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BBEAEHl-1E 

Ha KOHe4H~X CTaA~Ax pa3B~T~A oceC~MMeTp~4H~X Bp3My~eH~~ B m~A
KO~ Kan~nnApHo~ cTpye 3aMeTHoe Bn~AH~e Ha $OPMY ee nOBepXHOCT~ 

OKa3~Ba~T Hen~He~H~e 3$$eKT~. npemAe Bcero OH~ np~BOAAT K' 06pa
30BaH~~ BTOP~4HO~ Kann~ /caTenn~Ta/, pa3Mep~ KOTOPO~ B 06~eM 

cnY4ae OTn~4a~TCA OT pa3MepOB OCHOBHO~ Kann~. Pac4eTY ycnoB~~ 

06pa30BaH~A ~ pa3MepoB BTOp~4H~~ Kan~nb nOCBA~eHo MHomeCTBO 3KC
nep~MeHTanbH~X ~ TeopeT~4eCK~X pa60T. B He~oTop~X pa60Tax ~ccne
Ay~TCA TaK~e B03MomHOCT~ ynpaBneH~A np04eCCOM pacnaAa CTPY~ np~ 

nOMO~~ ~3MeHeH~A. $OpMbl ~ Ben~4~Hbl Ha4anbHoro /BbIHymAa~~ero/ B03
Ae~cTB~A. 

4a~e Bcero 3aAa4a O Hen~He~Ho~ HeycTo~4~BOCT~ paccMaTp~BaeT

CA AnA ~30n~pOBaHHO~ CTPy~ B HeBA3KO~ nOCTaHoBKe.C T04K~ 3peH~A 

~cnonb3yeM~x np~6n~meH~~ AnA ypaBHeH~~ AB~meH~A MO~HO B~Aen~Tb 

ABe OCHOBH~e rpynn~ pa60T. B nepBO~ ~3 H~X ypaBHeH~A AB~meH~A 

AnA HeBA3KO~ m~AKOCT~ 3an~CbIBa~TCA B norn-oa ABYMepHO~ nOCTaHOB
Ke: 06bl4HO ypaBHeH~e nannaca AnA nOTeH4~ana B03My~eH~~ c Hen~He~
H~M~ rpaH~4H~M~ ycncB~RM~. Ko BTOPO~ rpynne OTHOC~TCA xopowo 3a
peKOMeHAOBaBwee ce6A oAHoMepHoe np~6n~~eHHe AnA ypaBHeH~~ AB~me

H~A :1,2/, xorna 3aB~C~MOCTb~ OT paA~anbHO~ KOOPA~HaTbl npeueõpe
ra~T. 

OTMeT~M e~e BTopoe cy~ecTBeHHoe pa3n~4~e Me~AY OTAenbH~M~ pe
WCH~AM~, BbITeKa~~ee ~3 cnocoõa ~X noc rpoeuaa , KaK np aaano , AfIA 
Toro, 4T06~ nonY4~Tb peweH~e B aHan~T~4eCKOM B~Ae, np~MeHAmT 

p aanoxe aaa B PAAbl co CTeneHAM~ Mano~ aMnn~TYAbl B03My~eH~~ /3-8/. 

no cy~ecTBY 3TO 3KB~BaneHTHO ~ccneAOBaH~~ cna60 HénHHe~Horo 83a
~MOAe~cTB~A B03My~eH~~ B cTpye. B cpaBH~TenbHO He60nbWOM 4~cne 

pa60T paCCMaTp~BaeTCA cnY4a~ KOHe4H~X aMnn~TYA B03My~eH~~ - ec
. , B/9/ .

TecTBeHHo, pe4b ~AeT o 4~cneHHblX MeToAax peureuaa , npeAJ1O>Ke-
HO 4~cneHHoe peweH~e oAHoMepH~X ypaBHeH~~ AB~~eH~A np~ nOMo~~ 

MeTOAa naKca - .BeHAPO$$a. OTMe4aeTCA, 4TO Tpe60BaH~e YCTO~4~

BOCT~ cxeM~ HaKnaA~BaeT Ha war~ ceTK~ no BpeMeH~ ~ npOCTpaHCTBY 
/10/ Jlann acAOBonbHO ~eCTK~e orpaH~4eH~A. B pa60Te ypaBHeH~e annaca 

AnA nOTeH4~ana CKopOCTe~ pewaeTCA MeToAOM KOHe4H~X 3neMeHTOB 
v v B 6 /11 12/ 4B o 6naCT~ c nOAB~mHO~ rpaH~4e~. pa OTax . nOCTpoeH~ HC

neHH~e peweH~A AnA KBa3~oAHOMepH~X ypaBHeH~~ AB~~eH~R, nony4eH
H~X ycpeAHeH~eM ~CXOAH~X ypaBHeH~~ B nonepe4HoM ce4eH~~ CTPy~. 

OCTaBaACb B paMKax HeBR3Koro nOTeH4~anbHoro Te4eH~A, MomHO 
Y4eCTb HeKOTop~e AononH~TenbH~e 3$$eKT~, TaK~e, KaK B3a~MOAe~CT
B~e c OKpY)HalO~e~ cpenoü 4epe3 naaneuae , Bn~AH~e o cesoã pOTa4~~ 

~ AP. nOA06HaA aana-ra peweHa B 113/, rne np~MeHAnHCbt pa3nomeH~A 
no KOHe4HOMY, AOCTaT04HO 60nbWOMY 4~cny rapMoH~K. t Ofirr.tjJbi'l~UHhin ~HCTM"yT I 
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MaTeMan1l.1eCKllle MeTOAbl paaIlO>KeHIIIA no MaIlOMY nap aae-rpy , ynoMRHY
T~e B~we, CBOAATCR K paaIlO>KeHIII~ peweHIIIA B PRA no OCHOBHO~ 11I B~C

WIIIM rapMOHIIlKaM- BoaMy~eHIIIR. npeACTaBnReTCR IIIHTepeCHblM nOCTpOIIITb 
npRMoe l.IlIICIleHHoe peure-u-e HecTau.1II0HapHblX OAHOMepHblX ypaBHeHIII~, 

B KOTOpblX Mbl IIIMemt 6bl AeIlo c ceMei:1cTEoM peWeHlll1It aaAaHHOIIt et>0PMbl, 
He npe,qnOIlaraR nplll 3TOM MaIlOCTIII aMnIlIIITYAw B03My~eHIlli:1. 

C 3TOIIt u.eIlb~ B HaCTOA~ellt pa60Te IIIcnoIlb3yeTc~ l.IIIICIleHH~1It MeTOA, 
OCHOBaHH~~ Ha annpoKclIIMau.1II111 ~OpMW nOBepXHOCTIII, CKOpOCTIII 11I AaBIle
HIIIA B cTPye C~Ila~HaMH. nplIIMeHReTCR MeTOA CnIlaIltH-KOIlIloKau.1II111 B CO
l.IeTaHIII~ c $opMYIlaMH HeRBHoro l.IlIICneHHoro AIII~$epeHu.lllpOBaHIIIR no npo
CTpaHCTBeHHO~ nepeMeHHO~ no asaueuaoro nopanxa TOl.lHOCTIII 1141. Bpe

MeHH~e npOIll3Bo,qH~e annpOKCIIIMIIIPY~TCA cxeMO~ c BeCOBWM MHO>KIIITeIleM. 
B peaYIlbTaTe nplllXOAIIIM K ceMe~CTBY pa3HOCTHblX cxeM, nopRAOK an
npOKCIIIM aU.1II111 Ka>KAO~ lIIa KOTOpWX aaBIIICIIIT OT napaMeTpa. AIlR npOBeAe
HIIIR l.IIIICIleHH~X paCl.IeTOB IIIcnOIlbaOBaHa HeRBHaR CIIIMMeTpllll.leCKaR cxeMa 
Tlllna KpaHKa - HIIIKOIlbCOHa, IIIMe~~aA Ha AOCTaTOl.lHO rIlaAKIIIX peweHIIIRX 
nopRAOK O(r 2+ h4), l.ITO nOATBep>KAaeTCR l.IlIICIleHHblMIII 3KcneplIIMeHTaMIII. 
nplll nOMo~1II MeTOAa Hb~TOHa COOTBeTcTBy~~aR HeIlIIIHe~HaR CIIICTeMa CBO
AIIITCR K CIIICTeMe IlIIIHelltHblX ypaBHeHIII~ c 6IlOl.lHO-TpeXAlllarOHaIlbHoi1 U.III
KIllIIl.leCKOIIt MaTplllu.ellt, KOTopaR pewaeTCR MaTplIIl.lHOIIt npOrOHKOIlt. 

