
27 Kon. 

ofi beJl MHeHHbl M 

,. 
MHCTMTYT 

} RJl e·p Hbl X 
MCCneJlDB8HMM 

.~ AYfiHa 

P5-87-462 

B.M.JIefieAeHK0 

CynEPAJIfEBPbl .lU1 

c O~H~M OBPA3Yrom~M 3JIEMEHTüM 

Hanpaaneno B "YKpal1HCKl1H 

MBTeMaT114écKHH xcypaan " 

Peziaxrop T.5I.)l{a6l-w,KaH. MaKeT P.D,.cI>OMHHOH.
 
:.I Ha60p H.D.TpYCOBOH, E.M.rpaMeHH~KoH.
 

nO.umiC8HO B nevars 08. 07 . 87 . I: 
<VopMaT eOx90j16. OcPceTHaR nexare. Y4.-H3,llJHfCTOB I ,73.
 

Tapaxc 395. 3aKa3 39333. 
"
 

I1~.uaTeJlbCI<HH o rnen Oõ senaaeaaorc HHCTHTYTa anepnsrx accneno aaaaü . 1987•r L{y6H8 MOCI<OBCI<OH 06Jl8Cni. 



\ ­

;" 
;, 

1. BBE,llEH~E 

B aacromneü paôore HaMI1 paCCMaTpl1BaIOTCH cynepanreõpsr 1111, nopoxc­
naer-n.re O.llHI1M 3neMeHTOM, rco'ropr.re HI1)J(e Ha3hIBaIOTCH UHKJIHQeCKHMH 
anreõpasra. Byrter-r csarars , qTO xapaxrepacrmca OCHOBHoro nona ae paaaa 
2 11 3. Ilpa I1CCne.llOBaHl1l1 aercoropsrx cyneparrreôp OKa3anOCh, qTO, B o'rrm­
ql1e OT cnyuaa arrre6p 1111, cymeCTBYIOT nerpnaaansm.re UI1Knl1qeCKl1e anreõ­
psr. UI1KnI1QeCKOH, nanpavrep, HBnHeTCH nonarrreõpa sf(2,1) c 6a311coM 

a, a l' b , b1 , r ne 

a = 
( 

O 1 O ) 
O O O 
O· O O 

b = ( 
OO1) 
O O O 
1 O O 

( 1) 

a 1 = ( 
2 OO) 
O O O 
O O 2 

b 1 = ( 
O O O) 
O O O 
O -1 O 

Ero 3neMeHThI Y.llOBneTBopHIOT COOTHOWeHI1HM 

(b,bl=al' [al'bl=O, [a,b]=b 1 • 

[ a i - a 1 = 2a, [ a, b 1] = O. [ b l' b 11 = O , 

I o, b 1] = - a * . 

OTCIO.lla BI1.llHO, QTO :HO qeTbIpeXMepHaH cynepanr'eôpa 1111, nopoxcteaaaa 
3neMeHTaMI1 a 11 b**. B TO' xce BpeMH 11 oner-renr g == a + b nopoxcziaer ee: 

1 1
a 1 = [ g, g] = (b~ b ] , a = - [ a l' a ] -([g,gJ,g] 

2 2 
1

b = g - 2"[[ g, g] • g]. 

B KaQeCTBe euie ortaoro rtpar-repa UI1Klll1QeCKOH arrreôpsr npaaenexr 

nHTI1MepHYIO 611cnHHopHYIO cynepanreõpy se (2) . 

* 3àeCb U HUJK'e CKo6KaMU [,] ôyôeu oõosnauars npouseeàenue 8 cynepaneeõ­

pax flu. 
+* OTMeTUM, IlTO JTO npussep pa3peWUMOU cynepaneeõpsi JIu c HeHUJlbnOTeHTHblM 

KOMMYTallTOM. 

..~--,.. ----....-_#., . 
&Cn.tih l) ~.' uúL,i~) KHCT1tt'J"J I 

. la"-jBWx IiICc."eIOllUlt~ 6H~n,,",~Tt::'U"" 
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3Ta npOCTaR anreõpa o6JIa,IJ;aeT 6a3HCOM e, f, h, x , y, 3JIeMeHThI KO­

roporo Y,IJ;OBJIeTBOpHIOT COOTHOllleHHHM 

[h,e] = 2e, [e', f] = h. [h, f] = -2f, 

[h, x ] = x, [ x, x l = e, [h, y] = s .
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[y,y] = f, [f, x] = v, [x, Y] = :""f h ,
 

[e,y] = 0, [e, x] == O
 

(OCTaJIbHhIe npOH3Be,IJ;eHHH - HYJIH) '. 

Jlerrco 3aMeTHTb, tITO 3JIeMeHThI f H X nOpmK,IJ;alOT ee. 3JIeMeHT g == f+x 
TO)Ke nopoacnaer 3TY anreôpy: 

[g, g] == [x, x ] = e , 

tg, [g, g]] = [f + x, e] = -h, [g, h] = 2f - x , 

1
'"3(g - I s, [g, [g, g}]]) = f • 

,llaJIee, B pa3,IJ;eJIe 2, MIlI npHBe,IJ;eM eI..I.J;e pH,IJ; nparaepon TaKoro pO,IJ;a., 

H3 KOTOphIX, B tIaCTHOCTH, BH,IJ;HO, tITO cYI..I.J;eCTBYIOT UHKJIHtIeéI<:He anreôpsr 
npOH3BOJIbHO 60JIblllOH pasr-repnocra. TaM )Ke npHBO,IJ;HTCH rrpasrep ôecxo­

HetIHOMepHoH UHKJIHtIeCKOH anr-eõpsr. EI..I.J;e O,IJ;HH npasrep 6eCKOHetIHOMep­

HOH UHKJIHtIeCKOH anreêpst ,IJ;aeTCH B npHJIO)KeHHHX (CM. n. 8.3). OH OTHO­

CHTCH K reopan CTpYHhI. B CJIe,IJ;YIOI..I.J;HX pasnenax npHBO,IJ;HTCH pe3YJIbTaThI 

namero HCCJIe,IJ;OBaHHH HeKOTophIX KJIaCCOB UHKJIHtIeCKHX anreõp, KOTO­

poe HBJIHeTCH JIHllJb nepBhIM uraror-r B paCCMaTpHBaeMOM HanpaBJIeHHH. 

TIepetIHCJIHM OCHOBHhIe H3 3THX pe3YJIbTaTOB (060CHOBaHHe npHBO,IJ;HTCH 

HH)Ke) • 

OnHCaHhI ace UHKJIHtIeCKHe cynepanreôpsr, pa3MepHOCTb KOTOphIX ne 

npeBOCXO,IJ;HT tIeThIpex ( CM. TI. 4). O Ka3'aJIOCb , tITO rpexr-repasrx UHKJIHtIe­

CKHX cynepanreõp He CYI..I.J;eCTByeT. ,llBYMepHhlé uHKJIHtIeCKHe cynepanreõpsr 
HCtIepnhIBaIO,TCH arrreõpasra c COOTHOllleHHHMH ' 

[ b, b] == a, [ a, b] = O. (2) 

qeThIpeXMepHhIe UHKJIHtIeCR:He anreõpsr acsepnsmarorca cynepanreõpasra 

c TaKHMH COOTHOllleHHHMH: 

q. G == {a i' a 2 , b , b i \ , 
1
 

r,IJ;e
 . 
l b, b] == a i' [a2 , b l = b 1 ' (ai,b] =0, 

't 
e 

2 

[b, b 1 ] == _2-1 aa 2' 
(3) 

[ a l' a 2] == a a 2 ' 

[a 1 , b 1 ] = ab i , [ b l' b 1 1 = °, 
[a , b ] = O

2 i 

(TYT K03<P<PHUHeHT a 1= O) .
 
