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1. BBE,IlEHJ.1E 

PaccMaTp~saeTCR OAHOMepHoe oTo6pa~eH~e oTpeaKa [-1, 1] 
B ce6R B~Aa 

xn+l=!(xn). /1/ 

TaK~e OTo6pa~eHHR npeACTaBnR~T co6oH npoCTeHWY~ MOAeflb HeflHHeH
HOH A~HaMH4ecKoH c~cTeMbl. 0THOCHTenbHo xopowo ~3y4eH~ TaK Haa~
saeM~e yHHMOAaflbH~e OT06pa~eHHR, KOrAa $YHK~HR f(X) 8 /1/ HMe
eT OAHH 3KCTpeMyM/l/ .MHOrHe peaynbTaT~ B 3TOH o6nacTH 6WflH no
ny4eH~ C nOMO~b~ opHrHHaflbHOrO MeToAa - MeTOAa CHMBOflH4eCKOH 
AHHaM~K~, npeAno~eHHoro s pa6oTe 121 • CyTb ero aaKn~4aeTCR 
B TOM, 4TO nocneAOSaTeflbHbiM o6pa3aM x 11 X2> ••• Xn Ha4aflbHOH T04-
KH x 0 , nony4aeMWM c nOM~b~ /1/, conocTasnReTcR nocneAoBaTenb
HOCTb 6yKB, noKa3WBa~HX pacnono~eH~e 3T~X o6pa30B OTHOC~Tenb
HO T04KH 3KCTpeMyMa $YHK~~~ /T.e. sneBO OT Hero HflH snpaso/. 
EcTeCTBeHHO, 4TO 3TOT MeTOA MO~HO np~MeHRTb He TOflbKO AflR yHH
MOAaflbHOH, HO H AflR Cfly4aR KYC04HO-MOHOTOHH~H $YHK~~H B /1/. 

Mt.-UIAt.•-. nL u-n \lr" "'"'\ULIOUtAO \./UIAt.Ann ""'nL unl'~ m\/ULI'UIAIA - rtHIU11'11iACI ,.. nD\1-
··~···· .. ··-··-·· ......... J_,,...,.",, ..... ,,.,_ .,~ .... ,...,M ........ _ ........ , ...,, ... ~...,···· ..,., ...• ~ ..... - r-t-.1 

MR 3KCTpeMyMaM~. TaK~e oTo6pa~eHHR no aHanorH~ nony4~flH Haasa
H~e 6~MOAaflbH~X; OHH H3y4eH~ Xy~e, XOTR eCTb_HeKOTOpoe KOflH-
4eCTBO pa60T Ha 3TY TeMy /CM. flHTepaTypy s 131 /, HOC$1~HX npeHMy
~eCTBeHHO 4~CfleHH~H xapaKTep. 6HMOAaflbH~e OT06pa~eHHR B03HHKa
~T B HeKOTOPbiX 3KOflOrH4eCKHX 3aAa4aX / 4/, 3aAa4aX onTHKH /o/, 

K H~M CBOARTCR HeKOTOp~e OTo6pa~eHHR OKpy~HOCTH B ce6R/S/. 
B HaCTOR~eH pa6oTe MW XOTHM onHCaTb C~MBOflH4eCKY~ A~HaMHKY 6H
MOAaflbHWX OTo6pa~eH~H, noKa3aTb COOTHOWeHHe Me~AY MHO~eCTBOM 
T04eK OTpeaKa [-1, +11 H MHO~eCTBOM CHMBOflH4eCKHX nocneAOBa
TeflbHOCTeH. Mw noKa~eM, 4TO He TOflbKo Ka~AOH T04Ke x t;;; I -1 , 1] 
MO~HO COnOCTaBHTb nocneAOBaTeflbHOCTb 6yKB, HO H AflR Ka~AOH 
6yKBeHHOH nocneAOBaT~flbHOCTH, npHHaAne*a~eH onpeAefleHHOMY MHO
~eCTBy, MO~HO HaHTH T04KY H3 [-1, +1], KOTOpaR 11 peanH3yeT11 

3Ty nocneAOBaTeflbHOCTb. 

2. OnPE,IlEJlEHJ.1.sl 

CHa4ana M~ onpeAeflHM KflaCC OT06pa~eH~H, KOTOp~e C06CTBeHHO 
~ COCTaBflR~T npeAMeT HaWHX HCCfleAOBaHHH. 

