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Bae.QeHHe 

TaK Ha31,1BaeMOe ¢
9

- ¢
5 

HenHHeAHoe -ypaaHeHHe Ulpe.QHHrepa 

(1.1) 

r.Qe O <A< 1, ac-rpeqaeTCR a caMblX pa3nHqHblX TeOP~ntqecKHX MO.QenRx 

~H3HKH, BKnlO'{aff R.QePHYJO rH.QPO.QH~aMHKY, HenHHeAHYJO onTHKY, nna3MY H 

TeOPH~ KOH.QeHCHpoaaHHOro COCTORHHR aemecTBa (CM. [1,2] H CO.Qep:1ea111H

ecR TaM CCl,IJIKH). np..i 3TOM ~H3HqecKH CO.QeP:KaTenbHblMH RBnR~R KaK HY

neai,m (¢ -> 0 np..i l><I -> ro), TaK H "KOH.QeHcaTHble" rpaHHqHble ycnoaHR 

BH.Qa 

¢(x,t)-exp (±iµ), np..i x-ro. 

ConHTOHHOe pemeHHe c Ta.KOR aCHMnTOTHKOA non~eHO a pa6oTe [1] 

J2 ch(~-iµ) 

¢(>:,t) t/Z 
[(2- A) (A2 + 2 ,-t/2 + ch(2x) • V 

(1.3) 

t/2 V [ CZ _ v
2 f/2 

3.QeCb ~ (CZ_ V2) (X - vt)/ 2, sin (2µ)= 
2 ff- + J-

-n/4 < µ < n/4. BenHqHHa c = 2(1-A)_ t/Z HMeeT CMblCn MHHHManbHOA CKO

POCTH pacnpocTPaHeHHR nHHeAHblX aonH Ha ~He npoc-rpaHCTBeHHO-o.QHO

PO.QHOro pemeHHR ¢( x, t) = 1 ( "CKOPOCTH 3BYKa"), a v - CKOPOCTb conH

TOHa, lvl < c. 

PemeHHe (1.3) HMeeT BH.Q ny3b1PbKa pa3pe*eHHR B KOH.QeHCaTe noc

TORHHOA nnoTHOCTH. 8 HenHHeAHOA onntKe conHTOHbl Ta.Kero ntna Ha31,1BaJOT 

"TeMHblMH conHTOHaMH"; Mb1 *e, cne.QYff TePMHHonorHH [1], 6ylleM Ha31,1BaTb 

pemeHHe ( 1. 3) conHTOHOM- "ny3b1PbKOM" • 

0Ka3anocb, qTQ c-rantqecKHe "ny3b1PbKH" (V = 0) HeycTOAqHBbl K Ma

nblM B03MYmeHHRM, np..iqeM 3TOT pe3ynbTaT MO»IO non~HTb HCKnlO'{HTenbHO 

aHanHntqeCKHMH MeTOllaMH [1,2]. OllHaKO npe/lnO*eHHBR a paso-rax [1,2] 

cxeMa He t1onycKaeT npocTOro o6o6meHHR Ha cn~aA v > o, H 3TY 3allaqy 

npHXO.QHTCR pemaTb q..icneHHO. 

8 HacTORmeA CTaTbe H3nOJKeHbl anropHTMbl, pa3pa6oTaHHlie llnR q..ic

neHHOro HCCnellOBaHHR ycTOAq..iaocnt conHTOHOa-"ny3blPbKOB" B YKa3aHHOM 

cn~ae. 

KaK H B [1,2], Mbl orpaHHqHMCR 3/lecb aHanH30M ycTOAqHBOCTH B 

nHHeAHOM np..i6nHlllCeHHH. nollCTaBHM a BblPBlllCeHHe (1.1) pemeHHe BHllB 



~(x,t) = ¢(x,t) + &(f(x) + ig<x> > XL' 
·e , (1.4) 

rae ¢(x,t) aaeTC:R ¢oPMYnoR (1.3), x = x - Yt, a & - Manh!R napaMeTP, 

& << 1. JlHHeapH3Yff no napaMeTPY &, nPHXOQHM K 3aQaYe Ha C05CTBeH

Hble 3HaYeHHff 

X Jy. (1.5) 

3aecb X e R 

H(Y) y 

YHCno, y y(x)-BelllQCTBeHHaff ~YHKUHR, y = (f,g)T 

(HH*e YePTY Haa nepeMeHHOR ~ onycKaeM). HaTPHYHhlR onepaTOP H(Y) on

peaenReTC:ff no ¢oPMYne 

d2 d 
H(y) I + - J 

d x2 
d x 

U(x), (1.6) 

rae I- eQHHHYHaR MaTPHUa, J 

HMeeT BHQ 
( ~ ~ ) , a MaTPHua U ( :< l noTeHUHanoB 

U(x) ( 
q, '!, ) 

,q9 q2 ; 

