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PaCCMOTp~M B HacToR~e~ paôoTe ypaBHeH~e 

U t + (a (u) ) + U = O, x (; R , t > O , / 1/ x xxx 

~ AOKameM, 4TO ecnH Hen~He~HOCTb a~) YAOBneTBopReT HeKOTop~M 

AOCTaT04H~M ycnoB~RM, TO ypaBHeH~e /1/ ~MeeT p~weH~R B~Aa 6ery
~e~ BonH~ c $OPMO~ K~HKa ~ 3T~ peweH~R RBnR~TCR YCTO~4~B~M~. 

0603Ha4~M -rep ea X B. S > 1, MHomeCTBO $YHK4~~ f(x). onpenene-r
HWX Ha Ae~cTB~TenbHo~ oc~R, TaK~X, 4TO AnR KamAo~ $YHK4~~ f(~ 
cyuiec r aye r KOHCTaHTa c f' AnR KOTOPO~ 

2 2 s 00 (k) 200

Illflll = ([f(x)-c sgn í x) ] dx+ 'L (If (x) I dx<oo, /2/
 
s -00 f k=l- oo
 

r ne f(k) = d (k) f /dx (k) - o6061lleHHaR rtpouaaonuaa , 

nl-1He~HOe ncoc r paacr so X s, s ~ 1, Cl-ia6meHHoe H<;>PMO~ /2/, RBnR
eTCR 6aHaxoB~M npOCTpaHCTBOM a6conDTHo Henpe~~BH~x Hê n~6oM KO
He4HOM ~HTepBane $YHK4~~ f(~. AnR KOTOp~X 

lim f(x) = - lim f(x) c f • /3/ 
X"+CXt x .... -oo 

HerpYAHO nOKa3aTb, 4TO ~MeeT MeCTO 04eHKa 

Ic f ! ::; BUP ! f(x) ~ :s const I1 i f IiI s . /4/ 
x.:;; R 

Cnenoa a r erie ao , f2 _c 2 ç H seR). 3AeCb HS(R) - npoc r paac r ao Coõone aa 
~ f ~ I I IIco CTaHAapTHO~ HOpMO~ I ., 8 • 

llyc r s a> O aanae r c a $~Kc~pOBaHHO~ KOHCTaHTO~ ~ nYCTb a(s) 
np~HaAnem~r C 1 B HeKOTppo~ OKpeCTHOCT~ [-a ,a]. 

BBeAeM 0603Ha4eH~fl: 

a(a)-a(-a) 
V =--

2a 

-= V (cp + a) 2 + 2a (- a )(, - a) - 2 'P (,) (a (s) ds . 
-a 

neMMa 1. nYCTb $YHK4~R P(,) YAOBneTBopReT ycnoB~RM 

P(±a)= O, P"( ta) > O, P(,) > O np~ 1,1 < a. /5/ 

Torne ypaBHeH~e /1 / ~MeeT peuieuae B~Aa u(x, t) ::: cP (x - vt) , AnR 
KOToporo ~MeeT MeCTO _ ---~' ..
í~1;tAMUI~li llIIt1I'lJT,
 

la 11J~~Wl !Itt:ellnllud
 
, i3l;ibl1"lCTEH,~ 
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cp(f,) ~ C 3(R) n x 3(R), cp~(f,» O, f, ~ R,	 Um cp (f,) ::::: ± a . 

f,4±00 

AOKa3aTenbCTBO. ~oKa3aTenbcTBo BblTeKaeT 3neMeHTapHO ~3 ycno
B~~ /5/. Ae~cTB~TenbHo, ypaBHeH~e /1/ 3KB~BaJleHTHO ypaBHeH~~ 

P"(u) , 
U t + (v - ) u x + U x:u = O • /6/

2 

nOACTaBmUI B /6/ u(x, t) ::::: <j1(x - vt) ~ ~HTerp~pYR ABa pa3a, ~Me

eM 

<j1~" - P "(cp ) cp"::::: p ~(cp) 
- ~2---- <j1~ , cp ~ 2 ::::: P (cp) •
 

2 '
 

OTC~Aa AnR peweH~R cp (f,) nonY4aeM $OpMyny 

cp 
f, = cp -1 (O) + J ds 

o vP(s) 