AIlR cpaBHeHIIIR c peaYIlbTaTaMIII APyrlllx aBTopOB 11I c 3Kcnep~MeHTOM 

npo aeaeua õoneuraa cepua paCl.IeTOB. lloxaaeuo , 4TO 1113BeCTHble p aa
IlO>KeHIII.R / c TOl.lHOCTb~ AO rpe r sea rapMoHIIIKIII 11I Bblwe/ Kal.leCTBeHHO 
xopowo ona csiaanr npouec c APo6IleHIII.R CTpYIII. OCHoBHble paaIllIIl.llIIR 06
HapY>KIIIBa~TCR Ha KOHel.lH~X CTa,qIllRX paaBIIITIIIR BOIlH, a TaK>Ke 11I B TOM, 
4TO BTOplIIl.lHaR KanIlR nplllCYTCTByeT nplll Bcex AJlIIIHax BOIlH.npOAeMOHCT
pHpOBaHO xopowee cOBnaAeHllle c 3KcnepIIIMeHTaIlbHO onpeAeIleHH~M 

npO$IIIIleM AaBIleHIIIR B OCHOBHO~ KanIle 11I caTeIlIlIIITe. 3aAaBaRCb Ha43Ilb
HblMIII BoaMy~eHIIIRMIII paaHO~ epOpMbl 11I aMnIlIIITYAbl /B BIIIAe Ha60pa He
CKOIlbKIIIX rapMOHHK, a-06paaH~e 11I AP./, M~ 1113Yl.IIIIIlIII HX paaBHTllle 
BO BpeMeHIII. BbIRBIleH~ ABa kpar aax BOIlHOBblX l.IIIICIla, B OKpeCTHOCTIII 
KOTOp~X BpeMR pacnaAa npoxoAIIIT l.Iepe3 IloKaIlbH~e MHHIIIMYM~. 50Ilbwee 
11I3 ABYX COOTBeTcTByeT BOIlHOBOMY l.IlIICIlY Halll60Ilee 6bICTP.0 paCTYUlIIIX 
IlIIIHe~HWX BOIlH. nOKaaaHO, l.ITO nplll nOMO~1II lIIaMeHeHIIIR AIlIIIH~ BOIlHW, 
$OpM~ 11I aMnIlHTYAW Hal.laIlbHOro BoaMYUleHIIIR MO>KHO B aHal.llllTeIlbHOIIt 
CTeneHIII ynpaBIlRTb YCTO~l.IIIIBOCTb~ CTPYIII. 

1. nOCTAHOBKA 3AAAY~ 

nYCTb Orz - U.IIIIlIIIHAPlIIl.leCKaR CIllCTeMa KOOPAIIIHaT c OCblO Oz BAOIlb 
OCIII ocecIIIMMeT.pHl.IeCKO~ >KIIIAKO~ CTPYIII paAIIIYCél r == h(z, t) 11I OAHopaA
Hora npoonna CKOpOCTIII u(z, t ) . CTPYR Cl.IlIITaeTCR V130IlHpOBaHHol:1, 
>KV1gKOÇTb - HeBR3KO~ 11I HeC>KHMaeMOIlt. Hac 6YAYT IIIHTepeCOBaTb neplllo
AlIIl.IeCKllle BAOIlb OCH OZ B03My~eHIIIR 

u(z + À, t ) = u(z, t), h(z + À, t) == h(z, t) , /1.1/ 

2 

r Ae À == 2"/ a - AIlHHa BOIlHbl, a - BOIlHOBoe l.IH CIlO. BoaMYUleHHoe Te
l.IeH~e YA06HO pacCMaTplllBaTb B CIllCTeMe OTCl.IeTa, >KeCTKO CBR3aHHO~ 

C HeBoaMYUleHH~M U.IIIIlIIIHAPlIIl.leCKIIIM CTOIl60M >KIIIAKOCTIII: 

z -. aZ - últ, t -. a Vat. /1 .2/ 

B ~opMYIle /1.2/ l.Iepea úl 060aHal.leHa KpyroBaA l.IaCTOTa BoaMy~eHIII~, 

a l.Iepea o - 6ea~aaMepHw~ napaMeTp 3aAal.llll: peu.lllnpOl.lHOe l.IlIICIlO Be
6epa o == T / p R NU ~ ; T - nOBepxHOCTHoe HaTR>KeHllle, P - nIlOTHOCT b 
>KIIIAKOCTIII, RN 11I UN - H'eB03My~eHHble aHal.leHIIIR paAIIIYCêl 11I CKOpOCTIII. 
ECIlIII BBeCTH HOBY~ IIICKOMY~ ~YHKU.III~ u == 1 + vau, TO B nepene a
H~X BIIIAa /1.2/ 6eapa3MepH~e OAHOMepHwe ypaBHeHIIIR ABIII>KeHIIIR nplII-' 

~H Ma~T. 141 BIIIA 

aQ + aR == o~, /1 . 3/ 
Jt az 2 

2 T 2 u T
rAe Q(u,h) == (h ,u) , R(u, h, p) == (h (c , +u), c s u + 2- + p) , 

CKOpOCT b c * == va(l - ~ .... ) a 3HaK ~ HaA U onycKaeM. C~Aa HaAo 
a ' 

Ao6aBIIITb ypaBHeHllle AJlR AaBIleHIIIR 

1 2 a2h /1.4/p ... ~-a-.--, 

h az 2 

3anHcaHHoe c TOl.lHOCTb~ AO HecYUlecTBeHHOIIt aAAIIITIIIBHOIIt nocToRHHO~ 

/BHewHee AaBIleHHe/. 5e3 OrpaHlIIl.IeHHA 06L1.lHOCTIII nOIlO>KIIIM c* == O 
r .e . (rJ == a. 

AnR CIIICTeM~ ypaBHeHIII~ /1.3/, /1.4/ CTaBHTCR cMewaHHaR rpaHlIIl.I

HaR aaAal.la c neplllOAlIIl.IeCKIIIMIII KpaeB~MIII YCIlOBIIIAMIII BIIIAa /1.1/. B Ka
l.IeCTBe Hal.laIlbHOro BoaMYLI.leH~R eCTeCTBeHHO 3anlllcaTb peweHllle COOT

BeTcTBY~Ule~ IlIIIHeap~30BaHHoi:1 aaAal.llll 

/1.5/h(z, t) == 1 + hocosz, e qt ,u(z, t) == -2qu osinz, eqt, 
r----

B KOTOpOM cnenye r nOIlO>KIIITb t = O 11I q == HanoMHIIIM,J t(l - a 2 ). 
l.ITO BeIlHl.IlIIHa q B /1.5/ IIIMeeT CMblCIl K03<P<PlIIllHeHTa HapaCTaHIIIR Ma
nux B03MYLI.leHIII~. nplll TaKOM auõope Hal.laIlbHblX YCIlOBIII~ npOCIle>KHBa- . 
eTCR pa3B~Tllle BO BpeMeHH OCHOBHO~ HeycTO~l.IIIIBO~ MOA~· 

MO>KHO paCCMOTpeTb cIlYl.Ia~, KorAa eUle Ha Hal.laIlbHOM 3Tane BMeCTe 
C OCHOBHO~ ~OAO~ Boa6Y>KAa~TCR ee B~CWllle rapMOHIIIKIII. TorAa YCIlO

BIIIR /1.5/ HY>KHO 3aMeHIIITb Ha 

N q t N q t 
u sin zen /1.6/h(z, t) = ~ h on Coszen u(z, t) == ~ on 

n=1 n== 1 

,....----
_a 2n 2 ) . AIlR AOCTaTOl.lHOrAe u =-2Qnhon/n, qn=ny"~(lo n 
HeycTO~l.IIIIBOCTIII O < a n < O no-MaIl~X BOIlHOB~X l.IHCeIl B Alllana30H 

naAaeT KOHel.lHOe l.IlIICIlO rapMOHIIIK. BBIIIAY HeIlIIIHe~HoCTIII OAHOMepH~X 

ypaBHeHH~ ABIII>KeHV1R /1.3/, /1.4/ l.IIleHbl CYMM /1.6/ He R BnR~TC.R 
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He3aBl-1CIIIMbIMl-1, l-1 et>OpMa nOBepXHOCTl-1 6YAeT OnpeAeIUHbCR B3al-1MOAe~CT

Bl-1eM Me>KAY rapMOHl-1KaMl-1. B HaCTOR~e~ paõote N ~ 4. 