Ka)K,IJ;aH TaKaR anreõpa nopO)K,IJ;aeTCH 3JIeMeHTÓM a 2 + b· ,1J.Be UHKJIH­

tIeCKHe anreõpsr rana (3) H30MOp<pHhI rorna H TOJIbKO Torna, KOr,IJ;a ~ ­a 

nOJIHhIH KBMpaT B OCHOBHOM nOJIe . Arrrefipa BH,IJ;a (1) OTHOCHTCH K cynep­

anreôpar-t YKa3aHHOrO pO,IJ;a (a == 2) . B pa3,IJ;eJIe 5 nOKa3aHO, tITO aeaõeneasr 
HHJIbnOTeHTHhle UHKJIHtIeCKHe H paapeurawste crynean 2 UHKJIl1tIeCKHe arrreô­

psr HCtIepnhIBaIOTcH anreôpar-ia THna (2) (Il pe,UJIO)l(eHHH 1 11 2). Ilanee 
B pa3,IJ;eJIe 6 ,IJ;OKa3hlBaeTcH 

Teopesra 1 
Paapeiuar-raa cryneaa 3 cynepanre6pa Jhr HBJIHeTCH lJ,HKJIHtIeCKOH 

TOr,IJ;a H TOJIbKO rorrta, xorna OHa HMeeT BH,IJ; (3) I1JIH 

G == {a l' b , a 1 , ... , a n • f3 1 •... • f3 n I. (n..:. 2) , 

rJJ.e 

[b, b1 == a 1 ' [al ' b ] = °, 
(i=l, ••.,n),(ai. b ) = f31 

(4)( a 1 ' a i 1 == a i + 1 (1 ~ n - 1) • 

n
 
[a 1, a n) =, L f i a i (f 1 1= O) •
 

1= 1 

-1 (' s.n-l),
[a , f3 l == f3 i + .1 (1 s.n - 1) • [b, f3 i 1 == - 2 a i + 1 1 

1 i
 

n
 
[a 1 , {3 n1 L f if3 i • ( b, f31c:-2- 1 L 

n 
fiai' 

n i == 1
i= 1 

[a i • a j ) = [f3 i • f3 j 1 = [a i • f3 J ) = ° (1, [, S. n) • 

3,IJ;eCb B KatIeCTBe oôpaayroutero 3JIeMeHTa MO)f(HO B3HTb 3JIeMeHT a 1 + b , 
TaM xce ,IJ;aHO YCJIOBHe H30MOp<pHOCTI1 ,IJ;BYX anre6p ororo BH,IJ;a. TIoKa3aHO, 

tITO 6eCKOHetIHOMepHhIX paapeuravrsrx crynean 3 UHKJIHtIeCKI1X anre6p ne 

cyuiecrnyer. npHBOJJ.HTCH npar-iep UI1KJIHtIeCKOH paapeumr-roâ anreõpst 

cTyneHI1 4 .
 
,1J.nH CJIYtIaR npocrsrx anre6p B paanene 7.2 Ll,OKa3bIDaeTCH
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Teopesra 2
 
Han JIro6bIM õecxoaesasn« nOJIeM xapaKTepHCTMKM, OTJIMtIHOH OT 2 M 3,
 

BCHKaR npOCTaR cynepanre6pa rana A(m, n) HBJIHeTCH UMKJIMtIeCKoH. 

113 ::nOH reopesesr BbITeKaeT • 

Ilpennoaceaae 3. Han JIl06bIM 6eCKOHetIHbIM nOJIeM xapaKTepMCTMKM, 

OTJIMlffiOH OT 2 M 3, ace JIHHeHHble cynepanreõpsr rana f(m, n) (r/:. e(1, 1)) 
RBJIHIOTCH UMKJIHtIeCKMMM (CM. rr. 7.3) .
 

Ha OCHOBe sroro ,lJ,0Ka3bIBaeTCH
 

Teopesra 3
 
BCR:KaR KOHetIHOMepHaR cynepanreõpa 11M nan JIro6bIM 6eCKOHelffibIM 

norrera xapaxrepacraxa, OTJIMtrnOH OT 2 H 3, aaor-roprpao ~KJIanbIBaeTcH 

B QHKJIMtIecKYIÓ cynepanre6py (CM. n. 7.4) . 
3TO 'YTBep:>K,lJ;eHHe B aexoropoã CTeneHM xapaxrepaayer ilIMPOTY KJIac­

ca QMKJIHtIeCKHX anreõp. 

B npMJIO:>KeHMHX HaMM npMBO,lJ,MTCH prm YTBep:>K,lJ;eHMH o, UMK1rMtlHOCTM 

npHMbIX CYMM cynepanre6p 11M. B tIaCTHOCTM, ,lJ,OKa3aIm, tITO npRMaR CYMMa 

,lJ,BYX QMKJIRtIeCKMX cynepanre6p, paspemar-roã M npocroã, HBJIHeTCR: I.J;MKflH­

tIeCKOH (CM. n. 8.1, npe,lJ,JIO:>KeHHe 5) . 
0603HatIeHMH. HM:>Ke 6Y,lJ,eM npMMeHHTh, B OCHOBHOM, 0603HatIeHMH, 

npaaarsre B paõore /6/. IM} 6Y,lJ,eT 03HatIaTh JIMHeHHYro 060JIOtIKY MHO­

:>KeCTBa M, <M>' - nonanreõpy, nOpO:>K,lJ,eHHYIO MHO:>KeCTBOM M. B qaCTHOCTH, 

.<g>- QMKJIMtIeCKaH anreõpa c 06Pa3yroI1U'IM 3JIeMeHTOM g . 

2. ,1J;A11bHEmnI1E IlPHMEPbI UI1I<11HQECI<HX A11rEEP 

2.1. Anreõpa se (2..1) 
3Ta npocraa cynepanreõpa HMeeT 6a3H~, COCTOHmMH M3 tIeTblpex tIeT­

HbIX 3JIeMeHTOB:. 
o 1 O) O O O)

a c 1 O O ai = O -1 O( (
O O O O O 1 

O1 O) -1 OO)
a 2 = -1 O O a s = O 1 O
( O O O ( O O O
 

M xersrpex HetIeTHbIX 3JIeMeHTOB-: 

O O O) (~ O1)
b "'" O O 1 b 1 = O O' O 

( ,',li" O 1 O -1 O O 

O O 1 )
b = 

(O OO)
O O O b s '" O 012 ( 1 O O ' O -1 O '." ~ 

4 

OHa nopoaciaerca CBOMMM 3JIeMeH'raMH a M b , TaK KaK 

a 1 = ['b, b l , [a, a 1] = a 2' [a , a 2] = a 3 ' 

[a,b] =b l , [a2,b]=b 2 , [a,b 2]=b s · 

3J1eMeHT g = a + b nopoacnaer si (2.1), nOCKOJIhKY 

((s. g ] , [g, I s. g]]] = -4a, T.e. a, b ~ .<g> . 

2.2. CepMH paapeunnvrsrx I.J;MKJIMtIeCKMX anreõp
 

Paccr-rorpar-r cynepanreõpst BM,nbI
 

(5)
G = la, b, ai' b l' ••• , a n' b n} ,
 

r,ne
 

[b, b] = a, [a, b] = O ,
 

[a i' a j ] = [ b i' b j ] = [a i' b j] = O (i, j :: n, n ~ 2) , 

G - = Ia ,a 1"" ,a n } , Gi" = Ib,.b 1····,b n l , 
o " 

[a .a i ] = À i a i' [a i' b l = b i '
 

[ b , b i] = - 2 -1 À i a i '
 

[a, b i ] = À i b i • 

3,neCh À'i (À i'=/ 0)- rronapno pasnasnsre 3JIeMeHTbI OCHOBHoro nOJIH. BCH­

KaR TaKaH cyrrepanre6pa G nopoacnaerca 3JIeMeHTOM g = ai + ... +a n + b . 
,UeHCTBMtenhHO, TaK KaK I s. g] = [b, bl = a M B CMJIY M3BeCTHbIX CBOHCTB 

onpenenarena Bannepvroana 3JIeMeHTbI 

g k = (ada) k g = (ad a ) k (a 1 + .•. + a n) 

k • k (k = 1, 2 , ... , n)= À 1 a 1+···+À n a n 

JIMHeHHO He3aBMCMMbI, TO 

Ig l' "" gk I = G õ C <g>. 

CJIe,nOBaTeJIhHO, ai' "" a n ~ <g> M b ~ <g>. ,Uanee ace b i = [a i' b] ç; <g> . 

