /5/ 

CornaCHO npeAblA~eMy, AJlR ¢YHKQHH /5/ BblnOJlHAIOTCR rpaHH4Hble 

YCJlOBHA - . -
f(l,f)= f, f(t

8
,f)= f(g). 

B HenpepblBHOM npeAcTasneHHH cso111cTso aBTOMOAeJlbHOCTH /3/ np1,1-

HHMaeT BHA 

- - -f(bt, f)= f(t, f(b,f)). /6/ 

3aMeTHM, 4TO YCJlOBHe aBTOMOAenbHOCTH B ¢opMe /6/ ewnonHAeTCA 

AJlA MHOrHX ¢H3H4eCKHX 3aAa4;12 •31 • l-13 /6/ nerKO nony4HTb AH¢¢e

peH4HaJ1bHOe ypaBHeHHe 

Onb; ''"7~\ll:'.-~'~_-.;~r1~r•~r~T 1 
S:,QE, 1 H .d,t: •. , 8/,. 

,... ' 01::: ,·1•- n·+·~· './ ,\ i 
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ar(t,f) 

alnt 
= y ( f ( t, f)) 

c $YHK4HeH renn-MaHHa - noy 

a -
r (f) = -- f(t,r) I 

at t= 1 

17/ 

/8/ 

TaKHM o6paaoM, paccMaTPHBaR npo4ecc HTepa4HH KaK nocneAOBaTenb
HocTb rpynnosMx npeo6paaosaHHH, nony4aeM ypasHeH~e /7/, HMe~
~ee xapaKTepHMH BHA ypasHeHHH peHOpManH3a4HOHHOH rpynnw B KBaH
TOBOH TeopHH nonR '141 • 

HHTerpHpyR /7/ no t OT tn AO ts , nony4aeM 

r < g) 

I 
dy 

---=s-n. 
rn ( g). y( y) 

/9/ 

YpaBHeHHe /9/ H RBnReTCR OCHOBHMM AnR HaXO)!(AeHHR $YHK4HH f(g). 
4T06bl KOHCTPYKTHBHO socnonb30BaTbCR 3THM ypasHeHHeM' OCTaeTCR 
3aAaTb $yHK4H~ renn-MaHHa - nay. 06paTHM BHHMaH~e Ha TO, 4TO 
npoH3BOAHaR OT $YHK4HH 

f(t,f)=f(t,g,z), Z=Z(t,g) 

AOn)!(Ha onpeAenRTbCR - - -
ar ar ar 
-=(-) +(--) 

at at z az t 

KaK cnO)!(HaR npoH3BOAHaR 

az --. 
at 

Tenepb npoH3BOAHble no t HaAO 3aMeHHTb KOHe4HblM pa3HOCTRMH 
H s peaynbTaTe AnR $YHK4HH renn-MaHHa -· noy MO)!(HO nony4HTb 

fs(g,zn)-fn(g,zn) + zs-zn _!_fn(g,zn), 
y ( f)= s - n az n ns s - n 

/19/ 

rAe g = g (f) , Zn = Zn ( g( f)) • Ha R3b1Ke TeOpHH rpynn HCKOMaR 
$YHK4HR f(g) COOTBeTCTBYeT HenOABH)!(HQH 11nH $HKCHPOBaHHOH T04Ke. 
.llnR MaKCHManbHO 6btCTPOH CXOAl1MOCTH nocneAOBaTenbHOCTH { f n< g, z n) I 
ynpasnR~~He $YHK4H~ Zn ( g) Hi3AO Bb16paTb TaK·, 4T06bl y)!(e HH3WHe 
npH6nH)!(eHHR AaBanH 3Ha4eHHR, 6nl13KHe K $HKCHPOBaHHOH 'T04Ke. no
cneAHRR, KaK 04eBHAHO H3 /7/, onpeAenReTCR HYnRMH $YHK4HH renn
_MaHHa - nay. TaK KaK T04HOe 3Ha4eHHe 3TOH $YHK4HH HeH3BeCTHO~ 
TO npH6n11)!(eHHO $HKCHpoBaHHbU~ T04KH MQ)!(HO HaHTH' aaH'ynRR OAHO 
H3 cnaraeMMX BMpa)!(eHHR /10/, HanpHMep BTopoe, nonaraR 