' 2 ' 2 npH3TDMq_<x) =F+2Fr,q
2

(x) =F+F·j, q
9
(x) =2Frj, 

a F(p)= (p-1)(2A+l-3p).,llanee, r(x) H j(x) - COOTBeTC:TBeHHO 

BemecTBeHHaff H MHHMaff YaCTH pemeHHff (1.3), a p(x) 

rpaHHYHble ycnoBHff anR yPaBHeHHff (1.5) HMeJOT Bl1Q 

(r
2 (x)+j 2

(x)). 

f(x) = g(x) = 0 nPH lxl ~ m. (1.8) 

B C¢oPMYnHPOBaHHYJO TaKHM o5pa30M 3aQaYy (1.5), (1.8) BXOQHT 

ffBHhlM o5pa30M napaMeTP y- CKOPOCTb conHTOHa. KPHTHYeCKl1M 5yQeM Ha31,(

BaTb 3HaYeHl1e CKOPOCTH ye' npH KOTOPOM C05CTBeHHOe 3HaYeHHe >,, 05pa

ll;aeTCR B HO.nb, T.e., 

>,,(ye:) = O (1.9) 

(nPH aanbHeRmeM aHanH3e HHoraa yao5Hee Hc:nonb30BaTb BMecTO BenHYHHY 

Y 5e3pa3MePHYR napaMeTP ~ = Y / c). 

TTpeaMeT pac:CMOTPQH11~ QaHHOR pa60TY COCTaBnffeT 3aQaYa BYYHcne

HHR KPHTHYeCKOR CKOPOCTH Y. llonycKaff Ha OCHOBaHHH PRaa C005Pa*eHHR 
C 

113 ~HOMeHonorHH conHTOHOB, YTO BenHYHHa ye Cy!lleCTByeT, MY OnHmeM 

aBa B3al1MHO aononHRIOIIWIX cnocQSa ee Haxo~eHHR. 

2. °'5PaTHaR cneKTPanbHaR 3aaaYa 

TTycTb H - BemecTBeHHOe rHnb5epTOBO npOCTPaHCTBO, o5naCTb B c H, 

L(Y) : 8 ~ H - nHHeRHYR onepa-rop, rnaaKHM o5pa30M 3aBHCRWHR OT napa

MeTPa YER. °'503HaYHM Yepe3 Z npecTPaHCTBO 8 +RH pacCMOTPHM HenH

HeRHOe OTHOCHTenbHO napy z = (y,Y) yPaBHeHHe 

¢(z) = 
[ 

L(Y) y ] 

<y, y> - 1 = o. (2.1) 

2 

.i 

; 

• 

3aecb Yepe3 <.,.> 0503HaYeHO cKanRpHoe npOH3BeQeHHe B H. 8 YaCTHOM 

cnyYae L(Y) = L
0 

- YE, rae L
0 

He 3aBHCHT OT Y, a E - eaHHHYHhlR one

pa-rop, yPaBHeHHe (2.1) npeacTaBnReT cTaHQaPTHYJO 3aaayy Ha co5cTBeH

Hble 3HaYeHHff anR onepaTOpa Lo, pemeHHe KOTOPOR nPH noMOWH HenpepYB

HOro aHanora MeTOQa HblOTOHa (HAHH) noapo5Ho H3yYanocb B [4]. luiR 

cnyYaR, Koraa L(Y) ecTb aHanHTHYecKaR no Y MaTPHUa, B pa5oTe [5] 

npeano*eHY HeKOTOPYe anroPHTMY YHcneHHoro pemeHHR (2.1), BKnlO'lalOIIWle 

B ce5R KnaccHYeCKHR MeTOQ HblOTOHa. B HaCTORIIIQM naparpa~, nonaraR 

L(Y) = H(Y) - XJ, Xe R, MY paCCMaTPHBaeM yPaBHeHHe (2.1) KaK HenH

HeRHYJC) 3aaayy anR BYYHCneHHff 3HaYeHHR napaMeTPa Y, COOTBeTC:TBYIOIIWIX 

3aaaHHOMY co5cTBeHHOMY 3HaYeHHE x. ·TaKoe paccMOTPeHHe OCHOBYBaeTC:R 

Ha H3BeCTHOR TeOPeMe (CM., HanPHMeP [6]) 0 HenpePYBHOR 3aBHCHMOCTH 

pemeHHR 3aQaYH (2.1) oT napaMeTPa. AHanorHYHh!R noaxoa nPHMeHeH B 

pa5oTe [7] c uenbE H3yYeHHff 5H~yPKaUHR CTaUHOHapHYX COCTOffHHR B 

HeOQHOPOQHOM Q*03e~OH0BCKOM nepexoae. 