3TOT rrpar-rep nOKa3bIBaeT, tITO cymecTBYIOT IJMKJlMtIeCKMe anreõpsr npOM3­

BOJIhHO 60JIhlllOH pa3MepHOCTM (2n + 2) . 
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2.3. BeCKOHetIHOMepHaR: UHKJIHtIeCKaH arrreôpa 

Paccxrorpasr CtIeTHOMepHYIO cynepanreõpy End(V~ rne IJpOCTpaHCT­

aa V = V'(J evI , 'V[= {xl'x 2 , 000 J~ Vi = {Yl'Y2' 000 J, 11 aaener-r B Heií 
HOBYIO OIJepa.uHIO [, J , aHanOrHtIHO TOMY, KaK 3TO ztenaerca IJpH IJOCTpOe­
HHH anre6p f (m, n).
 

Onpenernoa rerreps orreparopr.r A H B TaK:
 

x 1A ~ X 1+ i' Y1A = Y1+ 1 (f - 1, 2, ••o ) , 

1 -- 1 -­
xl B = --= V i.- 1 vl' Y 1B = -== V' i - 1 Xl. 

...V2 V2 
Torna 

2 1 2 1xtB =-(i-l)x
1 

, y 1 B :z 2" (i - 1) Y i2 o 

TIonmKIIB A 1 = [B, B] =2B~ IJOnYtIaeM, tITO 

[A, Ai] = A o 

Jlonanreõpa (OTHOCHTMbHO onepauaa { ,] ) End (V) , nopoacneanas onepa­
repar-ta A H B, paaaa <g>,., rne g=-A+B, TaK KaK A ...[g,[ s.sll .OHa 
6eCKOHetIHOMepHa, IJOCKonbKY ee 3neMeHThl' (ad A ) k (B) (k z 1,2,... ) rnr­
HeHHo He3aBHCHMbl. 

3. TIPEnBA PH T En h H WE PA CCM O T PE H H H 

3.1. B CIfJIY To~eCTBa HK06H H Toro, tITO xapaxrepaermea IJOnR ae 
paaaa 3, norrysaesr, tITO MR" rnoõoro HetIentoro arrevrerrra b HéKOTOpoil
cyrrepanreôpsr 

[ b, [b, sn = [ [ b, -b] , b] = O. 

3.2. Ecrra 3neMeHT g =a+ b , rne a - tIeTHblH 3neMeHT, b - neserasrã, 
TO [g,g]=[b,b] H [g,lg,g]]=[a,[b,bll. • 

3.3. Ecrra 0= Gõ+G r- Q!iKnHtIeCKaR arrreõpa H [4",0 "" 0, TO O KaK
1]

anreõpa Jla, rropoacneaaaa OnHHM 3neMeHToM, ae õonée IleM OJJ.HOMepHa. 
TI03TOMY epaKTop-anre6pa npoaanonsaoü UHKnHtleCKOH' cynepanreôpsr 
G no nlO60MY ee H,neany, conepacauresry tIeM onaosrep­[ay., af]' ae õonee 

'~Ha. TaKHMH, B tIaCTHOCTII, HBnRlOTCR cnenyronrae aneansr: 
li 

G(1
) = [O -, Q - ] e [G _. G I] e [a - , a _] , 

o o 1 o 1 

J 1 = [OI' G f] • G f '
 
;,
 

J2 = [OI' °1 ] e [C õ ,O f] , 

J 3 = [o r' O T] $ [[ 01' a f], O r] 

(nerxo 3aM~THTb, tITO TYT [OÕ' Gõ] f [01' O r]) . Ká~bn1 H3 npaaeneaasrx 
aneanoa HnH coananaer c G , HJIH pasea J3 . 

3.4. Ecrra cyrrepanreõpa nH 

O = <ã > 

H 

[a r: a r] .s Z (Oõ ) 

(uearp 0Õ) , TO anre6pa o ae 60JIee tIeM zraystepna. ,lleHcTBHTMbHO, nYCTb 
g=a +b, rne a 1;;0-, bt;;;0r Torna [g,g] =[b,b] 4; Z(Oõ) H [g,[ g,g]] ;= 

= [a, [b, b]] == O. ]anee no HH,nYKUHH nonyvaer-r , tITO rnoõsre HeaCCOUHa-
THBHbIe onaosnensr OT 3JIeMeHTa g, conepxcanrae õonee ,nBYX CK060K, paaasr 
ayrno. 

OTMeTHM ABa tlaCTHhIX CJIYtIaR BbInOJIHHMOCTH aroro ycnOBHH: 
1) GÕ a6MeB~ anre6pa, 

2) [OT,[Oõ,GI]]=O. 

3.5. ECJIH anreõpa G =Gõ+0 UHKJIHtleCKaR:, TO 
1 

dim(Gõ/[Or G r]) ~ 1 

(CM. n. 3.3). B tIaCTHOCTH, ecrm dim(O d =1, TO dim(O) S.2. 3TO asrrexa­
er H3 Toro, tITO rpexraepasre cyneparrreõpsr 11H He HBJIHIOTCH lUiKJIHtIecKH­
MH (CM. n. 4.2) . 

3.6. UHKJIHtIeCKHe cynepanrefipsr, I10pO~aeMbIe O,nHHM OJJ.HOpo,n­
HbIM 3JIeMeHTOM, HJIH OAHOMepHbI, HnH nBYMepHbI (THn (2». 

3.7. lleMMa 1. ECJIH cynepanreõpa 11H 

O ~ <8> + N 2 , 

rne N - HHJIhnOTeHTHaR nonanreõpa 0, TO O = <S>. 
3Ta neMMa flBnHeTCH 0606meHHeM H3BeCTHoro YTBep)l(,neHHH o aans­

IJOTeHTH.bIX anreõpax Jla (CM. / S, 5 / ) H MO)l(eT 6blTb noxaaaaa aHanOrHtIHO. 

3.8. neMMa 2. ECJIH epaKTop-anre6pa O / <c>' = 4> H O - aepacmen­
rraesroe pacuiapeaae (B tlaCTHOCTH, uearpansnoe) <'g> c noxroursro O,nHO­
MepHoH nonanr-eõpsr <c>, TO nna rncõoro ~JIeMeHTa gt;;g anreõpa O=,<g>. 
,lleHcTBHTMbHO, ecna 6bl <g» ;iG, TO pacuiapeaae õstno 6bI pacntennaesrsrr-r .. 
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4. UI1KJII1QECKI1E AJIrEEPbI MAJIbIX PA3MEPHOCTEl1 

4.1. )..l;BYMepHble ~MKJUftIeCKMe anreõpsr 
Jler rco noxasars , tITO }l,BYMepHaH aeaõerreaa cynepanr-eõpa ,lJ;OJI)KHa 

6bITb JIM60 rnna (2), JIM60 MMeTb BM}l, a::: {a, b I, [b, b) ::: O, {a, b l == b . 
3Ta anreôpa ne HBJIHeTCH ~MKJIMtIeCKOM, TaK KaK [°1,a 1] =0 (CM. n.3.3) . 
IhaK, ace ~MKJIMtIeCKMe anreõpsr pa3MepHocTM 2 MOtIepnbIBaIDTCH anreõ­
par-ia rnna (2). 

4.2. o TpeXMepHbIX cynepanre6pax JIM 

TIoKIDKeM, tITO ne cY1IJ;ecTByeT 'rpexr-repm.rx ~MKJIMtIeCKMX anreõp. 
TIpe}l,nOJIO:JKMM, tITO dirnO=3 M G==<g>, g ==a+b, a4;G õ , b~OT' Torna 
Gõ- aeaôeneaa }l,BYMepHaH anreõpa JIM ICM. n. 3.4), a dirnG;-== 1, O 'Í 
f:	 [OI' ar] == ll b , b]l= O(~ - O}l,HOMepHbIM anean B G Ma· O<J.).- }l,BY­
r-repnaa airreôpa JIM c O}l,HMM 06pa3YI01IJ;MM 3JIeMeHTOM. 3TO npMBO,lJ;MT nac 
K npOTM~iOpetIHIO. 

