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BBEAEHHE 

B! KHHre l14>eHHMaHOBCKHe neK~HH no <l>H3HKe ll / 
1/ onncau axcne

pHMeHT, B' KOl;oPOM paapyuieuae HHTep<1>epeH~HOHHOC1 KapTHHbl 06y
cnOBneHO HCT04HHKOM CBeTa, n03BonR~~HM onpeAenHTb /perHCTpH
pyR pacce~BwHeCA <l>oToH~/, 4epe3 KaKoe H3 OTBepCTHH B 3KpaHe 
npowna 4aCTH~a. Aanee <1>eHHMaH <1>opMynHpyeT npaBHno, cornaCHO 
KOTOpOMy np04ecc onHC~BaeTCR: 

a/ Ha R3~Ke TeopHH BepOATHOCTeC1, ecnH BHewHeMy Ha6n~AaTen~ B 
npHH4Hne AocTynHa HH<l>opMa4HA 0 TeKy~eM COCTORHHH CHCTeMbl; 
61 Ha R3~Ke aMnnHTYA BepOATHOCTH, ecnH HH<l>opMa4HR HeAocTynHa. 

npaBHflo ¢eC1HMaHa MomeT 6~Tb nony4eHo B paMKax cneAy~ero 
MexaHH3Ma IIcToxacTH3a4HH <l>aa". nYCTb COCTORHHe CHCTeMbl t/J(x) 
np~AcTaBnReT c060C1 cynepn03H~H~ naKeTOB ~l(x), KamA~~ H3 KO
TOP~X OTBe4aeT onpeAeneHHoMy aHa4eHH~ a l HeKoTopo~ Ha6n~Aa

eMO~: 

~(x) = ~ ~lCx), 
1 

TorAa 

I~ (x ) J
2 

::: L I~ 1 (x ) I2 
+ L int , 

1 1, j 

rAe int - HTep<l>epeH~HoHH~e 4neH~, 3aBHcA~He OT pa3HocTH <pas 
¢1 - ¢ J COCTORHI-1~ t/J 1 H ~ J '. tlpouecc onwcuaaerca Ha A3b1Ke aMnnH
TYA; BHewHeMy Ha6n~AaTen~ HH<l>opMa~HR 0 4Hcne 4aCTH4 /3TO Mo*eT 
6b1Tb 0 HnH 1/ nOKa HeAocTynHa. 

nYCTb 'Aanee' BKn~4aeTCA HaMepHTenbHoe YCTpotiCTBO, nepenae
~ee B MaKpo06cTaHoBKY HH<l>opMa~H~ 0 TOM, B KaKOM H3 COCTOAHH~ 

~1 HaXOAHTCR ceC14ac 4aCTH4a. TorAa BcneACTBHe COOTHoweHHA He~ 

onpeAeneHHOCTH <l>a3a - 4Hcno 4aCTH4, <1>aaoBbie COOTHoweHHR Me*AY 
OTAenbH~MH COCTaBnR~~HMH jraxera OKa3b1Ba~TCR yTepAHHbIMH, H HaH
MeHee HCKa~eHHoe COCTORHHe, KOTopoe MomHO ce6e npeAcTaBHTb, 
B~rnRAHT TaK: 

lcPl
 
t/J'(X) = L t/J (X) e •
 

1 1 

rAe ~l¢l - cnY4a~H~e, HecKoppenHpoBaHH~e APyr C APyroM <l>asoB~e 
MHO>KHTenH: 

2 

.< ¢ 1 - ¢j > = 0, 

<...> - ycpeAHeHHe no aHcaM6n~ Ha6n~AeHI-1~. B 3TOM cny4ae HH
Tep¢epeH4HA OTCyTcTByeT: 

<\t/J(X)!2> = ~ 1tP. 
1
Cx ) \ 2.
 

1
 

XOPOWO ~3BeCTHO, 4TO ypaBHeHHe WpeAHHrepq, BcneACTSy.e ero 
n~He~HOCTH, He onHCblBaeT paspyweHHA I-1HTep¢epeH4HOHHO~ KapTH
Hbl / 21 

. ~MeHHO 3TO 06CTOATenbCTBO npenRTcTByeT nOCTpoeHH~ AH
HaM~4eCKO~ TeopHH KBaHTOB~X H3MepeHH~ Ha OCHose ypaBHeHH~ 

WpeA~Hrepa /np06neMa peAYK4HH BonHOBoro naKeTa B KBaHTOBO~ 

MexaH~Ke/. OAHaKO a caeTe B~weCKasaHHoro TaK H AOn>KHO 6~Tb 
ypaBHeH~e WpeAHHrepa OTHOCHTCA n~Wb K H30nHpOBaHH~M B ~H<l>OP
Ma4~OHHOM OTHoweH~H CHCTeMaM. B cneAY~~HX paSAenax M~ 06cYAY.M 
HeKOTopoe ypaBHeHHe, KOTopoe: 

1/ nepeXOAHT B ypaBHeHHe WpeA~Hrepa, ecnH CI-1CTeMa He B3a
~MOAeC1cTByeT C Ha6nIDAaTenbHblM YCTPO~CTBOM, 

2/ ocy~ecTBnAeT CToxaCTH3a~HID <pas OTAenbHblX COCTaBnAID~HX 

BonHOBoro naKeTa, ecnH y.H¢opMa~HA 0 COCTORHHH CI-1CTeMbl nocTy
naeT B MaKpo06cTaHoBKY. 

B paMKax TaKoro nOAXOAa np06neMa peAYK~HI-1 BonHOBoro naKe
Ta MO>KeT 6~Tb peweHa. B AanbHe~weM M~ 6YAeM Hcnonb30B~Tb Me
TOA CToxaCTH4eCKHX AH¢¢epeH4HanbH~x ypaBHeH~~, ~SnO)f(eHHbI~ 

/ 3 / 
B . 

1. YPABHEHHE WPEaHHrEPA-CTPATOHOBH4A 

6YAeM C4HTaTb, 4TO B ypaBHeHHH WpeAHHrepa /YW/ 

atll/J t > =-~ J{1l/J t >, 

raM~nbTOHHaH B 06~eM cny4ae saB~CHT He TonbKO OT BpeMeHH, HO 
H OT Ha60pa cnY4aC1HblX napaMeTpoB I~a(t)l : 
"
 
J{ = ~ ~aCt.e(t»la><al,
 

a 

rAe eCt) - HeKoTopbl~ cnY4a~H~~ npo~ecc. AnA npOCTOT~ npy.MeM, 
4TO ~ - 6enbl~ WyM: 

.( e a ( t ) e a' ( t ' ) > = Baa' a(t - t ') . 