TTpeuecc HAHH CBOQHT pemeHHe HCXOQHOR 3aaaYH (2.1) K pemeHHE Ha 

nonyocH t E (O, ml 3BOnEUHOHHOR 3aQaYH anR ~YHKUHH z(t) . 
¢ (Z) Z + ¢ (z) = 0 (2.2) 

c HaYanbHhlM ycnoBHeM z(O) = z 0
• 3aecb ¢ (z)- nPOH3BOQHaR ~peme one

pa-ropa ¢(z), z 0 E z- HaYanbHOe npH5nHJKeHHe, a TOYKOR CBepxy 0503Ha

YeHo QH,w,epeHUHPOBaHHe no nepeMeHHOR t. 3aaaYa (2.2) HMeeT OYeBHQ-
0 -t Hh!R nepBYR HHTerpan [SJ ¢(z)= ¢(z )e ' Tak YTO npH t -> m HMeeM 

¢(z) -> 0 H, cneaoBaTenbHO, z(t) CTPQMHTC:ff K HCKOMOMY pemeHHE. 

3anHmeM yPaBHeHHe (2.2) 5onee noapo5Ho . 
L(Y) y+ Y L (Y) y + L(Y) y 

2 <y, y> + <y,y) - 1 = o. 

~OPManbHOe pemeHHe CHCTeMY (2.3) HIDeM B BHQe 

y = - y + y u, 

o, 

J. (2.3) 

(2.4) 

rae u(x)- HoBaR HeH3eecTHaR ~KUHR. TaKoR noaxoa aHanorHYeH MeTDQY 

oKaRMneHHR anR nHHeRHYX.anre5PaHYeCKHX yPaBHeHHR. noacTaBnffff nocnea

Hee BYPaJKeHHe B(3.3), HaXOQHM 

L(y) u 

y 

- L• (Y) Y 

1 + <y,y> 
(2.5) 

2 <y,u> l. 
~PMYnY (2.5) n03BOnRIOT nOCTPOHTb nPoCTDR YHCneHHYR anropHTM pe

meHHff 3aQaYH (2.1). BBeaeM Ha HHTePBane t e [O,m) HepaBHOMePHYJO ceTKy 

{tk, k =·0,1,2, ••• }, tk+,= tk+ Tk' C maroM Tk H annDOKCHMHPyeM npOH3-

3 



B0,IIHHe, BXO,IISlllll1e B (3.4) 11 (3.5) np11 noMOllll1 nPOCTefillll1X pa3HOCTHl,IX 

¢oPMYn nop>l,QKa 0(Tk),'4TO COOTBeTCTByeT MeTO,QY Snnepa ,11n>1 ypaBHeHHSI 

(2.2). B pe3ynbTaTe HMeeM . 
Lk Uk = - Lk yk (2.6) 

l + <yk ' yk} 

Vk+t Vk + Tk 
2 <yk, Uk} 

(2.7) 

Yk+t = (1 T k) y k + ( V k+l ' - V k) Llk 
1 

(2.8) 

r,11e 11H,QeKC k 03HaYaeT no,QCTaHOBKY t= t .TaKHM ospa30M, 
. k 

Ha Kall(,QOM 

"apeMeHHOM" cnoe tk MH pemaeM n11HeRHoe ypaaHeH11e (2.6); ,11anee, oye

pe,11Hoe np116n11*eHHe zk+l = (yk+•'vk+•> K pemeHHIO HaX0,1111TCSI no ¢oPMY

naM (2.7) 11 (2.8). OrMeTHM, YTO Ha paBHOMePHOR ceTKe Tk = 1 113 B1,1-

pa*eHHR (2.6)-(2.8) BHTeKaDT ¢oPMYnH Knacc11YeCKoro MeTO,Qa HbDTOHa. 

Cxo,QHMOCTb MeTO,Qa SRnepa np11 YHCneHHOR pean113au1111 HAHH 060CHO

BaHa ,11n>1 11111POKOro Knacca 3a,11ay MaTeMaTHYeCKOR ~11311Kl1 B [4). 

BH60P mara Tk l1HTerp11poBaHl1SI CYJlleCTBeHHO an11>1eT Ha CKOPOCTb cxo

,1111MOCTl1 11Tepau110HHoro npouecca.·e HacT0>1meM 11ccne,110BaH1111 11cnonb3ye-r

c>1 MeT0,11, npe,11no*eHHHA B paSOTe [9) 11 OCHOBaHHHA Ha KBa,QpaTHYHOR 

annpoKC11MaU1111 3aB11Cl1MOCTl1 HeBSl3Kl1 6k= <~k.~k> OT mara Tk. 

lln>1 YHCneHHoro pemeHHSI }:'PaBHeHHSI (2.6) BBe,QeM Ha HeKOTOPOM o-r

pe3Ke [-R,RJ OCH X e (-ro,ro) paBHOMePHYD ceTKy (,) = {x,' i= o, 1, ••• ,N} . 
c maroM h = 2R/ N. 06o3HaYHM YePe3 hl ceTKy, non~eHHYD ,1106aBneH11eM 

K ceTKe (,) TOYeK x_
2 

= -(R + 2h), x_
1

= -(R + h), XN+t = R + ti 11 

XN+2 = R + 2h. ITp11 annPOKC11MaU1111 nPOl13B0,IIHHX no npocTPaHcTBeHHOA KO

OP,IIHHaTe X 11cnonb3yeM ¢oPMYnH HeSIBHoro y11cneHHOro ,1111,w,epeHUl1POBaH11>1 

f m., f. • • 
M,, r,11e MOMeHTH m, 11 M, y,110BneTBOPSIDT COOTHOmeHHSIM 

(l) IV,) 
T m, = D (T - 2 h 2 D) f, (2.10) . • 

12) 