4.3. OnHCaHHe tIeTbIpexMepHblx ~HKJIHtIeCKMXanreõp 
TIYCTb G - tIeTbIpexMepHaR ~HKJIHtIeCKaH arrreõpa. Tor-na (CM. n. 3.4 

M 3.5) G Õ - aeaõeneaa }l,BYMepHaR anreõpa JIH H dím OI <::2, [G G r];f o. 
Cyurecrayer TaKoM 3JIeMeHT b 4;0";) tITO 0::1. [b, b ] ç; a(U. I1HatIe 

p
O(D - O,lJ;­

HOMepHbIM H}l,ean H ai a Ll) - Tp~XMepHaR ~HKJIHtIeCK~H arrreôpa, ~ero ne 
MO)I(eT 6bITb (CM. n. 4.2) ?nYCTb reneps l b, b] == aI' O(~) =={a 2 1, [a ] = 

l,a2== aa 2 (K03<P<PH~HeHT a =I O) . ECJIM [a2 , b] == b 1~ TO b I ne xparen b • I1HatIe 
3JIeMeHTbI a 1 M a2 6Y}l,YT nponopnaoaansnsncm, I1TaK, 

0=={a l\a2,b, b l l , al=(b,bJ,	 [a •[a1,a 2]==aa 2, 2,b]==b 1 

B CMJIY roxorecrna HK06H nOJ1YtIaeM, tITO 

[al,b] =0, l b , b 1 ] = -2-
1

a a 2 , [a l, b 1] == ab 1. 

Teneps JIerKO 3aMeTHTb, 4TO G - paspeiuar-raa cynepanreõpa JIH, a CJIe}l,OBa­
TeJIhHO, - paspeuraraan -crynena .'3 (no TeM »ce C006pa)I(eHMRM, tITO H B 

n. 4.2). OKOHtIaTeJIbHO nOJIY4aeM, 4TO 3JIeMeHTbI BbI6paHHOrO õasaca Y,lJ;üB­
JIeTBOpRIDT COOTHOllleHMRM (3). 

nYCTb 'reneps naasr cyrrepanreôpsr THna (3) a = la'l ' a 2' b , b 11 M 
a ~ = Ia ~1 ,a2' b ", b í 1 c KOHcTaHTaMH, coornercraeaao, a H a ~ . OHH H30­

MOp<pHbI ror-na M TOJIhKO ror-na, teor-na 3JIeMeHT a" RBJIReTCH nOJIHbIM xnan­
~	 a 

paTOM ~ OCHOBHOM no.ne. ,IleHcTBHTeJIhHO, eCJIH ecrs cooTBeTcTBYI01IJ;HH 
M30MOp<PM3M. A" na a, TO npn HeM 3JIeMeHT b" nepexormr B 3JIeMeHT kb , 
a 2- B Ea 2 H [(kb, kb],fa 2 ] = a"(Ea ) == k 2 a (f a ) . )J,aJlhHeHlllee oxe­2 2BM}l,HO. 

i 

8 ~ 

5. O	 UI1KJIlIQECKlIX HlIJIbnOTEHTHbIX
 
II PA3PEilllIMbIX CTYTIEHlI 2 AJIrEBPAX
 

5.1. npe,lJ;JIO)I(eHHe 1 
HMJIbnOTeHTHble ~MKJIHtIeCKMe anreõpsr HJIH O,lJ;HOMepHbI, MJIH rnna 

(2) . )..l;eH:CTBHTenbHo, nycrs G::: <g> - TaKaR anreõpa (g == a + b , a ~QÕ' b,gJj. 
~or,lJ;a aõeneaa anreõpa_ qfO_2 ::: a I G (1:b <g> nopoacnaerca MJIH 3JIeMeHTOM 

a, MJIH 3JIeMeHTOM b (a, b, g - ofipaasr cooTBeTcTBYI01IJ;HX 3JIeMeHTOB B 

O/G~ . n03TOMY B CHJIY JIeMMbI 1 G= {a1 HJIH 0= {b} , TO ecrs a MJIH a6e­
JIeBa anreõpa, MJIH anreõpa rana (2) . 

5.2. npe,lJ;JIO)KeHHe 2	 • 

UHKJIHtIeCKHe paspemavrsre anreôpsr crynena 2 acseprrsrsarorca anreõ­
par-ta 'rnna (2). )..l;eH:CTBHTeJIbHO, nYCTb G - ~HKJIHtIeCKaH paapeurasiaa 
cynepanreôpa cryneaa 2. Torna (CM. n. 3.3) 

d1mO/O(1)==1, {O~O ] c [0_,0_1, 
u "O - 1 1 

O f: 0(1) == [a _, 0_] e [G _ , G _ ] 
1 1 O 1 

aõeneaa anreõpa. B CHJIY sroro JIH60 0- C G (1), mÍ60 G _ CO (1). ECJIH 
O	 - 1­

0õ S; 0(1), TO Gõ aôeneaa, H n03TOMY O ,lJ;BYMepHa (CM. n. 0.4). ·Ecim )Ke 
G S; O( l), H nOJIYtIaeM, tITO G O,lJ;HOMepHa.lITaK, 0­r TO [G1,Gr] =0, 
anreôpa rana (2) . 

5.3. CJIe,lJ;cTBHe 1
 
Heonaor-repnsre ~HKJIHtIeCKHe anreõpsr c HHJIbnOTeHTHbIM KOMMY­


TaHTOM	 ,lJ;BYMepHbI. )..l;eH:CTBHTeJIbHO, nYCTb ~HKJIHtIeC KaH anreõpa a = <g>, 
g == a + b(a c Gõ' b ~ 01)' a(1) HMJIbnOTeHTHa H dim O =/1. Torna 

0(2) = (a (1») 2 

H oI 0(2) - ~HKJIHtIeCKaR paapemar-raa crynena 2 anreôpa. n03TOMY 
o I O( 2) - anreõpa rana (2), TO ecrs 

0/0(2)::: {b}, G == [cb», 0(2) I (b == b + G (2) ) , 

H B CIDlY JIeMMbI 1 a= {h} - anreõpa rana (2) . 

5.4. CJIe,lJ;CTBHe 2 
BCHKaR HeO,lJ;HOMepHaH paspeunoaaa ~KJIHtIeCKafl anreõpa HBJIHeTCH 

paC1IJ;eIDIHeMblM pacurapeaaewr ,lJ;BYMepHOH: anreôpsr rana (2) c nOM01IJ;blO 

aroporo KOMMYTaHTa 0(2) (O (2)= a 3 = = a lU == n,O k ) • 000 

k==1 
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6. Onl1CAHI1E Ul1KJII14ECKI1X PA3PEllll1MbIX rpaxrop-anreôpa no KOTOPOMY O/H 1 = lã 1(m, k, b ç;.H) aõeneaa, H =>O(l)j 

CTynEHI1 3 AJIfEBP '=:>0(2) ,H,CJIenOBaTeJIbHO, a.ç (H 1 ) - = la 1 • a 1 , ... ,anl .ToecTbla~H, 
O 

n 

Ilo Ka3aTeJIbCTBO TeopeMbI 1 G =HH a t; la 1 ,... , a n } . n03TOMY B pa3JIO)f(eHHH [a l' a n ] =.L Ei ai KO­
1 = 1 

Bce anr-eõpsr nma (4) paspenrar-n.r crynean 3 H HBJIHIOTCH UHKJIHtle­

CKHMH. B KIDKnOH TaKOH anrefipe 3JIeMeHT g = a 1+ b HBJIHeTCR 06pa3YIOLQHM 3ePePHUHeHT E 1 =/0. Hnane 6hI a 1~ Ia 2 ' ... , a n I , TaK KaK a 1 = [ a 1 ' a 1 , 
(06 arrreõpax rnna (3) CM. n. 4.3) : a C; I a 1 , ... , a n } , lITO npOTHBopelIHT JIHHeHHOH He3aBHCHMOCTH 3JIeMeHTOB 

a 1 ,'''' a n ' 
k I1TaK, MhI nOJIytrn:JIH B uanrer-r CJIYlIae, lITO O - anreôpa 'rnna (4).r g. g I = [b. b] = a l' (a da 1) g = a k (k = 1 ,." , n) , ]
 

3aMeqaIme 1. MR anreôp rnna (4) JIHHeHHOe npOCTpaHCTBO 0"21:: 

n 
1 

= Ia 1"" , a n I RBJIReTCR u,HKJIHtleCKHM OTHOCHTeJIbHO neHCTBHR oneparo­
--([al' a n] - L ei a i) a 1 ' g. - a 1 = b • pa ada

1
(CM. /41). MHHHMaJIbHhIH MHOrOllJIeH aror-o orteparopa HMeeT BHn 

El i = 1 
n n-l

À - En À - •• , -·e 2À - e1 (E 1 t- O).
 