2. 4HCnEHH~~ METOA 

npl-1 nOCTpOeHl-1l-1 pa3HOCTH~X cxeM AnR ypaBHeH~~ Al-1BepreHTHoro 
Bl-1Aa, K KOTOp~M OTHOCl-1TCR l-1 Cl-1CTeMa 11.3/, np~H~l-1nl-1anbH~M RBnR
eTCR B~6op cnoco6a AIIICKpeTl-13a~l-1l-1 rpaAl-1eHTa. 06~4HO l-1CnOnb3yeM~e 

AflR 3TO~ ueru- <popMynbl RBHoro 4J:1CneHHOro Al-1<pet>epeH~l-1pOBaHl-1R nepao
ro l-1nl-1 a ropo ro nopanxa T04HOCTl-1 oõnanaor 3Ha4l-1TenbHbIMl-1 BHYTpeHHl-1
Ml-1 IcxeMH~Ml-11 Al-1CnepCl-1e~ l-1 Al-1CCl-1na~l-1e~. npl-1 onpeAeneHH~X ycno
Bl-1RX ~TO MomeT npl-1BeCTl-1 / 161 K cy~ecTBeHHOMY l-1CKameHl-11O pa3HOCTHO
ro peWeHl-1R. rOpa3Ao 3et>et>eKTIIIBHee B pRAe cnY4aeB, Hanpl-1Mep, AnR 
3aAa4 c 60nbWl-1Ml-1 rpaAl-1eHTaMl-1 l-1CKOMbIX et>YHK~l-1~, RBnRIQTCR MeTOAbl 
HeRBHoro 4l-1CneHHOro Al-1et>et>epeH~l-1pOBaHl-1R, l-1CnOnb3YIO~l-1e B TOM l-1nl-1 
l-1HOM Bl-1Ae Cnna~H~ ICM., Hanpl-1Mep,/14,16-181 I. K npel-1My~ecTBaM no
CneAHl-1X cneAyeT OTHeCTl-1 TaKl-1e, KaK npOCToe nonY4eHl-1e B~COKoro 

nopRAKa T04HOCTl-1 l-1 "aBTOMaTl-14eCKOe" BocnOnHeHl-1e Ha~AeHHoro pa3
HOCTHoro p euieuaa AO' KOHTl-1Hyan bHoro npenc r aaneuaa , 

nYCTb fez) - nepl-10Al-14eCKaR Ha l-1HTepBane [O, 217] <PYHK4l-1R, 
y == {Y i }, Y i = fez i) - ceT04HaR et>YHK~l-1R Ha paBHOMepHO~ cer xe 
cu = {Zi' i = O,±l, ... } c urarox ~z. .aanee ece rna 6YAeM C4l-1TaTb, 

4TO paCCMaTpl-1BaeM~e et>YHK~l-1H o6naAalOT rnaAKocTblO, 06eCne4l-1BalO~e~ 

TaK>Ke/ 16'l"npeA«oppexraocr s np080Al-1MbIX BbIKnaAOK. B paõore 11411cM.
 
nO)/{eH~ et>opMyn~ HeR8Horo 4l-1CneHHOro Al-1<p<pepeH~l-1pOBaHl-1R nOB~weHHO~
 

T04HOCTH, KOTop~e MorYT 6~Tb 3anl-1CaH~ B Bl-1Ae 
, ( ) _, (1) 

f x i = Yi = ai D Yi + 13 1m , 12. lii 

" _ u (2) (1) 
f (x d = Y i = a 2D Y1 + {32D roi; 12.21 
rAe Benl-14l-1H~ m i YAOBneTBopRIOT Cl-1CTeMe ypaBHeHl-1~ c ~l-1Knl-14eCKO~ 

TpexAl-1arOHanbHO~ MaTpl-1~e~ 

( 1) 
T(b) m i == m i-I + bm i + roi+ 1 = (2 + b) O Yi 12.31 

(1) (2) 2 
a O y 1 == (y i + 1 - Y,'i- 1 ) 12/iz l-1 D, Yi == (y i-I - 2y i + Yi + 1 ) / lu . 

nOA6opOM napaxerpoe f3 ' v = 1,2 11I b MO>KHO "pe rvnapoaar s"a v' v 
T04HOCTb. CnY4a~ a v = 1 l-1 f3v = O COOTBeTcTByeT ~eHTpanbHblM pa3
HOCTH~M np0l-13BOAH~M nepsoro l-1 BToporo nopRAKOB c T04HOCTblO 
O(~z2). npl-1 a 1 = O, f3 1 = 1 l-1 b = 4 nonyvaes <t>opMyny 

( 1) 
T(b) Y; = 60 y i ' 12.41 

onpenenaounre MOMeHTbl m = yi Ky6l-14eCKOro l-1HTepnOnR~l-10HHOrO
i 

cnna~Ha; BBl-1AY paBHoMepHOCTl-1 CeTKl-1 l-1MeeT MeCTO o~eHKa 

max If'(z i) - Y[ I = O(~ 4) • 06~l-1~ cnY4a~ p accnorpea B114/ . 

AnR npl-1nO~eHl-1~ ~HorAa YAo6Hee et>opMynbl Al-1et><pepeH~l-1pOBaHl-1R, co
Aep>Ka~l-1e TonbKO 3Ha4eHl-1R ceTo4Ho~ et>YHK~l-1l-1. nOAe~cTByeM Ha o6e 

4 

CTOPOH?~)COOTHoweH~~ 12. li oneparopoa T(b). Y4l-1TbIBaR KOMMYTaTl-1B
HOCTb tl l-1 T(b) 14To nerKO npOBepl-1Tb HenocpeAcTBeHHo/, nony4l-1M 

(1) (1) 
T(b)Yi = BY.i == D [aIT(b) +f11(2+b)E]Yi ' 1) 12.51 
rAe E - eAl-1Hl-14H~~ onepaTOp. np~ ai ~ O onepaTOp ~ onpeAeneH 
Ha nRTl-1T04e4HOM wa6noHe. MeToAoM pa3nO>KeHl-1R B PRA Te~nopa MO>KHO 

noriyua r s o~eHKY max!f'(zi) -Y[ \ = O(~ze), e cru- b = 3, ai = t, 
5

f3 1 = 3' 
PaCçMOTpl-1M CHa4ana OAHO ypaBHeHl-1e Al-1BepreHTHoro Bl-1Aa 

aQ + ~ = O , 12. 6I 
az az 

r ne Q(u) l-1 R(u) - 3aAaHHble <PYHK~l-1l-1 nepeMeHHoi:1 u . npeAlionO>K~M, 

4TO 3'aAa4a, COOTBeTCTBYIO~aR 12.61 c Ha4anbHblM ycnoaaex u(z, O) 
= UO(z) l-1 nepl-10Al-14eCKl-1Ml-1 rpaHl-14HbIMl-1 ycnOBl-1RMl-1, l-1MeeT peureuue 
u(z, t). Bnons aror-o peweHl-1R Benl-14l-1Hbl Q l-1 R RBnRIOTCR CnO>KHb;'Ml-1 

et>YHK~l-1RMl-1 He3aBl-1Cl-1M~X nepeMeHH~x Z, t. 
nOCTpOl-1 M Ky6l-14eCKl-1i:1 nepl-10Al-14eCKl-1i:1 cnna~H Knacca C2 , l-1HTepnO

Ill-1PYIOl4\l-1i:1 cynepnoaau-nc R(u(z, t5) B yanax CeTKl-1 cu. MOMeHTbl lDi = 
= (aR/az) 1 cnnaüua AomKHbl YAOBneTBopRTb ycnOBl-1'RM 12.31 npl-1 b = 4, 
a TaK>Ke ypaBHeHl-11O 12.61 Ha npRMblX z = z i . OTCIOAa c Y4éTOM COOT

HOWeHl-1~ 12.51 aur exae r (a 1 = O, (31 = 1) 

dQ i (1) 
T( 4) - + 6D R i = O• 12.71 

dt 

C~cTeMY 12.71 KBa3l-1nl-1He~H~X 06~KHOBeHH~X A~<p<pepeH~~anbH~x ypasHe
H~i1 cnenye r peuiar b c Ha4anbHblMl-1 ycnoB~RMl-1 Yi (O) = U O(zi ). 

