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rrOCTAHOBKA3AAAQH 

B nepBOH tmcm ,n,lUlHQH pa60TbI 111 nOJIyqeHQ e YtJeTOM lCBaHTOBhlX 

nQnp8BOK B:£,lpIDKeHHe ,n,nH 3Hepnm M()neKynhl, CO(:T8BneHHOH 1<13 ,n,ByX 

KBaHTOBhlX BlJXpeH C npQTHBOnOJIO?KahIMH HanpaBneHHHMH BpameHH.fI 

CSepxTeKytJe» KOMnOHeHTbl ,n,SYMepHQrQ 603e-ra3~ rtpH T O • .ILrrH TorO 

t(T06bI BhlllHcnlfTh 3Heprmo aeo,D,H0p0,D,HO(:TH (CM. <popMynhl (45) 1 -(50)r), 
HEl06xo,n,HMO HaKrH BOnHOBylO <PYHK~ 603e-KOH;a;eHcaTa q;, 0' BQJIHOBble 

<PYHI<QHH q;,n H 3HeprHH f n CBH3lUlHhIX COCTO.fIHHH aTOMOB ra3a, ,n,IJH*YlI.U:lXC.fI 

B none BHXpeBQH MoneKYJIbI. B pa60Te 11/ nOKa3lUlO, Iff0 <PYHK.l.Ui.fI ¢oy,n,OB

neTBOpHeT ypaaHeHlUO 

-AtP o + I¢o 12 ¢o -¢o o. (1) 

a f n.¢n .fIBnmoTC.fI COOTBeTCTBeHHO C06cTBeHHhlMH 3HatJeHHHMH H C06cTBeH

HhIMH <PYHK~MH ypaBHeHH.fI 

-A¢ +1¢012¢ f¢. (2) 

3,n,eCb ¢o. ¢ .fIBJI.fIlOTCH <PYHK~MH ,n,eKaPToBhIX He38BHCHMbIX nepeMeH

HhlX :x , y H 38BHCHT OT paCCTO.fIHHH R Me*J1,y ueHTpaMH BHXpeH KaK OT na

paMeTpa. 

YcnelllHoe pellleHHe 3a,D,atJ KBaaTOBOH MeXlUlHKH BO MHorOM onpe,n,e

JIHeTC.fI np8BHJIbHhIM BhI60pOM CHCTeMhl KOop,D,HHaT, B KOTOPOH 3a,D,aIOTC.fI 

npOCTplUlCTBeHHhle nepeMeHHhle. 06hI'IH0 B ,n,ByX UeHTPOBhIX 3a,D,atmX BhI6H

PaIOT c<pepOH,D,anbHhle Koop,n,HHaTbI, KOTopble onpe,n,en.fIlOTC.fI KaK 121 

, r1 + r2 r l-r2 
Tl .-e,

R R 

("7J)<;;O=I1~'<oo. -lS7JS11, 

r,n,e r 1 H r 2 - COOTBeTCTBeHHO paCCTO.fIHHH OT paCCMaTpHBaeMOH TOtJKH 

,n,o ueHTpOB BHxpeH. a e - yrOJI BpameHHH BOKpyr np.fIMOH, coe,n,HH.fIlOmeH 

UeHTphI. B paCCMaTpHBaeMOM HaMIl CJIytme HMeeM BpamaTeJIbHyIO CHMMeT

*flWlCHuii uHiJel<C 1 YI<03bl6aer Ha cooT6eTcT6YIOU4YIO (/j0PMY_'!Y U3 paooTbl 11( 

r fM,.W::llii1t"llHl;.in imCM" t 
1I(,uW~ n{C~~AOB1PBI 
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pmo OTHOCHTeJ1hHO npHMOH, COe.u;HHfUOmeH ueHTphl, TO ecTh ¢o,<$ He 3a· 

BHcm OT 6. 
I1cKoMyro cPyHKI:.UIlO <Po npe.u;CTaBHM B BH,lJ,e 

r 11ll«(.11:R) 	 (3)
¢o("" 11: R) = F(C 11; R) e , 

r,lJ;e F Hill - ,lJ;eHCTBHTeJ1hHhle cPyHKUHH. 

113 ypaBHeHHH (1), 3anHCaHHOrO B CcPePOH,lJ,8JIhHhLX; Koop,lJ;HHaTax, 

H (3) 110JlYtlaeM CHCTeMY YpaBHeHHH ,lJ;JlH onpe,lJ;eJ1eHHH a;r.tIl)1HTY,lJ;hl F H 

cP33bl ctI: 

(4)f(F,ctI) 	=0, 

r,lJ;e 

1-( -L + M(F, ctI)] F , 
p 

f(F, Ill) 	= 

_l. K(F) III 
p 

3,lJ;eCh onepaTophl L, K(F) H cPYHKUHH M(F ,Ill) HMeIOT BH,lJ, 

a a (J . d 
L == -k 1 «(: R) - +-k2 (11; R) -, 	 (5) 