TaK~M 06pa30M, Bce YKa3aHHwe CBO~CTBa <j1(f,) BwnonHR~TCR B C~
ny ycnoaun P ( ± a) = P ~ (± a) = O, P "( ;t a) > O • 

np~BeAeM HeCKonbKO np~MepOB ypaBHeH~~, AnR KOTOpblX BbInOnHR~T

CR ycnoB~R /5/: 

(i) U t - 8 u 2 U x + U xzx ::::: O, lJ > O , 

MOA~~~~~pOBaHHOe ypaBHeH~e KopTeBera - Ae $p~3a; 

(ii) U t - 8 U 2n u + U = O , 8 > O , x xxx 

n - ~enoe nonom~TenbHoe 4~CDO; 

(ííí) U t 't- 8 cos u u x + U xxx = O, 8 > O (c O< a < TT ) • 

OTMeT~M, 4TO YCTO~4~BOCTb K~HKa AnR ypaBHeH~R (i) 6blna paHee AO

xaa aua npa nOMOIll~ MeTOAa 6eH}/{aM~Ha /1/ B paõor e /2/ •
 

AnR Toro 4To6bl nonyvu r e r eopeny CYllleCTBOBaH~R peure-uia AnR
 

3aAa4~ Kow~ /1/, /7/
 

u (x, O) ::::: g(x) ç X s, S ~ 3 ,	 /7/ 

np~MeH~M r eopmo aõc rparcr uux KBa3~n~He~HbIX ypaBHeH~~ /3/. TaK KaK 
11*Ha4anbHoe ycrtoaue g(x) ç; X , s ~ 3, TO, He YMeHbwaR OGll\HOCT~,
 

np~ Ao~a3aTenbCTBe TeopeMbl CYllleCTBOBaH~R MomHO C4~TaTb, 4TO
 
lim g(x) = ±l np~ x 4 ± 00.
 

B /1/ CAenaeM 3aMeHY 3aB~C~MO~ nepeMeHHo~, nonaraR
 

u=w+thx.	 /8/ 

2 

TorAa 3aAa4a Kow~ /1/, /7/ TpaHC$OpM~pyeTcR B 3aAa4Y 

4 6
w + [a(w + th x)] + w --+---,	 /9/t	 xxx xxx 

ch 2 x ch4 x 

w(x, O) ::::: g(x) -thx :::::r(x) ç H S
( R), s >3. 

/10/ 

nepen~weM /9/ ~ /10/ B B~Ae 

4 6 a 1(w +thx}
 
W +a thx)w +w ::::: --- +-- - ----- /11/


t 1(w+ x xxx ch 2x ch4 x ch 2x 

rAe a 1 (y) :::::a~(y), w(x,O) :::::r(x). 

P.(t)::::: exp[-tD3},(D:::::d/dx)nOAcTaBnRR B /11/ w :::::P(t)v(t), rne 
cuns ao uenpe pue aaa YI<l~TapHaR rpynna oneparopoa , Ae~cTBY~Ill~X 

B npOCTpaHCTBe HS(R)/nonY4~M KBa3~n~He~Hoe 3Bon~~~OHHoe ypaB
HeH~e ,'3,4/ 

dv 
-- + A(t, v) v ::::: f(t, v), v(O)::::: r(x) , /12/ 
dt 
rrie A(t, y) - Jl~He~Hbli1 oneparop , 3aB~cRlll~~ OT (x, t) ~ Yf: HS(R), ~ 

A (t, y) ::::: P (-t) a 1 [P (t) Y + th x ] DP (t) . 

3AeCb ai [P (t) Y + th x ] - onepar op YMHomeH~R Ha	 qJYHK~~~ 

x -. a 1 [(P(t) y) (x) + th x] ; 

4 6 1f(t , v) P(-t) I - ~-- + -- - --a [P(t) v + thxll.
 
chzx ch 4 x ch 2 x
 

Ecru- auôp a r b X = H o = L (R) ~ Y = H S (R) /B TepM~Honor~~ 1.3//, TO YC
nOB~R a6CTpaKTHO~ Teo&eMbl CYllleCTBOBaH~R /3/ AnR ypaBHeH~R /12/ 
npOBepR~TCA TaK me, KaK B/ 4 ! . B03BpalllaRcb K 3aAa4e /1/, /7/, 
C$OpMyn~pye~ pe3ynbTaT, KO!OPbl~ nO~Y4aeTCR AJlR ypaBHeH~R /1/. 