T M. = 12 D f. . . . (2.11) 

m -~ 
a TPeXTOYeYHHe pa3HOCTHHe onepaTOp1,1 T, D 11 D onpe,11eneHH no ¢oPMYnaM 

f() 
T fi, f,-, + 10 f, + \+,' D f, = Cf,+, f,_,) / h, 

(2) • 

D f ;, = ( f ;,-, - 2 f ;, + f ;,+,> / h2 • JlerKO npeaepHTb, YTO _aen11YJ1HJ,1 m;, 

11 M, annpOKC11M11PYDT COOTBeTCTBYDl!lHe npOl13B0,QHHe C TOYHOCTblO O ( h') • 

ITo,11eACTByeM Ha ose yacTH ypaBHeHHSI (2.6), paCCMaTPHBaeMOro B 

y3nax CeTK11 (,) onepaTOpOM T; ~11THBa>1 KOMMYTaTHBHOCTb onepaTOPOB T, 

4 

.. 

F, 

U) <2> 

D 11 D, nPl1X0,1111M K cne,QYDmeR CHCTeMe nHHeRHHX OTHOCHTenbHO BeKTOPa 

Llk anrespa11YeCKl1X ypaBHeHHR 

(i,) (I) (.t) 
[-12 DI+ vk D (T - 2 h2 D) J J - T CU+ A J)] uk 

[T u' -"~ (T - 2 h 2 
~)) J ] uk, (2.12) 

r,11e U = dU/d:<. C10,11a cne,11yeT ,11osaa11Tb rpaHHYHoe ycno~11e y
0

= yN= 0 

11 3aMKHYTb np11 noM011111 ecTecTBeHHoro npe,11nono-H11>1 y_
2 

= Y_, = O, 

YN+t = YN+2 = 0; np11 3TOM
0

MaTPHUa CHCTeMH >1Bn>1eTC>1 HeCl1MMe'J'Pl1YHOR, 

neHTOYHOR 9-,1111aroHanbHOR. 

Bee CKan>1PHHe nPOl13Be,QeHl1SI annpoKCHMkPYDTCSI C noMOmbJO KBa,11pa

TypHOR ¢oPMYnH C11MnCOHa, y3n1,1 KOTOPOR coana,QaDT C y3naM11 ceTKH (,). 

0cTaHOBl1MCSI KPaTKO Ha pe3ynbTaTaX YHCneHHoro 3KCnep11MeHTa. 

ITop>1,110K pacYeTOB 6Hn BH6PaH cne,11YD11111M• lln>1 3a,11aHHoro A e (0,1) 

OTHCKHBanocb pemeHHe, COOTBeTCTBYJOmee HeKOTOPOMY A e [0,Ao]' r,11e Ao 

COSCTBeHHOe 3HaYeHHe 3a,11aY11 (1.5) c rpaHHYHl,IMl1 ycnOBl1SIMl1 (1.8) np11 

V = 0 (CM- paSOTY [2]). B KaYeCTBe HaYanbHoro np11sn11-Hl1SI ,11n>1 cosc-r

BeHHHX 4'YHKUl1A f(x) 11 g(x) 11cnonb30Banacb "HyneBaSI MO,Qa" [2] • ITp11 

pacYeTe 3aBl1Cl1MOCTl1 V(A) ,11n>1 cep1111 3HaYeHl1R An' n = 0,1,2, ••• , 

A = A + n 6A, ·3a HaYanbHoe np11sn11-H11e 
n+• n 

K 11CKOMOMY PE!meHHIO' 

(y(An), V(An)) BH611panocb Y*e BHYHCneHHOe pemeHHe (y(An) ,V(An)). 

B :>TOM cn~ae np11 ,11oc-raTOYHO ManoM np11pameH1111 6A Y11cno 11Tepau11n 

,11n>1 oyepe,QHOR TOYKl1 KPl1B0A V(A) He npeaHmano ,QByx-TPeX. 

ITPl1 ¢,11KCl1POBaHHOM A e (0,1) B pe3ynbTaTe CYeTa nonyYalOTCSI ,!!Be 

YeTKO pa3n11ya1011111ec>1 BeTB11 3aBHCl1MOCTl1 V(A), KOTOPHe MH ycnoBHO sy

,QeM Ha3HBaTb neBoR 11 npaBoR. neaa>1 BeTBb (THnHYHHA npHMeP noKa3aH 

Ha p11c. 1) CYJllecTByeT B osnacTH 

,QOCTaTOYHO ManHX no MO,Qyn10 A. Ha 

p11c. 2 ,QeMOHCTPHPYeTCSI noBe,QeHHe 

neaoR BeTBH ,11n>1 A= 0 1 825 np11 113-

MenbYeH1111 mara h CeTK11; Bl1,IIHO, 

YTO Kor,Qa h-. o, BeTBb "npl1*!1Mae-r

CSI" K OCH V = o. SToT 4-aKT no3BO 

n>1eT c,11enaTb BHB0,11 0 TOM, YTO ne

aa>1 BeTBb- 3TO KPl1Ba>1, B KOTOPYD 

nepexo,1111T Hyneaa>1 M0,11a 11cxo,11HoA 

,1111¢,¢,epeHUHanbHOJ'i,3a,QaYH Ha SecKo

HeYHOM 11HTePBane nocne ,IIHCKpeT11-

3au1111. 