a( a( d"fJ d1/ 

K(F) = 	 JLk «: R) F2L + ..Lk (7J: R) F2.l- , (6) 
a( 1 a( a7J 2 a71 

2
M(F,Ill) =k «(:R)C:lIll )2 + k 2(71: R)(illll)2 + p(',1/: R){F -1), (7)

t a( 	 d1/ 

k l(,;R) = ~(,2-1),ki!("fJ;R) = ~(l-712), ',1/; R) == B..:(,t 1/2). (8)
8 

nOCTaBHM rpaHHtIHhle YCJlOBHH ,lJ;JlH cPYHKUHH F Hill. KaK 6hlJlO nOK33aHO 

B /11, Ha 6ecKoHetIHOCTH F ... 1, 1ll-+0, TO ecTb 

(9)lim F = 1, lim III = 0 . 
,"'0<1 , "'00 

2 

<DyHKUHH F ,lJ;OJDKHa 6blTh orpaHH'IIeHHOH BO BceH 06JIaCTH. BBH,lJ,Y Toro, 

trTO npH ,= 1, 1/ ±1 K03cPcPHUHeHTbI onepaTopoB L, K(F) 06pama.roTCH 

B Hym, orpaHHtleHHOCTh F Bh1,lJ;eJ1R:eTCH YCJlOBHHMH 131 

lim (' 2_ 1) l! - 11m (1 _712) ~ - (10)
,-+ 1 0, 71-+ ±1 CJ71 - 0a, 

B TOtlKax «( I, 71 '" ±1), r,lJ;e pacnOJlO)Ke}{bl UeHTpbI BHXpeH, KaK 
nOK33aHO B /11, HMeeM . 

F (1 ,- 1; R) 0 , F(l , 1 ; R) = O. 	 (11) 

KpaeBble YCJlOBHH,n:..rrH cP33bl lll Ha 3THX)Ke rpaHHUax CJle,lJ;YIOIUHe: 

lll(l,71; 	R) fI', Ill(" ±l; R) = O. (12) 

TaKHM 06pa30M, CcP0PMYJIHpOBaHa HeJ1HHeHHaH KpaeBaH 3a,lJ;aqa (4), (9). 
(12), pellleHHeM KOTOPOH HBJlfUOTCH HCKOMhle cPYHKUHH F H 'Ill. OTMeTHM, 

trTO 3Ta 3a,lJ;a'lla napaMeTpHtlecKaH, TaK KaK F Hill 3aBHCH.! OT napaMeTpa R. 
B ,lJ;aJlbHeHllleM cPYHKUHIO F npe,lJ;CTaBHM B BH,lJ,e F F +1, r,lJ;e 

-
lim F«(,71: R) 0, F(l, ±l; R) -1.,... "" 
Onpe,lJ;eJ1HB F H3 YPaBHeHHH 

-f (F + 1 , Ill) 0 , 

MbI JlerKO BOCCTaHOBHM cPYHKUHIO F . 
YpaBHeHHe (2) B CcPePOH,lJ;8JIbHhIX KOOp,lJ;HHaTax npHHHMaeT BH,lJ; 

2L¢+F'¢=fcP, 
P (13) 

f f(R). <$ <$(',.,,; R), (' ,.,,) ~n, 

a cPYHKUHH ¢ Y,lJ;oBJleTBOpHeT rpaHH'IIHbIM YCJlOBHHM 

l ' ( J' 2 ) cI<f; 	 2) o¢1m ." - 1 '- 0, lim (1 - 71 .- 0, lim <f; O. 	 (14) 
, ... C>O , ... 1 ii' ." ... ±1 a", 

113 cP0PMYJlbl (8) BH,lJ,HO, trro K03cPcPHuHeHThI kl' k2 H P HBJIHIOTCH 

tleTHblMH cPYHKUHHMH OTHOCHTeJ1hHO ." • BBH,lJ,Y 3Toro H KpaeBblX YCJIOBHH 

(10), (11), (12), (14) Mhl MO)KeM ymep)J()laTh, trrO cPYHKUHH F, ¢ H 

3 



¢ tfeTHhle no nepeMeHHOH 1/ • 9TO HaM n03BOJIReT CY3HTh 06JIacTb H3MeHeHHR 

3TOH nepeMeHHOH B npeAeJIax 0:s." :s1, nOCTaBHB npH ." == 0 YCJIOBHR 

CHMMeTpHH: 

OcPaF I 0, ~I - == O.a." .,,=0 -0, 0." '1/=0art 1/=0 

METO.ll QHCJlEl-IHO['O PEWEHl1f.l 

C IJ;eJIl:,lO eAHHo06pa,3HR 3anHCH nOJIO:lKHM 

~ 

u 1 =" F, u2 q" U (Ul ' u2 ) • 

.llJIR pemel{HR IfaBHeHHR feu) = 0 npHMeHHM HenpephIBllhrij: aHaJIor l\'le-
TOAa HhIOT()Ha / (H.AMH) . 

BBeAeM HenpephmahIH napaMeTp 0 ::. t < ... , OT KOToporo 3aBHCHT HeH3

BecTHaR BeKTOP-<PYHKIJ;HR u«, 1/: R; t), H 3aIIHmeM 3BOJIlOIJ;HOHHhle yPaB

HeHHR HAMH: 

f' (u) ~ == - feu). (15)
at 

u« , 1/; R; 0) == u0« , 1'1 ; R) , 

rAe u 0 - 3a,ll;aHHaR BeKToP-<PYHKQHJ1, KOMIlOHeHThI KOTOPOH U1+ 1 H u2 

YAOBJIeTBOPRlOT KpaeBhIM YCJIOBHRM (9)-(12). 3Aechf'(u) 03HaqaeT 

npoH3BoAHYlO <I>peme onepaTopa f B TOtfKe u. 

TorAa npH BhInOJIHeHHH YCJIOBHR TeopeMhI/6 / HMeeT MecTO COOTHome-

HHe 

lim llu«(,rt; R; t) -U«(,1/; R)II o. 
t ... 00 

TIOJIO:lKHM fUi«(,J7;R;t) Vi «(,'1;R;t), i == 1,2, v (vl'V2).npHMe

HRR K 3a.n;atfe KomH (15) MeTOA 9HJIepa, nOJIyqaeM HTepaI~aOHHYlO cxeMY 

AlIR ee pemeHHR: 

f'(un) v n _ f (un), u n+ 1 =U n +, vn, 0 <1" < 1. (16)
n n 

TIPH , n == 1 OHa COBna.n;aeT C KJIaCCHtfecKHM MeTOAOM HhlOTOHa - KaH
TOPOBHtfa. BhI60p r n < 1 n03BOJIReT cyruecTBeHHO paCmHpHTh 06JIaCTh onpe-

AeJIeHHR HatfaJIhHorO npH6JIH)KeHHR UO (' , fJ; R). no Mepe YMeHhmeHHR He

KOTOPOH HOPMhI HeBR3KH 8n == Ilf (Un) II "BpeMeHHOH" mar 'II" 1. 
OnepaTop f'HMeeT Bim . 