TeopeMa 1. nYCTb S ~ 3. AJlR" KamAoro g(x) ç; X
S 

cyuiec r ayer eA~H
c TBeHHoe peweH~e U (x, t ) U (x, O) = g(x) , ypaBHeH~R /1/, «oropoeI 

np~HaAne~~T Knaccy 

li "" C (! O . T); X8 ) n C 1 ([ O , t) ; H 8 - 3) ,	 /1 3/ 

rne T 3aB~C~T r oris xo OT 1\1 gllls • 
YcnoB~MCA B AanbHe~weM no~ [O,T) nOH~MaTb ~HTepBan, Ha KOTO

pOM B cuny r eoper-a 1 cyurec r ayer eA~HCTBeHHoe peureuae u(x, t) aa
Aa4~ Ko~~ /1/, /7/- OTMeT~M, 4TO npH HeKOTOpwX AononH~TenbHWX 

rpeÔOBaHHAX K Hen~He~HOCTH a(u) MomHO AOKa3aTb, 4TO T:::::oo ,TO ec r s 
CYll\CCT8yeT rnoôan~Hoe peweH~e 3aAa4H /1/, /7/. 
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np~ AOKa3aTenbCTBe YCTO~4~BO~T~ peWeH~R ~(X-vt) OCHOBHY~ 

pOnb 6YAeT ~rpaTb Hen~He~HW~ ~YHK4~OHan 

00 '2 
E (u) = J (u x + P (uj ) dx , 1141 

-00 

~HBap~aHTHW~ no BpeMeH~, KorAa u~, t) RBnReTCR peweH~eM 3aAa4~. 

Koui« 11 I, 171, t ~ [O, T) • 

Jl;MMa 2. llycr s BblnOnHRIOTCR ycnoaua I 51 ~ U (x, t) - peureuue 
ypaBHeH~R 11/, npauannescautee xnaccy C([O,T']; XS). 8;::3, T'<T ~ 

lim u(x, t ) = ±a• .Toraa dE (u) I dt= O; TO e c r s E(u) RBnReTCR 3aKO
X""± eo 
HOM coxpaHeH~R. 

AOKa3aTenbCTBO. PaccMoTp~M cHa4ana cnY4a~ 8>3. np~ 3TOM 
u (x, t) R BnReTCR KnaCC~4eCK~M peUJeH~eM ypaBHeH~R 11 I. YMHO>KaR 
o6e c ropouu 16/ H,a 2u P 'Cu) ~ ~HTerp~pYR no x, rrO!l~"-n~~,1 

xx
< -

' 

P' (u) P ..(u)
 
O = ru (2u - P'(u» dx + 2 r(u - --)(u - -- + vu ) dx =
 

t xx xx 2 xx 2 x 

=1 •1+1 2 

l-1MeeM 

d 2 dE (u)
11 = - - r(u + P (u) dx + 2u u I

+00 

dt' x li: t -00 dt 

+00 

1 2 == [ (u xx P'(U»2 + v(u; -P(u»] 1_ 
002 °. 

B cnyuae , ecna s,,= 3, U (x, t) ',RBnReTcR L 2 - peUJe~~eM I-r.,o ecr s AnR 
Ka>KAorO t ~ [O, T'] ypaBHeH~e 111 BblnOnHReTCR n04T~ BCIOAY no x I , 
u npH,HaAne>K~T C([O"T']; L2(~)f iB cuny r eopexu li ~, crieno s at 
r ensuo , Mbl He MO>KeM ~HTerp~pOBaTb no 4aCTRM, KaK B cny-iae s > 3. 
np~ 8=3 AOKa3aTenbcTBo neMMW MO>KHO npoBecT~ cneAYIO~~M o6pa30M: 
npu nOMOl1\~ r eopau KBa3~n~He~Hblx ypaBHeH~~ /3/ noriyva r b COOTBeTCT
BYIOl1\YIO TeopeMY o HenpepWBHO~ 3aB~C~MOCT~ OT Ha4anbHWX AaHHWX 
AnR 3aAa4~ Kow~ 11/, 17/; Aanee, COOTBeTCTBYIOl1\~M o6pa30M perynR
P~3YR Ha4anbHwe AaHHwe, nocne npeAenbHoro nepexoAa B 1141 MO>KHO 
nonY4~Tb YTBep>KAeH~e neMMW 2. \ 