Onpeoe.tzeHue 1. 0To6pa~eHHe ~ oTpeaKa [ -1 ,+1] s ce6R npH-

HaAne~~T Knaccy G , ecnH: ; - ~,?; ~ 
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1. ~(x) HenpepbiBHo A11<!XI>epeH1.111-
pyeMa Ha [ -1,+1]. 
2. 1(1) = 1, ~(-1) = -1, ~(0) = 
= 0 11 APYrHx HenOAB11~HbiX T04eK 
y ,.(X) HeT. 
3. S:(x) cTporo B03pacTaeT 
Ha Y4aCTKe (-1,C] H Ha y4aCTKe 
(d,tl 11 cTporo y6bleaeT Ha y4a
CTKe ( c , d), r:Fe c < 0, d > 0. 
4. MaKCI1MYM :f{c) > d , a ee MI1-
H11MYM ~(d) < C, 

TaKI1M o6pa3oM, <I>YHK414.A ~(x) 

11MeeT B11A, npeACTaBJ'leHHbiH Ha pi1-
C,YHKe. 

3aMe4aH11e 1 • BTopoe ycnoe11e 
Ql11KCI1pyeT Konl14eCTBO HenOABI1~
HbiX T04eK, npl14eM KOHI.Ibl 11HTep

Bana (-1, +1) CTaHyT He,YCTOH411BbiMI1 HenOABI1~HbiMI1 T04KaMI1 /T.e. 
T04KI1 113 14X CKOJ'lb yrOAHO MaJ'lOH OKpeCTHOCTI1 4epe3 _HeCKOJ'lbKO 1He
pai.II1H 11y6eryT 11 OT H11X/. TpeTb.A HenOABIIt~Ha.A T04Ka ~(0) Qli1KCI1po
BaHa Ail.A YA06cTea. 

3aMe4aH11e 2. Ycnos11e 4 Hano~eHo 113 Tex coo6pa~eHI1~, 4To AJ'l.A 
OT06pa~eH11.A ~(X) 11aKTI1BHbiM11 y4aCTKOM 6yAeT 11HTepsan (~(d), 
~{c)) , nOCKOJ'lbK.Y mo6a.A T04Ka 113 (-1 ,+1) 6biCTpO npHT.Arl'tsaeTC.A 
K 3TOMY HHTepsany 11 nocne H3 Hero y~e He BbiXOAHT. TorAa, ecn11 
He 6yAeT BblnonHeHO XOT.A 6bl OAHO 113 YCJ10BI1H ~ 4, TO Mbl 6yAeM 
11MeTb He11HTepeCHble CJ'ly4al1 14J111 MOHOTOHHOH QlYHK1.11111 ~(X) Ha aKTI1B
HOM ,Y4aCTKe, 14J114 Ql,YHK1.11111 C OAH14M 3KCTpeM,YMOM. 

Pa_ccMoTpi4M op611Ty Ha4a.AbHOO T04KI4 x 0 , _ nony4eHHOH_ oTo6pa~e
H11eM~'iiG, T.e. nocneAosaTenbHOCTb lx 0 , 5(x 0), ... , ~n(x 0), ... j. 
nocTaB14M ej;j B COOTBeTCTBI1e nocneAOBaTeJ'lbHOCTb 6yKB !Io(x 0 ) , 
11(xo) , ••• , In(x 0 ), ••• 1 no cneAYIOllleMy npasl4ny: 

Onpeoe.fleHue 2 

L, ecnl4 . ~j (x 0 ) < c 

C, ecn11 
. j 
~ (x 0 ) = c 

I j(x 0) = ~ M, ecn14 c < ~J (x 0 ) < d /2/ 

D,ecnl4 ~j (x 0 ) = d 

R,ecnl4 
. j 
~ (x 0) > d. 

Ha3oBeM nocneAoBaTenbHOCTb, coCTO.AliiYIO 143 6yKB L , C, M, D , R 
AOn,YCT11MOH, eCJ114 OHa 11J114 1/ 6eCKOHe4Ha 14 COCTasneHa 143 6yKB L, 
M, R, 14J114 2/ KOHe4Ha 11 cocTOI4T 143 6yKB L, M,R 11 oKaH411BaeTc.A 
Ha C 14J114 Ha D • 
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3aMe4aHI4e 3. Hawe ycnoBI4e 11ocTaHOBKI1 11
, KorAa o6pa3 T04KI4 

nonaAaeT B T04KY 3KCTpeMyMa C 11J114 0, aHanori14HO ,YCJ10BI410 OCTa
HOBK14 B/ 1/ , liiHOrAa Mbl 6yAeM CHI4MaTb 3TO npaB14J10, T .e. np11 no
naAaHI114 B 3KCTpeM,YM Mbl He OCTaHaBJ111BaeMC.A, a npOAOJ'l~aeM 14Tepa-
41414 /TaKI4e nocneAOBaTeJ'lbHOCTI4 Ha3biBaiOT paCWI4peHHbiMI4/, 

CI1MBOJ1144ecKI4e /6yKBeHHble/ nocneAoBaTenbHOCTI4 Mbl 6yAeM o6o3-
Ha4aTb 6onbW14MI4 6yKBaMI4 11 nOA4epKI4BaTb CH143Y. Ecnl4 ~ = B o , ... , Bm, 
TO 3an14Cb an 03Ha4aeT nocneAOBaTeJ'lbHOCTb Bo, ... ,BITI' ... ,Bo, ... , Bm. 