L(un) ~(Un) )
f' (un) == ~ ( M"'(UO) K(u~) , 

rAe 

... Dol
L(un)=-L +M(u~+I,uSl) +2p(u 1 +1) , 

M(u Il ) == 2{u~+ 1)[k
1 

«(; R) au\ .L + k e{'1; R) au~ +-].a( a, 0'1 u'1 

i{u~) K(u~+I) • 

MTepaIJ;HOHahIe nonpaBKH y n = y n «( , 11 ; R; t D) YAOBJIenmpmoT KpaeBhIM 
ycnOBHHM: 

lim y 1
0 == 0 , i =1,2 • (17) 

' ... 00 

ayn 
2 av~lim (,2_1) -....l. = 0, lim (1 - '1 ) - == 0 , (18) 

, ... 1 a( 'I)'" ±1 a." 

yD~, = O. Y2n I ., .. ±1 0 • (19)
2 =1 

,llHCKpeTHyro cxeMY pemeHHR 38,ll;alJH (16), (17) - (19) BhIBOAHM npH 

nOMoLUH MeTO,ll;8 KOHelJHhIX 3JIeMeHTOB (MK9) . .llJIR 3Toro clPoPMYnHPyeM 

cJIa6yro nOCTaHOBKY 3lmD.lJH (lPoPMa ['anepKHHa). 

Tpe6yercR HaHTH lPYHKIJ;HlO yD, TaKyro. lITO 

(f'(uIl)yn,y) _(f(uD),y) (20) 

AJIR JIlO60H BeKToP-lPYHKIJ;HH y = (Yl 'Y2) I y 1C;;; W~(m. YAOBneTBOpRlOw;eH 
KpaeBhIM YCJIOBHRM ,llHpHXJIe (17). (19) ,uIl - 3a.n;aHHaR lPYHKIJ;HR. COOT
HOmeHHe (20) CJIe,rJ.YeT nOHHMaTh KaK HHTerpaJIhHOe TO)K,ll;ecTBO. CKaJIRP

Hoe npOH3Be,rJ.eHHe B (20) onpeAeJIReTCR KaK 

(Zl,Z2) = J p(z~z~+ z~z~)d(d'1' (21) 
n 

rAe AJIR BeKTOP-lPYHKIJ;HH Z 1 BhInOJIHReTCR YCJIOBHe 

i 2 i 2r p[ (Zl) + (Z2) )d(dl'l < oo, i 1,2. 
n 
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,D;HCKPETH3AUHfl 

OrMeTHM, 'ITO ecJIH q,YHKUHR v YAOBJIeTB0PReT YCJIOBHRM (17) - (19) 
H HMeeT Heo6xo,nHMhIe npOH3BOp;HhIe, onepaTop ,f'(w) RBJIReTCR CDfOCO

npRlKeHHhIM OTHOCHTeJIbHO CKaJIRpHOrO npoH3Be,l.'(eHHR (21). 
.D;HCKpeTHyIO 33,Aaqy, COOTBeTCTByIOmytO (21) nOJIytlHM, HCnOJIb3YR 

BOCbMHy3JIOBhIe H30napaMeTpHtIecKHe ::meMeHThI 16.71 . B 06JIacTH n nOCT

POHM KQHe'D:IOMepHyIO QeTKY cu , CQCTO~lO H3 Ne ::meMeHTOB e 1 • 1 = 

Ne 
== 1,2, ... N e' n == U e 1 H COAep?KamyJO N Y3JIOB tel' 1/1)' 1 == 1,2, ... N. 

1= 1 

CeTKa c.J QTpoHTCa npH nOMOInH nrm MULTIMODE/91, Ha pHC. 1 nOKa3aHa 

qaCTb O)J;HOH H3 Hcnom.3yeMhIx CeT(>K. H3BecTHO 16/, 'ITO MK3 n03BOJIReT 

BhmOJIH~ annpoKcHM~mmo TO:>K,D;ecTBa (20) aa Ka:lKAOM 3n;eMeHTe H nOTOM 

Cq,OpMHpo:san. AHCKpeTHyIO 3aAaqy BO BceH 06JIacTH n. YKalKeM cnol:;06 

nOCTpoeHH.fI AHCKPeTHOH 33,Aaqu Ha HeKOTopOM 3JIeMeHTe e k , 1 $ k $N ,
e

nYCTb (e~,'1~)' i = 1,2, ... ,8- KO()pnHHaThI Y3JIOB 3JIeMeHTa ek' 

0603uaquM lIep~ [vVT=(Vt1,v1~, •••,V1~), [V~]T==(v2~,v:2, .... v2kS) 
3UalleHHR HTepauHoHHhIX nonpasoK vI H v2 B Y3JIax 3JIeMeHTa ek' a lIepe3 

[uk ] H [ U ~] - BeKTop-cTOJI6I.Q>I H3 3UalleHHH 33,AaHHh1X q,YHKQHH ul H
1


u2 B TeX)I(e y3JIax. B AaJIbHeHilleM HHAeKC n 6YAeM onYCKaTb. 