nOnO>K~M q = max IP "'(s) I ~ BBeA~M nceBAOMeTp~KY 
'\ 

d2(u,~) = inf (11u (u, t) _~'(x_'_vt)112 + 
q 'GR ' x 1151 

+ q II u (x, t) - ~ (x - , - vt) II 2 • 

3AeCb 11 ·11 - HopMa B L (R) . 2

JleMMa 30 nYCTb u(x,t) ~C([O,T); X 3(R» - peweH~e ypaBHeH~R 
11 I, AnR «oroporo lím u(x, t) =±a. 

x ...,±a
To r na d (u, ~) - HenpepblBHaR epYH K4~fl OT t ç: [O , T) , ~ MVlHÇjMYM

q

B 11 SI AOCT~raeTCR B KOHe4HO~ T04Ke ,= '(t) •
 

JleMMa 4, nYCTb uex, t) G C([ O, T); X 3( R» - peureuue ypaBHeH~R 
111, AnR «oroporo lim u(x, t) = ± a. ..' 

X -+ ±oa 
~ 
J.. TorAa, ecn~ BwnonHRnTCR ycnoB~R 15/, CYl1\eCTBYIOT KOHCTaHTW' 

K, 3 0 , r akue , 4TO ecru- dq(u, ~)<30,TO E(u) -E(~)~Kd~(u,~). 

AOKa3aTenbcTBo. nYCTb inf B I 151 AOCT~raeTCR B T04Ke '='(t). 
3a~~Kc~PyeM t(;[O,T) ~ nOnO>K~M 

u (x, t ) = ~ (x - , - V t ) + b (x, t). . I 16I 

TaK KaK no ycno a-uo limu(x, t) = lim~(x -, -vt) =ía nplo1 X...,±oo,TO 
h(x, t ) ç; H 3(R). nOAcTaBnRR 116/ B 1141, non~4~M 

~E E(u) - E(~) [[ h2 + P "(~) h2 ] dx += 
x 2 

2 
+ .r [p "(~ + 6lh) - P" (~)] ~ dx = 11 + 1 (e < 1 ) . 2 

l-1MeeM 1 1 == rh L h dx, rne caMOCOnpR)KeHHbl~ B L 2(R) oneparop L nopox
AeH A~~~epeH4~anbHwM BWpa>KeHlo1eM 

L = - ~2 + -P~. 
Herrpepuauuá cnexrp onepa rop a L coananaer c MHO>KeCTBOM [0'" 00) , 

rne (J = min(P;'(a) 12, P"(-a)/2) > O. TaK KaK ~;>O ~ L~ '=0, TO T04

«a À=°RBnRerCR caMblM ManblM CO'6CTByHHbIM 4~cnOM one paropa L. 
nOnO>KIo1M h = p.~' + ljJ, J ~'ljJdx==O.TorAa 

1 1 = .r ljJ L ljJ dx ;:: O' o I f ljJ 11 2 
::x O' o(11 h II 2 _ P.2 1I ~; 11 2) • 

B BepXAeM BWpa>KeH~~ (Jo=(J, ech~ y onepaTopa L HeT nOnO>K~Tenb

HWX 4~cen; B npOTIo1BHOM cnY4a~ 0'0 paBHAeTCR MeHbweMY ~3 nonO>K~

r eris aux coõcr ae-u-ux 4101cen 4nepaTopa L. 

