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1. BBE.QEH~E 

CBA3b MemAY AH¢¢epeH~HanbH~MH ypaeHeHHAMH e 4aCTH~X npoHa
BOAH~X H HHTerpHpOB8HHeM no npocTpaHCTBY TpaeKTOPH~ 6~na o6-
HapymeHa ~eHHMaHOM/l/ npH paapa60TKe HOBOro nOAXOAB K KBBHTO
aoH MexaHHKe. Ka~ 121 nony4Hfl AnA peweHHR ypaaHeHHA Tennonpo
BOAHOCTH ¢opMyny B BHAe HHTerpana no Mepe 8HHepa 8 npocTpaH-
CTBe HenpepbiBHbiX ¢yHKL!1<1H, 8 AallbHeHweM H3BeCTHYfO KBK 
11Ci)opMyila 4>eHHMaHa - Kal.l8 11

• 8 HaCTOAll.\ee apeMA MeTOA KOH

THHY81lbHOrO HHTerpHpOBBHHA np04HO 38HA/l CBOe MeCTO B COBpe
MeHHOH KBaHTOBOH TeOpHH nonA H CTaTHCTH4eCKOH $H3HKe/S/ • 0AHa
KO AO CHX nop He C~eCTByeT eAHHOrO M8TeMaTH4eCKH CTpororo 
onpeAelleHHA ¢YHKL!HOH8/lbHOrO HHTerpana. 0AHHM H3 nOAXOAOB K 
peweHHfO 3TOH npo6/leMbl AB/lAeTCA nocTpOeH~e ¢oPMY11 T~na ¢eHHMa
Ha - Ka~a AllR pa3111o14HbiX B~AOB A1-1¢$epeH~IIIallbHbiX ypasHeHI-1t1 14•61 

8 nocneAHIIIe rOAbl IIIHTeHC~BHO pa3BI-1BaeTCR TeOpiiiR cynepC1o1M
MeTplo14HbiX MOAelleH - cynepaHalllo13 AllR ¢YHK~~~~~ KOMMYTIIIPY~~~~~X H 
aHTHKOMMYTIIIPY~~Io1X nepeMeHHbiX !8.7/ • 0Aio1H 1-13 sapHaHTOB ¢0PMY11bl 
¢eHHMaHa - Ka~a s cynepaHanHae - ct>opManbHoe ablpameHIIIe AnR 
CIIIMBOJla onepaTopa 3B011~~~~~H cynepCIIIMMeTpi-14HOH CIIICTeMbl - pac
CMaTPIIISallCA 8/S/ • anR HeKOTOPbiX KllaCCOB ypasHeHIIIH B Cynepnpo
CTpaHCTBe TaKHe ¢0PMY11bl, COAepma~He XPOH0110rH4eCKY~ 3KCnOHeH
TY, 6bll1H nony4eHbl a/9/ • 

B HaCTOR~e~ cTaTbe npHBOAIIITCR aHanor ¢oPMYllbl 0eHHMaHa -
Ka~a AllR APYroro Knacca lliiiHeHHbiX ason~~lo10HHbiX ypasHeH~~ a cy
nepnpocTpaHcTse. HcnonbayeTcR AH¢¢epeH~HallbHoe H lo1HTerpanbHOe 
HC4HClleHHe a cynepaHalll-13e 1101 

, paas1-1T0e AllA 6ecKoHe4HOMepHoro 
cny4aR a 191 • ncesAOAI-14xJ>epeH~""allbHble onepaTOPbl AllR 6ecKoHe4HO
MepHbiX pacnpeAelleHio1H 6bllllo1 onpeAeneHbl a 1111 . PeweHIIIe ason~~H
OHHoro ypasHeHHA npeACTaeneHO B BHAe PRAa, KOTOpbl~ MOmeT Clly
mlo1Tb OAHHM H3 B03MOmHbiX onpeAelleHHH XPOHOI10rH4eCKOH 3KCnOHeH
Tbl c~Msona nceBAOA~<!><!JepeH~~aflbHoro onepaTopa /cp •15• 121 I. 