PaccMoTpHM OAH03HallHO 06paniMoe npe06pa30BaHHe KBaApaTa a 
B :,meMeHTe ek 

8 k 8 ke= I. ei h 1 (r, s) , 11 I. TJ·h.(r,s), (22)
'_1 1 1 T1= 1 1- rAe H = (h l(r,s), h 

2 
(r,s), •••• , 

h 8 (r, s» - Oa3HCHhIe H30napaMeT

pHlIecKHe q,YHKQHH B KB3,ApaTe 

0 /8/ , 0603HaquM lIepe3 v~=[ vf]TH, 
v:== [v k] T H , ii ~ ( ut] T H ,ii~ 
"" [ u~ f T H HHTepnOJIRH-

ThI BeKToP-<PYHKQHH v H U Ha 

3JIeMeHTe ek' 

llOACTaBHM 3TH BhIpalKeHHR 

B TO:lKAecTBO (20). 3aIIHCaIlHhle 

Ha ::meMeHTe e k • H nOTpe6yeM, 

'IT06hI OHO BhInOJIHRJIOCb npH Y= 
= (hl 0), (0, h 1) , .... , (h 8.0) ,(O,hS)' 

B pe3YJIbTaTe nOJIYlIaeM, liTO HeH3

BeCTHhle 3HatIeHHR [V ~] , [V ~] YAO

~-1 BJI:JBOPR::)C(O[~~]lll)eH(H[b kJ) 

t=3 ,-

.......... \ 
\\ \ 

-- {=3 

-
I 7 

I 7 • 
"'\\ \ 1117j
f\\\llll7=1 ~=1s- }>=-1 1( (a~)T [b~] ,23)a: [ V k]

2 3 2 2Puc. 1 

3Aech a~, 1 == 1,2,3, - JIOKaJIbHhIe MaTpHQhI lKecTKOCTH B ::meMeHTe ell: ' 
KOTophIe onpeAeJIRlOTCR KaK 

II: II: II: II: a 1 = a" + a 6 + ae ' 

rAe 

all: (BTD1BI.Tkldrc1S, a~== J tll:UI1'IJtldrds, a:"" rt2HHTIJkldrdS,4 
000 

a} J BTDeHTI.T1I: Idrds. a~ =' JSTpsB IJkldrds, 
o 0 

G == {-I < r < 1. -1 < s < 1 I . 
-, - ...... 

B 3THX q,oPMYJIax HCnQJlh30BaHbI CJIe,u;YlO~e 0603J{alleHHR: 

all. all 2 aha 

arar Or 


[DH] 
ah1 ah2 aha--. as as as 

J k - RK06HaH npe06pa30BaHHR: (22), B = J -1 [DH] , 

k 


D1 = ( 0 DS = r:D l' t S = {u~ ] TH + 1 • 
kl 

:2)' 
-k !l-k 

T -k au2 _II: (JU 2 
D 2 (2k 1(u 1 + 1) - , 2k 2 (ul + 1) -),ae a" 

-k -k 

aU2 aU2 T k -k 2 (-k 1)2

(- -) =B[U 2], t 1 =M(u), t 2 = pu 1 + • ae ' a'IJ 

BeKTop-eTOJI6UbI [b ~] H [b:] B npasoA qaCTH (23) nOJIyqaroTCR no q,op

MYJIaM 

k k k k k k[ k]
[ b 1] - (a 4 + a l)[ U 1 + 1] , [b 2] = - as U 2 • 

llYCTb Y3JIhI, npHHa.AJIe:lKaInHe 3JIeMeH'n' e lp HMelOT rJI06aJIbHbIe HOMepa

ek,e:, ......! e:, rAe 1::: e~:::N, e~ ~ e~, U j, i,j =1,2, ... 8. llOCTPOHM 
JaTpHI.Q>I a:, p ••• 6 C 3JIeMeHTaMH 
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N. N. 
TorAS. P "" I. P11:' Q = I. qll:' a CyMMHpOBaHHe nOHHMaeTCH B YK8.38.HHOM(a~ )e. m = 8tttk 8ml f (a:) lj , 

11:=1 11:=1 

f. m '" 1,2••.•• N. 1.1 1.2..... 8. p = 1.2, .... 6. 	 BbIWe CMbIClle. 

tIacTHqaaJ{ npo6neMa C06cTBeHHbIX 3HaqeHKH (25) pewaeTCH npH 

TorAS. ,lJ,HCKpeTH8..fI 3a,lJ.8.1Ja, armpoKCHMHpyromaJI YPaBHeHHe (16) Ha ceTKe nOMOIllH MeTOAS. HTep~ nOmtpoCTpaHCTB 17/. 

'" , HMeeT BH,lJ. 

Al A2)( [Vi]) ([b1])
~( AT, ".8, [vol 

r,lJ,e A p'" I. a.~. p",,1,2,3, 
It.= 1 

[ Vi] H (v2] COCTOH1 H3 

CeTKH 01, [ b1] H [ b2] 

IOTCH no <POPMYllaM 

[b,l • 	 (24) 

- MaTplJ1lhl pa3MepHOCTH N x N , :aeI<;r0p-cT01l6Ub1 

3Haqeak{H HCKOMhIX <PYHKU,HH v1 H V 2 B Y3nu 

H3Becnlbie BeKTop-cT01l6UbI, KOTopble BbIQHCJlH

[b 1 ] =-.Al[Ul+11, [b2]=-AS[U2]. 

