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1. BBE)lEHllE 

B pa6oTe HaMH npeWiaraeTCH OAHH yp;o6Hbtli Merop; HCCJiei\OBaHHJI 
cynepa.Tire6p C JIOMOil.\biO o6pa3yiOI.UHX H. onpep;eJUIIOI.UHX COOTHOilleHHH. 
llop; cynepa.Tire6poli JlH c ABYMH o6pa3YIOillHMH a H b (a- qeTflbm, b -, 
HelleTHbU1:) Mbl 6y.rr.eM no,npa3yMeBaTh ni·IHefiHyiO o6onoqKy BCeB03MOiKHbiX 

O,llHOVIeHOB mna 

[a, [a, [a, blll. [a, fb, b]J. 

[[[[b. b], [b, b]]. a], b], ... 

H T.n.* Mbi rroKIDK:eM, 'ITO (noqTH) ace cynepanre6pbi KJiaccHtlecKoro rnna 
(eMit/), s TOM 'IHCJie H aJire6phi THna osp(m, n), o6rrap;aiOT 1\BYMH o6pa3yiO

IllHMH. 

)laJiee HaMH 6yp;yT YKa3aHhl KOHKpeTHhie naphi 06pa3yiOillHX WIH a.TI· 
re6p THJia CSp (1,2), OSp (1,4), OSp (2,2) H paCCMOTpeHhl COOTHOilleHHJI 

M~Y HHMH. B ttacTHocm, 6y,uyT nonytieHLI orrpenemuo:w;He coomomeHHR: 
WIH cynepa.Tire6p THJia osp (1,2), KOTOphie HMeiOT BHI\ 

[h, [h • b ]] ~ b • 

(1) 
[h, [h, [b, b]]] ~ 4 [b, b l _. 8h . 

,UaJiee C ITOMOIULIO 3THX COOTIIOllleHHH Mbl ITOJIYliHM HOBLie JIHHeiiHble 

pea.TIH3~ arrre6pb1 OSp (1,2), KaK KOHe'IHOMepHhie, Tal< H 6ecKOHe'IHO· 
MepHhte (eM. pa31\. 7, 8) , 3al\aHHhte Ha o6pa3YIOI.UHX h H b. KIDK,IIoe Taxoe 
npep;cTaBJieHHe 3ap;aeTcfl oeyMR onepampaM.u, H ,PopMyrrhi, 3ap;aiOII1He ero 
,D;eifCTBHe, Ql{eHb KOMllaKTHbl. 

3TO 06CTORTeJibCTBO BblrO,nHO OTJIHtlaeT ITOJIY'IeHHbie IIpe,ZJ;CTaBJieiDm 

OT y)Ke H3BeCTHblX H ll03BOJI.HeT Ha,z:(eHThCR Ha ITO,ll06Hhie )Ke pe3yJILTaTbl H B 

crryqae p;pyrHX cynepa.Tire6p. 

* 3iJecb, KQK U HWKe, Mbl 6yiJeM lZOJlb306aTbCJl 0603Ha'leHUR.MU, npUHRTbl.MU 8 TeO

pUU cynepMze6p Jlu ( CM. pa6oty B.r.Ka!jll 11 1). B •acrnocru , CK06Ku [, ] 6yiJyT 03Ha
llaTb ( eOuHyJO) 6wzuHei1Hy10 onepa1.4u10 e cynepaAze6pe Jlu. 
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2. 0 CYlllECTBOBAHHH llAP OBPA3YIOlllHX 3flEMEHTOB 
Y CYllEP AnrEBP KflACCWIECKOrO THnA 

Cy~eCTBOBaHHe nap o6pa3yro~x :meMeHTOB y anre6p THna A(m, n) 

6hill0 IIOK333HO aBTOpoM B pa6oTe /2/. 3,lleCh 6y,lleT IIOKa3aHO, 'ITO fiOqTH 

JII06aH cynepanre6pa flH Knacc~ecKoro THna o6na,~~aeT ABYMH o6pa3yro~H
MH. Caaqana noKa)KeM TaKoe 

llpe0/!03/CeHue. llycTh ,llaHa cynepanre6pa n.. G ~ G ii " G r ( TYT ~if-
11eTHaJI qacTL, G f - HelleTHaJI qacTL) , H - nonanre6pa KapTaHa liCTHoH qa