- - '--v-' 
n -paa 

CooTBeTcTseHHO noA Boo Mbl noHI4MaeM 6ecKoHe4Hoe 411CJ'lo pa3 nosTo-
peHI4e~. Ecnl4 ~=A~, ••• ,Ak14 ~=B 0 , ••• ,Bm,TO~~=A0 , ••• ,Ak 
Bo, ••• , Bm. nocneAOBaTeJ'lbHOCTb, OTBe4aiOUIYIO op611Te lx , ~(x) ' ••• , 
~n(x) ••• I , o6o3Ha414M KaK l ~ (x) • Ho nocKOJ'lbKY Mbl 6yAeM 14MeTb 

Aeno C c)li4KCI4posaHHbiM OT06pa~eH14eM ~~a, TO 14HAeKC ~ Mbl 6yAeM 
o6bi4HO onycKaTb. Ecnl4 nocneAoBaTenbHOCTb KOHe4Ha 14 ~=A 0 , ••• , 
Am-.f., rAe E = C 14J114 E = D, To 411Cno ee 3neMeHTOB m Mbl Ha3oseM 
KaPA14HaJ'lbHbiM 414CJ10M 14 o6o3Ha414M KaK I!: . Boo6111e, Mbl MaKCI4Manb
HO np14AeP~14BaeMC.A o603Ha4eHI4H, BBeAeHHbiX B / 11 • 

3. CBO~CTBA CliiMBOnlii4ECKHX nocnEAOBATEnbHOCTE~ 

BseAeM cornacHo 121 npasl4no cpasHeHI4.A ABYX AOnycTI1MbiX nocne
nnR~TPnhHnrTP~ A~ R. rH~4~n~ nnpenPn~M cnnTHnrneH~e Me*ny 6yK-
saMI4 L<C<M<D-< R: CKa*eM, 4TO 4=lL ecn11 A1= B 1 Vi=0,1, ... 
s cny4ae 6ecKoHe4HbiX A 11 B , a s C11y4ae KOHe4HbiX - A= B, ecn14 
~. =:~1 =n 11 A1=B1, i = 0,1, ... n- 1. - -

Onpeoe.fle Hue 3. nycTb ~ -# ~ - ABe AonycT14Mble nocneAoBaTe11b
HocTI1. nycTb m - Hai4MeHbW14H 14HAeKC' npl4 KOTOPOM Am-# B m /TaKoe 
m scerAa CYl!leCTByeT/. TorAa Mbl onpeAe1114M, 4TO &>a. ecnl4 
1/ noc11eAoBaTe11bHOCTb A0 ••• Am-l coAeP~14T 4eTHoe KOJ1114eCTBO 
6yKB M /TaKI1e noc11eAoBaTe11bHOCTI1 Mbl Ha3oBeM 4eTHbiM11/ 11 Am> Bm, 
111111 2/ noc11eAoBaTenbHOCTb A0 ••• A m-1 He4eTHa /coAeP~I1T He4eT
Hoe K011114eCTBo 6yKB M/ 14 Am<Bm. Ec1111 HeeepHo Hl1 nepsoe, 
Hl4. BTopoe, TO ~ < ~ , ~:?; ~ Mbl nOH11MaeM B o6bi4HOM CMbiCJ'le, 

Hec11o~Ho noKa3aTb cnpaBeA1114BOCTb C11eAYIOlii11X YTBeP~AeHI1H: 
YTsep~AeHI4e 1 • EC1114 ~~a' TO 143 l (x) < l (y) C11eAyeT X < y. 
YTsep~AeH14e 2. 1 EC1114 ~~0· 11 X< Y, TO l{x) .Sl(Y) • 
AoKa3aTe11bCTBO yTsep~AeHI4.A 1. AoKa~eM no 14HAYK41111 no 11HAeK

cy i , npl4 KOTOPOM snep~ble I 1 (x) -# I 1 (y) •• 
YTsep~AeHI1e 04eB14AHO npl4 i = 0. npeAn0110~11M, 4TO OHO sepHo 

npl4 i-1. nycTb Io(x) =Io(Y) 14 paBHO 111111L 1-11111 R, a Ii(x)-# 
-# l1 (y) ; I1 (x) =I 1-1 ( ~ (x)) , I 1 (y) = I 1-1 ( ~ (y)) . 1113 l{x) < 
<I.(y) C11eAyeT, 4TO I(~(x)) <I(~ (y)), nocK011bKY noc11eAoBaTe11b
HOCT14 I 0 (x) ••• I 1 _ 1 (x)- 14 I 1 (x) .•. I 1 _ 1 (x) 11MeiOT OA11HaKOBYIO 4eT-
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HQCTb, no r~noTe3e ~HAYK~~~ '(~ < ~(y), HO nOCKOnbKY X, Y np~
HaAnelKaT y4aCTKaM S03pacTaH~R 1, TO OTCIOAa cneAyeT, 4TO X< Y, 