Ne 
3,lJ,ecb MaTpHUa A1 !. (ak +~), a [U 1] H [u 2 ] - BeKTop-cT01l6UbI H3 

1t=1 4 OJ 

3Haqeak{H H3BeCTHbIX <PyH~KH U 1 H U 2 B Y3nu CeTKH Cl). EcTecTBeHHo, 

qrO Bce nonyqeHHbIe MaTpHUbI Al' A ,As' A13aBHCHT OT <PYHKU,HH un. 
PeIlleHHe ,lJ,HCKPeTHOH: 3a,naqH (24) n03BOllHeT HaRTH 3HaqeHHH HTepa

UHOHHbIX nonpaaOK (vn) T = (vf; V 0) B Y3nax ceTKH. 

HTepaUHOHHblH: npo~ecc (161 3aK8.HquaaeTCH npH BbInOllHeHHH KpH

TepHH TOqaOCTH 8n <1 • r,lJ,e r BbI6HpanOCb pasHblM 10~. 
.L\HCKPeTH8..fI annpoKcHM~ CneKTpanbHOH: 3a.IlalJH (13) - (14) BbIBO

,lJ.HTCH Ha OCHOBe MHHHMH3~HH <PYHKUHoHana P:meH-PHT~a: 

awl! aw2 22 2
R(w) = ([kl(~) +k2(-;-) +pF w ]d,d,,/ I pw d'd11,n 011 	 na, 
npH nOMomH paCCMOTpeHHbIX KOHeqmlX 311eMeHTOB 16/. CTaUHOHapHble 

TOqKH ¢ ,lJ,HCKpeTHorO aBanora noro <PYHK~HOHana RBllHlOTCH peweHHHMH 

0606meaHOH: anre6paHqecKOH: npo6neMbI co6CTaeHHbIx 3HaqeHKH 

P¢ (Q ¢, 	 (25) 

r,lJ,e ,lJ.llH MaTpHUbI )KecTKOCTH P H MaTpHUbI MaCCbI Q HMeeM P P T> 0, 
Q = Q T>O. Hx nOCTpoeHHe CBO,lJ,HTCH K nocTpoeHHlO nOKanbHbIX MaTpH~ 

'{ IlPorpAldMHAfl PEAJIH3AlUm 

Pa3pa60TaHHbIH: MeTO,lJ. peweHHR ~a,naq (4). (9)-(12) a (13)-(14) 
peMH30BaB B BH,lJ.e na:K;Eml nporpaMM. HMelOmero CHCTeMHoe H tPyH~HO
aallbHoe HaIIOllHeHHe. CHCTeMH8..fl 1JaCTh DaKeTa E,lbInOllHeHa B BH,lJ.e CTaB

AS.pTHOH: npo~e,D.YPbl H3.,IKa OC EC. cI»yHKUHOHallbHaJ! qaCTh naKeTa cO,lJ,ep

)fCHT B ce6e nporpaMMY aBTOMaTHtIecKoro nOCTpOeHlJ.fI KOHeqao-3neMeHTap

aOR CeTKH, nporpaMMy ,lJ.JlH nepeHYME.!~HH Y3JIOIJ C ~eJlbIO Bt>lHBneHHH 

CBH3aHHl>IX rpa<poB MQHHMallbHOH: :Il;1UfHbI H nporpaMMbI, peaJlH3yromHe 

npe,D.llO)KeHHble anrOpHTMb~. nepBbIe ,!:We nporpaMMbI BXO,lJ,HT B CTaH,lJ,apT

Hoe MaTeMaTHqeCKOe 06ecneqeHHe mID MULTIMOOE/9~ 
PaCCMOTpHM HeKOTopbIe xapaKTepHble MOMeHTbI peMH3~ HTepa

UHOHHoro npo~ecca (16) npH peweHHH HeJlHHeRHOH: 3a.IlatIH (4). (9)-(12). 
C nOMomhlO BeKT.OpOB [u f] T = (Ui~ • u~. .... u.'k), i = 1.2, KOMnOHeHTbI 

KOTOPbIX CQCTaBneHbl H3 3HatleHHH: H3BecTHbIX q>yH~H: u~ H u~ B Y3nu 
rh 	 [ n] T (0 n n on. 0)ceTKH, ",OpMHpyeM BeKTop U = u 11' u21' u 22 ....... •
u 12' u iN ' u 2N 

TorAS. CHCTeMy (24) MO)KHO nepeDHCaTb B BH,lJ,e 

Ao[vn]=[b o ], 	 (26) 

b n[ o]T ° n n D n n) [.111 T (b D h!l h.0
r,lJ,e v (vl1.VIU,v12.v22••••• vlN.v2N' 0 = 11.""21...•• 1W"1!NJ, 
a CHMMeTpHtIHaH MaTpH~ AD HMeeT neHTOqHyro cTpYKTYPY H nonyqaeTcH 
H3 (24). 

PeweHHe CHCTeMbl (26) npoBo,lJ.HTCH nyTeM nepBOHatIanhHOH: ,neKOMno

3H~ MaTpHUbI A B BH,lJ.e 


T

A = UVU • 

r,lJ,e U - HH:>KH1UI TpeyronbH8..fI MaTplf:Ua C e,lJ,HHHUaMH Ha ,lJ,HaroHMH, V 
,lJ,HarOHallbHaH MaTplf:Ua. B npo~ecce BbItlHCneal'.H: B onepaTHBHOH DaMHTH 

{ 3BM XpaHHTCH TOJlbKO npo<PHJlb MaTpHUbI A. 
tIHcneHHoe peweHHe 3a,lJ.alJH (4), (9)-(12) npoBo:ll;HJlOCb P.llH 3HaqeHHR 

napaMeTpa R = tR l' R 2' .... R s I, KOTopbIe npe,lJ,CTaaneHbI B Ta611HUax. 

npH 3TOM peweHHe 3a.IlalJH B TOqKe Ri HCnOJlb30BMOCb B KaqeCTBe HatIaJlb

Ha 311eMeHTe ek : 	
Horo npH6nH)KeHHH B cne,lJ,yromeH ToqKe Ri + 1 • .L\nH Toro qr06bI OCymecT