CTHG0, 

G - ~ '" G (ll - ~ I a 1 ; ... , a I ) 
1 a r;;;;;6,- a 1 n 

1 

- paaJIO)KCHHe HeQeTHoH qacrn G 1 no KOpHeBLIM ( omocHTeJILHO H) rron

npoc1Jla.HCTBaM, npHlleM see G a o,r:u~oMepHLI, H 

Tor,11a cynepanre6pa G o6na,~~aeT ABYMH o6p33yro~MH . 

.aoKa:IaTellbCTBO. IlyCT& G a ""<xa >- O,IU:IOMepaoe no.nnpoCTpaHcTBo, 
. I I 

HaTJIHYTOe aa ::meMeHT xa , 1 = l, ... , n ., 
I • 

n 
G_ Ell <Xa>, [h, xa] a.(h)xa (h <;H) 

1 i=l 1 1 1 1 

(TYT see a1 - p33n~Hhie <I>YHKQHOHaJihi Ha H) . Tor~~a B cHny neMMhi (eM. 

npHJIO)KeHHe) cym;ecrnyeT mKoH 3JICMeHT h *r;;;;; H , 1fiO see 3Ha11eHHH a1 (h *) 

OTJ!H'IHbi OT Hyna: H rronapHo paaJIHlmhl. OTCro;n,a nonyqaeTCH, liTO ,IJ,Ba 3JieMeH-

n 
Ta: h* H b = l: X a , IIOpO)I(lW.IOT G . ,lleiiCTBHTeJlbHO, B CHJIY CBOHCTB onpe-

t~ 1 I 

nenHTeJIH BaH,n;epMoa.n.a H BLI6opa h * see 3JieMeHTbi rnna 

k=0,.1,2, ...• n-1 

nHHeimo He38.BHCHMbi (uetieTHbi) H, CJienosaTeJibHo, rronanre6pa anre6pbi 

G, rropo)K)];etm.aH ::meMeHTaMH h * H b , conep:>KHT BCJO aeqemyJO lla.CTL G1 . 
Ho TaK KaK TYT [ G ;:; G 1J = G 0 , ro OKO~aTenhHO nonyqaeM, qTo anre6pa 
G nopo)l(]laeTCH CBOHMH 3neMeHTaMH h * H b . 3TO H Tpe6oBaJI0Cb .D;OK3.3aTb. 
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3aMe'l.aH.ue. Mo)I(Ho 6hmo 6hi yKa3aTo anropHTM Bhi6opa h* H b Ha oc
Hose MeTo.n;a ,JJ;OK33aTeJIDCTBa neMMhi ( CM. npHJIO)KeHHe) . Teneph BH,II;HO, 
qTO see cyneparrre6phi JIH KrraccHqecKoro Tlma ( CM./1/ ) , y KOTOphiX He
tleTHhie KOpHeBbie no.n;npOCTpaHCTBa O)l;HOMepHbl (B TOM tiHCJie H aJire6pbi 
THna osp (m, n)), o6rraAaJOT ilBYMJI o6pasyJOIUHMH orreMeHTaMH. 

3. ITAPA OBPA3YIOIUI1X 3JIEMEHTOB 
11 OITPE.UEJIHIOIUI1E COOTHOUIEHI1H CYITEPAJirEBPbl osp (1,2) 

Cyneparrre6pa osp (1,2) Mo>KeT 6h!Th peaniDosaHa (eM./!/) a BHAe 
MaTpHL\hi Ha,u C BH,II;a 

0 z 

d e 

-Z f -d 

r.n;e z , z 1, d , e , f <; C . IlycTh h = E22- E 33 , e 1 = E 12- E 31 , e 2 = E 13 + 

+ E 21 (TYT E ij - 3JieMeHT CTaH.n;apmoro MaTpHtiHoro 633Hca; h - lleTHbrii:, 
e 1, e 2 - HeqeTHhie orreMeHThi). Tor11a [h , e 1] = -e 1, [h, e 2] = e 2 H npH 
b = e 1 + e2 nonyt~aeM, qyo 