C MaTeMaTI-14eCK0C1 T04KH 3peHHR npeAn04THTenbHee nepe~~H K BH
He~oBcKoMY cnY4a~HoMY np04eccy Wet) , AnA KOToporo dW(t) = 
= ( t ) d t ,d wad wa' = Baa' d t • Tor Aa B npenc r aaneaaa , OTBe4alO~eM 
Ha6nlOAaeMo~ 
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a ~ ala>.<ul, [H,;].=o, 
a 

YW np~H~MaeT 8~A 

d t/J (a, t ) = - .:k- {E ( t ) d t + g a ( t ) d Wa (t) I t/J (a, t ) ,	 /1/a 

rAe l/J( a, t) = .<aI t/J >, Ea (t) ,ga< t ) - 06bl4Hbie /HecnY4a!:1Hble/t 
¢YHK~~~ BpeMeH~*A Ea - 3Hepr~R c~cTeMbl, OTBe4a~~aR 3Ha4eH~~ 

Ha6n~AaeMo!:1 a , H( t ) = ~ Ea ( t ) Ia >.< a I - raM~nbTOH~aH ~Hq,opMa

, 'I, v a	 v 

~~OHHo-~30n~poBaHHo~ c~cTeM~, T.e. 06~4HW~ raM~nbTOH~aH. 

CToxacT~4ecKoe A~<t>¢epeH~~anbHoe ypa8HeH~e /Cny/ /1/ 6YAeT 
nOH~MaTbCR 8 cMwcne CTpaTOH08~4a. C q,~3~4ecKo!:1 T04K~ 3peH~R 

qTO 03Ha4aeT, 4TO CToxaCT~4ecK~!:1 npo~ecc ~MeeT rnaAKY~ np~po

AY'. C,lJ,Y /1 / 3K8~8aneHTHO ypa8HeH~~ HTO: 
2
 

. 1 ~
 
d t/J (a , t) :::: - r {E (t ) dt + g (t) d W (t) I ¢ ( a, t ) - --2 t/J (a, t) dt , 

n a a a	 2ti 
rAe nocneAH~!:1 4neH AeMnq,~PyeT HernaAKY~ 4aCTb cnY4a!:1Horo npo
~ecca. 

PeweH~e 3Toro ypaBHeH~R 

t t 
t/J(a, t) = exp 1-4-( .r E a (T ) d T + J g a( T) d W ( r l) 1t/J (a, 0) /2/a 

n	 0 0 

~MeeT 04eB~AHY~ ~HTepnpeTa~~~ - onepaTOp 3Bon~~~~, nOM~Mope

rynRpHo!:1 cocTaBnR~~e!:1 

it", 
Ut :::: exp {- 11 .r H ( T ) d T I 

o 

np~06pen¢nYKTya~H~ 
t 

Ut :::: ~ exp 1-1. .r g a ( T ) dWa (T ) I Ia > .<a I,	 /3 / 
a "n 0 

xaOT~3~PYIOU.lYIO omens aue KOMnOHeHTbl .<a I t/J t > rtaxera I t/J t > . Kop
penarop , ecnn ga ( t) == ga = const , ~MeeT B~A 

. 1 g 2 
.<\at>.<asl> ::::Ut lao><aoIU~ eXP{-2i2It-sll /4/ 

~ ornrcuaaer ocnafineuae CKoppen~pOBaHHOCT~ ¢la3 COCTORH~!:1 Iat> 
~ Ias > no Mepe YBen~4eH~f1 ~HTepBana It - s I /noKan~3a~~R co
CTOflH~!:1 BO BpeMeH~/; ga xapaKTep~3yeT ~HTeHC~BHOCTb wyMa, ac
CO~~~pOBaHHoro C Ha6n~AeH~eM Be~~4~HW a . np~ paC4eTe KoppenR

* qTO, BrrpOqeM, He HBnHeTCH 06H3aTenbHWM. ~anee MbI paCCMOT

pHM HeKOTopwe. MOAenH 6e3 3Toro OrpaHHqeHHH. 

4 

Topa	 TeM, 4TOM~	 Bocnonb30Ban~Cb 

t
 

'<lJ a ( t ) = .r g a< T) d W ( T )
a 
o 

RBnReTCR raYCC08CK~M cnY4a!:1H~M npo~eCCOM*; TeM, 4TO AnR BCflKO!:1 
raYCCOBcKo!:1 cnY4a~HO~ Ben~4~HW z 