Ecn~ 10 (x) = 10 (y) =M, To ~3 I(x) <l{y) cneAyeT, 4TO 
I(S:(x)) >I( .~(y)), noCKOnbKY nocneAOSaTenbHOCTb lo(X) •.. I 1-l(x) 
COAePlK~T Ha OAHY 6yKsy M.6onbwe, 4eM nocneAosaTenbHOCTb 
I 1 (x) ... It-1(x). TorAa~(x)> ~(y}. Hox,y np~HaAnemaT 

Y4aCTKy y6blsaHHR 5 (X), T ,e. X< Y , 
~OKa3aTenbCTSO yTseplKAeH~R 2 nerKO nony4aeTCR OT npOT~SHO

ro. EcnH X < Y , a l(x) > l(y) , TO ~3 YTSep>KAeH~R 1 Mbl nony4aeM 
npoT~sope4~e. 

Onpeoe.lleitue 4. OnpeAen~M Ha nocneAosaTenbHOCTRX onepa~~IO 
CASHra, ~MeHHO 

. k 
J ~ = AkAk+l 

Ha3oseM nocneAosaTenbHoCTb A MaKCHManbHo~, ecnH 

J k A $ A ' k = l, 2' .... , I A I - l. - - - /3/ 
ecn~ A KoHe4Ha ~ k = 1 , 2 ••• , ecn~ A 6ecKoHe4Ha. 

Ha~ noTpe6yeTCR TaKme nocneAOSaTenbHOCTb, YADSneTSOPRIO~aR 
npoTHSOnonO>KHOMY ~epaSeHCTSy: 

k ' J ~~~. k=l,2, ... 1~1-l ~nH k=l,2,... /4/ 

TaK~e nocneAOSaTenbHOCT~ Mbl Ha30SeM MHHHM9nbHbiM~. 
3aMe4aH~e. Bb16op Ha3SaHH~ 3T~x nocneAosaTenbHocTe~ o6bRCHReT

CR cneAy~~MH npH4HHaM~. 

PacCMOTP~M op6~TY MaKCHMYMa IS:( c) ... 5 n (c) ... I ~ op6~TY M~-

H~MyMa {5(d) ... 5n (d) '·'+ 11 • . · k+ L 
nocKonbKY Vj, k ~J (c) $5(c) ~ 5 ~d) ::;: 5(d), TO 

. '+1 . 
!_(5'J (c)):;: !_(5'(c)), 

! (5: k + 1 {d)) ~ ~ ( 5' (d)) ' 

HO 
!(5: J+l (c)) = JJ !.(5 (c)), 

!(5: k+l(d)) = J k 1<~ (d)). 

TorAa, cornacHo onpeAeneH~RM /3/, /4/, nocneAosaTenbHOCTb MaK
CHMYMa 6yAeT MaKC~ManbHO~, a nocneAOSaTenbHOCTb MHH~MYMa - M~

H~Ma]lbHO~. 

noHRT~e MaKC~ManbHO~ nocneAOSaTenbHOCT~ S03HHKnO S yH~Kanb
HbiX OT06palKeHHRX/l/; Han~4~e STOporo 3KCTpeMyMa np~SOAHT K no
RsneHHIO ~ M~HHManbHO~ nocneAOSaTenbHOCTH. 

Tenepb AnR npocTOTbl paCCYlKAeH~~ paccMo.TpHM He secb oTpe3oK 
[-1 ,+1], a Haw 11 aKT~SHb1W 1 y4aCTOK [5(d), S:(c)]. Ka>KAO~ T04Ke 
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3TOrO OTpe3Ka COOTSeTCTSyeT AOnYCT~MaR nocneAOSaTenbHOCTb, 
npH4eM ecn~ 

S:(d) $ y :S 5(c), TO 

I(S:(d)) < I(y) < 1(5(c)}. - - - --
/51 

06pa3 T04KH Y TaK>Ke He SbiXOA~T ~3 paCCMaTp~saeMOrO OTpe3Ka, 
T.e. 
. k . 
S:(d) :::; .5 (y) ~ 5(c). 