AnR Toro 4To6bl 04eHIo1Tb p.2 11~ ;\\ 2 -repea 1111 11 
2 

, eocnons ayesicn 
TeM, 4TO B T04Ke " B KOTOPO~ AOCT~raeTCR M~H~MYM, ~MeeM 
d 2 
- d (u .-J..) = O1d' q ''fi • 

3TOT ~aKT AaeT COOTHoweH~e 

P ..,(~)
J [q - ---] ~'h dx = O. 

2 
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OTC~Aa nOnY4aeTCH 

2 2 1
11 r I cP" 11 2 = _1 f P .... (cP) cP"h dx , 11 11 cP" 11 S411h112. 

2q 3 
Cnenoaarens só , 11 >~llhI12. 

-	 4 
C APyro~ CTOpOHW, ~3 

d 
2

( u , cP) = II hxl1 
2

+ q Ilhl1 2 < o o 
~ qneMMbl Coõoneaa aurexaer , 4TO Ih I < a 1 (4q) 1/4, ~, cnenoaareru,

HO ~ ecna qo AOC TaT04HO ManOe, - o 

l P " (cP + Oh) - P'" (cP) i ~u- 0/ 2 • 

OTc~Aa 1121 s..(ao / 4) llhll ~ 
~, TaK~M o6pa30M, BbIBOA~M o4eHKY 

~E :: (a o 12) iIh 11 2, Heriocpencr BeHHO oueauaaa ~E CH~3Y, ~MeeM 
2 q ao 2 

~E	 :: Ilh x II - (2" -t- T) 11 h I1 . 
KOM6~H~PYH o6e 04eHK~ AnR ~E, OKoH4aTenbHO nonY4~M 

L\E :: K ( 1I h x 11
2 

+ q I\h II 2 ) = K -: (u, cP) 

2a o 
rne K = ---- > O • 

3a o + 6q 

TeM caMblM neMMa 4 AOKa3aHa. Teneps Mbl rOTOBbl AOKa3aTb OCHOB
HY~ TeopeMY HacTàH~e~ pa6oTbl. BBeAeM nceBAoMeTp~K~: 

2 2 
dI (u, cP) = ínf Ilu(x, t) - cP (x - (- vt 11 1 • 

(ç,R , 

2d 2 (u, cP) = inf I!! u(x, t) - cP (x _ (- vt) 111 
II· (Ç,R 1 

TeopeMa 2. nYCTb utx, t) ~ C([O. T); XS(R)), (8 ;::3) - peweH~e 

ypaBHeH~H 11/, AnH xo r oporo lim u (x, t) == ±u, ~ nyc Tb BbIf10nHH~TCH 
x ... ±a 

ycnoaua /5/. TorAa AnH Ka>f{w;rO('>O c yuiec r ayer A':'> O.TaKoe, 4TO 
eCJ1~ dl(u, cP)lt=o<O. TO dl(u, <t»« AnH acex t ~rO.T). 

AOKa3aTenbCTBO. nYCTb K ~ AO Bw6paHW B COOTBeTCTB~~ c neM
MO~ 4. TaK KaK L\E He 3aBl-1C~T OT t, t ç [o. T), TO cyuiec r ayer 
KOHCTaHTa m , TaKaH, 4TO L\E <mdf(u, cjJ)1 t:-:O' I 

B AanbHe~weM, He orpaH~4~BaH 06~HOCT~, 6YAeM C4~TaTb, 4TO 
rn::l.q::l 

nYCTb . (' s; IK K)
 
~ o, o == rnm -- v -. (V

2 mq rn
 

~ ~3 neMMbl 3 aurexae r , 4TO CYLl\eCT ayer 4~cno To';;; [O , T), 'TaKOe, 
4TO d q(u, cP) < ao , t ~ [O,To).TorAa B cuny neMMbl 4 

2
~E 

-
> K d 

q 
(u, cP), t ~ [O, To ) . 

nYCTb T < T HBnHeTCH caMblM 60nbw~M 4~cnOM, TaK~M, 4TO 
ma x'" 

2
~E	 ~ K d q(u, cP) , t ç; [O , T max) • t: 

