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HaBeC~HO/I/, ~TO S~~a 06 a1oue BO~OpoAa MO&eT 6HTb npHBe~eHa 
K S~~e 0 4-YepHOU HSOTpoDHOM OC~XnHTOpe C UOYOmPD TaR HaSHBaeUO
ro Ar~- npeo6paaoBBHHR. Oaua~aeT XH aTo, ~To MHorHe xopomo paapa-
6oTaHHHe MeTO~ KBaHTOBOI TeOpHH UOXH H ~epuol ~HSHKH OMOrYT HaiTH 
8~KTHBHOe npHMeHeHHe TaK&e npH HCCne~OBaHHH UOBe~eHHH BO~po~ono
~06HHX STOYOB BO BHemHHX aneKTpH~eCKHX H MarHHTHHX UOnHX7 KaKoBH 
B5aHMOCBH5H Me~ rpynnaMH ~HSMH~eCKOI CHMMSTPHH aToMa BO~Opo~a 
H 4-MepHoro HSOTpoUHOro OC~nnHTOpa7 KaKOB HBHHI B~ npeo6pasoBSHHI, 
CBSSHBammHX BOnHOBHe ~yuKUHH STOMa BO~Opo~a C BOnHOBHMH ~~H 
4-oc~nnxTopa7 06o6~aeTcs XH oTMe~eHHHI BHme ~T ua ~yrHe paaMep
HOCTH, T. e • CBO~TCS XH r -YepHHI aTOM BO~opo~a K HSOTpoUHOMY 
o~nnsTopy ~~-XH6o paauepuocTH? OTHOCHTenb~o nepBoro BOnpoca 
SBTOpH pa6oTli I ~i>JCKasHBBilTCS onTHMHCTH~ecKH. BTopol BOnpoc Hccne
~oBancs B pa6oTe1" 1 , a TpeTHI 6~ c~pr.tynHpoBau /3/oBe~eu ~o ypoBHH, 
npH KOTOpOM BOSMOEHO B~cneHHe Ha aBM B P.a60Te 3 H SaTeM pemeH 
TO~O, T.e. aHanHTHqecKHM UfTSM, B pa6oTe74/. llpoKOUMeHTHpyeM Tenepb 
nocne~HI, ~erBepTHI, Bonpoc. llpH f = 2 nepexo~ oT aToMa Bo~opo~a 
K OC~nnHTOpy OCYllleCTBnHSTCS npeo6pa50BaHHeM X=llf-1.1!, ':f=-2t44U2.. 
3~eCb He BOSHHKaeT, KaK 8TO HMeeT MeCTO npH f = 3, He06XO~OCTH 
UOBHmaTb paSMepHOCTb npoCTpaHOTBa. llpHBe~eHHHI npHMep, KaK H ~~ -
npeo6paSOBaHHe, OTHOCBTCS K Knaccy TaR HaSHBaeMHX He6HeKTHBHHX 
KBAAPBTHtUU~X npeo6pasoBauHI, BaauelmHY cBolcTBOM KOTOPYX HBnHeTM 
BYnOnHeHHe T~eCTBa 31nepa 

( 
l Z)<l vl w2 

f,(f + ... + u, = '"1 + ... ·+ "+ . (I) 

B H8DieM KOHTeRCTe 'X; H ZIK - 8TO ROOp~HaTH, OTHOC~ecg K 'T"'Y 
BO~poAa H R HSOTpoUHOMY OC~XnHTopy COOTBeTCTBeHHO. HaBeOTHO 5 , 
~TO TO-.rleCTBO (I) BHnOnHSeTCS JlHIIIl> ~ cne,eyD~~HX ~TH:peX nap, 
COCTSBXeHHHX HS H~eKCOB paSMepHOCTH npOCTpaHCTB /7, H f 

(f, h) = (I,I), (2,2), (3,4), (5,8). (2) 
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ilapaM (2,2) H (3,4) COOTB9TCTBymT rrpeo6paSOBBHHH, 0 ROTOpHX 

roBOp.14JlOC:& Blillle • BoSHHKaeT BOJipOC: llepeBO,IWT Jll! rrpeo6paSOBaHH9 
1 
CWI-

8BHH09 C uapol (5,8), S~a~y 0 5-uepHOY BTOMe BO~Opo~a B S~a~ 0 
8-MepHoM HSOTpollHOM OCUHnnHTope? HacTo~an CTaT:&a ~aeT uonoauTen:&
HHI OTB9T Ha STOT BOrrpoc. TSKHM o6pa30M, sa HCRmD~eHHeM napH (!,!)