[ai ,bl f3i (i=l, ... ,n).
-co 

K03ePePHu,HeHThI f i MorYT 6bITh JII06blMH (nJIR npOH3BOJIbHOH anreõpsr 
rana (4)) 3JIeMeHTaMH OCHOBHoro nOJIR, npa YCJIOBHH, IITO f 1 -I O. OTCIO­OOKa)f(eM, Irro JII06aJI KOHellHOMepHaR u,HKJIHlIeCKaR paapeuiaraaa crynena 3 
na BHnHO, lITO anreôpt.r rana (5) COCTaBJIfIl-OT JIHWh Y3KHH nOnI{JlaCC anrefipanreõpa nOJI)f(Ha HMeTb BHn (3) HJIH (4). OYCTb cynepanre6pa G = <g> ,
 
nnna (4) (CM. n, 2.2).
g cc a + b, a ~ 0- b ~ 01' 0(2) 1= O, 0(3)= O. Torna (CM. n. 5.2) 0/0(2) ­

anreôpa rnna (2), H MO)f(HO c-nrrart., lITO a ~ 0(2) . nYCTh I o, b ] = a 1 (a 1-1 O , 3aMeqaIme 2. TaK xce, KaK H B CJIYlJae aJII'e6p runa (3), MO)f(HO YCTaHo­

[b,b] -t s. g]) . TaK KaK [( g,g] ,g] =[a 1 • ai , TO JIerKO 3aMeTHTb, lITO BHTb, lITO anrefipsr aana (4) c KOHCTaHTaMH e1 ..... f n H f í ..... e~ H30­

MOPePHbI Torna H TOJIbKO Torna, xor.aa ace K03cPQmuueHTbl E'r = k 2(n -ti-i) f[al. a ] f:. O. nYCTb a k = (ada 1) ka H a 1 , a 2 ,"', a n - MaKCHManbHaJI, 
k - aexoropt.rá 3JIeMeHT OCHOBHoro nOJIR. 

1 I' 
mrueüno He3aBHCHMaR n 0(2) CHCTeMa :JJIeMeHTOB raxoro pona. ECJIH n = 1, 

3aMeqal-me 3. Bectcouerhro r-tepn srx UHKJIHtleCKHX paapeumvn.rx cynep­TO MbI nOJIYlIaeM IleTblpeXMepHYIO anre6py rima (3) (CM. n. 4.3). DYCTb 
arrreôp cryneaa 3 ae cyurecrnyer. ,UeHcTBHTeJIbHO, nocryrtaa TaK »ce, KaK n 
H B KOHellHOMepHOM CJIYlIae, nonyxaevr, lITO nonnpOCTpaHCTBOn "1. Torna (aI' a n I = 2: f i a \ ' rne f i - KaKHe-TO K03ePePHUHeHTbl 

i = I 

(2) I . . [ k . []
(orpaaasemot na HHX npuaonsrrca I-n~)f(e) . ,Uanee, nYCTb O = a 1,a 2 , ... " ~1'~2"'" a,bll (a k= (ada 1) a. f\ = ak,b). 

1:3 i = [ a I ' b I (i o 1 •.... n ) . Ho: Torna a;;' O (2)TaK KaK HHalle 3JIeMeHTbl a i 6blJIH 6bl JIHHeHHO 3aBHCHMhI. 

CJIenCTBHe 3. Paapeumr-ran cynepanreõpa O c HHJIbnOTeHTHoH nozt­
anreõpoü O (2) -=I O RBJIReTcR: u,HKJIWlecKqH Torna H TOJIhKO Torna, xornaTorna
 
rpaxrop-anr-cõpa O/O (3) - rnna (4) (CM. JleMMY 1).
n 

3aMeqaHHe 4. Ha OCHOBe nOJIYlIeHHoro pe3YJIbTaTa MO)f(HO npoaorurn.[a 1·,8i]=l3 i + 1(i=1 ....• n v-L) . [a l·l:3 n l = i:1 f\,8i' 
nansneüunte HCCJIenOBaHHR paapeuiar-n.rx l~HKJIHlIeCKHX anreõp. Ilpanener-t 
noxa JIHW~ npur-rep UHKJIHlIeCKOH paapeunn-roá anreõpsr crynean 4:TaK KaK a i.l:3· - 3JIeMeHTbl 0(2), TO (ripa i. j 'S.. n ) [a i ,,8 j ] = (a i .a j ]
 

= [13 i ,/3 } = 0.113 TO>KneCTBa RK06H nOJIYlIaeM, lITO
 

G. = Ia l' a2 ' b , b l' x, y I , 
-1. -1 n 

[b. b 1 = -2 a ( 1 = 1 ..... n - 1), [b, 13 ] = - 2 L Ei a i . 
\ i~l «. n i=l rne 

t>()TclOna BHnHO. lITO MHO)f(eCTBO H = [ b , a l' a 1'"'' a ,13 ,... ,/3nl- non- á n 

l I o. b 1 = a i : [a2 , b I = b 1 ' [b 1,b 1] ""x,
anre6pa"lG. Aaarrorauao , JIerKO 3aMeTHTb, lITO la, [a, b] ,Ht KaK nonanre6­

pa O, conepacauian ee 06pa3YHHu,He JJIeMeHThI a H b, coananaer c O. AJI­
re6pa O COnep)KHT nnean 

r [ a 2' b 1 I = y, [ a 1 ' b ] = O, [ a 1 ' a 2 1 :=: 2a 2, • 

I" H 1 = I[a. b I , II I . [ a L' b I I = 2b l' [ b , b 1 I -; -a 2' [x,:< I = I x. y I :~ l v. y I "" O • 
~ 
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[ a 2' X] = [ a 2 , y] = O , [b 1, x ] =[b 1, y] = O, 

[a , ·y ] =4y.[ b, x] = - 2y , [b, y) -x, [ a 1 ' X] = - 4x, I 

3,neCh ecrs 06pa3YIOrn;nH: 3JleMeHT g = a ~ + b , 

7. UMKJIMqHOCTh AJIrEBP A(m, n) M f (m, n) . I~ 
BJIO)KMMOCTh B UMKJIMqECKME AJIrEBPbI l 

(,l 
I 

7.1. TIpe,nBapl1TeJlhHhle CBe,neHI1R 
CJle,nYR- 0603HaqeHI1RM, npaaarsrr-r B paôo're /6/, qepe3 f(m, n) 6y,neM 

0603HaqaTh oõutyio JlI1HeHHYIO cynepanreõpy, nepea se (m, n) - rronanreõpy
 
acex vtarpau 113 fem, n) c nynensrr-r cynepcnenor-r. Anreõpsr
 

A (m, n) = s fem + 1, n + 1) ,nnR m i= n, m,n ~ O, 

A (n, n) = sf (n + 1, n + 1) / {I 2n + 2 \ , n > o. 

B pa6oTe/ 6 / YKa3aHhIBCe KOpHI1 cynepanreôp A(m,n) : qeTHhle (1 -( j 11 ae­

qeTHhle ± «( 1 - Ôj ), Ô j = e m+ 1 + j . ,L(JlR nansaeãurax nOCTpOeHI1H y,n06HO
 
nOJlh30BaThCR 06hllJHhlM MaTpl1lJHhlM 6a3I1COM E ij 11 q>YJlKIJ;110HanhHhIM õa­

311COM (k: (k (E fi) = Ô kf . TIpl1 3TOM qeTHOMY KOpHIO (1 - (j coOTBeT­

crnyer KopHeBOH aexrop f( 1-'(j = E lj 11 ,nl1arOHanhHaR xrarpaua h(i -f· =
 
= E 11 - E jj . YcnOBI1MCR, qTO ace paccMOTpeHI1R ztna anreõp A (rn, n) 6y­

.ner-r npoaonars B sf(m + 1 , n + 1), TaK KaK zina anreõp A(n, n) COOTHOllle­

HI1R, nonyseam.re B sf (n + 1, n + 1) , COXPaHRIOTCR npn q>aKTOpI13aU;1111
 
no nearpy. TIepeq>pa3l1pyeM 113BecTHI;>IH peayrrsrar, nOJlyqeHHhlH B pa­

60Te /2/. 