~TaK, ecnH A = I(y), TO 

I(~(d))<JkA <I(5(c)). - - - -- !6! 

A Tenepb nocTas~M o6paTHbl~ sonpoc: a see n~ nocneAosaTenbHO
CTH, YAOSneTSOPRIO~~e ycnOSHIO /6/, pean~3YIOTCR7 0TseT Ha 3TOT 
sonpoc nonom~TenbHbl~, OAHaKo OAHoro ycnos~R !6! HeAOCTaT04Ho. 
Bee ~as~c~T oT Taro, KaK~M~ 6YAYT nocneAosaTenbHOCT~ 1(5(~) 

~ !_(5 (d)) - 6eCKOHe4HbiM~, KOHe4HbiM~, nep~OAH4eCK~M~, (e~4aC 
Mbl cH~MaeM npas~no ocTaHosK~, T.e. paccMaTp~eaeM pacwHpeHHble 
nocneAosaTenbHocT~. Ecn~ ~Tepa~~~ MaKC~MyMa 5(~ He nonaAaiOT 
H~ s C, H~ s D, To l(5(c)) 6yAeT 6ecK.oHe4Ho~. EcnH 4epe3 He
CI<OnbKO ~Tepa~~~ nonaAaer s C, To !.( 5 (c)) 6yAeT nep~oA~4ecKo~, 
1(5 (c)) = ( P C)oo. Ecn~ i PC I =.n ~ x ADcTaT04Ho. 6mt3Ko K c, To 
8 c~ny HenpepblsHocT~ ¢YHK~H~ 5 (x) , mg5 (x)) = f. o., a Ha n -M 
ware Mbl nonaAeM Ha y4acToK i., t!~JJVI J - . "'t::' MdH, "' nd M, ;;;c,,;..; 

P - He4eTHaR nocneAOSaTenbHOCTb 0 EcnH 5(c) nonaAaeT s T04KY 
M~H~MyMa d, To see yme. 3as~c~T oT Taro, KaKosa nocneAosaTenb
HOCTb ~(5(d))o Ecn~ l(5(d))=_9D,.T.eo !_(5(c))= fD(.9D) 00

, TO 
AnR x, AOCTaT04Ho 6n~3K~x K c, I(5(x)) = PTQ5'oo•• rAe T, S: 
onpeAenRIOTCR 4eTHocTRM~ nocneAoBaTenbHocTe~ P ~Q. Bo3MomeH 
TaK Ha3biBaeMbl~ ASO~HO~ csepxyCTQ~4~Sbl~ ~~Kn,-KOrAa !_(5(c)) 
= ( PDQC)00

/~, cooTseTCTSeHHO, I (5(d)) = (QCPD)i. 3AeCb Mbl - - - - -He cny4a~HO rosop~M 0 nocneAOSaTenbHOCTRX T04eK, 6n~3K~X K T04-
KaM 3KCTpeMyMa, nOCKOnbKY TaK~e nocneAOSaTenbHOCT~ fiYAYT y4aCT
SOSaTb S QlOpMynHpOSKe TeopeMbl, AaiO~e~ OTBeT Ha nocTaBneHHbl~ 
paHee eon poe. 

~ I 

4. ¢0PMYn~POBKA ~ ~OKA3ATEnbCTBO TEOPEM~ 

OnpeOe.lleHue 50 nocneAoBaTenbHOCTb !_(x') Ha380BeM B03My~e
H~eM nocneAoBaTenbHOCT~ I(x) ~ o6o3Ha4~M 4epe3 I (x) , ecn~ 
jx-x'[<S. - -

Hac 6YAYT ~HTepecosaTb B03My~eH~R nocneAoBaTenbHOCTe~ 3KCT
peMYMOB !. (5 (c)) ~ .!<S: (d)) • 06o3Ha4HM AnR YAo6cTsa e = c, d , 
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11 E = C , D, a <t>opManbHaFt 3an11cb E - 1 11 E + 1 6yAeT o6o3Ha4aTb 
L 11M cooTaeTcTaeHHo, ecn11 E = C, 11,cooTBeTCTBeHHo, M 11 R, ec
nl1 E = D, 

Ecn11 !_(~(c)) =JE.,,, To np11 AOCTaTo4Ho Manblx 8 

~a(~(c)) = :rT ...• rAe ~T <PE H T=E-l,E+l, /7/ 

ecn11 e = c; a ecn11 e = d, To :fT > £E, rAe T = E - 1 , E + 1. 06o-
3Ha411M TaKyiO nocneAoBaTenbHOCTb 4epe3 ~ E = ~ T. 