.< eZ > = e'< Z 
2 

>/2	 
/5/ 

~ TeM, 4TO 

«~Wet) -W(s»2> It - s l • 

2.	 PEAYKU~~ BonHOBoro nAKETA
 
,lJ,DR MH¢OPMAUHOHHO-HE3AMKHYTWX C~CTEM
 

np~BeAeHHbiX q,opMyn AOCTaT04HO Anfl 60nee nOAP06Ho!:1 ~nn~CTpa-· 

~~~ ~Ae~, 06cymAaBw~xcfI BO BBeAeH~~. nYCTb C~CTeMa on~CWBaeTCfI 

CAY /1/. TorAa BepOFITHOCTb 06Hapym~Tb 4aCT~4Y B T04Ke x B MO
, MeHT BpeMeH~ t eCTb 

< \0/( x , t ) 12 > =.< Sp ( I X >.< X I t/J t > .< t/J t I) > = 

=!, .<a I x > .cx I a ~ > .«a ~ Il/J t > .< l/J t Ia » = 
, 

a,a 

/B80A~M o603Ha4eH~f1 '<Ila(x) =.< x ]a>, t/J o (a) = .<a I t/J o>' Pa = 10/ (a)!2 / 
0 

I	 Pa I'<lJ a (x ) I2, a:::: a ' ; 
a t
 

= a:a /cIJ;(X ) <1lal (x ) »: (a ) r./J (a ~) exp {-i- ! (Ea, - Ea) ( T ) d T } x
o 

{
 
x exp {- -

1 ft [g 2 ,( r ) + g 2 (T) ] d T I, a f:. a ~ •
 
2h2 0 a a
 

* YTBepJKAeHHH JIerKO npoaepz r-s , BblqHCnHH MOMeHTbI BenHqHHbI 

t
 
'<1l( t)'. IIpH rrOMOII.t;H <p0pMyn I1:ro .< J g iT) dW ( r ) > = 0, /3/, /4/,
 a 

o 
t t
 

.<[ .r g a ( T) d W (r )] 2> :::: f g ~ ( r ) d T HaxOAHM
 a 
o	 0
 

2k 1 2k . 2 k
.< 'ctJ - >:::: 0, .<'ttJ > = (2 k - 1) I! < <1J > 

MOMeHTW raYCCOBCKoro pacrrpegeneHHH. 
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nOCKonbKY HeAHarOHanbH~e 4neH~ MaTpH~~ nnOTHOCTH ~ ,(t) 6~aa 
CTpO 3aTyxa~T, TO 

< I t/; (X, t) \ 2 > ~ I. P \<lJ (X) 1
2

• a a 
a 

n03TOMY, C T04KH 3peHHfI CpeAHHX 3Ha4eHH~ Ha6nlOAaeMblX, oaccaar
pHBaeMOe CnY4a~HOe COCTOflHHe KBaHTOBO~ CHCTeM~ 3KBHBaneHTHO 

COCTOflHH~ 

p = :£ p la><al. 
a a 

B nocneAHee BpeMFI B nHTepaType HeoAHOKpaTHO 06CY~AanCfI Bonpoc 
06 onHcaHHH KBaHToBo~ CHCTeMW, AHHaMH4ecKafi 3Bon~~HfI KOTOPO~ 
npep~BaeTCfI B MOMeHTW BpeMeH~ t i , t 2 , ••• H3MepeHHflMH Ha6nlO
AaeM~X ~~ ;2' ... /~6/. B paMKax paCCMaTpHBaeMO~ CToxaCTH4e

CKO~ AHHaMHKH HeTpYAHo nOCTpOHTb MOAenb, oTBe4alO~YIO paCCMaT
pHBaeMoMy npo~eccy /KOH~en~HfI KBaHTOBoro HHCTpYMeHTa/. nyCTb 

Ha6nlOAeHHfI npOH3BOAflTCfI B HHTepBanax 

(t - ....:._, t +....:._)
i 2 i 2 

H nycTb, Anfl npOCTOTbl, B Te4eHHe BpeMeHH Ha6nlOAeHHfI HMeeT Me

CTO CHnbHoe B03My~eHHe C~CTeMW 

s, » Ea· 

TorAa 

I t/J > = U(t, t ) U (t ) U (t1t,t 1) ••• Ua (t 1) U (t l,t 0) It/;o >,k _ 
t k a k k 1

rAe 
i 

t 
... 

U(t,t ) = expl'-i" J H(r) d r I,
k

tk 

t i + r/2
 

i
U" (t ) = exp {- -.r:; .r ga(r)dWa(r)lluk><a k l , a k k 11 
t • r/2
i 

k- HHAeKc THna ~3MepfleMo~ BenH4HH~. ~OBepweHHO aHanorH4HO 
n~eA~AY~HM o~eHKaM nony4aeM, 4TO HeAHaroHanbH~e 4neH~ onepaTo
pa nnOTHOCTH np~ ycpeAHeHHH no aHcaM6nlO Ha6nIOAeHH~ nOAaBneH~ 

¢aKTopoM
 

2 2
(g + g , ) f 
a k a k.<~ , (t ) > _ exp {- ---------- I, t S. t ~ t , r > O. 

aa 2ti 2 k k + 1 

6 

BcneACTBHe 3Toro 3~onlO~HfI ycpe,qHeHHO~ no CToxaCTH4eCKOMY aH
caM6nlO MaTpH4bl nnOTHOCTH ¢aKTH4eCKII1 Mo~eT 6blTb onuceua ¢op
Myno~ 

... .....1 "-1 . 
<'p" t . > !, ... U(t 2. t 1 ) p ... U(t 1, t o) poU (tl,t o ) Pa.... U (t 2,t1) ... ;a1 1a , a , ...

1 2

Pa" =\a.>.<a.\,
ill 

OTBe4alO~e~ HeceneKTII1BHOMY KBaHToBoMy 1I13MepeHII1IO. Pe,qYK~II1f1 Ha
6n1OAaeMO~ K HeKoTopoMy onpeAeneHHoMy 3Ha4eHHIO a HOCII1T Tenepb 
4111CTO ~H¢opMa41110HH~~ xapaKTep 111 II1MeeT Ty ~e np~pOAY, 4TO ~ B 
06~4HO~ TeOp1l1111 BepOFITHOCT~ /HH¢opMa~lI1f1 06 a y~e nocTynHna B 
MaKpo06cTaHoBKY/. 

3. cnA50E B03MYmEH~~ 

M~ paCCMOTpenH Mo,qenb 3BonlO~1I1111 

r dt/;(a, t ) i 
~ ----- = - -dFa(t),
I "'(a, t ) 1; 

l dFa(t) = Ea(t)dt+ ga(t)d'Wa(t). 

B KOTOPO~ 3Heprll1f1 C~CTeM~ EJt) He ¢nyKTyll1pOSana, a ¢a3a 
Fa(t) Morna OTnH4aTbCfI OT CBoero ,qIl1HaMII14eCKOro 3Ha4eHHfI 