1 

Ha6op (2) IIOnHOCT:&D HC~epDHBaeT BOSMOEHHe He6H9RTHBHHe RB~aTH~
HHe rrpeo6pa30BSHM, nepeBOMUUfe BO,ltOpo~ym S~a~y B OCUHnnKTOpHym. 

BBe~eY He6H9RTHBH09 RB~aTH~Oe rrpeo6paSOBaHHe, CWISHBSDmee 
xoop,IWHam ('X 1 , ... , ?< 5) npocTpaHCTBa R s c xoop.IWHaTaM.Id 
(u,, •.. , u a) npocTpaHCTBa R" 

8 

'}rn = LTIMj Uj 
j .. i , 

(3) 

r~e q =ex., ... , X:s, o, o,o) , a Tl"'j mieeT cne.nyJllUfl BM! 

T __ . = 
... J 

«, ~. «, "• ~. •• -«, -141 
'\.1"' -1A?> -Uz. '1.1 4 1Aa 1.1~ 1.1, 'l.ls 

U& -1.1s -1.1, -1.1+ -1.1, .'lA• -~ --u~ 
I 'Ua 'lll '~At; -1.1: -·.~ ·..:ll -...;~ 'l.i~ "u • -u2 '1.1~ -1.1"' 'lA'S '1.4, 'Lt:fo ·1.1a 

'U?I 1.1.., -'lA. - 'U1 1Af -1A, -'Us '1.4,' 
'lAs 1.(' - 'U" 'lA a -1.11 -u, "-4, -""+ 
'k~ -'14. '\.(s 'lA, - '\.1~ -1.("' f\A" '\.(z, 

lA\ ,.,., 

MaTp~ (4) OTJU!~TCJI OT B8B9Ci'HOI B MaTe.UaTBR9 UaTpBitll Kem!/5 1 6/ 
JlBlll:& orrpe~eneHHol uepecTaHOBROI CTpoR. Hs (3) :a (4) cne~r CIBD
He:lbme COOTHOID9HM, C.BJi8HBBillllH9 ROOp,IWHaTH K B ~ 

X1 = Z(w~1Az. + 'Lit.'ll" -t-1.1s1.C~ -'Lt:fouc). 

X'z = Z ( 1.1" 'U4 - 1\Az. tl~ + 1As 1.(8 -+ 'U" 1A=J). 
' 

2 

(5) 

Xz. = 2. ( 1.1.,146 - 'U~'I.ls -'ll~-u1 - 'l/4 tt~) 
I 

x4 = .2 ( -u.<U, -+ 'Uz..tl'~- + 'U~'ll' - u"u,) 
·' 

')( z " oz. 2. '2. 2 2 a 5 = u. -t «:!> + 4-is + 1-ii- - 1Az - u., -1.1, -1..1, . 

IIo~~epRHe.u, ~To RSJr,nouy aneMeHTY B R ~ cooTBeTCTByeT He O.IWH 
9JieMeHT, a ~enoe MHO&eCTBO aneueHTOB B R 11 

1 
aaaHBaeuoe cnoer.t. 

B STOll :a cocToHT CBoiCTBO He6HeRTHBHocTH rrpeo6paaoBaHM Rs~ R f 
llon:&ay.a:c:& RBHliM BMOM MaTpHit!l ( 4) 

1 
nerxo noxaaaT:& I ~To 

I 

L ~· Tn~ = u 2 ;. <6> ' ~ J J Inn. J•., 

4 

L. () ~ j = 0 (7) 
J·" a1.1. , 

J 

2 2 2 r~ u = v., + ... + 'U' • Toa,neCTBO Slnepa (I) lDI99T BM 

X 2
!ii. 'K.l+ ... + 'J(:- u4 (8) 

B DpoBep.a:erc.a: C IIOJIOIIII>J) wapuyn (3) B (6), m!60 Wopuyn (5). Ha (4) 
raae c.ne~eT, no 

~X, -· ':)7:. 
-;;;:- - ~ '"J. 

