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IIpH HCC~e~OBaHHH ~H3HKB KO~eHCHpOBaHHHX cpe~ H aneMeHTap~ 

'IiiC'I'lm 'IaCTO B03R1dKa1lT He.mrnefullie MaTeMaTH"'1eCRHe MO~eJIl!, B KOTOPHX 

He3aBHC~ rrepeMeHHHM ~eTCR JV -KOMllOHeHTHH~ e~~ BeKTOp 

? , L ~:' = i ,OIlpe~eJIeFIH1d B D - MepHOM rrpOCTpaHCTBe.
a. : "1 

IIpmm;:.mu B.JIDHHM ~eTCR BOilPOC 0 cymecTBOBaHRH B PaMKax 3THX MO.n;e

~eH ~OKanH30BaHHHX perneHHH-COAHTOHOB, a TaREe IDe. yCTO~OCTH . B 
TpeXMSPHOM ( 1) ; 3 ) npOCTpaHCTBe R3Y.'laJllICh, HarrpHMSp , CMHTOHH B 

CBepXTeKY'll!X q,asax Ik3 (AI =J, " ) /1; H q,SPPOMarHSTRK8X (J.I=3 /2/, 
npR'IeM Kalt KMsKlIl(He HY~eBO~ T0110)ror~'!eG!Q1.!! 3apR,n ( ,lUUIar.m'IecKRe, HJU1 

HeTOIIOJIOrH"tJecKl1e . COJlliTOHH) , TaR H OT~ OT HyJlR ( TOIlOJIOrIfCl8CKiIe 

COJIRTOHH). HaJIKqHe HeHy~eBoro TOn O;rOrK'leCKOrO 3ap~a .n;aeT ~onOJIHH

Te~HHll MeXaHH3M B03MOMHOrO c~eCTBOBaHHR yCTO~ ~OrOMepHNX 

CMHTOHOB (cM.o630PHYID JIe~3/). O.n;HaRO B BaMHOM ~ IlpHJIOXeHHtt 

cJJY'Iae D = .3 • N = .3 TOnOJIOrH"'1eCKI!le COJIHTOHH ,no HaCTOmIlerO B~eMe-
RR He IIOJJY"le HH (Bonpoc 00 RX cymecTBOBaHKH no.n;HRT B pa6OT ax/ I , { 

'ITo,no-~oMY, OOhHCHReTCR OTCYTcTBHeM B 3TOM cJJY'Iae y~06HoM no~

CTaHOBKH, Il03BOJIHEmsli IlORR3HTh pasMepHocTh pernaeMo~ 3~a'IH. 

2. HaJIH"t{He TOIlOJIOrH"'1eCKOrO 3a~a sms HS oOsCnS'IXBaeT cymsCT

BOBBHRff COJIHTOHa , a B cJJY'Iae cymecTBOB3HKR - ero yCTO~OCTH. Harr

pilMep, CHCTSMa, OIll!CllliaeMaff r aMHJIhTOHHaHOM C nJIOTHOCTbD :;c ; 
J "fp f ('05 )2 E= Jtdx .:: ':>~ u "] , ft.=-.,-

~'" 
m=f 

~ 
2 3 ') ,J (1) 

; .:: (5. 12 ~ 3 ) 12 ~ i 
" , ;,; ;1 

He HMSeT JIOKaJIH30B~ MRKHMYMOB 3HeprRH IlpH JID60H BSJIH'IHHS TOIlo
JIOrR'IeCKOrO 3a~a 5 . ~anss . OTMSTHM. 'ITO B H30TPOIlHOM q,eppOMarHe

THKe. onpe,eJIReMOM TeM xe r 8MHJIbTORRaHOM (I), HaJIHlIBS HHTerpana 

MlUte~2 
S C = S(i - ~ 'lJ d. 3x (2) 

CaMO no ceoe He MoxeT rapaHTHpOBaTh cymecTBOBaHHH H yCTO~OCTH 

CMHTOHOB. aHanorH"'lHO TOMY. K8.K HaJIH'llie saJllI,na y H8JIRHelllioro KOMIl

JIeKCHOro CKaJIRpHOrO rrOJIfl He ~eTCR ~OCTaTO'IHHM ~ cymecTBOBaHHR 
yCTO~ COJIHTOHOB / 6.7, 8.2/. B Ka'IeCTBe KOHKpeTHoro npHMepa OTMe

T WA, 'ITO B 1130TPOIlHOM gJeppoMarHeTlllie reM3eHoepra (j) =3) He cymecT

ByeT CgJepH'IeCKH-C mM~eTpl1~llX HeTOnOJIOrH'IeCKRX COJIHTOHOB oe3 ocooeH

HOCTeH, Hl1 CT~OHapHllX, Hl1 npeueCCHp~ C KaROM-JIHOO 'IaCTOTOH 

( cM. /2/ ) . 