2. nCEB.QO.Q~<!><!>EPEHUHAJlbHbiE OnEPATOPbl 
B CYnEPnPOCTPAHCTBE 

nycTb A = 1\, " A 1 - 6aHaXOBa KOMMyTaT~BHaA cynepanre6pa 
/KCA/ HaA noneM KOMnfleKCHbiX <mcen C1101 • a A= Ao" A1 - 6ec-
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KOHe4HOMepHaR nceBAoTononorH4ecKaR KCA HaA noneM ae~ecTaeHH~X 

4Hcen R, a KOTopoH 4eTHble 311eMeHTbl HI-1IlbnoTeHTHbl /KpoMe 4Hcen/, 

a aHH'liiRTDP He4eTHD~ 4acT~ Tp~s~aneH: "A 1 = Ia ~A I aA1 = Ol 
/9 Rn,m 

= 0 . C~MsonoM A o6oGHa4~M ~ynepnpocTpeHCTBO 

A
0 

x ... x A
0 

x A 1 x ... x A 1 Ha,q KCA A . 

n m 
nycTb, Aanee, f - (J>HHHTHaR 6eCKOHe4HO AH~epeH4HpyeMaR 

¢YHK4HR, onpeAeneHHaR Ha Rn H npHHHMa~aR aHa4eHHR s npocT

paHcTae A-aHa4HbiX nonHHOMOB oT aHTHKOMMYTHPY~HX nepeMeHHbiX 

P (A~, A) • CTpyKTypa KCA A no3BOIIReT npo,qomK~Tb !I>YHK~~IO f c Rn 

An I 17,o.581 I H _ 
Ha 0 cp. . a30BeM npocTpaHCTBO TaKHX nPOAOil*eHHH 

npocTpaHCTBOM 6ecKOHe4HO AH¢¢epeH4HPYeMbiX CI>YHK41oH1 Ha R~m, 

¢HHHTHbiX nO Be~eCTBeHHbiM HanpaBileHHRM, H 0603Ha4HM ero 4epe3 

:£( R"Am' A) • 
npeo6paaosaH~e !l>ypbe-!l>yHK~~~ f <;; T(R'im,A) onpe,qenReTCA 

paeeHCTBOM 

s:rcy.el f d 0 tdm8f(t,8)exp{1(y,t) + !(B,ell. 
Rnx A~ 

n 
(y, t) = l: yi ti, 

i = 1 

3,qecb ~ ,qanee M~ 6y,qeM o6oaHa4aTb o,qHo~ ~ TO~ me 6yKBDH 

caMy !I>YHK~~IO r ~ :t(R:tm ,A) ~ ee orpaH~4eH~e c A~ Ha R~ 
06oaHa4~M 4epea Z( R:tm ,A) npocTpaHcTso !l>ypbe-o6paaos !I>YHK

~~H ~3 :£(R~m ,A). OnepaTop 5' ABIIAeTCA ~3DMDP4>~3MDM npocT

p~HCTB :£ ~ Z, np~4eM ,qiiA if> <;; Z 

. -1 1 
5' (¢)(x,8) = m(I!IJ-1) 

n m 
(211) i ( -1) 

x expl-i(y,x)- !(8, 01. 

f d0 ydme ¢(yo eJ X 

R"x A'j_ 

nyCTb H: R~m X R ~m ~ A - 6eCKOHe4HO A~!l>!l>epeH~~pyeMaA 
!I>YHK~~" •. Cynepnces,qo,q~!l>!l>epeH~~ailbHbiH onepaTop (S -nAO) 

H(x, e, -icl, ill) c pq -c~MBOIIOM H onpe,qeiiAeTCA Ha npOCTpaHCTBe 

Z(R~·m , A) cne,qyiOII\~M o6paaoM: 
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xH(x,6,p,~)¢(q,t}exp{i(p,q) -i(p,x) + i~(~-6)}. 