J (9) 

·B uoc.ne~el WoPIIYJie ~eKe m rrpo6eraer aaa~eHM !,2, ••• ,5. 
Salueuc.a: renep:& npeo6pasoBBHBeM DpoBSB9JUDa. 11DITHB8JI (9) 1 

IIO~ 

r.u r (-u) 
CJMIIBPJB llO 

5 
a :Fr"J = z 'L -r;j d F"r'f.l)' 

U· IC.•4 C.~JC J 
(IO) 

- DpoBSBOJl:&IWI ~1lfJCiti!JI or i; • Ywoaas (10) B& 'T,j 
j B BUe.a: B BMJ ycJlOBBe (6), aerxo uoxaaar:t.. 'liTO 

_g_'h_tu......;.) = ....L~ ~ T. 9 'F(-u) (II) 
'dx_ <u ~ IJJ' ~u· ••• , • ., J 
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(HanoMHBM, qTo B (II) ~ = I,2, ••• ,5). BBe~eu cxe~ee o6osaaqe
HHe: 

2._ - _j_ -4- -r '(; 
~0 = ":> 2 L I fH' - 7 ,,., .<;" /t., 'J ~~· (I2) 

r~e nt =I,2, ••• ,8. ~puyna (I2) o6o6maeT cooTHomeHHe (II) Ha 
cnyqa! ~ = 6,7,8. CoBepmHB B (II) o6paTHoe npeodpasoBaHHe,.c no
MomLn (6) nonyqHM onepaTOPHYil flx>puyny, o6o6IJI8DIIYI> (IO): 

L- ~ g 
r; tl· - z. I r,j g;;-

, ,_., rm 
(I3) 

PaccuoTpHM BTOpHe npoHsBo~e. Hs (I2) cxe~T, qTO 

.I 

L ,.,,.., 
~e ~(-u} 

99,: 

4 I :. L Z L {-:z Tmj 9 Tr-u1. (I4) 
'""" i·" s9, &ui · 

ilOBTOPHO npHMeHHJI flx>pMyxy (!2) H yqHTHBBJI yCHOBHe (6), UOXyqHM 

.t z -r-L ~ ~r-u) - _i_ " ' ± . I'd " ) ~ 'Ff'fl) 
,., • ., r; 9,: - .4 ,2. ~ :;z: . -r:..vr-s;;-: .,J2 Tm,: ~ . + 

. . .... ,., ~-· . "~ 

+ _j_ ± ';;>Z :Ff-u) 

4uz v:-r ';;u.,Z 

B nepBOM qneHe MOEKO npoBeCTH ~~peHUHPQBaHHe no qaCTHM H BOC
UOHLSOBaTLCH YCHOBHSN (6) H SaTeM TO~SCTBOM (7), B pesyHLTaTe, 
noxyqHM 

+ ~2 
:rr-u) = ..f._ + 9 2 Fr'UJ 

L- C3a 2 4 z L._ Gt.~ 2 "':.., ,, 'II j)-.., ., 
(I5) 

CoOTHOWSHHe (I5) BMSCTS C TO~SCTBON (8) - 8TO BSOL "NaTeMaTHqQCKJI 
apceHM11

, TpedyundCH ,IUIJI npeoelpa&OBaHHH raMHHLTOHHaHa 5-uepHOl'O 
aTOMa BO~Opo~a B rBMHHLTOHHaH 8-NepHOl'O H30TpoUH01'0 OC~HXKTOpa. 
llepe~ TSM KaK 3aHHTLCH 8THM npeoelpa&OBaHHeM,BSpHSMCH K flx>puyxe (I2). 

4 

t 

·t 
( 

BBe~u onepaTopH 
A ~ , I · 
~ _ ,·,.,z_ :.L ~ T.. 2.__ 
0(, m - .., 'C)'irn .z f::;. ntj :;~ ~· . 