[h. [h' b]] = b • 

11cnOJIL3yR paccy)K/IeHHR H3 /IOKa3aTeJihCTBa :npeiiJIO>KeHHR · (CM.pa3)1eJI 2), 
norryqaeM, qTO 3JteMeHTh1 h H b nopo>KAaJOT cyneparrre6py asp (1,2). He
nocpencTBeHHo npoaepHeM, liTO cne.nyroiUHe 3JieMeHThr: h , [b,. b ] ~ 
[h , [b , b] - qeTHhie, b , [h, b] - HeqeTHLie, COCTaBJlRIOT ee 6a3HC. 

,lJ;aJiee JierKO nposepHTh, liTO 3JieMeHThi h H b CBH3aHbl TaKHMH COOT
HOUieHHHMH: 

[h. [h' b]] = b ' 
(1) 

[h , [h, [b, b]]] = 4 [b, b] - Sh . 

l13yllaH coomoiiieHHH Me)I(,Izy smeMeHTaMH 3Toro 63.3Hca, nonyqaeM, qyo ace 
OHH BhiTeKaJOT H3 COOTHOllleH!ill (1). TaK KaK OSP (1,2) - ITpOCTaH Cynep
aJire6pa, TO 3TO ee onpene.JUIIOI.IJ;He coomoweHHH. )l;pyrHMH cnosaMH, nro6aa: 
cyneparrre6pa C TaKHMH COOTHOllleHHRMH Me>KAY o6pasyJOl11HMH H30MOp¢Ha 
osp (1,2). 
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4. llAP A OBP A3Y!Oilli1X 3JIEMEHTOB 
.[(JIR CYllEP AJirEBPhl osp (2,2) 

3Ta cynepanre6pa JlH (G) COCTOHT H3 acex MaTpHil BH/18. ( CM/ I/) 

0 X XI 
dimG0 ~ 4, 

-a y Y1 dimG 1~ 4. 

XI 8 y 

-X 8 -{3 

llyCTb 

- e 1' 

0Tcrona B cHJiy paccy)I(.UeHHii pa3.n.ena 2 nonyt~aeM, liTO Oea afleMeHra a u 

b ~ e
1 

+ e2 + e 
3 

+ e 
4 

nopoJtCOUIOT cy.nepMze6py osp (2,2). 
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5. ITAPA OBPA3Y!OIU11X3JIEMEHTOB 
.[(JIH CYITEPAJirEBPbl osp (1,4) 

3Ta cyrrepanre6pa JlH COCTOHT H3 BCeX MaTpHU BHna 

k, e m, n 

d e 
' 

-k f -dT 

TYT d , e , f - 2x2 MaTpHUbl Ha,U C, e H f - CHMMeTpHtnlbie MaTpHUbi, 

k,e,m,n,;;;:;c. 
ITyCTh 

- 'liSTHbie 3JISMSHTbl, 

Torp;a 

[ hl. e 1] - er:, [h2,el] = 0, 

[ hh. e 2] 0. [h2' e2] = -e2' 

[ \· e 3] •s, [ h 2, e3 ] ~ 0, 

[ hl. e 4] 0, [h2,e4] = e4. 

0603H8tlllB h = h
1 

+ 2h
2 

, IIOJiyt.J:aeM, liTO 
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EcnH nonO:>KHTh b = e1 
+ e2 

+ e
3 

+ e
4 

, ro Oea 3/leMeHTa h u b nopo)f(Qa10T 

cynepwue6py osp (1,4). TyT, KaK H B cnyqae osp (1,2), MOlKHO HaiiTH 

onpe.uerr1uom»e coomoweHHR .UJUI anre6pbi osp (1,4) orHocHren&HO 3JleMeH

TOB h H b . 0.UHiiM H3 TaKHX COOTHOWeHm':i MO:>KeT 6hiTb TaKOe: 

[ h' [ h' [ h. [ h' b ])] ~ - 4 b + 5 [ h' [ h' b ]]. 