• • 1- . - ,-... --:" . . 
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TaKHM 06paaOM, cymeCTB,18T TIOTpeOHOCTL B paapa60TKe BU~C~Te~

HH.X M8TO.IlOB nOJlY'OOHl!R TOTIo.nor~ecKHX CO~TOHOB B MO,D;9JI.IIX T:ima (I). 

3. PaCCMOTpHM CHCTeMY C unOTHoCTLD r~TOHHaHa 

( 'dI )2 ? 2 'O"l. 
;t .: i [bI. 'aXm +.f> ( t1 8 ) ] ) o(,j >0, A = or~ (3 ) 

n Pll D = 3 • BUIlO.JlIDil1 MaCIlITa6H08 npe06paaoBrume ;S (x) - r (ax) , 

JIel'KO nOIDlTb, 'iTO CHCTeMa ( 3) Mo:/leT lWeT:b YCTo~e TpemepHl1e COJIH

TOHH. 

IIepeitl{eM OT Herrpepb[BHolt MO,D;eJlH (3) K YO,lt8JlB cmmOB B YSJIax KY
difllsCKoll psmeTlW . 3TH y3J1l:i 6~eM HyMepOBaTl> ~eJnIMR ~CJIBMa i . i , k 

TIO Oem.! Xi , X 2 , XJ ( x. 't, z.) COOTBeTCTBeHHO; 6~8M C'lllTaT:b , 'ITO 

paCCTomme Max.IIY dJIIDKai!tJJmm y SJIaMH a =1 • 3 aMeBEil npOJaSBO,D;HHe B 

(3 ) KOHe'lHhlMH paaHOC,TRMH, HaITpHMep. 

'ag :::- "6 _S ( .g c = -5 i.,~ , ,,)ox - <" ,d,1< C, (4) 

~2t :::S"," -Z 1 +) e L, J, K,--0- ... ' ,K 'iJ x< ' 0 e 

B BOSIDIKaDl\e~ llpR aTOM BMeCTO llliTSrpaJIa E = Sde d J
)( d eCKOIt6'i 

!!9! c]MMe neperpynmrpyeM 'lJIeHH, SaMeIDUI 

t .8 - i- I . (I ' +~ , )
( " 1 l I'- (-1 J I< 2 c: 1.~2 d I< "-2 d' '" ,10 I 'u 1 > ) } I 

-{ -. ( -+ ...5, ' . { , , - ~c.' ~i ;+2'" + ~i. ;-2 ,,)
L ,o t '~K L ld ' ~ J ,I( 2 ) IJ I 10', 

.. ~ I~ -+. . -+ 

:$ i.,J , K t' l • 5 L.~ , 1(- 1 -- '2 :S c . ( -& ~,J >KtZ +- ~~. J , 1( - 2) } 


(5).... ~ .... ...". 

!.i. ,j-I,I< ·~i. -1)J, K----- ~C.· -!. L-1,j + " ,~ 7 

~ ..... .... ..... 

'&L 1'1 . d, .t' .-5i..j .... 14- - Sc ' -:';i. .. " d- ",K, 


.... -+ -. 

gl' - 1 i K • Be j., ,>( -- Sc. .g i. • 1 i +I K 
' U J '(I I JU , 

~ -.. t -1" i-I" -5L ~1 i K ~ c,' &,-, j'-I , I< 
)(' , ) U I I 

-. 
5~ 1 K-I • r~ J' - I I< 5" 1 i.,J-f,K ... , ? 

J. ' " 

2 

-+ -+ ~ '7 

:5<. J' " K -:5i. d' K+I ----+ &c.' -::>L J. '" «-1 

)' J I , • , 

t . . 't __ 7.g . 
t,j-', I< ~ L)j) I(+1 :::Ie:. lJJ+I ,I< .'" 