t t 
C>O.r EJr) d r 'Ha cxons yroAHo 60nbWYlO Benll14111HY !npll1 t -l / f ga (r) x 

o o 

x d W (r ). nOA06Hoe onacaaue B03My~eHHfI KBaHTOBO~ AII1HaMH4ea 
CKO~ CII1CTeM~ BHeWHHM 1I13MepHT~nbH~M YCTPO~CTBOM He npeACTaBnfl
eTCH Hill e,qHHCTBeHHO B03MO~H~M, HII1 Aa~e Hall160nee eCTeCTBeHH~M. 

B Ka4eCTBe npHMepa paccMoTpHM ,qpyrylO B03MO~HOCTb: 

d Fa (t ) = E a(Fa (t ), t) dt + ~ (Fa (t ) , t ) d Wa (t ) . /6/ 

B 3TOM cny4ae 
t t 

Fa (t) =.r Ea(Fa(r),r)dr + r ga(Fa(r) .r) dWa(r) + Fa (0) 
o 0 

- HHTerpanbHoe ypaBHeHlI1e ,qnfl Fa(t) . 
EcnH WyM Man 

g a (Fa ( t ) , t ) = f ga ( Fa ( t ) , t ) , 

ga - Ea, f S 1, 
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I 

3aAa4Y MOmHO peW~Tb MeTOAaM~ TeOp~~ B03My~eH~~/3/~ nOnaraR 
(0) (1) (2) 2 

Fa(t) = Fa (t ) + Fa (t)(+ Fa (t)( + ••• , 

2E (F(O) + F(l) e + F(a2) ( + •.• ; t ) = 
a a a 

(0) aEa(Fa,t) I (F(1)(+F(2) (2+ ••• ) + 
= E (Fa ,t) + -- (0) a aa aFa · Fa=Fa 

1 if
'2

Ea (Fa' t } (1) (2) 2 2 
+ - ---r--- I (0) (Fa (+ Fa- e + ••• ) + ••• , 

2 ifFa Fa = Fa 

_ (0) (1) (2)' 2 .
 
ga (Fa + Fa e + Fa e + ••• , t ) =
 

_ (0) aga{Fa ' t)	 (1) (2) 2 
=	 g (F ,t) + ------- I (0) (Fa (+ Fa (+ ••• ) + .•. ,
 

.a a aFa
 Fa = Fa 

nony4aeM C~CTeMY CAY 

d Fa(O) (t) = E (t ) dt,a
 

dF~n)(t) =(_Aa(F~O),t)F~n)(t) +C~n)(F~0),F~1) , ••• , /7/
 

{ (n - 1) t)]dt q(n~l)(F(O) F(1) F(n-!) t ) aw (t)Fa' + a a' a , ... , a' a ' 

rAe E a( t ) - coficr aeuuae 3Ha4eH~R He(t>nYKTy~pYIO~ei1 4a~T~ raM~nb


TOH~aHa IT.e. raM~nbTOH~aHa ~30n~poBaHHo~ c~cTeMw/ H(t) =
 

= I Ea(t) Ia >.< a [, B /7/ Mbl 0603Ha4~n~
 
a	 

. (0) 
(0) aE a ( Fa' t)
 

A (F" (t ) t) = - ---------,
a a .' . (0)aFa 

, 
* Ilanee 6yp,eT BHAHO, 'tlTO npn pemenaa ypaaneuaa /6/ no Teo-

pHH B03Mym;eHHI'i 6e3pa3nH'tlHO, KaK ero TpaKTOBaTb - B cxsrcrre I1TO' ... 
HnH B CMbIcne C'rp a TOHOBH'tla. 

8 

C~1) (F~O) (t) .t ) = 0, 

(2) (0) (1) 1 a2Ea<F~0),t) (1)
C (F a ( t ) , Fa ( t ) , t ) = -- '--~-------Fa ( t ) ,a	 2 aF (0) 2 

a 

a2 E (F (0) t )
 
c(3) (F(O)(t) F(1) (t) F(2) (t) t) ~~ :...._-_ F(1) (t ) F(2) (t )
 

a a 'a 'a ,- . (o)lf a a +aFa 

3 
+ ~_ a E a (Fa(O) , t )
 

6 -----a.FToy;r---- F(1)(t)3
a a' 

.................	 /8/

; 

g(0) (0) - (0) ) ) ~ q a (Fa (t), t ) = g a (F a (t ,t , g a - ---,- f 

. - (0) 
(1) (0) (1) dga(Fa ,t) (1) 

q a (F ( t ) F ( t ) t ) = -----:----.----- F ( t ) a 'a I aFa 
(0) a I 

q(~) (F~) (t ) F ~1) (t ) F ~2) (t ) ,t) =I I 

a- ( (0)' ) . 2 - «0) )
 
= __~~.:~-'_t--F(2) (t ) + 1. !.._~~~Fa__~~--- F(1) 2
 

aF (0) a 2 aF (0) a
 
a	 a 

Hanp~Mep, B nepBoM nopRAKe Teop~H B03My~eH~i1 HMeeM xopowo ~3
BeCTHoe ypaBHeH~e OpHwTej;1Ha-YneH6el<a: 

d Fa(1) (t ) = - A a (F ~O) (t ) ,t) Fa1
) (t ) dt + 

(0)	 )+	 B a (Fa (t), t ) dWa ( t I 

rAe 

F (0) (t) F(O) (0) + f E ( r ) d r , a a. a 
o 

Btgl (F~Ol •t) ~ ag(Fa(Ol • t ) -a F(O)---- . 
a 
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t 
HBOAR	 IIIHTerplIIPYJOllllll1lt MHO>KIIITeIlb exp l.r d r A (F(O) (r), r)} III Y4I11Tbl

o 

BaR, corIlaCHO TeXHIIIKe ~TO, 4IleH~ BnIlOTb AO BToporo nopRAKa, 
HaXOAIIIM 

. t 
dj= =d(exp	 f,drA(F(O) (r) .r) dF(l) +
 

o
 

+	 d(exp'/drA(F(O) (r),r» F(1) + (exp .r drA(F(O)(r),r»dF(l).
 
o o
 I, 

nOCKOIlbKY IIIHTerplIIPYJOllllIIH MHO>KIIITeIlb RBIlReTCR AeTepMIIIHlllpOBaHHoH 
l!>YHK,-,lt1eH BpeMeHIII, BIII~HO, 4TO nepBbl1lt 4IleH B npaaoa 4aCTVl IIIMeeT 
nOpRAOK dtdF(1) = -Adt + BdtdW( t ) III, CIleAOsaTeIlbHO, ..qOIlmeH 
6~Tb oT6poweH* • AHaIlorlll4HaR clIITya,-,IIIR IIIMeeT MeCTO III ,B 061lleM 