Hs &Toro onpe~exeHH.Il H flx>PMYHH (9) cne~eT, qTo 

"' ';;7', X 1<. = L, 1.1 2 cf mJc = 0, 

{I6) 

T.K. m .. 6, 7,8 , a /C = !,2, ••• ,5. TaKHM odpasoM, onepaTopH (!6) 
He 3aBHCJJT OT KOOP~HaT ~.,, ... 1 ~s H U08TOMY ,IUIJI npoHSBOHLHOI 
(llymaum F(x) cnpaae~mmo T()li.AeCTBo 

"' '6(', F fX.J = 0. (I7) 

HCXOM H3 flx>PMYHH (I6) H MaTpimH (4), MC>.'dtHO ~OKaSaTL, qTo onepaTOPH 
(I6) m.tellT one~ HBHHI BH~: 

A ' f _i ? 'd 'd :;> '? ~- z -u,'d1.1. +u.,- -v.,- -~~ +fl~~ -1{,_-?: -u .... -+IJ...' 
1 ~tla Qu~ "';;>U4 ·:.rvs <J'W( -.,u~ Wtjf 

1"\,A I ""' 

;j - ..!_( ~ 'd 'd 'd ? :;l 'd 2....l ~~- Z Vs~'U.., +V~>a-uz. -'tt,.df.I:J -+'(JI:J'11q -'t(,d"s -~w,-+u~(l~ -~~ 
' 

~ = i f-,.:11., -r~l!z +"',.:"~ +~~f -ttJ:u,. -vfk-fl1a~ +-11Ji,) 
CB!meu TenepL SEWlV o 5-uepaou aToMe Bo~opoM o sa,~taqel o 8-uep
aou HjlOTponHOU OC~HXKTOpe. liyCTL {'X1 , ••• , 'Xs) H (t.~., .•. , "I) - ~e
KapTOBH KOOp~aTH, OTHOCHmHeCH K nepBol H BTOpol Sa,Jlaqe. Ha flx>p
IIYHH (I5) C yqeTOM (I6) CH8~T, ~0 xanHaCHaHH £1Jc H i1 t1 CBSI
SaHH COOTHOWeHHeM 

L1 ~ ~ A 2 
x = - llu + - ';;;t 4-uz. 1J4 , (IS) 

B KOTOpoM onepaTOp " z z onpe~eJmeTCH lt8lt 

"z "2. "2. "::.> 
";;! = Q"4i + ~,. + ';( d' 

(I9) 
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COOTHomeHHe (IS) H ~PMYnH (I7) H (I9) II03BOnHDT npeo6pasoBaTD 
ypasaeaHe mpe~epa ~ 5-MepHoro aToua Bo~opo~a 

(- 2~
2

.1x- ~z)?JriJ=E7jl(~) (20) 

K cne~euy B~: 

(- ~z 11 11 .,._ 4E uz}'ljif;<) =1e 2?jrfx~ (2I) 

CpaBHHM nonyqeHHoe Y.PaBHSHHe o Y.PaBHeHHeM mpe~repa ~ 8-uepHoro 
HBOTpOnaoro ocqHnnRTopa 

(-2~ .1u + ~~zuz) (/)(.,;;) = €: o/Jr11J. (22) 

Y'pasaeHHe (22) m.teeT WBB:necu ~nyOTlMle pemeau, ecu BJ:mommeTCR 
yonoBHe 

E 
#W - 4 =IV J IV= O,I,Z, ... 

(23) 

Ha C23l n.JrA.JT,Y~!'. ~c r:p: ~~vii ..:.;; K~UWryeTCR c (aro oraa-
,ltapTHWI onyaqHJ~), B, aao6opor, npB BB,It8HHou E KBaHTyeTCR 
11E1Ci'o!'a Ul • e~ 'lJ5 ()() 6y;D;a!' 11ElCTimU pememreu Y.PaBHSHHII (22) 

0 1,AOBn9!'BO~ ~C!'BY 

1\ 

;t~ cp(iA) = 0 

SOU BHIIOJIHSm!'CR yCnQBHII 

f-~t =--4E ,4e~= E. 

Kpoue roro, BB (5) one~er, no ~(x) aorD 119THWI llYHICIUW 
DepeueHHJll -u · 

is (xnn) =v (?(c-11-V. 