nycTb Z"(R~m 'A) - npocTpaHCTBO A-m1Hei1Hb1X HenpepbiBHbiX 
<lJYHK~HoHano8 L:Z 4 A. TorAa S-n/lO H(x,6,-ia,ID) c pq-cHM
eonoM H onpeAenReTCR paseHcTBOM 

<liu, ¢> = < u, H*¢>, u ,; Z', ¢ ,; Z, 

a onepaTop H*AeHcTsyeT no npasHny 

xH(q,~,-p,-~)¢(q,t}exp{i(p,q) -i(p,x) + i~(~ -6)}. 

3. <l>OPMYRA <l>E~HMAHA - KAUA 
8 CYnEPnPOCTPAHCTBE' 

PaccMOTPHM cneAY~~Y~ saAa~y Kow11 8 cynepnpocTpaHCT8e: 

{

a . 
-u(t,x, 6) = H(t, x, 6, -ia, iD) u(t, x, 6), 
at 

u(O,x,6) = u
0
(x,6). 

/1/ 

PeweHHeM :no~ saAa~"' 6yAeM Ha3bl8aTb AH<lJ<llepeH~HpyeMy~ <l>YHK-
~"'~ u:( 0 ,T)4 Z'(R~m, /1) , KOTopaR 8 TO~Ke 0 npeACTa8nReT 
co6ot1 perynRpHblti ¢YHK'-'HOHan, onpeAeJlReMbult $YHKU.Het1 u0 : Rim-+ A. 

npeAnonaraeTCR, ~TO CHM80n 8-n/lO H HMeeT 811A 
a {3 

H(t,x,e.y,O L hf:l(t,x,6)y ~ , 
laiSN a 

lf:ll :O:m 
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a ,PyHK4HH ha,B : [ 0, T] x R 1'm ~ A YAOBJleTBOPlliOT cneAYIOIIIHM yc-
IlOBHRM: 

- m 
ha,a(t,x,e)= J exp{!(x,p) +He.~)lha,a(t,dp.~)d ~, 

R0 xA~ 

rAe Ea~ - ceMeHcTsa 6openescKHX A-3Ha4H~X Mep Ha R0 
, aasHCR

IIIHX oT napaMeTpoe t E [ 0, T], ~EAT, npH4eM 

- -£ £ m 
ha,B(t,dp,~)= i ha,a(t,dp)~, p~R0,~~A 1 , 

If I!> m 

H AnR n~6~x HHA~~cos a,~,£ ""no6oro 6openeacKoro MHO*ecTsa 
B c R0 IPYHK4HH ha,B(t, B): [ 0, T] ~ A H3MePHMbl, H 

T -f 
f dr f II ha,a(r, dp) II < CH, CH > 0. 121 

o II" 

npeAnOilaraeTCR T8K)f(e, 4TO AJ1R 4>YHK1.1lo1H U
0 

BblnOJlHeHO ClleAyiO

LQee ycnoaHe : 

rAe u0 (dp.~) - ceMeHCTBO A-aHa4HbiX 6openeBCKHX Mep Ha R0
, aa

BHCRW.HX OT napaMeTpa 71 ~A~, npH"'eM 

u 0 (dp.~)m I. ii 0,a(dp)~,8, pE-R 0
, ~ EA";, 1 

1,81 S. m 

f IJu .,(dp)ll <c •. c. > o. o,... 0 0 
II" 

/3/ 

H(t, dp, ~. y, e> 

TeopeMa. !PyHK4HR 

oo t Bk 82 

u(t,x,e) = I J~ f dslr._
1 

... J ds1 f U0(dp0 ,~0)H(s 1,dp1,~1'-po,-~.lx 
k=oo o o 
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k k 

xexpll(x,:t pJ) 
J = 1 

+ !(8, :t '1J )I d71k ... d71 -
J = 1 0 

- peweHHe aaAa4H KowH /1/. 