YTaep~A€HI1e 3" Ecn11 I(~(e)) = CPE)"", TO np11 AOCTaTo4HO Ma-
noM a I (~(e))= (PE)"".- -

.lloKa3aTenbCTBO.- nycTb Anfl onpeAeneHHOCTI1 e = c, E = c 11 p-
4€THaFt, i Pel = n • TorAa AnFt AOCTaT04HO ManbiX 0 I s(~(c))=PL. :. " 

' - -. n 

nocKonbKY d~ I X= c = 0' :f(x) - HenpepbiBHO A11<l><l>epeH411PY€Ma, TO 

d~k 
--I '<f np11 'x -ci <a 11 k > n, TorAa pa3HOCTb 
dt t=x*~(x,c) -

I~ n (x) - ~ n (c) I MOlKHO CAenaTb CKOnb yrOAHO Mano~, 11 Mbl Haxo-
AI1MCFI a 11

nepeoHa4anbHbiX 11 ycnoe11t,x· TorAa I~ ~f (c)) = ~L~L ... 
npl1 AOCTaT04HO ManbiX a 11 T.A. I (~(c)) = !i'LPL.,. PL"''' Le. 
1 a(~ (c)) = <XL) 00 

• 0603Ha411M B- 3TOM cny4pe -Is(~ (e)) = (P E) 00 
• 

AHanori14HbiM o6pa3oM AOKa3b1BaeTCFt - -

YTB€PlKA€HI1€ 4. npl1 AOCTaT04HO ManbiX 0 cnpaBeAni1BO: 

Ecn1-1 l(~(e)) PEA, TO ~0 (~(e)) = fE~ = I 8 (~(e)) !81 

Ecn1-1 ~(~(e)) = ~E 1 (~E 2 )"", E 1,E2=C,D, To 
8 ~ ~ 00 s l (~(e)= fE 1 (~E 2 ) = ~ (~(e)). 

/9/ 

Ecn11 ~(~(e))= <fE 1 ~E 2 )"", E 1,E 2 =C,D, TO 

a ~ ~ oo s 
~ (~(e)) = (~E1 ~E 2) = ~ (~(e)). 

/10/ 

.lloonpeAeni1M I
8

(~(e)) a cny4ae, KOrAa 

T. e. He COA€PlKI-1T C "'""' D , 8 3TOM cny4ae 

~Cf(e)) 6eCKOH€4HO, 

1
8 
(~(e)) = l(~(e)). - -
Onpeoe.1zeHue 6. CKalKeM, 4To 

I (~(d)) « A « ~(~(c)), 

ecn1-1 

18 (~(d)) < J kA <I 5 (~(c)). - - -
Tenepb MOlKHO COBC€M KOpOTKO C<!>OPMYnl-1poaaTb TeopeMy 1, 

6 

/11/ 

/12/ 

~ 

~ 

TeopeMa 1. Ecn1-1 A- AOnyCTI-1MaFt nocneAoBaTenbHOCTb, YAoaneT
eopFIIOl!lafl ycnOBI-110 /12/, TO OYl!I€CTByeT T04Ka X<; (~(c), ~(d)] Ta
Kafl, 4TO .!(X) = t:. 

,lloKa3aTenbcTeo. HAeFt AOKa3aTenbCTBa TeopeMbl 1 3aKn104aeTCFI 
B AOKa3aTe.nbCTBe HenpepbiBHOCTI-1 OT06palK€HI-1FI MHOlKeCTBa T04eK 
1-13 (~(d), ~ (c)] Ha MHOlKeCTBO nocneAOBaTe!lbHOCTe~, YAOB!leTao-
PFIIOl!II-1X YC!10811FIM TeopeMbl, 3aMeTI-1M, 4TO MHOlKeCTBO CI-1MBOnl-14eCKI-1X 
nocneAOBaTenbHOCTe~ MOlKHO paCCMaTpi-1BaTb KaK !11-1He~HO ynOPFIA04eH
HOe MHOlKeCTBo 171 , a BBOAFI B HeM 11HTepaanbHYIO Tononor~-110, T,e, 
6epFt B Ka4eCTBe OTKpbiTbiX MHOlKeCTB I-1HTepean (A , B), I-1MeHHO Bee 
c TaKI1e, 4To A < C<B, 3To MHolKecTao MOlKHo paccMaTpi-1BaTb KaK 
Tononorl14eCKo; np;c;paHcTao,/6onee Toro, MOlKHO noKa3aTb, 4To 
MHOlKecTeo nocneAoBaTenbHOCTe~, YAOBneTBOPFIIOllii1X ycnoa1110 L"" < 
< J k A < R"", CBFI3HO 11 MeTPI13YeMo/, 