... - (5 ) 
-gl,J" , /(-1· ti..,j"f", K :l~ '-& i ,j-I, K- 1, 

g<' -I J' ",·1, ; 0<:-1 .sc·r i + 1 J' K - I 
I , loJ I , j , 

... .... ....,.. --
g 'J, ' • 1<11 '5'; +1 , J' ) K~SC ~l-1 'JJ' K+I , 

..... -iJ> ....... .....,.... 


~L>~.~ -1 ·~iH ,j.K ---+ 8,,- -&L+ 1,j,K'H , 

& . . ! . ~ 1 .!. ,
L-I,J,'" L 

J 
J) /(+'1 c: L-I,J,K. - 1 . 

B HTore SHeprHR CHCTeMH BSaHMO,D;e~CTB~ CllHHOB UpHHHMaeT BH,It 

CYJAfI>I n o BceM TO'lltaM peweTKH M(~,J, K) 

E L. {(3oi t 21j3)-J,.([C Il ({-t7 , j,K+ { -1,j,« +{ ,J+7,K+tc,J-<,K + 
M 

(6)
';t' (~~ ~ "' 

+ 8i j ,«" +- ~i . j,"' - 1 ) + Cnn !/,i+2.J . K + Be_<, j,« + ~i,j+2 , K +1)iJZ,K" 

+ -; . + t , ) + C ($ . + J . +-,g, . t s . . +~1..J,l( t2 L.,j,I<-2 ,.,d l.-1 ~ J-1' . K L- 1 ,J +/ , " L-f. f ,J-f ,1( 1.. + f J +1,K 
J 

... ... ... s ~ +~ .. +8 ., +~ , + 
L, j-f , J(-1 l,J-1,Ktl L,J+',K- r L, j t f ,t:+ 1 

.{.. t! +5 , +1 )]J
l-1 1 j,I(- -1 c..-1,j,I<+1 l. ~1}J .I<.-1 l+1)j,k'+1 . 

3,necb 

C rz. =O, !; 0{ +"y. , C r> n = - 0, S j>, end '= - J3 , 
en. C fl n . C f) d. - KO ~eHTll. XapaKTepRSymtHe COOTB8TCT

BeHHO BSaI1MO.I\e~!cTBHe dJIHlKRtiJIIKX COCe,lteit ( en. ) no O.ItHOH HS ocel" 

)( '<l r • CJI6,1l"YDlnlX sa 6.1l1Patbumm ( C11 It ) no STlIM OCRM lil 6JIHIaA
~ ~OC9.Ile l:t no .ItHarOHaJliIN ( end. ) B unoCKoCTRX M x~ , M;Jl lil 

~Xl • OTM9 THM, ~TO COOTHomeHHe aTHX Ko~eHToB oTpazaeT 611CT

poe cn~BHHe BHT8HCRBHOCTK BSaHMO,D;e~CTBlilR C paCCTOffHHeM M~ CllH

HBMR. npll'IeM B3Bl!MO,lteitcTBHe M~ 6Jl1U[a1!liImm coce.zvu,m xapaxTepHo ,It.JIIl 

\l?eppOMaI'HeTRKOB. a B3aID1l0,D;eitcTBWl n n.. K rt ct. - ,It.JIIl rurrID,PePPOM8I'

H9TRKOB. TaKHM 06pasOM. MOKRO paccMaTpHBaTb (6) KaK UO,lt~ uarneTRKa 
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C KOHKYPHPYJOmm.m tPeppOMarHHTHHM H aHTHqJePPOMaI'HHTRllM B3aHMO.n;eI1CT

BPlRMH . 

HSTPY.n;HO npOBSpHTl>, '{TO B TOM c.JIY'!as, KOr.L\a BCS CJ:Ilf.1lH ~ M n apaJI

JI9Jll>HlI , 3Hepr Wl E , BWmCJ1iieMM no 4x>p.1yJIaM (6), (7) , pcum a O. 3TO 

OCHOBHoe COCTORHHe , cooTBeTcTB~es ~ 3Hepr KH .n;JIR paCnpeAeJI9

H11l! CImHOB B CSKTOPS C HYJISBblM TOI1OJIOI'R'leC)(ID/! sapH;l(OM ( CM. HliiKe ). 

B 3TOM .lKe ceKT op s B MOAeJIH ( 6 ) , (7) BOSMonlO cymecTBOBaHHe COJll!TOHOB, 

c ooTBeTcTBYJOlIIlIX JIOKaJI:bRbIM MHHHMYMaM 3HeprPlH C E >0 . 