6. 0 nPEllCTABJIEHYIHX CYOEPAJirEBPbl osp (1,2) 

B CHJIY nocrpoeHHH (eM. pa3.uen 3) .UJIH roro, tlT06bt 3a.UaTb HeKoro

py!O nHHeiiHyw peanH3aQH!O cynepanre6pbr osp (1,2), oocmro,,.o onpeoe

llUTb, 80 llTO nepexo0RT ee o6pa3YIOutUe h U b (CBR3aHHble COOTHOWeHH

HMH(1)). 
Orcro.ua Mhi 3aKJiroqaeM, tlTO ,UJIR HaXOlK.IleHHR nro6oH nHHeti:HoH peann-

38..UliH aJire6phi osp (1,2) .uocrarotlHo onpe.uenHTh raKne JIHHefu.Ibie one

paropbi H 11 B a HeKoropoM cynepnpocrpaHcrae V, KOTOpbie y.uoanersopR

IDT .IlBYM COOTHOllleHH.HM: 

[H, [H, B]] ~ B, 

(2) 
[H,[H,[B, B]]~4[B, B]-8H. 

TaKoe 3anaHne npencrasneHHR osp (1,2) pasHocHJihHO 3a,ll,a.Hmo Tpex 

oneparopoa H , B 1 , B2 , cBH3aHHbiX 6onee npocTbiMH coorHollleHHRMH: 

[H,B2 l~-B 1 
[ B

1
, B

2
] ~ H 

Jl;'IR ,IlOK.a3aTeJibCTBa 3TOrO ,IlOCTaTOtiHO IIOJIO)KHTb 

B1 ~B+[H,B], B2 ~B-[H,B] 

(B~~(B +B)). 
2 1 2 

(3) 

HHlKe Mbi npHBOAHM npe)1CTaBneHHH cynepanre6pbr osp (1,2), 3a

)1aHHbre Ha o6pa3y!OmHx H , s
1

, B ( B ~.!. (B + B )) , ilpH 3TOM pac-
2 2 1 2 
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CMOTpCHhl KaK KOHeqHQMCpHhiC, TaK H 6eCKOHCtiHOMCpHhie npe.n;cTaBJieHHH, 

)lJIH KOTOpbiX orrepaTOp H HMCCT co6CTBeHHhlft BCKTOp. 

7. KOHEqHOMEPHbiE IIPE,IlCT ABJIEHY!.fl 
CYIIEPAJirEEPbl osp (1,2) 

Ka)K)loe aenpHBO.D.HMOe KoHetiHOMepaoe npe.n;CT8.BJieHHe anre6pbi 

asp (1,2) (eM. p33Ue.Jibi 3 H 4) c ToqHOCTb!O uo 3KBHBaJieHTHOCTH MO:>KeT .. 
6hiTb 3Ma.HO pa3MCpHOCTblO ffi + 1 rrpOCTpaHCTBa npe.n;CnlBJICHHR V = E9 <X > 

k=a k 
m 

(TYT [ Xk] k=O - 6a3I:IC V, r,Ue X 2 t - qeTHbiC, x 2 t+l - HetiCTHhiC 3JICMCHTbi) 

aa ee o6pa3yiDIUHX 3JieMeHTax c noMOI.I..U»ID onepaTopoB H, B11 , B2 ( cne.n;o

saTeJibHO, H Ha h , b ) cne.n;yiDIIlHM o6pa30M: 

m 
Hxk=(--l)xk 

2 

(k=O,l, ..• , m), 

(x .,;; m - 1) , 

3TH nptmcTasneHWI nonyqeHhi nyTeM nocnenosaTeJibHoro non6opa 

orrepaTOpoB H H B 1, B 2 , yuoBrreTBopH!Oll\HX cooTHornemrnM (3) 

(3a ocHOBy 6epeTCH co6cTBeHHbrH BeKTOp onepaTopa H), c yqeTOM TOro, 

liTO cyrrepCJie.n; n106oro TaKoro onepaTopa .n;on:x<:ea pasHHThCH ayn10. 