AnR nepexOAa K KOHe4Ho-pa3HocTHO~ cxeMe annpOKCl-1Ml-1pyeM npo
l-13BOAHYIO no BpeMeH~ cxeMO~ c BeCOBblM MHO>Kl-1TeneM a E [O, 1] /19/ • 

B pe3ynbTaTe npl-1XOAl-1M K ceMe~cTBY cxeM 
v 

Qi-Qi (1)
 
T(4) - +6D[(l-a)R. +aíi.l =0, 12.81
 

~t 1 1 

rAe ~t - war no BpeMeHl-1, a fi == f(Zi' t k) , fi == f(zi' t k _ l ) · 
npl-1 a = 1/2 IcxeMa Tl-1na KpaHKa - Hl-1KonbcoHal T04HOCTb annpOK

Cl-1Ma~l-1l-1 no BpeMeHl-1 l-1MeeT nopRAOK O(~t2). flonar-aa Vo =: 2~z/3M, 
OKOH4aTenbHO l-1MeeM ,/2.91 

v v v "V 

Fi == + Qi+l) +R i+ l-Ri_ l -vO(Qi-l +4Qi+Qi+l)+Ri+C~-I'v O(Qi_l + 4Qi 

COOTHOWeHl-1R 12.81 npeACTaBnRIOT co6oi:1 Cl-1CTeMY Henl-1He~H~X ypas


HeH~i:1, CBR3bIBalO~l-1X 3Ha4eHl-1R ceT04HO~ <PYHK~l-1l-1 Yi=: u(Z i' t k)
 
~ ri :::: u(Zi' t k-l) Ha WeCTl-1T04e4HoM npRMoyronbHoM uráônoi-e , AnR
 
ee peWeHl-1R ~enecoo6pa3HO ~cnonb30BaTb MeTOA HbIOTOHa. Ha Ka>KAO~
 
l-1Tepa~~l-1 8 np~XOAl-1M K TpeXTo4e4Hoi:1 ~l-1Knl-14eCKO~ pa3HOCTHO~ 3aAa


4e
 
(8) (8) (8) 

aiYi-l+biYi +CiYi+l=d i • • /2.10/ 

5' 



K03cf><p1-14I-1eHTbl KOTOPOt::1 Bbl41-1CnfllOTCfI CneAYIOU\I-1M 06pa30M: 

àQ aR (&-1) b i = 4vo (~) (8 - 1)a i = (vo-.- - --) i -1 
àu iàu àu /2.11/ 

àQ aR (8-1) (a-1) (a-1) (s-1) (8 -1) 
c L = (v o-·- + -.-J i+1 d i = a i Yi -1 + b 1 Yi + c i y.1+ 1 - F i ' 

àu au 
s = 1,2•.. , . 

npl-1 41-1CneHHOH peanl-13a41-11-1 Ha Ka*AOM BpeMeHHOM cnoe B Ka4eCTBe I-1C
(8)

XOAHoro npI-16m1*eH~fI Anfl Benl-141-1H Y i B I-1Tepa41-10HHOM npoue cce MO*
HO 6paTb I-1X 3Ha4eHI-1f1 ;i c npeAwAyU\ero cnofl. 

MeTOA nerKO 0606U\aeTCfI Ha CI-1CTeMW AI-1BepreHTHoro BI-1Aa /2.6/, 
«orna u(z, t), a r aiose Q(u) 1-1 R(u) CYTb M-MepHble eekropa , Pa3Mep
HOCTb HenI-1Het::1HOJlt CI-1CTeMbl /2.9/ B 3TOM cny-rae paBHa NxM, K03<!lQ>I-t
41-1eHTbl a i' b 1 1-1 C1 nl-1HeJltHOJlt CI-1CTeMbl /2. 10/ npencr aanmor 'c060t::1 
MaTpl-14bl nopanxa M x M, a np aaue 4aCTI-1 d i - M -MepHble eexropu , npl-1 
3TOM np0l-13BOAHWe B npaBWX 4aCTflX /2.11/ 3aMeHflIOTCfI COOTseTCTBYIO
U\I-1MI-1 rpaAl-1eHTaMI-1. 

~fI 06pa~eHI-1f1 6n04Ho-TpexAl-1arOHanbHoJlt 3aAa41-1 /2.10/ YA06HO I-1C
nonb30BaTb MeTOA 41-1Knl-14eCKOJlt MaTpl-14HOJlt npOrOHKI-1. PeWeHl-1e l-1~eTCfI 

B BI1Ae 

/2.12/Yi = À i + I.L 1 YN' 1 = 1.2•...• N - 1, 
rne aexropu À i YAoBneTBopfllOT ypaBHeH~flM 

b 1 À 1 + C1 À 2 = d 1 

a1Àl_1+ biÀ i + ci À-i+1 = d l' i = 2.3, .••, N -2. /'1..13/ 

a N -1 À N-2 + bN_ 1 À N-1 = d N -1 ' 

a MaTpl-14bl #.Li - ypaBHeHI-1f1M 

b1 1.L1 + C1#.L 2 = - a l' , 

a i #.L i _ 1 + b i tl 1 + c i fL i + 1 = O, i = 2. 3, ••• , N - 2 , / 2. 14/ 

a N _ 1 I.LN -2 + b N - 1 #.L N - 1 = - C1 ' 

~ KOTOPWM npl-1MeHI-1Ma 06W4Haa MaTpl-14Hafl nporOHKa/ 19/.HeI-13BeCTHwe 

YN B~4I-1CnflIOTCfI 1-13 COOTHOWeHI-1f1 

(b N+aN À N_1 +CN#.Ll)YN = d N -aNfLN-1 -CNIl 1 • /2.15/ 

MeToA YCTOJlt41-1B 1-1 xoppex r eu /B 06bl4HOM CMblcne 1191,ecnl-1 sce Ma
1a.11 1c.l\TPl-14bl \ob l· HeBblpO*AeHbll-1 Ilb:- +llb-: < 1, npl-14eM XOTfI 6bl Anfl 

1 1 1 1 

onuoro 1 ..s; i .s; N aunonae ao c rporoe HepaBeHCTBO. 
PaCCMOTpl-1M npl-1MeHeHl-1e YKa3aHHoro anrOpl-1TMa Anfl peWeHI-1f1 3aAa

41-1 /1.3/, /1.4/. Pa3HOCTHafl annpoKcl-1Maql-1f1 nepBWX ABYX /rI-1APoAI-1
HaMI-14eCKl-1x/ ypaBHeHI-1~ /1.3/ np0l-13BOAI-1TCfI no cxeMe /2.9/. npl-1 an