4. B c.JIY'!a e HsupepHBHNX oToopaxeHH~ Tpen~epHoro rrpOCTpaHCTBa 

R3 c TO~8MH Ha oecKoHe~ocTH, OT~eCTBJIeHHHMH B cRJIy r p aHH'lRoro 

YCJIOBWI { (00 ) =too , I too I =1 , Ha ccpep,J: S2 , TOrrOJIOrH'

~ecKHa 3apa.n; y.n;OOHO onp e.n;eJIRTl> CJIeAYDmHM 06pa30Nf~/ . 
PaCCMOTpHM CTepeorp a4M'!ec KYJO rrpoe~ 1<. 3 Ha c(\lepy S 3 C 

KOOPAHHaTaMH No Ct = 1, 2,3, 'f , L Nff.. " i , KOT OPM 
Q: J 

3anaeTca (\lop~JIaMH 

?x· 
Ni ::: f: R2 L '" 1, 2,.3 , 

(8 ) 
.J 

N :=.~ "'" X l R2 
~ L ,

'I 1 T Ri! 
L"1 

TaKHM OOPa30M, KaJK.n;0MY oToopaxe~ KOMllCU<TH~~OBBHHoro 
0 3 2 . :3 2 
'\ - S B3a14MIIO O.n;H03Ila 'lHO COOTBeTcTBy eT oToop axeHHe S ~ S . 

" 3BeCTHO, '{TO OTOOpaJi(elllifl :!,? ~S2. pa30llBa!OTCl1 Ha KJIaCChi C p83.ID!'l: 

HNMB SHa~eHIffiMH u eJlOtniCJIeHHOrO IU!BapMaHTa (HH.lleRc a) Xon\f!a H . 
KaROB ero r eOMSTpH'IecKJdI CMblCJI ? PaCCMOTplIM ,I03e TO'lKH A H B Ha 

c t;Pepe .<: 2 • IIpR 3a.n;8HEOM oT06p8.lllelmH f : S3 L S 2 H8 ecpepe S ·3 
r 1 V 1

Hli4 MoryT COOTBeTCTBOBaTl> npOo6Pa3H ( A ) R ( e,), 
rrpeACTaB.JIIIJCtIlHe c oooii 3BA1KJlyTHe ~IDllie , JffiJL'UOUlHeca KpRB!.IMH nOCTOIlHHO

ro 3Ra~eHHR. rrapaMeTp a ~ (i1 = OA , J.l = 08 ,SAeel> 0 -ueuTp 

C~pIi S 2 ) . OrrpSASJIM "Ko~eHT 3auerrJle1:lIDi" STHX KPHBllX, Haxo

~ SHa~eHRe H wmsKca Xomya. 
~~ ero BWmCJIeHHR. noc TpORM opzeHTKpoBaaayD nOBepXHOCTl> P r 1.IVIiI KOTOPOti ( A) RBJIffeTCJI rpaHKD;eli. H nOAC'IHTa9M a.n:re6paH'lscKJ'lO 

cytdMY 'IKCJIa nspeeellellldt STOa nOBepx:ilocTH KPl'IBoit :f -, ( B) (Y'Ufl'HBM 

HarrpaBJIeIme rrepece~elmJI lJI,.luI aroro, B CBOJO Ollepe.lU> , AOCTaTOllHO n OA

C'l1ITaTl.. CKOJll,RO p as A8.I:IHWt ( a 3t1allHT If KaJoudl) 6eCKOHe'IllO MaJIJli! 

3JIeMeHT ilJIOlQa,;IlH l:ia $2 , COAeplK~ TO'!Ky B ,"' npOXO.ItHTM" (c y-qSTOM 

3Haxa, OTpazaillQerO OpHem 'artmO) npH BSM8Hemm ap:ryMeHTa Ha lloBepxHOc

TH P • ,npyrm.m: CJIOBaWl., CltOJ!l.RO paa"3aMeTaeTCJI" e,lUlHl!1UiaH cqiepa :;2 

npH npo6er amm apryMSHTOM Bceit n OBepxHOCTR P . HMeH B BllJtY ynOMfl

UYTYlD B3am.myD O.n;H03Ha~OCTl> OT06palKSHID'l KOMIICU<THcJlWlKPoBaHHOrO 

4 

R3 __ S 3 , B Ka~eCTBe nOBepXHOCTH P MO.lKH0 B1i6 paTl> T aRlItS JIJ06YJO 
.n;oc TaTO'IllO rJIq.n;RyJO nOBepXHOCTl> B R3 , HaTRHyTYJO Ha 3aMKHYTYJO KPH

BYJO YPOBIDI n apaMSTp a r . TorAa 

H == f h.d S, 
P (9) 

hi. "0r f ijI< Co.Ce So. ((;j ~f, )('OI(Sc.) 