BHTb aTOT npo~ecc, He06xo,lJ.HMO peIllHTb 3a.Ilaqy B HeKOTopoH: HatIaJlbHOH 

TOqKe RH • KOTOpM B pa60Te BbI6HpanaCb paaHOH: 1,5. B aTOH: TOtlKe HatIaJlbP (8T0 B + pF2HH T) IJ k Idrds, q It r pHH T 1JIt Idrds. 
1It a a 	 Hble npH6nH)KeHHH K <PYHK~ u H u 3a.IlaaanHCh no <popMynaM

l 2 
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ur = tU-'12e...(,2-1~ + ~arctg(,2_1) -I, ue",rre-4(,Il.1), (27) 

KpaeBble ycnOBHR (9), (11), (12) yqHTblBaJIHCb npH nOMO~ wTpa$Horo 

lJJIeHa /8/, a "BpeMeHHoA" war B.bI6HpanCR B npou;ecce HTep8I.tHA, KaK YKa

saHO B pa60Te /10/. 


BbflDlcneHHR npoBO,l:\HnHCb B KOHeQHoli 06naCTH 0 R'" II:;, <$.'mu ' 

I'll :5 1 I. r,l:\e 'mu» 1. 3HaqeHHe Cmu BbI6Hpanocb TaK, qTo6bI B QU_ 


nHH,l:\pl¥lecKHX Koop;r:umaTaX r = fv'(,2_1)(I-q2), z = ~C'l BbInOnHR

• 
nHCb HepaBeHCTBa ~ml.S ~ 3 H Zm•• ;::' 3. 3TC) ae06XO,ll;HMO ,ll;M KOppeKT

Horo YlJeTa xapaKTepHbIx p83MepoB l3uxpeA. 


T}i~CTOBblA" llPHMEP 

.[(n:R npoBepKH npaBHnbHOCnl pa60TbI nporpaMM 6bma paccMoTpeHa 

3anaqa 06 onpe,ll;eJIeHHH BonHoBoA $YHKQHH o;r:umOQHoro BIlXPR llHTaeBC

Koro /11/. B ::rrOM cnyqae Y,ll;06HO Hcnonb30BaTb ,ll;eKapTOBbI KOOp,ll;HHaTbI 

TOQKH (x,y) . !(03$$UUHeHTbI onepaTOpa f HMeIOT BH,ll; k 1= 1, k;'" 1, p 1. 

llepeMeHHbIe x.y H3MeHRIOTCR B 06nacTH {} 1= Ix ~ 0, y ~ 0, x + y2 S e2 , 

e » 11, a HCKOMbIe $YHKQHH F H 41 Y,ll;OBneTBOpRIOT rpaHHQHbIM YCJ!OBHRM: 


aF I _ 0 aE 
ax 1;=0- , ,=0 =0, F(O,O) == 0, 1 , (28)qy F I:&2+y 2= 22 

411 1;=0 -!!'... ~ 411-2' "" 0== 0, z 2 + Y 2 =22 arctg l.. . x 

Ha OCHOBe pa3pa60TaHHbIX MeTO,l:\OB H nporpaMM 6bmo npoBe.n;eHO qHCJIeH
Hoe peweHHe 3a,1:\aqH (4). (28). H3BecTHO /11/ , qTO B 3TOM CJIY'Qae aMDnH
TY,ll;a F 3aBHCHT TOJIbKO OT BenH'llHHbI r =vx2 + y2, F(x, y) = t(r), a $a3a 
41 paaHReTCR nonRpHoMY yrJIY TO'QKH. c;l)YH~HR t(f) RBJIReTCR peweHHeM 
HenHHeHHOH 3a,1:\aqH 

1 d dt 2 1 ) 
- - -f- + (t - 1 + 2 r = 0 • 

r dr dr r 
" (29) 


r(o) =0, ref) =1. 


3a,1:\a'Qa (29) pewanaCb npH nOMOIQH HAMH, a annpOKCHMauKfl npoBO
,lJ.HnaCb MeTO,l:\OM KOHeQHbIX pa3HOCTeH /121 • 

B Ta6n. 1 npHBe,lJ.eHbI 3Ha'QeHKfl peWeHKfl F (x. 0) 3a,1:\a'lH (4), (28) 
H 3HaQeHKfl peWeHHR t(r) 3a,!J.a'lH (29), r,ll;e f .,..X. !(OHeQHO-3JIeMeHTHaR 

CeTKa ,l:\JIR peWeHHR 3a,!J.S'QH (4). (28) CO,lJ.ep)Kana 45 ::meMeHTOB H 164 Y3na, 
a pa3HOCTHaR CeTKS cO,lJ.ep)Kana 100 Y3nOB (h = 0,1). 

Ta6autllJl 

x F(x, 0) rex) x F(x.O) t(x) 

0,1 0,05624 0,05819 5,05 0,97716 0,97721 
0,65 0,36129 0,36002 5,6 0,98210 0,98217 
1,2 0.59739 0,59687 6,15 0,98558 0,98563 
1,75 0,75480 0,75479 6,70 0,98811 0,98817 
2,3 0,85121 0,85109 7,25 0,99006 0,99010 
2,85 0,90688 0,90682 7,8 0,99165 0,99169 
3,4 0,39913 0,93919 8,35 0,99311 0,99313 
;:~,95 0,95816 0,95818 8,9 0,99465 0,99465 
4,5 0,96974 0,96982 9,45 0,99660 0,99668 

Xopowee COBnaneHHe p€3YJIbTaTOB YKa3bIBaeT Ha npaBHJIbHyro peanH
3auHIO HTepauHoHEOl'O npouecca H Ha B03MO:>KHOCTb nOJIYQeHHH ,lJ.OCTaTO'Q
HOH TOQHOCTH peweHHR 3ana'IIH (4), (9) - (12) npH HCnOJIb30BaHHH OTHOCH
TeJIbHO He6onbworo 'QHCJIa Y3JIOB KOHe'QHo-3JIeMeHTHoH ceTKH. 