8. 0 EECKOHEqHQMEPHb!X IIPE,IlCTABJIEHY!.flX 
CYIIEPAJirEEP osp (1,2) 

HH:x<:e Mhi npHBO.n;HM aenpHBo.n;HMbiC 6ecKoHetJHOMCpHbie npe.n;cTasne

HHH anre6pbl asp (1,2), )(JIH KOTOpb!X onepaTOp H HMeeT C06CTBeHHbrH BeK· 

Top (eM. p33Ue.Jibi 3 H 4). TyT Mhr nocTyiiHJIH aHanOrnqBo npeuhluyrneMY. 

flpH 3TOM Mbl nonyqHJIH HCllpHBO,IJ;HMhiC npC,D;CTaBJICHIDI ,IJ;ByX THITQB. 
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TunA. x0 , x 1, ... , xk , ... - 6asHc npocTpa.HcTaa V H 

{ 

B
1 

x
0 
~ 0, 

'\X2k~-kx2k-1 (k?l), 

Bl x2k+l ~(a- k) x2k' 

KoHCTa.HT8. a onpe.n.enHeT npe.u.cTaanelllie TaKoro THna O,!J.H03HatJHO, c TOt 

HOCThiO ,IJ,O 3KBHBaJieHTIIOCTH. 

TunE 

Hxk ~(a+k)kk, 

{ 

Bl x2k~(a -k- ,B)x2k-t 

8 1 x2k+l ~ (,8 - k) 'Ilk' 

BrXo ~ 0' 

k~O,l,2, ... 

B 3aKJIIOtJeHHe OTMeTHM, liTO rro.u.o6Hhie rrocrpoeHHH B03MO)KHbi H .u.n 
MHornx ApyrHx cynepanre6p. 

IIPilllOlKEHHE 

JleMMa. llyCTb V - JIHHeHHoe rrpocTpa.HCTBO HaJJ; HeKOTOpbiM noneM K 

(crur K ~ O) : 

v 

8 

m 
e <va

1
>, 

1~1 



r.ue a1 - pa3JUiliHbie (I= 0) ¢lYHKU110HaJihi Han H - nHHefu.wH o6onoqKoH 

onepaTopos h 1 , ... , hn : 

h
1 

xai = a 1(hi) Xa;'· 

To rna cyruecrnyeT TaKoH 3JieMeHT h* .:;;:; H, tlTO see 3HalleHHR 

a. (h*) <;;: K 
1 

nonapHo pa3J111liHhi 11 He paBHhi HY nro. 

JJ.oua3arenbcreo. PaccMoTpi1M MHO)f(eCTBo P, cdcTOR:I.Qee H3 scex ¢lYHK

UHOHaJIOB BH.li,a 

all, ••• , am' a i- a j, ••• (i,ii), 

TiycT& 3ITeMeHThi A i ,i 0 ( \ <;;: K) nonapHo pa3nHqHhi. 

PaccMoTp11M 6ecKOHeliHYIO nocne.uosaTenbHOCTh 3JieMeHTOB 

E E E 
qE = \ h1 + A2 h2 + ... + A

0 
h

0 
(E = 1, 2, ... ) • 

B cHIIy KOHeliHOCTH MHO:>Kecrna P 11 KOHeliHoMepHoCTH H nonyqaeM, liTO 

ecnH 6hi Tpe6yeMbi:H 3JieMeHT He cyi.QeCTBOBaJI, TO 6eCKOHeliHOe MHO:>KeCTBO 

3JieMeHTOB q£ CO.l1,ep:>KHTCfl B O,IJ,HOM H3 MHO:>KeCTB THITa 

Ha= !x, x <;;:H) a(x) = O! (a<;;: P). 

A oTcrona BhiTeKaJio 6bi a cHJiy cso:H:cTs o6o6rueHHoro onpenemuenR: Baa

nepMOH.ua, liTO H ~ Ha. Ho Tor.n.a 11JIH ak = 0, HJIH a k =a£ ,l1.J1fl HeKoToporo 

k HJIH )],JIJI HeKOTOpbiX k £ . 3TO npHBO.[(HT HaC K llpOTHBOpeliHlO. JleMMa 
n 

,noKa3a.Ha. 
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