B03l>MeM B Ka'leCTBe P nJIOChJnD nOBepXHOCTb, JI8E~ B llJIOCKOCTH 

Ox ~ npOCTpaHCTBa R3
, orpaJllf'IeHHJXl HSKOTOpoil 38MKHYTOil I<pH-

BOH C. Tor.n;a d $ == (0, d x d z , 0 ) , h == ( 0, h if J 0 ) H 

1 f oge H - £ (10)-JiTt. SQ.(Ox S g)(dl.s c) d xd:r. , 
p 

IToxyqeHHo e Bup~eHHe COBI1a.n;as T ( CM., HarrpHMsp, / IO/ ) C ~OPMY~o~ 
Bll'IHCJIeHRH TaR Ha3HBaeMOro " 1Y.indi n g n umber " HerrpepllBHliX pacnpe:

~ z 
A9JleHIUl Tp eXROMIIOHSHTHOrO e,IUUIH'IHOrO BeKTopa 8 Ha llJIOCKOCTH R • 

5. IIJlI1 llepexoAe OT HerrpepHBHllX p acn peAeJISHllii BeKTopa I (x) 

3anaaaeMoro Ha R3 lIJIR R2 ,K paCnp SA8JleHIDlM J ( x) Ha pe

weTKe Tpe6yeTCJI ~aTl> ROBbIe onpeAeJIeHRJI If pa3padoTaTl> aJIrOpHTMH pac

'{eTa TOnOJIOr~eCKKX 3apa.n;OB C y-qeTOM ~CKpeTHOCTH psrueTKH. OHR .n;o~

HIi OHTb pa6oTocnoco6HllMli H B Tex c.n:yqaJIX, Kor.n;a .t ( x) pe3KO H3Me

/1eTCJI Ha paCCTOJIHRJIX no~a nOCTOi1HHO~ pemSTKH ~. B p a60Tax 

10,11/ 3TO OUJIO c.n;eJIaHO .n;JIR pacnpe.n;eJIeliHH Ha .n;ByMepHoH pemeTKs 

( Bli'D4CJIeHRS " Wi nding n umber " ). )].lUI Blf'UICJIeHWI mmapl!laHTa XOn

(\la Ha TpeXMepHOil pemeTKe BH6epeM nJIOC~ KOHTYP C ,COS~ 
y3JIH p SWeTKH C nOCTOlIHHHM 3HalleHHeM 8~ .ro B ImX ; HanplllMSp, 

r0 = t o. == (0, OJ i ) ,eCJll! rp8HK'lHble YCJIOBIIJI sa,na'lB SCTl> 


g- t-00 :; (0 ,0,~ ) rrpH R-- 00 (R 2 ~ X; + X : .,. X j ) . 

PaCCMOTpHM llJIOCKYJ) nOBepXHOCTl> P, HaTJIHYTYll Ha STOT KOHTYP 


C . He YMaJIJIR 06umoCTK, npe.IUIOJIOlmM, <ITO Ha nOBspx:iloCTK P BHYT
p l! KOHrypa C He COAepDTCR 3aMKHyTHX .1IlIHlUt YPOBHJI M8Hbms l! A.JIi1IW , 

coe~ y3JlH p emeTKH C TeM ae 3Ha'leHReM "& - "6 0 IIOBepxBOCTb• 

COCTaBJIeHa HS 3JIeMSHTapHHX KBBJUlaTHWt rpaHeit. B yr:ruu. ROTOpl>lX •P ..... .. ...~ 

JIBJUIDIlKXCJI y 3JI8MR pemSTRH. s a,naHli n o 4 CllRHa ( S1 , 3" , BJ, &" ) • 
~ ansMeHTapHHit KBBJUlST p aaOBB88TCJI Ha ;ItBS TpeyrOJIl>Hl!Ka. ECJIIII 