QHCnEHHblEPE3ynbTATbI 

B 3TOM pa3,lJ.eJIe npHBe,lJ.eHbI pe3YJIbTaTbI QHCJIeHHOrO HCCJIe,lJ.OBaHHH 
3ana'IIH (4), (9)-(12). B Ta6n. 2 nOK83aHa CXO,lJ.HMOCTb HAMH npH pewe
HHH (16) C R H= 1,5. HallanbHoe npH6JIH)KeHHe BbI6Hpanocb npH nOMOIQH 
$OPMYJI (27). CeTKa W CO,lJ.epiKHT 78 3JIeMeHTOB, 273 y3JIa. qHCJIO HeH3BecT
HbIX PaBHO 546. B Ta6JIHD;e npHBe.n;eHbI 3HalleHHH "BpeMeHHoro" wara 'n , 
3HalleHHH Sf,= max Ivfl, 5~ = max Iv~ I, S max If'(u~,u~)l. BpeMR pewe-

W (j) W 

HHR 3ana'QH npH HCnOJIb30BaHHH 3BM EC-1061 COCTaBHJIO 2 MHH 14 c. 
PeweHHe, nOJIYlIeHHoe npH RH= 1,5, HCnOJIb30BaJIOCb KaK Ha'QanbHoe 

npH6JIH)KeHHe ,lJ.JIR peweHHH 3anallH npH ,lJ.pyrHx 3HalleHHHX R. B Ta6n. 3, 
B o603HalleHHHx H3 Ta6JI. 2 nOKa3aHa CXO,lJ.HMOCTb HAMH npH R'= 0,1. Bpe
MR peWeHHR COCTaBHJIO 36 c. 

Ha pHC. 2, 3 ,lJ.aHbI rpa$HKH <PYH~HH F(+z,O: R) B 3aBHCHMOCTH 
OT R . BH,lJ. $YHKUHH F YKa3hIBaeT Ha TO, liTO npH R.... °BOnHOBaR $YHKUHH 
q; 0 -> const. 

B Ta6JI. 4 nOKa3aHa 3aBHCHMOCTb KJIaCCH'IecKoro BKJI8,ll;a "0 B 3HeprHIO 
HeO,lJ.HOp0.D.HOCTH ($OPMYJIbI (46) 1) OT 3HalleHHH napaMeTpaR . 
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TaMU1#6 2 1FtO, l;R) 

n fn an 
1 

aD 
2 

aD 

n fn 

1 0,4 
2 0,6668 
3 1,0000 
4 1,0000 

R Yo 

0,02 0,06347 
0,04 0,126293 
0,06 0,190693 
0,08 0,256385 
0,1 0,323271 
0,2 0,35174 
0,4 1,111639 

113 nOJ1YQeHHbIX 

H npH R ... ° y (R) ..O. 
0 

12 

0,4980 (-1) 
0,4507 (-1) 
0,4026 (-1) 
0,3540 (-1) 
0,3050 (-1) 
0,2556 (-I) 
0,2056 (-1) 
0,1523 (-1) 
0,1044 (.1) 
0,5319 (-2) 
0,1478 (.3) 
0,2613 (.6) 

an
1 

0,7562 (-1) 
0,4510 (-1) 
0,1492 (-1) 
0,1212 (-4) 

R 

0,5 
1 
2 
2,5 
3 
3,5 
4 

pe3YJ1bTaTOB 

0,6164 (-2) 0,2003 (-1) R=2,o 
0,5445 (-2) 0,1803 (-1) 
0,4733 (-2) 0,1603 (-1) 
0,4022 (-2) 0,1404 (-1) 
0,3314 -(-2) 0,1204 (-1) 
0,2698 (-2) 0,1004 (-I) • 
0,2090 (-2) 0,8047 (-2) 
0,1492 (-2) 0,6049 (-2) 
0,9141 (-3) 0,4053 (-2) 
0,3771 (-3) 0,2055 (-2) 
0,1987 (-3) 0,5825 (-4) 
0,6305 (~5) 0,4375 (-6) \ \ \ I /2 

TaMuijd 3 
-2/J -1,5 - I,D -0,5 0 

3 D aD Puc. 2 
2 

~ tFCO. l~R) 
0,3441 (-1) 0,2218 (-2) 
0,1579 (-1) 0,1331 (-2) 
0,3430 (-2) 0,4429 (-3) 
0,3419 (-3) 0,2863 (-5) 

R=8 

-
R=4 

Ta6/lu1#6 4 

RYo Yo '\ \\ \ \ / .--------; I./R 

1,486061 5 36,16095 

3,465786 6 49,51256 

8,727987 7 65,05536 


12,05305 8 82,74837 
•15,85892 9 102,4354 

20,15968 10 123,7743 
24,96886 12 168,8411 

Vv~ 
I I II L 

:z-6 -5 -4 -3 -2 -\ 4 
CJ1e)lYeT, 'ITO Yo MOHOTOHHO y6hIBaeT 

Puc. 3 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 

0,1 
0,1111 
0,1249 
0,1427 
0,1663 
0,1994 
0,2489 
0,3311 
0,4943 
0,9745 
1 
1 

\\\ 10,5 

l 
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J,~~

1 2 3	 4 , • 1 a 9 10 11 12 

Puc.4 

Ha pHC. 4 IIOKa3aHhI rpadnnca 3HeprHH (n (R), IIonYlIeHHhIe rrpa peure

HHH, cnexrpansaoã aanasa (13) - (14). Onaoapesreaao BbIlIHCJIRJIHCh MaT

pHlIHhIe 3neMeHThI f3n H f3.nm (cPOPMYJIhI (48)). 
B KIDK.n;OH· TOllKe R norrysanocs, xro K03tPcPID:(HeHThI g li = 1 - en - f3 n 

OTpHI.J;aTeJIhHhI .u;JIH acex CBH3aHHhIX COCTOHHHH 4J (R). 3TO osaauaer, lITOn
min ~ CePo ,X n) H3 (50) 1 .n;OCTHraeTCR TOJIbKO npa X n= O H pasea ayrno. 