5 

> 

0.76 

0.65 

~ 0.825. R • 60 

0.55 

0.45 ~ 
...., 

0.35 -1-----r--~r----,' 
0.0000 0.0002 0.0004 0.0006 

/ Lendo PHc. 1 



npaeaff eeTBb (CM. PHC. 3) HMeeT AOCTaTOYHO xopomo Bb!Pa*eHHbM 

MalCCHM}'M, cooTBeTCTBYJOIIIHA ICPHTHYeCJCOM)' 3HaYeHHIO CICOPOCTH V, nocn~ 

JCOTOporo e oYeHb Y3JCOA o6nacTH H3MeHeHHR napaMeTPa X Ha6n~aeTCR 

ICPYTOA cnycJC JC TOYJCe v = o. npH 0.40 
A= 0.825. R = 50.0 

H3MeHeHHH HHTePBana HHTerpHpoea

HHff RH mara ceTJCH h JCPHBaR v(X) 

TaJC- nPH*HMaeTCff JC OCH X = o, a 0.39 

TOYJCa MaJCCHM)'Ma MeAneHHO CABHra-
> 

eTCR eeepx H Haneeo, YTO AeMOH-

CTPHPyeTCR PHC.4. TaJCHM o6pa3oM, 0.38 

B AaHHOA nocTaHOBJCe 3aAaYH HMeeT 

MeCTO 3aBHCHMOCTb pe3ynbTaTOB OT 

naPaMeTPOB AHCJCPeTH3aUHH R,h. B 

cneAYJO!QeM naparpa¢e paccMOTPeHa 

nepe,:OpM)'nHpoBJCa rPaHHYHblX ycno

BHA HCXOAHOA 3aAaYH, n03BOnRJODiaff 

o60ATH B 3HaYHTenbHOA Mepe YJCa-

3aHHble TPYAHOCTH. 

A= 0.825, R = 50, h = 0.2 
0.40 

0.30 

> 0.20 

0.10 

0.00 
0.000 0.125 0.250 

Londo 

PHc. 3 

, l 

> 

6 

0.37 +---~---'--~---
0.0000 0.0002 0.0004 0.0006 

Londo 
Oh= 0.25 6h = 0.2 +h = 0.1 

PHC. a 

A= 0.825, R = 100 

0.368 

0.363 

0.358 

0.353 
0.0002 0.0007 0.0012 0.0017 

Londo 
Oh = 0.16 6h = 0.20 +h = 0.25 

PHc. 4 

,:i 

] 

3. npRMaff cneJCTPanbHaR 3aAaYa 

nycTb ypaeHeHHe 

¢h(zh) = O, z = (X,y), v = const (3.1) 

RBnffeTCff AHCJCPeTHOA annPOKCHMaUHeA HCXOAHOA 3aAaYH Ha C06cTBeHHlie 

3HaYeHHff (2.1). npeAnonO*HM, YTO onepaTOP ¢h npeACTaBHM B BHAe CYMMli 

¢h =¢Oh+ ¢th' rAe ¢Oh - nerJCO ospaTHMblA onepaTOp, RBnfflOllll1ACff B He

JCOTOPOM CMlicne rnaBHOA YaCTblO onepaTOpa ¢h. BTOPOA nOAXOA JC HaXO*Ae

HHIO KPHTHYeCJCOro 3HaYeHHff Ve 3aJCnJOYaeTCff B BliYHCneHHH C06CTBeHHOrO 

3HaYeHHff X JCaK ~YHKUHH napaMeTP~ V H npH6nH*eHHOM pemeHHH ypaeHeHHff 

(1.9). npH 3TOM OCHOBY anropHTMa COCTaBnffeT pemeHHe 3aAaYH (2.1) Anff 

3aAaHHoro 3HaYeHHff CJCOPOCTH v. OcTaHOBHMCff nOAP06Hee Ha 3TOM· 

nycTb g(t)- rnaAJCaR Ha nonysecKoHeYHOM HHTePeane OS t < m 

~YHJCUHR, YAOBneTBOPffJODiaff ycnOBHffM g(O) = o, g(t) -> 1 npH t -> m. 

BMeCTO 3BOnJOUHOHHoro ypaeHeHHff (2.2) paCCMOTPHM ypaBHeHHe [10) 

~ ¢h(t,z(t)) = 
dt 

¢h(t,z(t)) 

c HaYanbHliM ycnoeHeM z(O) = z(¢(z(O))) = O), rAe 

¢h(t,z(t)) = ¢ 0h(z(t)) + g(t) ¢ 1h(z(t)). 

nepenHmeM · ypaBHeHHe ( 3. 2) e BHAe 

, dz , dz , 

(3.2) 

¢0h(z) dt + g(t) ¢ih(z)dt = -(¢0h(Z) + (g(t) + g (t)) ¢ih(z)) = o. 