6 

npOKcl-1Maql-11-1 ypaBHeHI-1f1 /1.4/ Anfl' AaBneHI-1A, c uenbro COXpaHeHI-1f1 
06U\et::1 T04HOCTI-1 O(~4) c xexa , cnenyer I-1CnOnb30BaTb q,0pMyny /2.2/ He
RBHoro AI-1Q>Q>epeH~14pOBaHI-1f1; ripa a2 = -2 1-1 -{32 = 1. YA06HO BBeCTI-1 
B Ka4eCTBe HOBblX nepeMeHHblx MoMeHTbl m 1= (àh /az) 1 cnnat::1Ha, 
npI-16nl-1*alOU\ero npooans h(z, t) CTPYI-1; TeM caMblM Anfl npo<!ll-1nfl CTPYI-1 
I-1MeeM Kyc04Ho-nonHHoMl-1anbHoe aHanl-1TI-14eCKOe peWeHl-1e BO Bcet::1 pac
CMaTpl-1SaeMOJlt 06nacTI-1 (z, t). B KOHe4HOM I-1TOre npl-1XOAI-1M K cneAYIO
~eJlt HenI-1Het::1Hot::1 C1-1 CTeMe ( y1 == (u l' h i' m i' P i) 'l) : 

V v v 1 " 
Fu ==v o ( ui_1-Ul_1+4(ui-Ul)+Ui+1-U1+1 +Pi+1+Pi+1

/2.,16/ 
~ 1 (v v 

.-Pi- 1 - +Twi+1+wi+1-(wi-1+wi-1 )]==0,v i- 1 

v v v 

F2 i == v O[ f i _ 1 - ( i -1 + 4{f i - f i) + ( i + 1 - fi + 1 1 + (i + 1 Ui +11' + 

v v /2.17/v v v 

+ f i + 1 u i + 1 - (f i-1 u i- 1 +(1_1 u 1- 1) =0, 

3 
F 3i == m i _ 1 + 4m i + m i+1 - ~z (h i+1- hi-1 ) =0, /2.18/ 

2a 2 a 1 
F 4i == 2 (-) (h i -1 - 2h i + h1+ 1 ) - -- (rn 1+ 1 - m 1_ 1 ) + P 1 - - = 0,. . 

L\z 2L\z h i /2.19/ 
r Ae nonoxeuo Wi == (u i ) 2, f 1 == (h i ) 2 • Bblnl-1WeM TaK>Ke aneaeuru 
MaTpl-1q a i' b1 . c i CI-1CTeMbl /2. 10/: 

a = V - u ' a =-1, = -f 1_ ' =-2h 1_ t (U i-l- vd ' 
U 1 o i_1 U 4 a i2 1 1 a 122 

a _ 3 2 a _ . a 2 L\z
 
131 - - L\z' a i42 == _2a , 143 - - --2-'
 

. 2 hi 2 2 
== 4V b == 8V h , b =-4, ==4a -(~z) ,b 144 = - L\z ,bU 1 o' 122 o i 133 

b 42i 

C =vo +u = 1 , =2h 1+ 1 (vo +u 1+ 1),U 1 i=1' c U 4 c 121 =f i+ 1, c 122 

a2~Z 
,I c = 3/L\z, c =-1, c i42 == -2a 2 , C 143 = -2-

132 i33 

/ocTanbHMe 3neMeHTW paBHM HynlO/. BI-1AHO, 4TO AO T04KI-1 pa3pMBa 
CTPYI-1, B ~OTOPOt::1 h(z,t ) = O, ace MaTpl-1qbl b i HeBblpO>KAeHbll-1,o
KpOMe Toro, f1BnflIOTCA HI-1>KH~MI-1 TpeyronbH~MI-1. 3TO cy~ecTBeHHO 

06ner4aeT npoqecc peWeHI-1A CI-1CTeMW /2.10/. 
Anfl 41-1CneHHOJlt npOBepKI-1 nopflAKa annpoKcl-1Maql-11-1 npeAnaraeMoJlt 

cxeMbl I-1cnOnb30BanCfI MeTOA PYHre 119/. Peureuue AnA cnyuaa a =0,43, 
COOTBeTCTBYIO~ee OAHOMOAOBOMY Ha4anbHOMY ycnOBl-11O C aMnnI-1TYA0Jlt 
h o = 0,01, BW41-1CnflnOCb Ha Tpex ceTKax no npocTpaHcTBeHHot::1 nepe
MeHHot::1 c 32,64 1-1 128 y3naMI-1 npl-1 q,I-1KCl-1pOBaHHoM 3Ha4eHI-11-1 ~T=O~04 
wara no BpeMeHI-1. nOpAAOK annpoKCI-1Maql-11-1 onpeAenflnCfI COOTHOWeHl-1eM 
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'Y = 2 D= I(h ~z - h~z/2) /(h~Z/2- h ~z/4 ) 1 , /2.20/ PHC. I. HenHHeHHoe pasBHTHe BOS

~ My~eHHI{ B OP;HO CJIOHHOH c Tpye : 
r ne h ~ ,h ~z/2' h ~z/4 - 3Ha4eHI-1f1 <PYHK41-11-1 h Ha ce r xax c warOM a = 0,43, h 0= 0,01; 1- t =4,025,
~z. ~zi2 1-1 Ó-z/4. B Ta6Jll-14e noxaa aaa BeJll-141-1Hbl 'Y 1-1 Bbl41-1CJleHHble no 2-t=s,s2s, 3-t=6,Is, 4-t=6,s2s,

HI-1M 3Ha4eHI-1R nOKa3aTeJle~ n B MOMeHT t = 6,0 /KpI-1TI-14eCKOe BpeMR s-t=6,77s, 6-t=6,93.
AJlR AaHHo~ CTpYI-1 t b ~ 6,98/. BI-1AHO, 4TO noxaaarenu n 6Jll-13KI-1
 
K TeOpeTI-14eCKoMy 3Ha4eHI-110 n = 4. npl-1 npl-16JlI-1>KeHI-1I-1 K Kpl-1TI-14eCKoMy


I 
3Ha4eHI-1~ tb B H~6oJlbWO~ ero OKpeCTHOCTI-1 annpOKCI-1Ma41-1R

~ 
YXYAwaeTC~, 4:0, nO-BI-1AI-1MOMY, CBR3aHO c YMeHbWeHl-1eM rJlaAKOCTI-1
 
peWeHI-1~ ripa t --lo t b' B HaCTORllle~ paõor e ace peayns r aru nonyue au
 
Ha ceTKe 1-13 64 T04eK.
 

'I'aõrmua ~ 
0,5 

z o 7T/4 11/2 311/4 11 

.y 16,0527 16/3591 16,1239 16-,1087 16,005 
'il/2 IitT
 

n 4,0047 4,032 4,011 I 4,0098 4,0004
 

3. 06CymAEHHE 4HcnEHHWX PE3ynbTATOB 

PHC. 2. K03cPcPlill;HeHThI napacr anaaPa3pa60TaHHbl~ MeTOA n03BOJlReT I-1CCJleAOBaTb pa3BI-1TI-1e HeJlI-1He~HbIX 
B.nap;liHhI li rop6a CTPYli: a = 0,43;B03MYllleHI-1~ B KanI-1JlJlRpHO~ cTpye npl-1 np0I-13BOJlbH~X nepl-10A~4eCKl-1x Ha
1+ , 1_- t =0, 1, 2+,2_- t =0,05,

4aJlbH~X B03MYllleHI-1RX, I-1Me~lllI-1X He06xOAI-1M~~ nopRAOK rJlaAKOCTI-1. C~Aa,
 

B 4aCTHOCTI-1, OTHOCRTCR Ha4aJlbH~e YCJlOBI-1A Tl-1na /1.5/ 1-1 /1.6/, 3+,3_- t =0, °I, 4+,4_- t =0,00 I .
 