06o3Ha411M N = ( ~(c) , ~(d)), a 4epe3 n - MHolKeCTBO CI-1MBonl1-
4eCK11X nocneAoBaTenbHocTe~, YAOBneTaopFtiOllii1X ycnoa1110 TeopeMbl, 
nycTb A !;;{} 0 PaCCMOTPI1M' KaK 11 ll' , MHOlKeCTBa 

LA = I x: x (:; N , !.(x) < ~ I , 

RA =lx:x(;N, !_(x) >~I. 

noKalKeM, 4TO OHI1 OTKpbiTbl /TaKI1M o6pa30M, 6yAeT noKa3aHa Henpe
PbiBHOCTb oTo6palKeHI-1Ft N--o{} I, 

_ _ _ _ _ _ _ n 1 Y _ 1 ,., _ __ -n 
IIV"am.CM V11"\IJDI1U\..ID "'"A /.U.J111 ~A t:H,,..t:: dndJIUt V1""1nUt J II.Y\,;ID 3 ~'"At 

T_e, I(y) >A. noKalKeM, 4TO CYl!leCTByeT TaKafl OKpeCTHOCTb u 
T04KI1-Y, 4TOVX!;; u' X ~;;RA, 

I. Ecn11 I(y) - 6ecKOHe4HaFt nocneAoBaTenbHOCTb 1-1 n- Ha11MeHb
WI1~ 11HAeKc,-np11 KOTopoM In (y) # An, TO In npi1HI-1MaeT 3Ha4eH11Ft 
L, M, R. TorAa, a c11ny HenpepbiBHOCTI1 ~. a cneAoBaTenbHo, 11 ~n. 
Mbl MOlKeM o6ecne411Tb paeeHCTBo 1J (x) = I j (y) np11• acex j ~ n 
11 BCeX X, AOCTaT04HO 6ni13KI1X K y. 

II. Ecn11 !(Y) - KOHe4HaFt nocneAOBaTenbHOCTb 11 In (y) # A n• 
HO In # C, D , To paCCYlKAeH11Ft ocTaHyTcFt TeMI1 lKe, 

111.1. Tenepb paccMOTPI1M cny4a~, KOrAa In (y) = C 11n11 In(Y) 
= D, a nocneAoBaTenbHOCTI1 I(~ (c)) 11 I(~(d)) 6~cKoHe4Hbl, 

I I I • 1 • 1 ·~ In (y) = C, T. e.-! (y) = ~C ~ ~ = ~~~. nocKonbKY Y € R .tV 

To BC > ~~~. Tor~a B03MOlKHbl sapl-1aHTbl: 
I f1.1.1.a. tl- 4eTHaFt nocneAoBaTenbHOCTb, C > ~, T.e. ~ = L, 

~ = ~L~. Pacw11peHHaF1 nocneAS?BaTenbHOCTb I(y) = ~Cl( ~(c)). no-
cKonbKY J k t: < ~ (~{X)), To ~ < l( ~(c)). n:YcTb m - nepabl~ 1-1H-
A~Kc, np11 KoTopoM Am# I m (~(c)) , I m # E • nocneAoBaTenbHOCTI1 
~ (y) np11 AOCTaT04HO ManbiX 0 6YAYT 11MeTb B11A: 

I a(y) = ~ TIO (~(c))' rAe T = L, M. 
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lo1TaK, 
s . . ·. 

~ (y) = ~LI 0 (S: (c)) ••• Im ( S:(c)), 

J.S(y) = ~MI0 (S:(c)) ... Im(S:{c)). 

A = BLI
0

(c) ... A. 
- m 

IlerKo npoaepfleM, 4To 11 B ABYX C11Y4af!x 1
8 (y) >A 0 

I I I • 1 • 1 • 6. Ec1111 ~ - · He4eTHafl noc11eAoa:ne11b H"OcTb, To q < 5..,, 
Toe.5=M, R,~. Ec1111 S:=M, T=L, ~=UMI 0 (S:(c))8 .. Am>Am 
= Im(S:(c)). !. (Y) = ~LI 0 (S:(c)) ". 0 ISO (5(c)), To I (y) > ~ 0 

Ec1111 .~ = M, T = M, ~M- 4eTHafl 11! (y) > ~. Ecmt 5 = R 111111 
~ = D, To cnpaBeA11HBOC)b Hy~Horo HepaaeHcTaa o4eB11AHa, .... 