CIlY4ae, n03TOMY IIIcxOAHoe ypaBHeHllle /6/ AIlR ¢a3bl MO>f<eT TpaKTO
BaTbCR KaK B CM~CIle ~TO, TaK III B CM~CIle CTpaToHoB1II4a, KorAa 
IIIcnoIlb3yeTcR 06~4HaR TeXHIIIKa AIII¢¢epeH,-,lIIpOBaHIt1R. 

B pe3YIlbTaTe HaxOAIIIM 

d s: = exp IJd rA ( F (0 
) (r), r ) IB (F (0 ) ( t ) , t) d W( t ) • 

o 
t 

~HTerpIIIPYR III aoaeoauascs K nepeMeHHoH F(l) = exp 1-f d r A I j= 
IIIMeeM	 0 

t 
F~l) (t) =expl-fdrAa(F~) (r). r)lF~l) (0) + 

o 

+ Jexpf-! drAa(FdO) (r), r)lBa(FdO) (t'), t')dWa(t'), /9/ 
o t 

................
 
t 

F~n) (t) = exp I - f d rA a (F ~O) (r), r) I F ~n) (0) +
 
o
 

+ fexp ~-.r drAa(F~O) (r),r)I(O(n) (t') dt'+q(n) (t') dW(t'», 
o	 t' 

rAe 0 (n) , q (n) onpenenaor cn e:t>OPMYIlOH /8/. flpennonar-ae r ca , 4TO 
npe>f<Ae 4eM peWIIITb ypaBHeHllle AIlR l!>a3~ B n-nopRAKe, M~ HaWIlIII 
peureuae acex n -1 npeA~AYIllIIIX ypaBHeHIIIH, TaK 4TO O(n) III q(n) 
1113BeCTH~e ¢YHK,-,1II111 BpeMeHIII. Ij 

1;* TaK KaK, COrJIaCHO TeXHHKe HTO, ytIHTbIBalOTCH TOJIbKO tIneHbI , 
aropor-o rropanxa THna dW (t ) d WfJ (e ) ~ 8 a{3 dt , la 

10 

.1 

npo,-,eccOpHWTeIltHa-YIleH6eKa, nOAo6Ho BIt1HepOBCKOMY npo,-,eccy, 
paCCMOTpeHHoMy paHee, nplIIBOAIIIT K peAyK,-,1t1111 BOIlHOBoro naKeTa. 
Ilonaraa AIlR npOCTOTbl B oopxyne /9/ A a(T) = aa = const ,Ba ( r') = 

== ba' = const III nOIlb3YRCb /3/-/5/, HaXOAIIIM 

< I t/J (x , t ) !2 > =< Sp (P 'P t ) >0. = 
OY x Y 

I Pal '<IJ a (x ) 1
2 , e CIlIII a = a'; 

a 

2 '<IJ * (x ) '<IJ ' (x ) t/J * (a) t/J (cf).
a a' a a 0 0
 

a' /=a'
 
-2a t -2a , t a a
 

I 1 21-e 2 1-e
 
exp l--(b --- + b ,,-------) I 

2'\12 a aa a a a' , 

OTKYAa BIIIAHO, 4TO nplII t ~ -!_,_1~ IIIHTepl!>epeH'-'1II0HH~e 4IleH~ nOAaB
IleHbl ~a KTOPOM aa aa" 

2 2b1 ~_ a' J+ --) •- exp 1- 2\i2 ( &a 
aa " 

OCHOBHoe OTIllll4111e OTK-PbITOH CIllCTeM~ r axoro Tlllna OT <:lIIcTeM~, pac
cMoTpeHHoH B npeA~AYllleM pa3AeIle, 3aKnJ04aeTCR B TOM, 4TO Tenepb 
3HeprlllR CIIICTeM~ 

Ea(F(t),t) =E~(t) +(F~1)(t). 

¢IlYKTYIIIPyeT B6Illll3111 CBoe~o A~HaM1II4eCKoro 3Ha4eH~R /a l!>a3a He 
OT~OHReTCR OT Hero C Te4eHllleM BpeMeHIII KaK yroAHo AaIleKO, KaK 
3TO 6~IlO paHbwe/. TaKoe B03MYIlleHllle eCTeCTBeHHO Ha3BaTb cIla6~M. 

OHO IIIMe~T MeCTO, HanplllMep, B KIlaCCIII4eCKOM npeAeIle, KorAa CIII
CTeMe "caMOH no ce6eJl MO>t<HO nplllnlllcaTb, no KpaHHeH Mepe nplt16IlIII
>t<eHHO, onp~AeIleHHoe 3Ha4eHllle 3Heprllllll. B HaweH MOAeIlIII B03HIIIKa
eT raYCCOBCKoe pacnpeAeIleHllle C AlIIcnepCllleH 

(1) (1)
 
aa = lim < (E a (t ) - <E a (t ) > l2 > ""
 

t-+oo 

= (2 lim «F(1) (t) _ ,< F~ 1) (t) » 2 > = 
t-+oo a 

b 2 -2a t
 
= (2 lim ([ var {F (1) (0) J _ _ a_] e a
 +a 

t -+ 00	 2 aa 
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HaXOAHM
 
b2 b2
 

(2 a • <dt'(F(t») >
+ ~)	 _~s f( F (t) > 
2a a 23,a	 dt - -----dt--------

3Ta AHcnepCHH OTBe4aeT CTa~HOHapHOMY npo~eccy, KOTOP~~ nony af (1' ) 1 2. a2 f (F ) 
= ~ [ < E (F t) ---- > + -- < g (Fa' t ) ------ >] • 4aeTCH HS /9/, ecnH B Ka4eCTBe HHmHero npeAena HHTerpHpOBa a a a' aF 2 a aF2 

a aHHH BSHTb He 0, a -00. KpOMe Toro, MOAenb AaeT pasnH4H~e Koppe
nR~HOHH~e xapaKTepHCTHKH, HanpHMep, cpeAHHe SHa4eHHH cnY4a~H~X 

Ao6aBOK K AHHaMH4eCKOMY 3Ha4eHH~ 3HeprHH Ea(t~, CBH3aHH~e 
C APyro~ CTOPOH~*

COOTHoweHHeM t, ... ... ... -+ -+ 
<f(F(t)) > == fdF f(F) P(F,t I Fet , to)'

<E~) (t) > == < E~l) {O) > e ~aa t • 
~ ... ... 

r ae P(F, t 11"'0' to) - ycnoauaa BepoRTHoCTb nepexona Fo '" F sa
AHanorH4HO, BpeMeHHaA KoppenH~HOHHaH ¢YHK~HH HMeeT BHA 