K KOTOpblM npl-1MeHI-1M TaK>Ke MeTOA pa3JlO>KeHI-1R no MaJlO~ aMnJlI-1TYAe oc

HOBHO~ rapMOHI-1KI-1 /i,S/. Ha PI-1C. 1 I-1JlJl~CTpI-1PY~TCR TI-1nl-14Hble CTaAI-1I-1,
 

llll-1MI-1 pa3MepaMI-1 OCHOBHO~ KanJlI-1. OTc~Aa BI-1AHO, n04eMY CaTeJlJlI-1TH~e 
4epe3 KOTop~e npOXOAI-1T <popMa nOBepXHOCTI-1 CTPYI-1. KPI-1BO~ 1 npaKTI-1

KanJlI-1 HeJlb3R o6HapY>KI-1Tb npl-1 I-1CnOJlb30BaHI-11-1 MeTOAa pa3JlO>KeHI-1R no 
4eCKI-1 3aBepwaeTCR JlI-1He~HaR CTaAI-1R pa3BI-1TI-1R MaJlblX B03MYllleHI-1~, npl-1 

MaJlOMY napaMeTpy AO TpeTbe~ rapMOHI-1KI-1 BKJl~4I-1TeJlbHO - ero T04
KOTOpO~ <popMa nOBepXHOCTI-1 nOAo6Ha Ha~aJlbHO~ /KOCI-1HycOI-1AaJlbHa/, .,. HOCTb B KOpOTKOBOJlHOBOM AI-1ana30He HeAocTaT04Ha. nOJlO>KeHl-1e He
HO c B03pocwe~ aMnJlI-1TYAo~. Kpl-1BaR 2 1-1306pa>KaeT TI-1nl-14HOe Ha4aJlb- ~ 

CKOJlbKO YJlY4waeTcR npl-1 pac4eTax c npl-1Bne4eHI-1eM 60JlbWerO 41-1CJla 
Hoe npORBJleHl-1e HeJlI-1He~HOCTI-1, 3aKJl~4a~llleeCR B BblnOJla>KI-1BaHI-1I-1 06- t rapMOHI-1K, KaK OTMe4eHO B pa60Te/13/ . 
JlaCTI-1 MI-1HI-1MYMa. Ha CJleAY~lllI-1X CTaAI-1RX /KpI-1B~e 3-6/ Ha nOBepXHOCTI-1 i 

B pRAe 3KCnepI-1MeHTaJlbH~X pa60T B Ka4eCTBe Kpl-1Tepl-1R o6HapY>Ke
<popMl-1pyeTc~ CaTeJlJlI-1THaR KanJlR.npl-1 npl-16JlI-1>KeHI-1I-1 K MOMeHTY pa3p~- . 

HI-1R HeJlI-1He~HOCTI-1 I-1CnOJlb3Y~TCR aMnJlI-1TYA~ HapaCTaHI-1R rop6a 1-1 Bna
Ba CTpYI-1 KOHTYP CaTeJlJlI-1THO~ KanJlI-1 npaKTI-14eCKI-1 He MeHReTCR 3a 

AI-1Hbl BOJlHbl/ 20 / : 
I-1CKJl~4eHl-1eM He60JlbWO~ OKpeCTHOCTI-1 T04KI-1 pacnaAa. H OCHOBHaR,
 

1-1 BTOpI-14Ha~ kanJlI-1 CI-1MMeTpl-14Hbl OTHOCI-1TeJlbHO Ce4eHI-1~ CTPYI-1, npo max h - 1 1 - minh
 
zIn I s =lnl __z_l·

BeAeHH~X B T04Kax MaKCI-1MaJlbHOro nOAHRTI-1R I-1X nOAepxHocTe~. no s+ 
h h

3TOMY ~a ~l-1c.l 1-1 Ha CJleAY~lllI-1X pl-1CYHKax 1-1306pamaeTcR TOJlbKO nOJlY

BOJlHa B03MYllleHI-1~.
 Ha pl-1c.2 BeJlI-14I-1H~ s+ 1-1 s_'1-1306pa>KeH~ npl-1 pa3H~x Ha4aJlbH~X aMnJlI-1

Pac4eT~ npl-1 pa3H~x AJlI-1HaX BODH nOKa3aJlI-1, 4TO BTOpl-14HaR KanJlR 
TYAax KaK <P~HK41-11-1 BpeMeHI-1. npl-1 MaJl~X 3Ha4eHI-1RX BpeMeHI-1, KorAa

npl-1CYTCTByeT BcerAa, HO B AI-1ana30He KOpOTKI-1X BOJlH OHa Bblpa>KeHa 
npl-1MeHI-1Mâ JlI-1He~HaR TeOpl-1R B03MYllleHI-1~, S + 1-1 s _ - cOBnaAa~llll-1e JlI-1

04eHb cJla60 - ee AJlI-1Ha 1-1 B~COTa MaJl~ no cpaBHeHI-1~ c COOTBeTcTBym
He~Hble <PYHK41-11-1 c yrJlOBblM K03cJ)<p1-14I-1eHTOM, paBHblM K03~<p1-14I-1eHTY Ha
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I I 
..4 PilC. 3. K03(Wm~ileHT napac-r anaaóllm]' ~	 MaKCilMarrbHoro rrepenaga pagilyca 

OgHOcnOHHoH CTPYil: a = 0,25, 
2 - a = 0,43, 3 - a = 0,3. 

5-r 
o.: f 

3 4
 

Pilc.4. ~HcnepcHoHHaH KpilBaH 

tlilCneHHblH p acxe r no aapac r amno 0.2
 
r-opõ a aorrasn h o = 0,01; 1 - aa
 
nilHeHHoH CTagilil pa3BHTHH B03MY
 1 
~eHilH; 2 - Ha HenHHeHHOH CTagilH
 
Bõnil3H MOMeHTa pacnaga. ~ 0,2 0/, 0,6 o.s 1,0 O(
 

paeTaH~R q. nOAe~~TaHHoMY no n~He~Ho~ Teop~~ (eM. /1.5/). 4eM 
60nbwe Ha~anbHaR aMnn~TYAa, TeM paHbwe B+ ~ S _YXOART e npRMO~' 

~ ~ 3ar~6a~TeR B npOT~BononO~HWe eTopOHW. XOA Kp~BWX Ha p~e.2 

nOnHQeTb~ eOOTBeTcTByeT p~c.6 ~3 pa60TM 120/, rAe nOKa3aHM 3Ke
nep~MeHTanbHO ~3MepeHHMe Ben~~~HM S+ ~ S_. ~MeeTCR, oAHaKO, paS
n~~~e B Kp~BMX s~ KOTopoe n03BonReT CAenaTb BMBOA o TOM, ~TO 

B oey~ecTBneHHOM 3Kcnep~MeHTe HapRAY c S03paeTa~e~ OCHOBHO~ 

rapMOH~KO~ Ha Ha~anbHO~ CTaA~~ np~CYTCTBOBana ~ 3aTyxa~~aR rap
MOHHKa. 3THM Ha p~c.6 1201 06bRCHReTCR MeAneHHoe HapaCTaH~e(~t2) 
KpHBO~ S+. OTMeT~M, ~TO, HeCMOTpR Ha pa3n~~Hoe nOBeAeHHe s+ ~ S 
Ha HenHHe~HO~ cTaA~~, Ben~~~Ha /MaKc~ManbHM~ nepenaA paA~yca 

CTPY~/ 

maxh - minh
 
.M = In I --;'--~--'
 

m h ' oI1 

MeHReTeR no n~He~HOMY 3aKOHY qt.	 3TO nOATBep~AaeTcR p~e.3 AnR 
pa3H~x BonHOBMX ~~een. 