PacCMOTPHM AHCJCPeTHoe nPeACTaeneHHe nocneAHero ypaeHeHHR no napaMe-r

PY t c noMOmbJO MeTOAa 9Anepa c nepeMeHHliM maroM T. C uenbJO ynpome
. k 

HHff BliYHCneHHA CAenaeM 3aMeHy 

dz 
dt (tk) 

z - z k k-1 

Tk 
= 6zlc-i 

BO BTOPOM YneHe neeoA YaCTH. B pe3ynbTaTe HMeeM HTePaUHOHHbM npouecc . . . 
¢oh(zk) 6 zk = - (¢oh(zk) + (gk + gk) ¢ih) --' gk ¢ih(zk) 6 Zk-1, <3 -~> 

rAe gk = g(tk), k = 0,.1, ••• , 

Z = Z + T 6z k+i k k k, 
(3.4) 

nycTb AH¢>¢ePeHUHanbHbM onepaTOp L annpoJCCHMHpyeTCR onepaTOPQM Le:> C 

TOYHOCTblO O(h4
), rAe h - npOCTPaHcTBeHH!alA mar CeTJCH. npeACTaBKM ero 

B BHAe L~')= L~2 >+ (L~•l_ L~2 >),rAe L~21 !Sonee nP0CTOA onepaTOp, 

annpoKCHMHPYJOIIIKA LC TOYHOCTblO O(h2).B 3TOM cnyYae nepeoe ypaBHeHHe 

CHCTeMli (3.2) npHo6P&TaeT BHA 

I 
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L I 2 l 6y - 6>.. J y = - L ( 2 l y + 
Jc Jc Jc Jc 

(g + g') (L("')- L( 2 )) - g (L("')- L( 2 )) 6 
le le yk Jc _Yk (3.5) 

a H3 ycnOBHR HOPMHPOBICH Bbl'I'elCaeT 

2 <yk, 6 Y1c> = l - <yk, yk> • (3.6) 

3aecb H B aanbHeRmeM anR ynpomeHHR 3anHcH HHae1Cc h onymeH. PemeHHe 

:,,paBHeHHR (3.5) HmeM B BHae 

6yk = Yk + lJ IC + 6>..,c wl< (3.7) 

noacTasnRR (3.7) B :,,pasHeHHe (3.5), non)"iaeM 

L'2'w1< = J YI<' (3.8) 

L'2'u1c -(L( .. )_ L(
2

))((gk + g~) Yk + gk 6 Y1c_t)• (3.9) 

nonpas1CH 6>..k onpeaenRJOTCR H3 (3.6) 

1 + (yk, yk> - 2 (yk, uk) 

6>..Jc 
2 <yk, wk) 

(3.10) 

CneaYJ0111ee npH6nH:KeHHe IC HCICOMOMY pemeHH~ HaxoaHTCR no 40PMYne 

yk+t 

>..k+t 

= <1 - I > i' 

Ale + Tic 6>..k, 

+.TIC UI( +.Tl( 6>..I( w,('] 
(3.11) 

k = 0,1,2,... . 

KpaesHe ycnoBHff anR senHYHH wk H Uk MO»IO B3RTb B BHae (1.8). OaHa

lCO npH Man- >.., ICalC OTMeYanocb B~ (CM. TalC*e [3]), 3aT}'XaHHe 

pemeHHR npowcxoaHT cnHmKOM MeaneHHo H, no3TOMY, uenecoo6pa3Hee wc

nonb3OBaTb cneay,om>'le rpaHHYHHe ycndBHR [3]: . 
y I y ->>..I (c·- v) npH X -> -m • . 
y I y -:-> >.. I (c + v) npH x -> m. 

B 3TOM cn)"iae ner1Co no1Ca3aTb, YTO anR wk HMe~ MeCTO ycnoBHR 

>..Jc . yk 

(c + v) w - w Jc Jc =-~) npw >< -> -m, 

>..Jc yk 

(c + v) wk+ wk =-~) npH >< -) m. 

ltnR Uk HMe~ MeCTO aHanorHYHHe (oaHOPOaHHe) ICPaeBHe ,ycnoBHR. 

JlHHeRHHe 3aaaYH (3.8), (3.9) c COOTBeTCTB~MH ICPaeBHMH 

ycnOBHRMH YHcneHHO pemaJOTCR Ha ICOHeYHOM HHTePBane [-R,R]. ltnR 3TOro 

8 

acHMnTOTHYeCICHe ICpaesHe ycnoBHR 3aMeHRIOTCR ycnoBHRMH Ha YJCa3aHHOM 

HHTePBane, a CICanRPHOe npOH3seaeHHe B-HCnReTCR no 40PMyne 

R 

<y, y> I Cy 
2 

+ y 2 ) d><, rae y = f, y 
t 2 t. 2 

g. 