JIeMMa 3. ECJlI1 nana pacnrennaexraa rronynpocraa anreõpa JII1 G 11 oc-

HOBHoe norre K ( char (K) f. 2,3) 6eCKOHeqHO, a l' a 2 , ••• , a n - q>YH,naMeH­

TaJIhHaR CI1CTeMa xopneü anreôpsr O, Of. 1J,1- TaKHe aner-retrrsr OCHOBHoro
 

nOJlR,qTO [eal,lJ,1thal + ••• +lJ,nhan] = (31 e a 1(h a i =[e a1, e-al ]0) , nce 
K03q>q>I1U;l1eHThl (3i nonapno paanauasr, {\~ O, TO naa 3JleMeHTa 

e -a + .,. + e_aIJ, t e al+'" + IJ,nea n 11 t n 

nopoaoraror anreõpy G . 
, I ,L(anee 6y,neM cxarars , qTO naura cynepanreõpsr onpeneneasr nan TaKI1­

MI1 nOJlRMI1. 

t> Ente O,nHO YTBep)K)l;eHl1e. 

\.l 
1i 

JIeMMa 4. TIYCTh cynepanreõpa 0= Q-eQ -li b ~ a~ Of. I o, b l = a lt;;; a ij' 
Torna' q>I1TTl1HrOBa l-}<oMnoHeHTa G 1 co 0,nnJ oneparópa A = ada1 nopoxc­

naer l1,nean G 11 

1.\
:I 

i (O 1~ r = [b, (G 1) õ ] . 

12 11 

.1loKa3aTeJIhCTBO. TIepBaR sacrr, YTBep)K)l;eHI1R norcaasraaerca TaK xce, 
/5/

KaK 11 aaanoraaaoe yrnepxoreaae ,Il,JlR anreõp JII1 (CM. ) . Ilorcaacer-r ero 
BTOPYIO nacrt.. TIYCTh G 1=10. TIo onpeneneaaro, . 

o = ~ AkO =AtO =(Ato_)e (AtO_)
1 k =1 o 1 

(A t a - = (G ) _ , At 01 = (O 1) 1) .o 1 o 

OqeBI1,nHo, qTO orreparop adb nepecraaoaouen c oneparopor-r A 11 nepeaoznrr 

(O 1) Õ BHYTPh (G1 ) l' 

11 aaoõopor. TIoKa)KeM, qTO azipo sroro oTo6paJKeHI1R paBHO HYJlIO. TIYCTh 
x - O,nHOpO,nHhIl1 3JleMeHT a 1 11 X = A t y, O = [ b, x] = [ b, At;y] = A t rb, y ] 
Tor,na 

o =[ b, [b, x]] =[b, A t [b, y]] =At Lb, [b, y]] = 2-1A t (Ay) = 2-1A x . 

A 3TO nporaaopexar onpeneneamo O i- TO ecrs oneparop adb onpenenn­
er aBTOMopc}>113M JlI1HeHHOro npOCTpaHCTBa 0 1 , OTCIO,na norryuaer-r, tITO 

(O 1) 1 = [b, (G 1 ) õ] , 

qTO 11 rpeõoaanocs noxasars. Jlerxo 3aMeTI1Th, qTO anreõpsr rnna A(m, n) o 

rrpocrsr aan Jl106hIM 113 rrorreã xapaKTepl1CTI1KI1, OTJll1qHOH OT 2 11 3 (6y,neM 
eure cxararr., qTO OCHOBHoe none 6eCKOHeqHo) . 

7.2. ,UoKa3aTeJlhCTBO reoper-rsr 2 
TaK KaK A(m, n) ;; A(n, m) (CM. /6/), TO ,nOCTaTOtIHO npOBeCTI1 nocrpo­

eHI1R AJIR A(m,n) c m >n > O. Pe3YJlhTaT nna acex oCTanhHh~x cnysaea nOJlY­
xaerca nYTeM eCTecTBeHHoH Mo,nI1q>I1KaUI1I1 npaaeneaasrx nOCTp0eHI1H. 
PaCCMOTpl1M eure O,nHO yrnepzcneaae. 

JIeMMa 5. TIYCTh aI' a 2 , ... ,a m' a m+l , ... , Q m+ n - CI1CTeMa KOp­
HeH qeTHOH:IaCTI1 cynepanreõpsr ~(m,n), 

a 1 = (1 - (2 , ... , a m = f m - f m + 1 

Qm+l = f m+ 2 -(m+3 , ... , a m+ n = f m+ n+ 1 - f m+ n + 2 ' (rn > n) , 

h = [e ,e a ].
ai ai - i 

3,neCh 

h a o =E U - E i+l, 1+1 °npl1 i = 1 'o o' , m 11 
1 

]3 



npH i = m + 1 ,... , m + n • E i + 1 , i + l - E i + 2. i+2 

Torna cy~eCTBYIOT TaKHe K03cPcPHQHeHTbI k i f: O (2 .'S.i.sm) H k' (j ~ m + 2) 
H3 OCHOBHoro nOJIH, qTO npa 

h = h a 1+ k 2 h a +... + k mh a + h a + k 2h a 2+ ••• + la m m+1 m+ 

+ k' h , [e ,h] = {:3i e a (i=l, ••• ,m+o)
m+n a m+ n ai i 

ace K03cPcPHQHeHTbI {:3i OTJIHqHbI OT HYJIH H nonapao paanaxasr. B crrpaaen­
JIHBOCTH YTBep)f(.n.eHHH JIerKO yõenarsca B CHJIY npOCTOTbI CTpYKTypbI nony­
qalO~HXCH snecs ypaBHeHHH. 

Terteps rrepeânevr K Henocpe.n.CTBeHHOMY nOKa3aTeJIbCTBY reopesrsr. 
ECJIH B3HTb KOpHH a l' '" , a m + n , TaKHe, KaK B JIeMMe 5, TO 3TO cPYH­

.n.aMeHTaJIbHaH CHCTeMa xopaeã qeTHOH qaCTH A (m, o). Ilycrs 

h = 111 h a 1 + ••, + Il m+n h m + n ' 

rne B CHJIY JIeMMbI 5 K03cPcPHU,HeHTbI Il i " O MO)f(HO asrõpars TaK, 1.ffO 11 = 
1 = 1=llm+1 npa [e a ,h]=~ieai (#0), nce 3JIeMeHTbI OCHOBHoro nOJIH 

(:3 i nonapao pa3JIHqHbI. Tor.n.a B CHJIY JIeMMbl 3 3JIeMeHTbI 

e a + 112 e a + ••• + Il me a + e a + Il m+ 2 e a + ••• + 
1 2 , rn m+1 m+2 

+Il m+ n e a m+ n 

H ~_-a1 + ... + e-a rn + ncpoxcrrator qeTHYIO qaCTb A(m,n). Ilycrs b ­n
 
HeqeU!b1!f..3JI~IYI~HT :~::; Â (m, n), b = E 1, m+ 2 + E.ro+ 2, 1 . Torna
 

[b, b] = 2JE 11 + E' m+ 2. m+2) • 
/1­

Ilorcasser-i, srro 3JIeMeHT 
;" 

g=S1e". + .•• +'8 e +8 m+l 8a +",+sm+nea +e a + ..• +e a +a...... 'f n n m+ 1 m+ n n+ 1 m 

+e-a + ••• +e-a +t 1e-a + ... +t e-a+trn+1e~ + e_a. +b.t rn + nn+1 m 1 n n m +1 m+n 

r.n.e 

S 1 = S m+ 1 = t 1 = t III + 1 = 1, S 2 == -Il 2 ' S m+2 = -Il m+2 ' t2 t m+ 2 = 1 , :a:: 

i> a npa acex 
"I 

'"1Lk
 
3 < k < o, S
 

k 
Il k-1 .. 