B oaõor e 161 npVtEeAeHbl oeayns r aru no npRMoMY onpenene-nuo ~3 
3Kcnep~1MeHTa A~cnepc~oHHO~ Kp~BO~ Kan~nnRpHo~ CTPY~. 3TY ~e Kp~

BY~ MO~HO Ha~T~ ~ Y~CneHHO ~ npoBecT~ cpaBHeH~e. Ha p~c.4 TO~Ka

M~ MOKa3aHM 3Kcnep~MeHTanbH~e pe3ynbTaTM, Kp~BaR 1 - K03$$~~~eHT 

HapacTaH~R, nony~eHHM~ Ha y~aeTKe, rAe cnpaBeAn~Ba nHHe~HaR Teo
p~R, Kp~BaR 2 - K03~~~~~eHr yc~neH~R, CHRT~~ c KPHSO~ T~na 2+ 
/ eM. p~e~. 2/ np~ t = 90% t b' r ne t b - BpeMR pacnana CTPY~ np~ co
oTBeTcTBy~~e~ An~He BonHM. Xopowo B~AHO, 4TO npaKT~~eCK~ Bce 
3Kcnep~MeHTanbHMe TO~K~ ne~ar B 06naCTH Me*AY 06eHM~ Kp~BMM~. 

np~ nOMO~~ p~c. 1 H3 TO~ ~e pa6oTbl / 6 1 Ha p~e.5 npoBeAeHo epaB
HeHHe Me~AY HenoepeAcrBeHHO ~3MepeHH~M H paCC~~TaH~MM ~~eneHHO

I"" 10 

h	 Pilc.5. ~HcneHHbIH H 3KcnepHMeH
~ TarrbHble nporparm aornnr; a = 0,25, 

h o = 0,00018; 1 - 3KcnepHMeHT, 
2 - TeopHH. 

p 

• 
't 2 
I, 

1,5 

lPL 

'fll2 'ii J 

I
;5LI 

Pilc.6. PacnpegeneHile gaBneHilH
I B cTpye Ha rronyBonHe: napaMeTpbl

I' il KpilBwe 1+5, KaK Ha pilc.I. 21fl J 
npo~~neM nOBepXHOCTH CTPY~: OTMeT~M xopowee Ka4eeTBeHHoe eOBna
AeH~e MemAY 3KcnepHMeHTOM ~ Teop~e~. Ha Y4acTKe BAan~ OT T04eK 

nOKanbHMX MaKC~MYMOB nOBepXHO
u 

CT~ ~MeeTCR o~eHb xopowee ~ KO
lf[
~ n~4eCTBeHHoe COOTBeTCTBHe. 

l f 4T06M nonHee npeACTaB~Tb 
'li 

,,1 KapT~HY BonHOBoro AB~~eH~R 

I
n CTPY~IP~c. 1 AononHeH p~e.6 w 7, 

Ha KOTOPMX nOKa3aH~ BenH~~HM 

AaBneH~R H npOAonbHO~ CKopoeT~ 

AnR BM6paHH~X MOMeHTOB BpeMe
H~. ~aBneH~e B oeHOBHO~ Kanne 
OCTaeTCR nOCTORHHMM BnnOTb 
AO MOMeHTa paenaAa. OAHaKo Aas
neH~e B caTenn~Te nOABep*eHo 

PHe.7. PacrrpegeneHHe aKCHaJIb
.1,6	 HOR CKOpOCTil: napaMeTpu, KaK 

na pHC. 1; I - t = 0,5, 2 - t = 
= 6,0, 3 - t = 6,64. 
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cy~ecTBeHHblM ~3MeHeH~RM ~ B6n~3~ T04K~ pacnaAa ero rpaA~eHT pe3
KO B03paCTaeT. B/201 Ka4eCTBeHHO ~AeHT~4HWM 06pa30M npeACTaBne
HO ~3MeHeH~e AaBneH~R, paCC4~TaHHoe no 3Kcnep~MeHTanbHO onpeAe
neHHO~ $opMe noBepXHOCT~. 

COBMeCTHO p~c.6 ~ 7 Aa~T B03MO~HOCTb on~caTb caM np04ecc pac
naAa CTPY~. MMeR B B~AY, 4TO npo$~nb CKOpOCT~ Ha OAHO~ An~He Bon
HW C~MMeTp~4eH OTHOC~TenbHO T04K~ (",O), np~XOA~M K BWBOAY o ~OM, 
4TO B T04Kax OTpWBa caTenn~Ta OT OCHOBHWX Kanenb é03My~eHHa~ CKO ~: 
pOCTb HanpaBneHa B CTOPOHY nocneAH~X. TaK~M o6pa30M, B T04Kax ! . 

OTpblBa nOBepXHOCTb OCHOBHO~ Kann~ nOABep~eHa cy~eH~~, a noBepx

4~cneHHWX 3Kcnep~MeHTax HY~HO nonb30BaTbCR ycnoB~HM~ /1.6/. Ha 
p~c.8a nOKa3aHO pa3B~T~e $OpMW nOBepXHOCT~, KorAa B cTpye B Ha
4anbHW~ MOMeHT B036Y~Aa~TcH cpa3Y ABe rapMOH~K~ C BonHOBWM~ 4~C

naM~, ne~a~~M~ B A~ana30He HeycTo~4~BOCT~. Kal< B~AHO, Ha OAHO~ 

An~He BonHW y~e pa3Me~a~TCH Ase OCHOBHwe Kann~, a Me~AY H~M~ 
no caTenn~TY. MeHRH COOTHoweH~H MemAY aMnn~TYAaM~, MO~HO Ao6~Tb

CF! COKpa~eH~R ~n~ YAn~HeH~A BpeMeH~ pacnaAa, HO $opMa nOBepXHO
CT~ OCTaeTCR nOAo6Ho~. OHa KOHTpon~PyeTcR BTOpO~ rapMoH~KO~ 

/KpaTHo~/ ~ coxpaHHeTCH BnnOTb AO npeAenbHoro cnY4aH = O.h0 1 
4T06w nepe~T~ K cnY4a~ OAHO~ rapMoH~K~, HY~HO nonO~~Tb = Oh 0 2 
/3TO Tp~B~anbHw~ cnY4a~!/ ~n~ Bw6paTb TaKoe a, 4T06w BW1HOBoe 
4~cno BTOPO~ rapMoH~K~ OKa3anOCb BHe ~HTepBana HeycTo~4~BOCT~. 

nOAo6HWM 06pa30M MO~HO npoKoMMeHT~poBaTb ~ p~c.86, rAe Ha4anb
Hoe B03My~eH~e - ~3 ceMe~CTBa aonu , oõnaaaourer-o 4eTblpbMF! r-apxo
H~KaM~, XOTH B Ha4anbHw~ MOMeHT B036Y~Aa~TcH nepBaF! ~ 4eTBepTaH. 
B paccMaTp~BaeMO~ c~Tya4~~ Ha OAHO~ An~He BonHW $OpM~PY~TCR 4e
rupe OCHOBHble xanna , pa3rpaH~4eHHble Me~AY coõoã carennnraaa . 
OT~eT~M non~oe Ka4eCTBeHHoe COBnaAeH~e p~c.86 C p~c.T ~3/13/. 

Ha4anbHoe B03My~eH~e Ha p~C.8B He np~HaAne~~T Knaccy BonHO
BblX AB~~eH~~ c rpyu , npencr aaaasrx KOHe4Hbltv1 4~cnOM rapMoH~K. B ce
4eH~~ z =" Ha HeBo3My~eHHo~ nOBepxHocT~ 3agaeTcH 8-o6pa3Hw~ 
BwcTyn BWCOTO~ hO ~ npocne~~BaeTcH ero AanbHe~wee pa3B~T~e. TOT 
$aKT, 4TO rop6 aonuu pacnonoxeu B ce4eH~~ Z -== tr , HBnReTCR eCTeCT
BeHHWM cneAcTB~eM $OpMW Ha4anbHoro B03My~eH~R~ MaKc~MYM KOTOPO~ 

3aAaeTcR B 3TOM ~e ce4eH~~. BHewHe B03My~eH~R pacnpocTpaHR~TcR 

TaK ~e, KaK B cny4ae ABYX rapMoH~K, HO Tenepb $opMa BTOpO~ OCHOB
HO~ Kann~ npoMoAyn~poBaHa. B A~ana30He KOpOTK~X BonH ~o3My~eH~R 

~Me~T $OPMY, nOAo6HY~ $opMe B cnY4ae OAHO~ rapMoH~K~. 

Hen~He~Hw~ BonHW ~8-nOAo6
'b HO~ Ha4anbHo~ $OpMO~ o6Hapy~~

Ba~T ~HTepecHoe paccnoeH~e 

30 B HeycTq~4~BoM A~ana30He. Ecn~ 

BW4~cn~Tb BpeMR pacnaAa t b26 
CTPY~ ~aK $yHK4~~ BonHOBoro 4~C

26 na, TO, KaK nOKa3WBaeT p~c.9, 

Kp~BaR t b - a ~MeeT ABa noxaru.
21. 