(24) 

llonouy DXSoe pemeHB& Y.PaBH9HHII (20), '* ('() UOQ!' 6HTD pa&.IIOaeHO 
no nonaol OBoreue 'lla!'Hill pememrl <:pN, ( eX. - octa.u.BHe KBaeroue 

6 

"'BCJla) ypaBHSHHII (22) 0 !'.e. 

1{., un-~ ci"L"" ~No<. n:o, 
r~e 

N""'..Zn. (25) 

Herpy,ltHO y6e~TDCR 0 11'1'0 h, COBIIa,JtaeT 0 rnasimU KBaHTOBHII 
"''BCnQU 5-uepBoro aTOUa BO~OpoM. JteiCTBBTSnDBO 0 DO~CTaBJlllll BTOpoe 
ycnoBHS BB (24) B (25) B (23), BM99U 

.2 ez 
tAJIL = ~.e) (26) 

TaKBM o6pasou, B aameu CJI~ BMaHH BSnH"'BHH E B KBaaryeTCR 
11ElCTOTa (J) • llo~CTaBJlllll T9II9pD (26) B nepBOe ycnoBHe (24), UH 

npno~ K BH,PalleBBil, onpe~eJJJml(euy aHeprer:necKHI cneKTP 5-uepHo
ro aroua BO~poM 

t- IJ P.f I 

c = - ..c....:::_---.!.. 
II. 2fi& (n+,e) 2 

BoBBpaTBUCR T9II9PD K oneparopau (I6) II IIepeo6oBHa'I!BU J1X 

OJie~ o6paaou: 

"" "' "' "" " "' J1 = ;;/6 , l2 ..., ';;t=l= , d = ;t_d. 

,.. ,.. "' 

(27) 

llonByJICD ~HHU BJW)U OIIeparopoB ~ , :;t''f II ~. UOZHO 
upaMHU BH"'BOJISHBSU ~K83aTD 0 11'1'0 OIIepaTOpH (27) y;D;OBJISTBOPJIVT 
KOUUy!'~OHHHU COOTHOmeBHIIU 

,..,... "" 
JiJ" -Jkl = "' ieiKm Jhl .. 

B .KOTOPHX i,K .. I,2,3. Bli"''.HcJieHHII noxasHBaDT, liTo oneparopu (27) 
KOUUYTBPYJIT o rauBnroHHB.Hou ocqH1LllRTopa 

" 1\2 2 z I' " " I' dto=-4.1~ + ~~ u l at'dio-:RoJ\=0. 
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TBKHU o6pasou, CYIIIBCTBYJ!T COCTOJIHB.S:, B KOTOPJa OJUfOBpelleHBO 
HsuepHMH aHepi'II.II oc~ropa, :npo~ "11011eara" di!: H KBB.D;paT 
IIOII9HT8 d ( d + n . 
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.[(aaT.RH JI.C. H AP· P5-87-211 

06o6meHHoe KS-npeo6p83oBaHHe: 
OT 5-Mepuoro aToMa BOAopoAa 
K 8-MepHoMy H30TPOiniOMY OCUHJIJJ.RTopy 

fiOK83aHO, 1JTO ue6HeKTHBHOe KB8)l.paTH'IHOe npeo6p830BaHHe, 
reuepHpyeMoe MaTpHUeH: KenH, nepeBoAHT 3Maqy o 5-MepHoM 
aToMe BOAOpOAa B 38Jl,aqy 0 8-MepHOM H30TpOin10M OCUHJIJUITOpe. 

Pa6oTa BLmonueua B Jia6opaTopHH TeopeTHqecKoH: $H3HKH 
OH.RH. 

DpenpiDIT 061ae,ttiDieHHoro IDICTHTyTa ~eJlHLIX HCCJJe.u;oaaHIIH . .lty6ua 1987 

fiepeBOA r .r .CaHAYKOBCKOH 

Davtyan L.S. et aL 

Generalised KS-transformation: 
from 5-dimensional Hydrogen Atom 
to 8-dimensionallsotrope Oscillator 

P5-87-211 

It is shown that non-bijective quadratic transformation gene
rated by the Kelly matrix changes the problem of a 5-dimensional 
hydrogen atom into the problem of an 8-dimensional oscillator. 

The investigation has been performed at the Laboratory of 
Theoretical Physics, JINR. 
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