~ 

14 

sm+k 
ILm+k-l 

-Ilm+k 

I 

:] 
I 
I 

-1 
= ILrn + k- 1t m+ k 

-1 )t k = Il k _ 1 (k.~ o , 

nopoacnaer A (m,n) . 
,I:(eücTBHTeJIbHO, 

n03TOMY 3JIeMeHTbI 

~ I s, g] = aI·' E 11 + E m+2, m.+2 

2­
1 

[[g,g] g] =: [a l , g-b] = e a l +e a m+ 1-(e-a1 
~.e-am+1)' 

2-2 
[[gg],[[ggLg]] = [a l,[a 1,g]] = e 

a l 
+ e 

a m+ 1+-(e-a l 
+e_a 

e a + e a ' e -a + e -a ~ 
1 m+ 1 1 m+1 

nYCTL 3JIeMeHTbI H3 <g> 

<g>. 

h 
1 = 

[ 
e a 1+ 8 a m+1 ' e· +6 ]a-a 1 -a m+1 

-= E 11 -

Torna 

E22 + Em + 1 • m+ 1 - E m+ 2, m + 2 

[h 
1 

, s j , O, 

H TeM 60nee Mil acex 3JIeMeHTOB 

h i =[ lL i 8 a 
i +lL m+ i e ,arn+i e -ai + 6 -a + im 

I 
! 

. J 

[ h i ' b] 

6y,neT 

= O (i > 1). 

I e al 

BbIflliTaJI KOMnoHeHTY 

+e +6 +6 a m+ 1 -al -a m+ l 

, : 

J 
g =s e + ••• +Bme a +8 

1 2 a 2 m 

H3 g, nonysaesr 3neMeHT 

+2 ea 
m 

+"'+Sro+n 
m+2 

6 á m+ n + 

+ t 2 e + ••• + t m e -a 
-a 2 

+ t m+2 
m 

e a
m+2 

+ ••• + t m+ n 6 -a + 
m-s n 

. +{ .
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.1 

+e + ••• +e +e-a + ••• + e + b • 
a -a ma n+1 m n+1
 

,llanee,
 

[h , g 1 ) = -s e - s e + t e + t e 
1 2 a2 m+1 a + 2 2 -a2 m+2 -a m+2m 

;:: 1J,2 e a + + e-a + e_aIl m+2 e a 
m+2 2 m+2 

( B CHJIY asrõopa KOHCTaHT Si H t 1 ) . ')
Aaanor-asao npe,lJ,bl,ll;YIIJ;eMY nOJIyqaeM noposas KOMnoHeHTbI 

fl. 2 e a + 11 m+ 2e a
2 m+2
 

H
 

e -02 + e -a m+ 2 

eCJIH Mbl ne .acxepnana ncex KOMnOHeHT, TO rrpononacaewt 3TOT npouecc 
,lJ,aJlbwe.113.3THX KOMnOHeHT nonysaevr 3JIeMeHT 

h =1l2(E 
22 

-E 33) + li m+2(E m+2,rn+2 -E m+3,m+3)·

2
 

BbIqHTaH 3JIeMeHT 

fl.2 e a +IJ, m+ 1 e a + e_ a 2+e -a m+2
 
2
 m+2
 

H3 g1' nonysaev 3JIeMeHT
 

g 2 = s~ e a 3 + ••• + Sn e a n + S m + 3 e o m + 3 + ... + b •
 

,llaJIee nonysaer-r, qTO
 

[h 2' g 2 1.= - 1l2S se 03 - 11 m +2 S fi + 3 e a m + 3 + 

+ 1J,3t 3'e -a + Ii m + 2 t m + 3 e -a rn+33


=1J,3ea +lJ,m+3ea +e_ a +e_a
 
3 m+3 3 m+3 

( B CHJIY asiõopa KOHCTaHT s·, t 1 ) . 
,llaJIbHeHWee npO,lJ,OJI:lKeJHe aroro npouecca OqeBH,ll;Ho. Korzia OH 3aKOH­

tIHTCH, Mbl nOJIytIHM H3 3JIeMeHTa g KOMnOHeHTbl 

l> 

e , + " e , e + e ,
11 1 a I"'m+1 a -ai -a m+ 11 m+ 1 

e , e_a +e-o rn+ n'fl. e a + li m+n an n rn+ n n 
~ 

fl. n -C1 e o l' e -o l' .... ,li In e o , e -o . 
n+ n+ m m 
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B pe3YJIbTaTe nOJIyqaeTCH zma 06pa3yroIIJ;HX 3JIeMeHTa tJ:eTHOH sacra A(rn,n) 
(era, JIeMMY 3) : 

f.Ll e a +···+lJ,m+n li e -a 1+ ..• + e -a m+ ne O m +1 n 

TO ecrs nonanreôpa <g> CO,ll;ep:IKHT 3JIeMeHT b H zraa 06pa3YIOIIJ;HX 3JIeMeHTa 

qeTHOH qaCTH A(m, n) . B CHJIY JIeMMbl 4 nonanreõpa <g> CO,ll;ep)KHT HeKOTO­

pblH H,lJ,eaJI ( =I O) A(m, n) , HO TaK, KaK nOCJIe,ll;HHH: npocra, TO nonanreôpa 
<g> coananaer c A(m,n).nOCTpoeHHe 3aKOHqeHO. 

7.3. ,lloKa3aTeJIbCTBO npe,ll;JIO)KeHHH 3 
.B CHJIY JIeMMbI,2 H npe,ll;JIO:IKeHHH 4 ,ll;OCTaTO'IHç norcaaars UHKJIHtIHOCTb 

G = f(mT.l, n + 1) fi I HI ~ e,n;HHH'lHaH MaTpHua). B03Bpa.I.UaHCb K nocrpoe­
HHHM ,ll;JIH anreõp A(m,n), paccvrorpara 3JteMeHTÕ·: 

- - - 1 - - 1 -- - - ­s: = E 11+ s : "2[g' , g "I.= 2 [b , bl == a 1 = É11+ E m +2, m +2' 

([ã1 , E11 ] = O, [h1 , E11 1= o). ,\' 

Orcrorta BH,ll;HO, qTO- <g"') CO,ll;epJKHT qeTHYIO xacrs 

-. - - E
sf (m + 1, n + 1) ~ x = Em + 2,m + 2 m+ 3, m+ 3 

H ·1 ~ 
,( 

-
[ x,E 11] = O, I x, I x, bJ = ~ b -,,~ i I 

_ - - - l''''' f_ 

(<:g'> ~ ~.Uit b , b). nO~TOMY <g'" > = a. 

.'J .4. ,llOKa3a~eJIb~Tl30 reopexo.r 3 
YTBep~~H;ie reoper-n-r nsrrercaer H3 rrpenrroacenaa 3 H reopesna Ano­

I1BaCaBbI O TOqHOM npe,ll;CTaBJIeHHH. ,lloKa3aTeJIbCTBO 3TOH reoperasr ,ll;JIH 

CJIyqaH OCHOBHoro nOJUI xaparcrepacrarca HYJIb narro B paõore 17 / . ,UnH' CJIY­

IlaR xapaxrepacrarcag > o MQ)KHO HeCKOJIbKO BH,ll;OH3MeHHTb ztoxasarenscr­
BO, ,ll;3.HHOe nJIH anreõp JIH B paõore /3/ CJIenYIOJlUiM 06Pa30M. COXPaHHM 

cnocoõ BhI60pa uearpansasrx 3JIeMeHTOB Y i ,ll;JIH qeTHbIX 3JIeMeHTOB e 'i (i::::: 
= 1, ... , n) cynepanreôpsr a. ECJIH e n+ 1 ' ••• , e n + m - 6a3HC HeqeTHOH 

qaCTH G, TO nonyvaer-r 6a3HC oõeprsmaromeã anreõpsr U(G) , COCTOHIIJ;eH H3 

3JIeMeHTOB 

f 1 f o f n+ 1 f n+m S1 50 

e 1 ••• e n .e n+ 1 e o+m Y1 •••• Yn 

rrre O si~O npa i=l,... ,n, O~fn+k;::;l npa k=l,... ,m.sf isdl' 
COXPaHHH ace nansaeãnrae paCCY)K,ll;eHIDI uarapyeraoro ,ll;OI<:a3aTeJIbCTBa, 

MbI npanexr K nOCTpoeHIDo' rpeôyexror-o rouaoro KOHe'IHOMepHOro npen­
CTaBJIeHHH HCXO,ll;HOH cynepanre6pbl JIH G . 
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8. OPI1DO)KEHI1H (adGO)k (0_2 + 01 + O2 ) (k = 1,2,3). 