-a 

npw6nH*eHHoe pemeHwe 3aaay (3.8), (3.9) HmeTCR B swae 1CY5HYec-

1CHx cnnaRHOB [11] 1Cnacca C
2 [-R,R] Ha PaBHOMePHOR CeTJCe w. B ICOHeYHOM 

CYeTe peanw3aUHR anropHTMa ocymecTBnReTCR MeTOaoM TPeXTOYeYHOR MaT

PHYHOR nporOHICH. Ho»io no1Ca3aTb, YTO MaTPHYHaR np0roH1Ca ycTORYHBa H 

1Coppe1CTHa anR aocTaTOYHO Man- h. npw B-HcneHHH CICanRPH- npOH3Be

aeHHR, TalC *e, ICalC H B~, wcnonb3yeTCR ICBaapaTyPHaR ,iop~na CHMn

COHa c y3naMH Ha ceTJCe w • 

AHanorHYHO pa6oTe [13], anR aHanw3a cxoaHMOC-ryl npw6nH:KeHH-

pemeHHR za,h,Jc =(>..,Yi= f, y2 g) h Jc paccMOTPHM HepaBeHC:TBO 
••• 

II z - za,h,Jcll :!. II :z -z.11 + 11z. -z.,h II+ 11z.,h- Z.,h,Jc II, (3.12) 

3aecb II . II -ceTOYHHR aHanor HOPMH B c, k - HOMeP HTePaUHH, za,h,Jc 

k- oe nPH6nH*eHHe IC TOYHOMy pemeHH~ za,h aHClCPeTH3HpOBaHHOR HenHHeR

HOR 3aaaYH Ha lCOHeYHOM HHTePBane, z. - TOYHOe pemeHHe HenpepHBHOR 

3aaaYH Ha lCOHeYHOM HHTePBane "· HalCoHeu, Z - TOYHoe pemeHHe Henpe

PHBHOR (HcxoaHoR) 3aaaYH Ha 6eCICOHeYHOM HHTepBane. Ecnw HTepauwoH

HHR npouecc cxoaHTCR, TO, oYeswaHo, !\=II za,h - za,h,Jcll cTPe

MHTCR IC Hyn~ npH aocTaTOYHO 6onbmHX k. HTepauHH_ npe1Cpama10TCR npw 

aoCTH*eHHH 3aaaHHOR TOYHOCTH 61c = l~h.kl :!, E, rae 61c - HeBR31Ca 

:,,pasHeHHR (3.1). npw 3TOM HMeeT MecTO npH6nH3HTenbHoe paBeHCTBO 

ek~ 61c [8]. 

BenHYHHa e• = II z - z•II YHcneHHo wccneayeTCR nYTeM cpaBHeHHR 

pe3ynbTaTOB np~ ¢,HlCCHpOBaHHOM h H Pa3nHYH- R. BH6HpaeTCR R TalCHM, 

YT06H senHYHHa: e• O1Ca3anacb ManoR no cpasHeHHD c senHYHHaMH elc H 

eh = 11 z• - z•, hi I. TalCHM 06Pa3oM, B npasoR YaCTH HepaseHcTBa ( 4 .12) 

rnaBHHM YneHOM (npH aocTaTOYHO 60nblDOM R H ManOM E) RBnReTCR eh. 

npH 3TOM nerKo noJCa3aTb, YTO eh= O(h"'J. 

EcnH B ypasHeHHH (3.2) 40PManbHO noacTaBHTb g(t) 

HeHHe (3.9) nPHHHMaeT BHa 

L( 2 )u =O 
Jc 

O, TO yPaB-

c oaHopoaHHMH KpaesHMH ycnoBHRMH. OTCIQQa cneayeT, YTO ulc = 0 ~ TeM 

CaMHM HTePaUHOHHHR npeuecc (3.8)-(3.10) npespamaeTCR B H319eCTtflolR 

MeTOa 3Rnepa an'sl HenPHBHoro aHanora MeTOaa Hb~Ha. B 3TOM CJIY'Ul• 

cneayeT o*HaaTb, YTO.eh = O(h2
). 
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:\ 

B yueneHHbD( paeYeTax nopRnoK exonuMOe'nf senHYHHY eh nposepReT

e R eOOTHOmeHHeM 

c = I (za,ht,Jct 
z ) / (z - z ) 
a,h2 ,h2 R,h2 ,Jez a,h9 ,Jes 

Ha nocnenosa-renbHOC'nf eeTOK e maraMH ht = h, h
2 

H3BecTHO [12], YTO -reopeTl-!YeeKHe 3HaYeHHR a eyrb 

h/2, H h 
3 

h/4. 

a [ 
2 

4, eenu eh = D(h ) 

16, eenu eh= O(h
4
). 