.aonYCT~M, 4TO.T np~ tÇ;[O,T ~MeeMmax<T.TorAa max]L
\	 0 2 

d 2(u, cP) < ~E <....!!! d2(u, cP) 1 o <..!!! a2 < _0_ • 
q ..... K - K I t= K - 4 

np~MeHHH eLl\e pa3 neMMY 3, nonY4~M, 4TO CYLl\eCTByeT 4~cno 

TI> Tmax,TaKoe, 4TO dq(u, cP) < ao, t ~ [O, TI) • 
B cuny neMMbl 4 3TO npOH1Bope4~T AonYLl\eHHOMY T max < T. 
Cnenoaar ens uo , T max = T l-1 

~E	 .: K d~(U, cP) ::: Kd~(u, cP), t ~ [O, T) • 

OTC~Aa 

2 ~ m 2
dI (u, cP) < -- < - < f ,t ~ [O ,T) • 

- K - K 
TeM caMWM TeopeMa 2 AOKa3aHa. 

CneACTB~e. nYCTb BwnonHH~TCH ycnoB~H /5/. TorAa AnH Ka>f{Aoro 
f> O CYLl\eCTByeT a> o , r axoe , 4TO ecnu u{x, t) HBnHeTCH peweH~eM 

3aAa4l-1 /1/, /7/, tÇ;[O,T) ~ dn(u,çb)lt=o<o,TO dn(U,cP)<f,AnH ac ex 
tG-[O,T). 

AOKa3aTenbCTBO. YTBep>f{AeH~e cneACTB~H HenocpeACTBeHHO BWTeKa
eT ~3 TeopeMbl 2 B c~ny HepaBeHCTBa TpeyronbH~Ka ~ 04eHK~ /4/. 

mt1TEPATYPA 

1.	 Benjamin T.B. Proc.R.Soc.Lond., 1972, A328, p.153. 
2.	 m~AKOB E.n., K~p4eB K.n. C~6.MaTeM.>f{. ,1984,T.XXV, W5, c.30. 
3.	 Kato T. Proc. of the Symp. at Dundee, 1974; Lect. Notes in 

Math. 448 Spectral Theory and Differential Equations, Sprin
ger, 1975, p.25-7D. 

4.	 Kato T. Manuscripta Math., 1979, 28; p.88. 

~ dI(u, ch)!t=o <o. Torna 
11 o 

d (q u, .i: )1 / f! 
~ \ t=, o ::: q (dI U, 

I- ) I /
() 1 t=" o <, 

o2- , 
PYKon~Cb nocTyn~na B ~3AaTenbcK~~ OTAen. 

28 HHBapH 1936 rOAa. 
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HnHeB H.~., KHpqea K.n. 
YcTofiqHBOCTb pemeHHH B~a KHHKOB 

PS-86-47 

AnH HeKOTOpblX HenHHeHHblX ypaBHeHHH, ITOJl06HbiX ypaBHeHH!'l 
KopTesera - Ae ~PH3a 

~OKa3aHO, qTO ecnH HenHHeHHOCTb YAOBneTBOpHeT HeKOTOpb~ 
JlOCTaToqHb~ ycnOBHf'M, TO ypaBHeHHe U t + (a(U) )X+ U XXX = 0, 
X c;; R , t ~ 0 , HMeeT pemeHHff BHAa 6ery~ei% BOnHbl C <lJopMOM KHHKa 
H 3TH pemeHHff HBnHIOTCff YCTOHqHBb~H. 

Pa6oTa BbmonHeHa B Jla6opaTopHH BblqHcnHTenbHOH TeXHHKH 
H aBTOMaTH3al~HH OlUIH. 

Coo6meHHe 061.e]lHHeHHOfO HHCTHTyra Jl,llepHblX HCCJieJlOB3HHH.lly6Ha 1986 

llepeBOA O.C.BHHorpaAOBOH 

Iliev I.D., Kirchev K.P. PS-86-47 
The Stability of Kink-Like Solutions 
of Nonlinear Equations Similar to the Korteveg-de Vries 
Equation 

It is proved in the paper, that if a nonlinearity 
satisfies certain sufficient conditions, then the equation 
u t + (a(u)) x + u xxx = 0, x ~ R, t ::_ 0 has traveling wave-so
lutions of kink-like shape that are stable. 

The investigation has been performed at the Laboratory 
of Computing Techniques and Automation, JINR. 
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