4 

m 

\) 

a 
--f ( az n g • z ) = 0 n n , /11/ 

4eM H onpeAenReTCR ynpasnR~~aR $YHK4HR zn(g). EcnH o6paTHTb 
s HOnb nepsoe cnaraeMoe s /10/, TO nony4HM ypasHeHHe, cosna
Aa~~ee c ycnosHeM cornacosaHHR HnH c ycnosHeM 6wcTpeHweA cxo
AHMOCTH' npeAnO~eHHblM aBTOPOM paHee 15 •6 I. YpasHeHHe /11 / cosna
AaeT C ycnoBHeM MHHHManbHOH 4YBCTBHTenbHOCTH, paccMOTpeHHblM 
CTeBeHCOHOM'/7/. Ha TeKCTa AaHHoro AOKnaAa 04eBHAHO, 4Tb H yc
nosHe 6McTpeAweA CXOAHMOCTH 15•61 ' H ycnOBHe MHHHManbHOH 4YBCT
BHTenbHOCTH /7/ - 3TO npOCTO 4aCTHble cny4aH ycnoBHH Ha npH6nH
)!(eHHOe onpeAeneHHe $HKCHPOBaHHOH T04KH. 06a THna 3Tl1X YCflOBHH, 
KaK cneAyeT H3 BHAa $yHK4HH renn-MaHHa - noy /10/, MO)!(HQ C OAH
HaKOBWM OCHOBaHHeM Ha3WBaTb H YCflOBHRMH 6MCTpeAweA cx6A11MOCTH, 
11 YCfl0B11RMl1 MHHl1ManbHOH 4YBCTBl1TenbHOCTH, 4TO B AaHHOM KOHTeK
CTe OAHO 11 TO )!(e. 

npo11nn~cTpHpyeM npHMeHeH11e MeTOAa Ha npHMepe OAHOMepHoro 
rapMOHl14ecKoro oc411nnRTOpa C raMl1flbTOHl1aHOM 

1 d 2 mw 2 2 2 4 H=-----+--x +,\m x 
2m dx2 2 

HyneBOMY npH6flH)!(eHl1~ conocTaBl1M raMHflbTOHHaH 

i 
1 ---+ 

Ho= - 2m dx2 

2 mwo 

2 
x2 

/12/ 

/13/ 

BBeAeM 6eapa3MepHwe 3Hepr11~ OCHOBHoro COCTORHl1R e(g) 'KOHCTaH
TY CBR3H g 11 ynpaBnR~~y~ $YHK4H~ z: 

E 
e (g) = -0' 

,\ 
gs,; --3-. 

(u 

wo 
z =--;;,- /14/ 

nonaraR n = 1 , s = 2, onpeAeflRR z 1 = z( g) 113 /11 / 11 npoHHTerp11-
posas /9/, nony4aeM ypasHeH11e AnR 3Hepr1111 ocHoeHoro cocTORH11R 

4e2 (g)-1 1 
------=expl-----

4e~ (g)-1 4e2 (g)-1. 

1 

4e~(g)-1 

1 
-24 1• /15/ 

B KOTOPOM el(g) - nepsoe np116n11)!(eH11e Teop11H B03My~eHHH. Cpas
HHBaR peweH11e ypaBHeH11R /15/ C T04HWMl1 3Ha4eH11RMl1 e(g) 'no
ny4eHHblMl1 411CfleHHblM C4eTOM 181 , y6emAaeMCR, 4TO MaKCHManbHaR 
OWl16Ka He npeBblWaeT O '09% AnR scex g OT HYflR AO 6eCKOHe4HOCTH. 
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YcnOBHR Ha $HKCHPOBaHHyi T04KY HCnOnb30BanHCb H AnR 6ohee 
cno>KHblX cny4aea, HanpHMep, B TeopHH KBaHTOBblX KpHCTannoB "/9/ 
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!OKanoB B.H. 
rpynna peHopMHPOBOK npH HTepau;HOHHOH 
npou;e,qype 

PS-89-80 

Ilpe,qno~eH MeToA BOCCTaHoBneHHH ¢Y1IK~H no HeCKOJibKHM 
ee npH6JI~eHHHM. MeToA OCHOBaH Ha BBegeHHH rpynnbl aBTOMO-
1\CJlbHl:IX npe~6pa30BaHHH npH Henpepb!BHOH HTepau;HoHHOH npou;e
gype. BwtoKaH ToqHOCTb AOCTHraeTCH 3a cqeT HCnOJib3OBaHHH 
ycnoBHH Ha ¢HKCHpoRaHHYl<J ToqKy. 

Pa6oTa Bb!IlOJIHeHa B Jla6opaTOPHH TeopeTHqecKOH ¢H'3HKH 
OIDIH. 

IlpeapHHT 061,e.zumeHHOro HHCTHTyTa H,llepHbIX HCCJienosamm. )ly6Ha 1989 

IlepeBoA aBTopa 

Yukalov V. I. 
Renormalization Group Under Iterative 
Procedure 

PS-89-80 

A method for reconstructing functions by its several 
approximations is suggested. This method is based on intro 
ducting a group of self-similar transformations under 
a continuous iterative p'rocedure. A high accuracy is 
achieved due to the use of fixed-point conditions. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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