YHeneHHYe paeYeTlal S~H enenaHY nPH 3HaYeHHRx napaMeTPOB 
- -7, 

A = v.1, 0.2, ••• ,0.9, c = 10 , R = 50. B KaYeeTBe HaYanbHl,D( Spa-

nHeb eoScTBeHHYe 3HaYeHHR 3anaYH npH V = o, BWYHeneHHYe B [13]. 

KaK yica3b1Banoeb swne, no Mepe npusnJ.UeHHR 3HaYeHHR v K KPHTH

yeeKOMY nonlKHY yxynmaTbeR esoAeTBa 3anaYH (2.1), a enenosa-renbHo, 

H eHeTeMY nHHeAHl,D( anrespaHYeeKHX ypasHeHHA, nonyYaeMYX H3 ypas

HeHHH (3.8), (3.9) e g(t) = o. 3TO eKa3blBaeTCR Ha esoAeTBaX npuS

nHJKeHHOl"'O pemeHHR. OS 3TOM MOlKHO eynHTb no 3HaYeHHIO napaMeTPa a H3 

TaSnuuw 1, nonyYeHHOH no exeMe e O(h
2
); sHnHo,.YTO a see sonee H 

H sonee paexonHTCR OT 3HaYeHHR 4 no Mepe so3paeTaHHR v. OTclOtla Re-

Tasn. 1 (A = o.5) 

X = X(/3) 
(r-v/ 

h = 0.05 h /2 h/4 h/8 a a 
C 

t 2 

0.29 0.10510827 0.10295412 0.10238427 0.10223964 3.78 3.94 

0.30 0.08303226 0.07955545 0.07858103 0.07832940 3.59 3.87 

0.31 0.06250527 0.05654848 0.0546.1538 0.05408668 3.08 3.65 

0.32 0.04555822 0.03586306 0.03139353 0.02982201 2.10 2.84 
--- ------

HO, YTO nnR noeTHJKeHHR sonee TOYHl,D( pe3ynbTaTOB TPeSyeTCR YMeHblllHTb 

mar eeTKH, YTO 3aTPYnHHTenbHO u3-3a Ol"'PaHH'{eHHOeTH onepaTHBHOA 

naMRTH 3BH. TaKHM ospa3oM, pemaTb nocTasneHHYJO 3anaYy e noeTaTOYHo 

SonbDIOA TOYHOeTblO B paMKax exeMY BTOPOl"'O noPRnKa TOYHOeTI-I Henb3R

Bl,D(onoM H3 eH~UHH RBnReTCR uenonb30BaHHe exeMY (3.8)-(3.10) no

BYllleHHOA TOYHOCTI-I O(h4
). Tasnuua 2 HnnJOCTPHPyeT noPRnOK exonHMOCTH 

nnR yica3aHHOA exeMY. 3HaYeHHR HaAneHHoA eKOPOeTH B enyYae A= 0.5 

npusonRTCR s Tasnuue 3. 

IO 

Tasn. 2 (A 0.5) 

{3=vl 
X = X(/3) 

h = 0.1 h /2 h/4 a 
C 

o.oo 0.4925524493 0.4925526778 0.4935526925 16.02 

0.10 0.4403686489 0.4403687437 0.4403687496 16.06 

0.20 0.2943096159 0.2943089163 0.2943088725 15.97 

Tasn. 3 (A= 0.5) 

(r-v/ 
X = X(/3) 

C h = 0.05 h.12 

0.326 0.01430194 0.01426347 

0.327 0.01182005 0.01176214 

0.328 0.00935026 0.00925935 

0.329 0.00692182 0.00675741 

0.330 0.00463061 0.00426461 
---

OrMeTHM, YTO e uenbJO ycKOPeHHR exonHMOeTH HTePaUHOHHOl"'O nPO

ueeea swna uenonb30BaHa, KaK H B [12], nepuonuYeeKaR ~YHKUHR g(t) e 

3aTYXaJOIQeA 3KenoHeHTOA. 

4. KpaTKHe BblBOnY 

B HaeTORlll'>A paso-re onueaHY Pa3paSOTaHHYe HaMH anl"'OPH'T'Mli aHanH3a 

npRMOA H ospaTHoA eneKTPanbHYX 3anaY nnR onepaTCpa (1.5), (1.8), uneA

HO oeHoBaHHHe Ha HenPePYBHOM aHanore MeTOna HbJOTOHa. ITpHMeHeHHe yica-

3aHHOA napw s3auMOnononHRJOIIIHX npouenyp no3sonuno nonyYHTb 3HaYeHHe 

KPHTHYeeKOA eKOPOCTH /3c nnR KaX<.QOl"'O 3anaHHOl"'O 3HaYeHHR napaMeTPa A 

H3 HHTePBana (0,1). 3TH pe3ynbTaTlal, paBHO KaK H HX ~3HYeeKaR HHTeP

npeTaUHR, onysnHKOBaHY oTnenbHO [3]. 

ABTOPY ByPaJKaJOT SnaronaPHOeTb H.B. SapameHKOBY 3a oSeYX<.QeHHe 

noeTaHOBKH 3anaYH H pe3ynbTaTOB BWYHenHTenbHl,D( 3KenePHMeHTOB. 
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