BpeMR t - to' 
«F(l) (t) _<F(i) (t) >)(F(l)(s) _ <F(l) (s ) » ~ ... 

d F ( t ) ':= n d Fa (t) . 
a

b2 -a It- s I a a==[var {F(i) (O)}- b~----] euaa(t+s) + ---- e n03TOMY
 
2a 2aa
a	 ... ...' ... ... .r d F f (F ) d t P (F , t I F0' to) = 

¥t ar 1 2 a2 f ........
 
= f d 1'" I [ E -.-- + -- g a -..--] P ( F, t IF, t ).a a aF 2 aF 2	 00

4.	 A~¢¢Y3~H B r~nb6EPTOBOM npOCTPAHCTBE a a 
COCTOHH~1~ .... 

OTc~Aa, HHTerpH~YR no 4aCTHM H Y4KT~BaH, 4TO f(F) - AOCTaT04
B npeA~AY~HX paSAenax M~ o6cymAanH CToxaCTH4eCKHe AH¢¢epeH HO npoHSBonbHaR ¢YHK~HH, HaxoAHM 

~HanbH~e	 ypaBHeHHH, onHC~Ba~~He 3Bon~~H~ oTAenb~o~ KBaHTOBO~ ...... ' .... ....
 
a P (F , t IF ,t ) = - ~ aF [E a (Fa' t ) P (F , t IF, t )] +
CHCTeM~. Cy~ecTByeT, OAHaKO, anbTepHaTHBHw~ paCCMOTpeHHoMy Me too a a 00
 

TOA, KorAa ~Me~T Aeno co CTaTHCTH4eCKHM aHcaM6neM TaKHX CH

1 .	 ... -+CTeM, a ypaBH~HHH ABHmeHHH .He cOAepmaT cnY4a~Hwx BenH4HH/3/	 2+--I. d [g2(F ,t)P(F,tlF ,t )].
 

nYCTb HMeeTCH c~cTeMa CAY THna ~TO AnH ¢a3~
 2a Fa a a 00 

dFa(t) ==Ea(Fa(t),t)dt + ~(Fa(t),t)dWa(t),	 /10/ 
3TO - XOpOWO HSBeCTHoe ypaBHeHHe ¢oKKepa-nnaHKa, KOTopoe B 

H nycr s f(F (t )) - npoaaaons aaa Heyn·pemAalO~aH ¢YHK~HH, KOTO '~ AaHHOM cny4ae onHC~BaeT AH¢¢YSH~ B rHnb6epToBoM npOCTpaHCTBe 
paR ABamA~ Henpep~BHO-AH¢¢~peH~HpyeMa H YAoBneTBopHeT ycnoBH COCTORHH~. 04eBHAHo, 4TO rayccoBcKOMy npo~eccy: paCCMOTpeHHO~ 

RM Ha 6eCKOHe4HOCTH My B paSAenax 1, 2, OTBe4aeT ypaBHeHHe ¢oKKepa-nnaHKa 
... 

af(F) atp =-I. Ea(F t)a P + {-I. g~ (Fa ,t)a~a P.lim f(F) = 0, lim ------ o.	 a, Fa aFFa ...± 00 Fa ... ±oo a 

I
.'\ 

Tor~a, nonbSYHcb ~opMyno~ ~TO AnR AH¢¢epeH4Hana /CM. npHMe4a
HHe Ha cTpaHH4e 10/. -I 

* g,CnIf HaomOAaeMaR a rrpoeer-aer nenpepuansm cneicrp 3HaQeHHH, 

TO jd F - KOHTHHyaJIbHblH aarer-pan , 
... at 1 2 a2 f af

df (F) = I. [(E -,-- + - g a --) dt + g a --- dWa ( t )] ,
 
a a aFa 2 d F: aFa
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Ero peweH~e, YAOBneTBopRID~ee ycnoB~ID HOPM~POBK~ 

JP (F, t I f\, to) d F = 1, 

eCTb 

2
1 ~Fa 

exp 1--- k -----}
_________________G >
 

P (F , t I F0 ' to)
 
n (217 < L\F 2 »1/2
 
a a
 

2 a <~F2 __ 

" 

rAe 
t 

~ Fa ::: Fa (t) - Fa (t0) - f E a ( r ) d r , 
t 
o 

t 2 2
<~F: > = <I Jga(r)dWa(r)] > J ga(r)dr.
 

to to
 

MO~HO TaK~e y6eA~TbCR B TOM, 4TO 
-+ -+ ....-+ 

lim p( F , t iF, t ) ::: a(F - F ).
L\t .... 0 0 0 0 

Ecn~ ~H~opMa~~R 0 COCTOR~~~ C~CTeMbl He nocTynaeT B MaKpoo6cTa
HOBKy, TO AIlfl BCeX a 

ga(Fa,t) = 0, 

TaK 4TO ypaBHeH~e ~OKKepa-·nnaHKa CBOA~TCfl K ypaBHeH~~ n~YB~nnfl 

atp =-~ Ea(t).a F P, 
a a 

C Ha4aIlbH~M YCIlOB~eM 
-+ -+ -+ .... 

P (F ,to I Fo ' to) ::: o(F - F 0 ) • 

Ero peweH~eM flBIlneTCR 
-+... -+ -+
 

P(F,tl F ,t ) = o(F -F(t»,

o 0 

rAe 

Fa(t) .r Ea(r) d r + Fa(O).
 

to
 

04eB~AHO, 4TO B 3TOM CIlY4ae 3BOIlID~Hfl CHCTeMbl CTporo AeTepMHH~
po~aHa ypaBHeH~eM WpeAHHrepa. . 

AHaIlor~4H~M~ paCCY*AeH~flMH MO~HO y6eA~TbCfl, 4TO peweHHeM 
ypaBHeHHfl ~OKKepa-nIlaHKa AIlR npo~ecca OpHwTe~Ha-YIleH6eKa Inep

14 

B~~ nopflAOK TeopHH BosMy~eHHRI flBIlfleTCfl 

a (0) 2 
exp { -:£ -~2- (Fa - Fa (t) - Fcz ) I 
abo 

aP (F ,t I Fo ,t 0) -------"br--t"72"-----;--- . 
n (11.:..cL) 
a aa 

npH peweHHH HeKOTopblX saAaLi noaxon , OCHOBaHHbl~ Ha Y<l>n, r'opaano 
3~~eKT~BHee MeTOAa C~Y. He ~Mefl BOSMO~HOCT~ OCTaHaBIlHBaTbCfl 
SAeCb Ha 3T~X Bonpocax, OTMeTHM B saKIlID4eHHe, LITO eCIl~ C~Y 

1101 TpaKTOBaTb B CM~cne CTpaTOHOBHLla, TO ypaBHeHHe ~OKKepa-
Ilnauxa Anfl P (~, t \ F ,t 0) ~MeeT BHA . o 