AoKa3aTenbCTBO. noKameM BHa4ane, 4TO PRA /4/ CXOAHTCR B 
npoCTpaHCTBe Z'(R~,m 'A) 0 nycTb ¢>E Z(R~m ,A) • <P = 'J<P, 
suw¢>1Rn c Ba, Ba= lx E R"lllx II~ R l , ¢ = I iiSy<x)eY , 
II¢1Rnll :> C;p o lri.Sm 

Hcnonb3YR 04eHKH /2/-/3/, nony4aeM 

- "2 
$ :t :t II (dsk ... f ds1 filoll (dp 0 ) x 

k=o a/lfy o o o 

/4/ 
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Aanee, nocKonbKY 

~ 
82 

.i._(u, ¢) ~ ~ r 
at k ~ o ~ 

dsk ••• f ds 1 x(u0 (dp0 ,~ 0)x 
0 

k-1 

xH(sl'dp1,q1,-p
0

, -~0 ) ... H(\,dpk.~k'- ~ PJ' 
i ~ 1 

k k 

X H( t. dP. • ~ 1' - ~ pi • 
k+ 1 k + j ~ 1 

- I. ~ )¢(x,8) x 
J ~ 1 J 

k+ 1 k + 1 
x exp {i(x, ~ p. ) + i(8, ~ ~ )}d~ ••• d~ dxd8, 

j ~I J j ~ 1 J k+1 ° 

k t 
x ¢(x,8) exp{i(x, ~ p ) + 1(8, I. ~J )}dsd8 ~ 

J~1 j J~1 

k 

~JH(t,x,e,-~ PJ' 
j ~ 1 

k k k 

-~ ql}¢(x,8)exp{i(x, ~ pl)+i(8, ~ ~i)}dxd8~ 
j~1 J~1 i~1 

k k 

j'(H*¢}( ~Pi'~ ~J}' 
J~1 .J~1 

a 
TO at(U, ¢} ~ (u,H*¢}. 

04eBI1AHO, 4TO u(O,x, 8} ~ u
0 

(x, 8) • TeM caMbiM AOKa3aHo, 4TO 

u- peweHHe aaAa411 Kow11 /1/. 
PflA /4/ MOmHO C4~TaTb onpeAeneHHeM KOHT~HyanbHOrO HHTerpana, 

npeACTaBnfl~~ero onepaTop 3BOn~~HH cynepCHMMeTpH4HO~ CHCTeM~ 
c raMHnbTOHHaHoM H(t, x, 0, p, 77): 

t n m • 
U

1 
~ (T-<lxpl ((H(r,x,e,p.~}- I. x

1
p1 

0 1 = 1 
- ~ 8 J ~J }dr I ·n dx(r}d6(r}dp(r} d~( r}. 
J ~ 1 rE[o,d 
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TaKHM o6pesoM, M~ BHAHM, 4TO npH peweHHH 3eon~~HOHH~X ypae
HeHHH B cynepnpOCTpaHCTBe nORBnReTCR KOHTHHyanbHblti HHTerpan B 
BHAe XpOHOnorH4eCKOrO ynopRA04HBaHHR CHMBOnOB nceBAOAH$$epeH
~HanbHOrO onepaTopa. TaKoe onpeAeneHHe KOHTHHyanbHoro HHTer
pana npeACTaBnReTCR BnOnHe ecTeCTBeHH~M, T.K. AnR HeKOTOP~X 
raMHnbTOHHaHOB, SaBHCR~HX TOnbKO OT KOMMYTHpy~~HX apryMeHTO~ 
PRA /4/ MO)I{HO 3anHCaTb B BHAe 06bi~HOrO HHTerpana no Mepe/G,l 

B saKn~4eHHe aeTop e~pamaeT 6naroAaPHOCTb A.~.XpeHHHKoey 
sa MHOr04HCneHHble nnOAOTBOpHble AHCKYCCI-1H, a TaKme npo$. 8. r. Ma
XaHbKOBY sa PRA nonesHblx saMe4aH1-1H. 
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