HWX M~H~MYMa - nepBwA /MeHbW~~/ 
22 HaxOA~TCR B OKpeCTH~CT~ BonHO

Boro 4~cna a opt = V2/2. COOT20 
BeTcTBy~~ero Ha~6onee 6WCTPO 

18 paCTY~~M n~He~HwM BonHaM. BTO

16 
PHc.9. BpeMH pacnaga KanHnnHp-. 

11. HOH CTPYH: {) -o6pa3Hoe naxane-: 
Hoe B03Mym;eHHe- ho = 0, 01 IKpH

12 
BaR li; rapMOHHqeCKHe B03Mym;e
HH5I- h 01 = h 02 = 0, °1, N = 2 

0,2 °16 0,7 0,8 0,9 o( 

!I<:PHB as 2I; h O = Q, °1, N = 1 
IKpHBaH 3/. 13 

HOCTb caTenn~Ta - paCTR~eH~~. 

MHTepeCHO npocneA~Tb Ae~cTB~e 

~OPMY B03My~eHHo~ nOBepXHOCT~ ~ 

a 

r 
J 

B 

5 

I I 

12 
I11 

Íl/I. 

l,I 
$OPMbl Ha4anbHoro B03My~eH~R Ha 

BpeMR pacnaAa. B 3TOM cnY4ae np~ 

h 6 
2.0 

° 

1.0 

0,5 

--~-"ti2--' ---- ----r,rL-r 
.., 

PHc.8.lleHCTBHe HaqanbHOro B03MY
~eHHH Ha ~OPMY nOBepXHOCTH CTPYH: ·l

Iai cnyqaA ABYX rapMoHHK: a =0,43, 
J~h = = 0,01; 1 - t = 4,0,

OI 
h 0 2 

2 - t = 4,42, 3 - t = 4,436; \ 
61 cnyqaA qeTwpeX rapMoHHK: 
a = 1),175, = 0,05, h 02 =h OI
 
= h 03 = 0, h 04 = 0, 1; 1- t =0,5,
 
2- =0,375, 3- =0,809; BI cnyqa~
 
Ô-06pa3Horo B03My~eHHH c ~eHT


pOM B TOqKe": a = 0,43, h O
 
= 0,01; }-t=7,5, 2-t=8,075,'
 
3- t=8, 275.
 



PHc.l0. HOpMHpoBaHHoe BpeMH 
pacrraAa CTpYH: hO = 0,01, 
a = 0,43. 

10.0 
pO~ pacnOnO~eH B6n~3~ KpaTHOrO 
BOnHOrO 4~cna a opt /2. nOAo6HYIO 
~OPMY ~MeeT Kp~Ba~ 2, pacc4~TaH
Ha~ An~ Ha4aIlbHblX B03MYl4eH~~,(00l) 

c COCTaBIleHH~X ~3 AByX KpaTH~x 

rapMOH~K IHa p~cYHKe nOKa3aH
(aos) 

Y4acTOK KP~BO~ B6n~3~ KpaTHoro
ton 

onT~MaIlbHoro ~onHOBoro 4~cna/. 
10 12 l' 'rb	 Ji

50nbw~e BpeMeHa pacnaAa, co
OTBeTcTBYIOl4~e B-06pa3HWM B03MY

l4eH~~M, 06ycIlOBneHW MeHbwe~ 3Hepr~e~ B036Y~AeH~~, BHOC~MO~ B Ha
4anbH~~ MOMeHT, no cpaBHeH~1O c rapMOH~4ecK~M~ B03MYl4eH~~M~ TO~ 

~e MaKC~MaIlbHO~ aMnIl~TYAbl. AIl~ Ha4anbHblX B03MYl4eH~~, conepxauurx 
TonbKO OAHY rapMoH~Ky, BTOpO~ nOKaIlbHW~ MaKC~MYM Ha Kp~BO~ 3 
He Ha6IlIOAaeTc~. 

A.n~ nOIlHOTbl Ha pnc . 10 noxaa aua 3aB~Cl;jMOCTb HOpMlt1pOBaHHoro 
BpeMeHlt1 pacnaAa Tb~~/À OT nOraplt1~Ma Ha4anbHo~ aMnIl~TYAW 

nplt1 ~lt1KClt1pOBaHHo~ AIllt1He BonHW À= 2rr/a. TaK ~e, HaK lt1 B cIly4ae 
Manwx B03MYl4eHlt1~ In~He~Hwe BOIlHW/, 3Ta 3aBlt1Clt1MOCTb n~He~Ha~; 

OTKnOHeHlt1e OT nlt1He~HOro 3aKOHa ~MeeT MeCTO npH 04eHb MaIlWX Ha
4anbHWX aMnIlHTYAax. 3Tlt1M nOATBep~AaeTC~ ycnex Il~He~HO~ TeOplt1~ 

YCTO~4lt1BOCTlt1 P3Ile~ nplt1 paC4eTe Anlt1Hbl HepacnaBweroc~ y4acTKa 
CTPY~ lt1 pa3MepOB OCHOBH~X KaneIlb. 

~3 npOBeAeHHoro aHaIllt13a MO~HO np~~T~ K o606l4alOl4eMY BWBOAY 
o TOM, 4TO np« nOMOl4lt1 ~3MeHeHlt1~ AIl~Hbl BOIlHbl, ~OpMbl ~ aMnnlt1TY,Qbl 
Ha4aIlbHoro lt1H~~lt1~Py~~ero Bo3MYl4eHlt1~ MO)KHO B 3Ha4~TenbHO~ CTeneH~ 
ynpaBIl~Tb pacna,QOM O,QHocnO~HO~ Kanlt1hnApHO~ CTPY~,C T04K~ 3peH~~ 

pa3Mepa OCHOBHWX lt1 BTOplt14HWX KaneIlb, BpeMeH~ pacna,Qa, a cne,Qo
BaTenbHO, lt1 ,Qn~HW HepacnaBwerocR Y4acTKa. 
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Pa~ea c.n., 60RA*MeB r.n., ny3WHMH H.B. 
4McneHHOe MCCne~o&aHHe HeYCTOH4MBOCTM *H~KOH KanHnnRpHOH 
CTPYM 

PS-86-653 

8 TaK Ha3W&aeMOM rM~paBOH4eCKOM npH6flH*eHHH O~HOMepHaR CTpyR HeBR3KOH 
*M~KOCTH OnHCWBaeTCR ~BYMR HeDHHeHHWMH ypa&HeHHRMH AflR nonR CKOpOCTeH H pa
AMyca CTpyM. 4nR yKa3aHHOH CMCTeMW $QpMynHpyeTCR CMeWaHHaR aa~a4a C nepHO~H-
4eCKHMH rpaHH4HWMH yCDOBMRMH. npo&e~eHO 4HCfleHHOe HCCfle~OBaHHe BflHRHHR He
flHHeHHOCTeH Ha peweHHR COOT&eTCTBy~eH ~HHeapH30BaHHOH aa~a4H. 4nR 3TOH 
~enH HCnOflb3yeTCR KOHCep&aTHBHaR cnnaHH-pa3HOCTHaR CXeMa 4eT&epToro nOpR~Ka 
T04HOCTH no npOCTpaHCTBeHHOH nepeMeHHOH H BTOporo nopR~Ka - no BpeMeHHOH. 

Pa6oTa ~nonHeHa e fla6opaTOPHH BW4HCDHTenbHOH TeXHHKH H aBTOMaTHaa~HH 
OHRH. 
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nepeeo~ O.C.BHHOrpa~OBOH 

Radev S.P., Boyadjiev T.L., Puzynin I .v. 
Numerical Investigation of Capillary Liquid Jet 
Instability 

PS-86-653 

In hydraulical approach one-dimensional jet of inviscid liquid is descri
bed by a system of two nonlinear equations for velocity and radius of the 
jet. For this system we formulate a problem with periodical boundary condi
tions. We perform a numerical study of how the nonlinearity effects the so

.lutions of the corresponding linearized problem.For this we use conservative 
spline-difference scheme of the forth order with respect to the space variab
le and of the second order with respect to the time variable. 

The investigation has been performed at the Laboratory of Computing Tech
niques and Automation, JINR. 
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