111.1.2. ln(Y) =D, T,e. l(Y) =§Dl(S:(d)), rAe ~=~5~. 
111.1.2.a •. ~ = L, C, M, ec1111 B- 4eTHal'lo 
I I I • 1 • 2. 6. 5= = R, ec1111 ~ - He4-eTHafl o .L\11fl AOCTaT04Ho Ma11biX S 

!. S (y) = ~ M I 0 ( ~ (d)) 

~S(y) = ~RI 0 (~ (d)) 

TorAa, no11b3Yf1Cb yc11oa~-teM Jk~ > 1(5 (d)), 11erKo noKa3btBaeTcfl, 
4TO np11 ecex B03MO~HblX KoM611Ha1.111fiX !. S(y) > ~ • 

Ill .2. Ec1111 I ,(y) =E. a o.nHa 113 noc11e.noaaTe11bHOCTet71 !.( 5{c)), 
J(j= (d)) /111111 o6e/ nep110AI14Hbl 111111 KOHe4Hbl, TO OTKPbiTOCTb RA AO
Ka3blBaeTCfl aHa110r114HbiM o6pa3oM c 11Cn011b30BaH~-teM YTBep~AeHI1i1 3 
11 4 /11,eCTeCTBeHHO, YC110BI1eM TeopeMbl/, 

nocK011bKY Henpepbl~Hbli1 o6pa3 CBfi3HOrO MHO~eCTBa CBfl3eH, TO 
cy~ecTeyeT x ~ r.f(c), 5 (d)], TaKoe, 4TO !.(x) = ~ o 

TeopeMa AOKa3aHa. 
noc11eAHee 3aMe4aHI1e. XoTe~ocb 6bl no11Y411Tb ace B03Mo~Hble 

noc11eAOBaTe11bHOCTI1 I(x), x ~ [ -1, 1] • Bee T04KI1 x~ [ -1, 1] 
nonaAaiOT noc11e KoHe4Horo 411C11a waroe B ( 5(c) , S:(d) ] • Ec1111, Ha-

l- S:(c) 
npi1Mep., x = 1 - S, To 4epe3 k waroe, rAe k = log a< S ) , 

a = I :; lx=l nonaAaeT a (5 (c), 5"(d)] • np11 yMeHbWeHI111 S k yBe1111-

411BaeTCfl, HTaK, ec1111 A= Rn~ 111111 ~= Ln~, ~ YAOB11eTBOpf!eT yc-
110BI1f!M TeopeMbl 1 , TO cy~eCTByeT T04Ka X~ ( -1 , 1) , TaKafl, 4TO 

~(X) = ~· 
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raneena P.$., *"gKoB E.n. 
BHMogaJibHble OTOOpa:JKeHH.H OTpe3Ka 
H CHMBOJIH~ecKa.H gHHaMHKa 

PS-88-551 

OnHcaHa cHMBOJIH~ecKa.H gHHaMHKa TaK Ha3hlBaeMWX oHMOganb
HhlX OTOopa:JKeHHH. nrr.H onpegeneHHOro Knacca OHMOAaJihHb~ OTO
opa:JKeHHH nonyqeH~ YCJIOBH.H peanH3yeMOCTH CHMBOJIH~eCKOH no
cnegoBaTeJihHOCTH, T.e. yCJIOBH.H c~eCTBOBaHH.H TO~KH 0Tpe3Ka, 
TaKOH, ~TO ee OpoHTe COOTBeTCTByeT 3agaHHa.H CHMBOJIH~ecKa.H 

nocnegonaTenhHOCTh. OKa~aeTc.H, ~To MHoxecTBO peanH3yeMhlx 
nocnegonaTenhHOCTeH onpegen.HeTC.H nocnegoBaTenhHOCT.HMH 3KC
TpeMYMOB gaHHOrO OTo6paxeHH.H. llpH goKa3aTeJibCTBe HCUOJib-
3yroTC.H MeToghl KnaccH~ecKoro MaTeMaTH~ecKoro aHanH3a, KoM
OHHaTopHbJe MeTOghl H CBOHCTBa CHMBOJlH~eCKHX nocnegoBaTenb
HOCTeH. 

PaooTa BhlUOJIHeHa B naoopaTOPHH Bhl~HCJlHTeJlhHOH TeXHHKH 
H aBTOMaTn3aQHH OHRH. 

Coo6meHHe 061.e.llHHeHHoro HHCTHTyra .H.llepHhiX accne,llosBHHii . .Ily6aa 1988 

llepenog O.C.BHHorpagoBoH 

Galeeva R.F., Zhidkov E.P. P5-88-551 
Bimodal Maps and Symbolic Dynamics 

Symbolic dynamics of the so-called bimodal maps is des
cribed. For a certain class of bimodal maps the conditions 
for realization of symbolic sequence, i.e. conditions for 
existence of such a point that its orbit is described by 
a given symbolic sequence are shown. A set of realizable 
sequences turned out to depend on sequences of the turning 
points. Methods of classical mathematical analysis, combi
natorial method~ and the properties of symbolic sequences 
are used. 

The investigation has been performed at the Laboratory 
of Computing Techniques and Automation, JINR. 
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