Orcrona cnenyer, lITO KB8HTOBOMeX8HHlIecKHH BhIHrphIlll B 3HeprHH, B03HH

KalOIllHH IIpH paaraemeaaa aTOMOBIIO CBR3aHHhIM COCTOHHHHM, ncerna 

nonO:>KHTeJIeH H ae MO:>KeT CKOMneHCHpOBaTh 3Hep~mo, aarpavaaaesryio 

aa C03AaHHe Heo.u;HopOAHOCTH xonneacara. 

3AKJIIOQEHI1E 

B paõore HCCJIe,nOBaH BOIIpOC O BH,ll;e BOJIHOBOH <PYHKUHH 603e-KOH,ll;eH

cara, COOTBeT,CTBYIOIlleH OCHOBHOMY COCTORHHIO ,nBYMepHoro õoae-raaa. Haâ
neao oõutee asrpaaceaae ,!VI.H 3HeprHH õoae-rasa c HeO,ll;HOpO,ll;HhIM xoaneaca
TOM, xoropoe õsrno npHMeHeHO IIpH BhIlIHCJIeHHH 3HeprHH MOJIeKynhI, COCTaB

JIeHHOH H3 ,nBYX KBaHTOBhIX aaxpeá c IIpOTHBOIIOJIO:>KHhIMH HanpaBJIeHHHMH 

apameaaa CBepXTeKYlIeH KOMIIOHeHThI. Ilpocnesceaa 3BOJIlOUHH aaxpeã 
npn HX C6nH:>KeHHH. IloKa3aHO , lITO rrpa mo60M paCCTO.HHHH Me:>KAY uearpa
MH aaxpeã R 3Ta 3HeprH.H nOJIO:>KHTeJIbHa &Jl (R) > O. TaKHM 06Pa30M, HaH

MeHbllla.H 3HeprH.H ,ll;BYMepHoro õose-raaa ,ll;OCTHraeTC.H npa O,ll;HOpO,nHOM 

KOH,ll;eHCaTe. Ilpa R ~ O 3HeprHH MOHOTOHHO cTpeMHTC.H K ayrno H HeO,ll;HO

pO,ll;HOCTb HClIe3aeT (BHXpH "aHHHrHJIHPYlOT"). 3HeprH.H &Jl (R) ae MMeeT 

MIDiHMYMOB, TO ecrs ne cymecrnyer panaonecaoro paCCTORHHH Me:>K,ll;Y 

BHXpRMH. 
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H3~8TenbCKHH OT~en 06~e~HHeHHOrO HHCTHTYTa H~epHbiX HCcne~OBSHHI 

Kacuesa B.A. H .Jlp. P5-87-232 
MoJieKyJia H3 .IlBYX KBBHTOBbiX BHXpeH B ,JlByMepHOM 
6o3e-r83e. qHcneHHoe HCCJie,JlOBBHHe 38,JlaqH~ Pe3yJibTaTbi 

Bbi11HCJieHa c yqeToM KBBHTOBbiX nonpasoK 3HeprHH MOJieKy
Jibi, COCTaBJieHHOH HX .IlBYX KBBHTOBbiX BHXpeH C npoTHBOfiOJIO:>K· 
HbiMH HanpaBJieHHHMH Bpai.UeHHH CBepxTeKyqei! KOMnOHeHTbi 
.IlBYMepHoro 6o3e-r83a npH T"' 0. lloK83BHO, qTo 3Ta 3HeprHH nono
:>KHTeJibHa npH JII060M paCCTORHHH Me:>K,Jly JleHTpaMH BHXpeH, n03TO· 
MY HaHMeH&WaH 3HeprHH .IlByMepHoro 6o3e-raaa ,JlOCTHraeTcR npH 
O,IlHOpO,IlHOM KOH,JleHCBTe. :3HeprHR: MOJieKyJibi MOHOTOHHO y6&IBa
eT npH yMeH&WeHHH paccToRHHH R Me:>K.Ily BHXpRMH H npH R. =0 
o6pamaeTcR B HYJib. llpH R = 0 npoHcxo.n;HT BHHHrHJIRllHH BHXpeH. 

Pa6oTa BhinonHeHa B Jia6opaTopHH BbiiiHCJIHTeJibHOH TeXHHKH 
H aBTOMaTH38JlHH OIUIH. 
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The energy of the molecule consisting of two quantum vor
texes with opposite of the superflowing component of two-dimen
sional Bose-gas in T = 0 taking into account the quantum correc
tions is calculated. It is shown, that energy is positive for any dis
tance between the centrum of the vortexes, therefore the minimal 
energy of the two-dimensional Bose-gas attains into homogeneity 
condensate. Energy of the molecule monotonity is diminishing when 
R ... 0, and as R = 0 it is vanished. In R = 0 is due to annihilation 
of the vortexes. 
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Computing Techniques and Automation, JINR. 

Communication of the Joint Institute for Nuclear Research. Dubna 1987 