8.1. Ilpennozcenae 4. Ilpar-ras CYMMa a paapeurar-roü U"KJI"4eCKOM 

anreõpsr w U"KJUI4eCKoH anreôpr.r B c B (1) = B ( B 4aCTHOCTI1, npOCTOM) 

RBlIReTCR	 UI1KJIl1tIeCKoH .
 

. ,UoKa3aTeJIbCTBo.OYCTb
 

A(n)	 = OG = A e B 11 

A	 =<gl>' B = <g 2> , 

Torna rrpn g = gl+ g 2 0= <g>. PaCCMOTpHM, aanpavrep, ClIY4ai1 n = 2 (zians­
HeHlllee o606meHHe ouenanao ) . TaK KaK B(l):::: B , TO B nopoxcnaerca 
BceB03MO)KHbIMH OnH041IeHaMH BH.LI,a 

</J(g 2) cc: (( <p 1 (g2 ) , cP2 (g à' 1, [eb3 (g i ' <P 4 (g 2) ll , 

rne	 <P i (g ~ - HeaCCOUHaT"BHhIe O.LI,H04JIeHhI OT g2'
 
B TO »ce BpeMH ace ozmo-tnenst aana
 

~(g 1) = O , 

TO ecrs <g> 28, a ClIenOBaTelIbHO, H A C<g>. 

8.2. Ilpaaener-r eure (6e3 .LI,oKa3aTeJ1bCTBa) TpH YTBep)K.n;eHHR o UI1K1IH4­

HOCTH npHMhIX CYMM UHKJIH4eCKHX anre6p: 

a) npasraa CYMMa HeCKOJlbKHX nonapno He"30Mop<PHhIX npocrsrx 
I.U1KJIH4eCKHX anre6p HBlIHeTCH UHKlIH4eCKOH; 

6) *eClIH A - npocraa lJ,HKJIH4eCKaR anreõpa, B - UHK1I"4eCKaR H 

dirn A > dim B , TO npar-ras CYMMa A$ B - UHKlIH4eCKaH anre6pa; 

B) eClIH A = <g1 >, B = <: g 2"> - nae npocrsre 1130MOp<pHhIe anr'eôpsr H 

ecrs TaKOM MHOrOlJ1IeH </J, 4TO ~(gl) = 0, </J(g2) /:. 0, TO npar-ran cYMMa 

AeB nopoacnaerca 31IeMeHTOM g = g 1 + g2' 

8.3. O U"KlIH4HOCTH O.n;HOH cyrtepanreõpst CTPYHHOM .reopaa 
Paccr-rorpaxt cynepanre6py CTPYHHOH TeOpH" (r-tonern, Par-tona}, 3a.LI,a­

BaeMYIO COOTHOllleHHHMH 

[o	 ,O] =(n-m)G + +(D/8)n3 ô + n m - n m n m•o'
 

2

[Hn , Hm ] + = 20 n +m+ (0/2) n ôn+m.O 

l> 
[On' H ] _ = [(n/2) - ml H n+

lIlI	 m 

(CM.	 /1/, c.1f;2) . 
OtIeBHnHO, 4TO 31IeMeHThI G , O , O nopoxcnaror 4eTHYIO 4aCTb 3TOH 

.r2 1 26	 O v

'" anre "tbl. UH conepacarca B lIHHeHHOH O 601I04Ke 3JIeMeHTOB 

18 

TaK	 KaK 3JIeMeHT [H o' l-I o] xparen ao' TO B CIDIY aaurax pe3YJIbTaTOB (CM. 

n. 3.8, JIeMMa 2) 11 CooTHOllleHI1I1, sanaroutax 3TY anre6py, 3JIeMeHT 

0_2 + o1 + O 2 + H o 

nopO:>K.n;aeT ee. 

B	 3aK1I104eH"e anrop C4HTaeT CBO"M .np"HTHbIM .n;OJIrOM asrpaaari, 
6JIaro.n;apHOCTb BC eM TOBap"IlJ,aM, np"HHBlll"M Y4aCT"e B 06CYiK,ll;eHI1H 3TOM 
pa60TbI. 
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TEMATHqECKHE KATErOPHH OYBnHKAUHR 

OB~E~HHEHHOro HHCTHTYTA ~EPHWX 

HCCJIE~OBAHHR 

HHAeKc TeMaTMKa 

1. 3KcnepHMeHTanbHaR $H3HKa B~COKHX 3HeprHH 

2. TeopeTH4ecKaR $H3HKa e~coKHX 3HeprHH 

3. 3KcnepHMeHTanbHaR HeHTpOHHaR $H3HKa 

4. TeopeTH4ecKaR $H3HKa HH3KHX 3HeprHH 

5. HaTeMaTHKa 

6. RAepHaR cneKTpocKonHR H paAHOXHMHR 

7. $H3HKa TR*en~X HOHOB 

8. KpHoreHHKa 

9. YcKOPHTenH 

IU. ABTOMaTH3a~HR OOpaOOTKH 3KCnepHMeHTanbH~X 
AaHH~x 

11. 8~4HCnHTenbHaR MaTeMaTHKa H TeXHHKa 

12. XHMHR 

13. TexHHKa $H3H4ecKoro 3KcnepHMeHTa 

14. ~ccneAOBaHHR TBePA~X Ten H *HAKOCTeH 
RAePH~MH MeTOAaMH 

15. 3KcnepHMeHTanbHaR $H3HKa RAePH~x peaK~HH 
npH HH3KHX 3HeprHRX 

16. Ao3HMeTpHR H $H3HKa 3a~HT~ 

17. TeopHR KOHAeHCHPOBaHHOrO COCTORHHR 

18. Hcnonb30BaHHe pe3ynbTaToB H MeTOAOB 
$YHAaMeHTanbH~X $H3H4eCKHX HCCneAOBaHHH 
B CMe*H~X o6naCTRX HayKH H TeXHHKH 

19. oHQ$H3HKa 

' 
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Jie6e,11,eH KO B .M. P5-87-462 
CyrrepaJire6phr Jln c O,!J,HHM o6pa3yiOrn;nM 3JieMeHTOM 

I1ccne,11,yJOTCfl UHKnnqecKne aJire6phr, TO ecTb cyrrepaJire6pbi Jln 
c O,!J,HHM (Ht.:u,!J,Hopo,!1,HhiM) o6pa3yiOlllHM :meMeHTOM. Orrncauhr un­
KnwrecKne aiire6pbr MaJihix pa3MepuoCTeir n pa3peumMhre UHKJIH­
qecKne aJire6pbi CTyrreHH 2 li 3 Ha,!J, fiOJlflMH xapaKTepHCTHKH, OTJinq­
HOH OT 2 n 3. noKa3aHO, qTo Ha,!J, 6ecKoneqHbiM rroneM TaKOH xapaK­
TepnCTHKH n106aR npocTaH aJire6pa Tnna A (m,n) HBJIHeTcH unKJin­
qecKoii n qTo n106aH cynepaJire6pa Jln n3oMopqmo BKJia,!J,hiBaeTcH 
B I.(HKJIHqecKyJO aJire6py. 

Pa6oTa Bhmonueua a Jla6opaTopHH TeopeTnlfeCKOH clJn3nKn OI1.HI1. 

fipenpHHT 06'be)lHHetiHOrO HHCTHTyra R)lepHbiX HCCJie)lOBaHHH. Jly6Ha 1987 

nepeBO,!J, 0 .C .Bnuorpa,!J,OBOH 

Lebedenko V.M. P5-87-462 
Lie Subalgebras with One Generating Element 

Cyclic algebras that is Lie subalgebras with one (inhomogeneous) 
generating element are investigated. Cyclic algebras of small dimen­
sions and solvable cyclic algebras of 2 and 3 degrees over fields of cha­
racteristic different from 2 and 3 are described. It is shown that over 
infinite field of such characteristic any simple algebra of A(m,n) type 
is cyclic and that any Lie subalgebra is isomorphically imbedded into 
cyclic algebra. 

The investigation has been performed at the Laboratory of Theore­
tical Physics, JINR. 
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