a P = - I, aF (E (F .t ) p) + 21 I, aFig a (Fa' t ) aF I sa ( Fa ' t) P ] r,
t a a a a a a a 

S'. CJ1Y4A~HbIE I(BAHTOBbIE nons 

PaCCMOTp~M KBaHTOBonoIleBo~ aHanor MOAeIl~, o6cymAaBwe~cR B 
paSAeIlax 1, 2. CIleAYfl cTaHAapTHo~ npo~eAype BTop~LlHoro KBaH
TOBaHHfl,BBeAeM noneaue onepaToPb1tP(X,t) H ~+(i, r ) , xo ropue B 
npeACTaBIleHHH re~seH6epra nOALlHHfl~TCfl ypaBHeHH~ ABHmeHH~ 

iatJ(X,t) =[~(i,t),H(t)]_ 1111 
~ YAOBneTBopfl~T OAHOBpeMeHHblM KOMMYTa~HOHHblM lAIlR BosoHoBI ~IlH 

aH!HKoMMYTa~HoHHblM IAIlR ~epM~oHoBI COOTHoweH~RM: 

r [$(x,t).$+(i',t)]- ~8(i-i'), 

1121l [~( i, t) • ~ «, t ) ] ++~ [ ~+ (i .t ) , ; +( ; '. t ) 1,. = O. 

HeTpYAHO y6eA~TbCR, LITO ypaBHeH~e re~seH6epra 1111 6YAeT 
HMeTb TaKo~ me BHA, LITO ~ ypaBHeHHe WpeAHHrepa co CToxaCT~4e
CK~M~ napaMeTpaMH 

i at <i I t/J t > = f < i I }{ Ii' > t/J (i " t ) di' , 

H =I[Ea(t)+ga(t)c;a(t)]\a><a\, 1i~l,a _ 

eCIl~ B KaLleCTBe raM~IlbTOHHaHa H C~CTeM~ B3RTb 

H(t) =fcii'di"~+(i').<x'.\x«: \l">~Ci") 
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.... " 
=~ rdx'dx"[ECt) +g Ct){ Ct)]·.<X"la><a!i">t/J+Ci')VJc"i").a . a a a 

aeHCTB~TenbHO, ~cnonb3YR /12/, a TaKme COOTHoweH~R 
t t 

~ Ci, t) ;: exp { i .rHCr') d r 1~ Ci ) exp t- i JH Ct ) d r I, 
o 0 

(RCt), H(r)];: 0, 

AnR npaSOH 4aCT~ ypaBHeH~R feH3eH6epra Ha~AeM 

"......... t.... .... _~ .... t ... 
[ ljJ Cx , t ) , H Ct ) ] = exp li .r H Cr ) d r H t/J Cx ) , H Ct ) ] exp 1- i .r H Cr ) d r ] = 

o 0 

..... J{~ " ..........
 
== J-cx I Ix ' > t/J Cx ' , t ) dx' • 

PeweH~e TaKoro onepaTopHoro aHanora YW ~MeeT B~A /cp. C /2// 
- t " ..... 

~ (i, t) = I aa exp { - i .r & a (r) d r} t/Ja Cx ) , 
a 0 • 

rAe onepaTop~ i , i~ nOA4~HR~TCH KOMMYTa4~oHH~M /aHT~KOMMYTaa 
4~OHHWM/ COOTHoweH~RM: 

[aa ' i ~,]_ = "8aa 
+ 

[ " " ] [ " + "+] 0aa ' a a' + = a a ' a a' + =:; , 

ljJ a ex) = < X Ia >, &aCt) = E a ( t ) + gaCt ) ~ aCt) 

coficraeauue et>YHK4~~ ~ coficr aexaue 3Ha4eH~R oneparope J( , 

t t 
.r &a CT ) d T = .r [ Ea CT) d T + g aCT) d W Ci ) ] . a 
o 0 

TaK~M o6pa30M, B03My~eH~e gaCt)~aCt) - A~HaM~4eCKoro 3Ha4eH~R, 
auepr na Ea(t) HOC~T B paccMaTp~saeMoH MOAen~ xanaxrep "renno
soro wYMa l l 

• 

3AKJlI04EH~E 

B HacToR~eH pa60Te M~ ~CXOA~n~ ~3 Toro, 4TO nOHRT~e ~Het>OP

Ma4~~ 0 COCTORH~~ C~CTeM~ RBnReTCR et>YHAaMeHTanbHwM 3neMeHTOM 
¢~3~4ecKoH Teop~~ /HapRAY C nOHRT~HM~ 3Hepr~~,nonR ~ AP./. 
BHA~MO, ~MeHHO 3TO 06cToRTenbcTBo HeoAHoKpaTHo nOA4epKHsanOCb 
H.6opOM, B.feH3eH6eproM, ~. et>OH He~MaHoM, IO.B~rHepoM ~ APyr~
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M~ C03AaTenRM~ KBaHToBoH MexaH~K~, KorAa OH~ rOBop~n~ 0 Cy6b
eKTe KaK 0 HeYCTpaH~MOM 3neMeHTe ¢~3~4ecKo~ Teop~~/7/. C HaweH 
T04K~ 3peH~R napaAOKcanbHOCTb TaKoro YTsepmAeH~R MomeT 6WTb 
3Ha4~TenbHO nOH~meHa, ecn~ 3aMeH~Tb npeACTaBneH~e 0 cy6beKTe 
npeAcTaBneH~eM 0 ¢~3~4ecKoM np04ecce nepeAa4~ ~Het>opMa4~~ 0 
COCTORH~~ C~CTeMbl B MaKpoo6cTaHoBKY /Bnpo4eM, caMO nOHRT~e ~H

¢opMa4~~ TPYAHO OTAen~Tb OT nOHRT~R " c y6beKT 1 1 
, HO 3TO y>Ke ¢~

nOCO¢CK~H Bonpoc/. 
"Pen~KT" 3TOH 4~CTO KBaHTOBOH oco6eHHOCT~ on~caH~R et>~3~4e

CKOH peanbHOCT~ 06HapY>K~BaeTCR Aa>Ke B KnaCCH4eCKOM npeAene. 
V1MeHHO ~ccneAOBaH~R .<naCC~4eCKl;1X rpaexropna AB~H<7HrR npa Ma
nwx B03My~eH~Rx Ha4anbH~x ycnoB~~ /CM., Hanp~Mep, 8 / eCTb 
He 4TO ~Hoe, KaK RBHblH Y4eT Kon~4eCTBa ~H¢opMa4~~ 0 COCTORH~~ 

C~CTeMbl, peanbHO AocTynHoH MaKpOCKon~4eCKOMY Ha6n~AaTen~. 

B 3TOM CM~cne KnaCC~4eCKY~ CToxaCT~4eCKY~ A~HaM~KY cneAyeT pac
CMaTp~BaTb KaK Teop~~ ~H¢opMa4~OHHO-He3aMKHYTOH KTIaCC~4eCKOH 

C~CTeM~, aHanor~4HY~ KsaHTOBOH Teop~~, OCHOBaHHOH Ha ypaBHe~ I 

H~~ WpeA~Hrepa-CTpaTOHOB~4a. C MeTOAonor~4eCKOH T04K~ 3peH~R 

Ba>KHO TO, 4TO B o6o~x cnY4aRX TeopHR npeACKa3~BaeT He T04H~e 

3Ha4eH~R Ha6n~AaeMblx Ben~4~H, a n~Wb uexoropoe pacnpeneneune 
BepORTHOCT~. PeAYK4~R Ha6n~AaeMOH K onpeAeneHHOMY 3Ha4eH~~ HO
C~T 3AeCb 4~CTO ~Het>opMa4~OHH~H xapaKTep ~ He on~C~BaeTCR A~Ha

M~4eCK~. Hanp~Mep, KnaCC~4eCKaR CToxaCT~4eCKaR A~HaM~Ka MomeT 
npencxaaars BepORTHOCTb BblnaAeH~R HeKOTopOH onpeneneuaoa CTO
POH~ ~rpanbHOH KOCT~ /M~ 3aBeAoMO 3HaeM, 4TO 3TO np~6n~~~Tenb
HO 1/6/, OAHaKO B~nano 3TO 3Ha4eH~e ~n~ HeT, M~ MO>KeM npOBe
p~Tb,n~Wb HenocpeACTseHHO nOCMOTpeB Ha KOCTb. TaKoe on~caH~e 

R8neH~H npupona ~MeeT RBHO BepoRTHoCTHblH xepaxrep / II ••• oor 
~rpaeT B KOCT~II/. 

B 3aKTI~4eH~e OTMe4Y, 4TO HeCMOTpR Ha TO, 4TO ~AeR CToxaCTH
3a4~~ ¢a3 XopOWO ~3BeCTHa B KBaHTOBOH K~HeT~Ke, aBTopy He~3
BeCTHO H~ OAHOH non~TK~ nOCTpO~Tb Ha 3TOH OCHOBe Teop~~ KBaH
TOB~X H3MepeHHH. B HeAasHO B~weAweH pa60Te/9 / , Ha OCHOBe He
CKonbKO APyr~x ¢H3~4eCKHx C006pa>KeH~H TaKme BBeAeH HeKOTO
Pbl~ "oneparop cnexrpansuoa paHAOM~3a4~~II, n03BOIlR~~~H onacars 
peAYK4~~ BonHOBoro naKeTa A~HaM~4eCK~M 06pa30M. OAHaKO B03H~
Ka~~ee np~ 3TOM ypaBHeH~e 3¢on~4~~ AnR onepaTopa nnOTHOCT~ 

OTIl~4aeTCR OT Hawero 

" if'.." .... "]dp =-F{[l1,p ]dt+~g Ct)[Pa,'P dWaCt)l,ttnt a a 

TeM, 4TO o6~4Hym A~~aM~4eCKY~ 380n~4~m B 3TOM cny4ae Henb3R 
BWAen~Tb B npaBoH 4aCT~ ypaBHeH~R RBH~M o6pa30M. 
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KOCTeHKo B.¢.	 PS-88-649 
llH¢OpMaIJ;MOHHO-He3aMKHYTble CMCTeMbl 
M pep;yKIJ;MH BonHOBoro naKeTa 

llnH onMcaHMH 3BOnWIJ;MM KBaHTOBWX CMCTeM, MH¢opMau;MH 0 
KOTOpbIX no c-rvnae r' B MaKpoo6cTaHoBKY, np ennoxeao acrrorrr-ao-: 
BaTh ypaBHeHMe IIIpeAMHrepa co CTOXaCTMqeCKHMM napaMeTpaMM 
/ypaBHeHMe IIIpep;MHrepa-CTpaTOHOBlIqa/. B paMKax ¢M3HqeCKOH 
KOHIJ;enIJ;MM MH¢OpMaIJ;MOHHO-He3aMKHYTbIX CMCTeM cdiopnyrnrpoaaua 
p;MHaMMqeCKaH TeopMH KBaHTOBWX M3MepeHMH p;na p;ByX npep;enh
HWX cnyqaeB - CMnhHoro M cna6oro B03My~eHMa CMCTeMW BHern
HMM M3MepMTenhHb~ YCTPOHCTBOM. 06CYJK,IJ;aeTCH CBH3b TeopMM 
C KnaCCMqeCKOH cTOXaCTMqeCKOH p;MHaMMKOH M nepexop; K KBaH
TOBOH TeopMM cnyqaHHWX noneH. TIoKa3aHO, qTO B03MOJKHO KaK 
MHAMBMAyanhHoe, TaK M aacaxeueaoe ouacanue CMCTeMbl. 

Pa60Ta BblTIOnHeHa B Jlaoop a r-opna BblqMCnMTenbHoH TeXHMKM 
M aBToMaTM3aIJ;MM OllRll. 

Ilpenpasrr Ofrsenaaeaaor-o HHCTHTyTa HAepHbIX HCCJle.o;oBaHHH. .uy6Ha 1988 
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Kostenko B.F. PS-88-649 
Informationally Open Systems 
and Reduc~ion of Wave Packet 

For description of evolution of quantum systems when 
information about them is transmitted to the physical 
surrounding, the Schroedinger equation with stochastic 
parameters /Schroedinger-Stratonovich equation! is sugges
ted. In the framework of ,the physical concept of informal
ly open systems a dynamical theory of measuring process 
is elaborated for the cases of strong and weak interacti 
ons of a macroscopic measuring apparatus. The connection 
between this theory and classical stochastic dynamics as 
well as transition to the quantum stochastic fields are 
discussed. It is shown that both individual and statisti 
cal descriptions of the system is possible. 

The investigation has been performed at the Laboratory 
of Computing Techniques and Automation, JINR. 
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