IJOMeCTHTl> Ha'laJIa BCSX BeKTopoB;! B !:tSHTP e,IUDUI'Illoit ctpepli ;1 Z , 

Ha Hail B03Hl!KaeT CeTl> npm.lllK8lXltHX ,lJ;pyr K JJ.IJYI'Y c q>ep.;!'iecKI:IX TpeyrOJIl>

mmOB. WII'e6paIftIecRalI cywa nJIOIlla,u;ait ItOTOPliX S Onpe.n;8JII!ST B6JIiIlIRlJy 

He J!.JIR p eIll9TO'lllOrO pacnpeAa.neHBJI no 4x>llMY.Jle HI '" $ 1'IX (OM SS 

n o.n;p06Hoe ooc~eHHe ~oro BJIrOpRTMa CM. ~Io,II ). ~ BY'lBCJleHBJI 

5 
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llJIOmCUUi ctl>ePl1'IeCKOrO TpeyrOJlliHHKa Ha S 2 , lIOpOllU(eHHOrO BeKTOpaMH 

8, , :s 2 , ~ 3 no ¢OP1'\yJlaM 

A :: 0<', + eX;: -I- eXJ - x , 

d~ = M...!- CO~ ( a ;:QJ / 1a2 Io {Q :;, I) , ( II ) 

ex 2 -= au. co--5 cl~ .6 / 16, I · Il J I ) J3 

at.3 '" aJU CO-5 (C, . C 2 / l ei I . l iS 2 I ) , 

( oL 1, 0( 1. , 0{ .J - yrJllil c¢ epl1'IeCKOrO TpsyrOJlliHlfKa , COOTBe TCTIJY1!lmHe 

KOHl{aM BeKTopoB 81 ) 
52 , r3 ), MIl RCnOJlli 3YeM CJJs~IItile BeKTOpb!: 

--:!II- -+ ~ ....... + 
()" z = -:":2 - 5 , (5 , ' 5z ), 

a = 13 (5, . ~L ),
3 

- J1 

l1 :: ;5, - J", (5, tz ), (12) 
->

g3 -= :53 - 1:z ( :[3' J.d, 


C, := .1, - 73 (I, . L), 

-+ ~ J ~ 

C 2 =1R. - h(~·:53). 

~OPMYJlliI (12) n03BOJIiIDT, B OTJilPllie OT aH3J.!orH'llIHX CPOPMYJI pa6o
/ II /

Tll , BIilIOJIH.flTb paC'1eTb! H B c JIY'UllIX , Kor~a, HarrplIMSP, ( 1" f 2 ) = 0 0 

6. ~ n~8HHH Ra pemoTKe TpeXMep Horo TOnOJlOraqeCKOrO C~

TORa 3~anKM Ha HeH Ha'1aJlliHOe paClIpe~eJleHae ClIHHOB, HMeDmse H]ZHHH 

Ton~O~ecKR~ 3a~ He . B ~aHHOH pa60Te MH OrpaHR'1KMCff c~aSM 

He =i . 3aT8M 6y~eM nOO'1epeMO .l!.3M8lUlTb CIllI.lill B Y3J1ax paccMaT

pKBaeMo~ perneTKH TaK, '1T06b! MRHHM.I!.3.1!.pOBaTb SHeprBD B3aHMO~sRCTB.I!.ff 

.l!.3MeHRSMOr O cmma C 3~aHHliM.I!. CIIIDlaMl!! B coc e.n;HHX Y 3JJax ( CM .c!JoPMYJIH 

(6 ),(7)). ilPH aTOM KH,n;eKC He pemeTO'1HOH KOH~PauKH M~eT,BOo6ms 
r OBopa , R3MelUlTbCff, HO MOEeT H COxpaHffTbCff BllJIOTb .n;o 06p aaOBaHHH Ha 

pem9TK9 COXHTOHa - JlOKaJJ.l!.30BaHHOrO B npOCTp~~cTBe pacnpe~eJJeH.l!.ff 

c mmOB, COOTBSTCTBYBJIlIerO MHHHMYMY E ( eM. ( 6) , ( 7 )) IIpI! ~aH.~OM 3Ha

'1emm He 

B Ka'1eCTBS Ha~aJlliHO~ KOH~~ cmmOB 6~o Bb!6paHO pacrrpe

,ll6JJeHRe , onpe~S.JIffeMOe B Y3J1ax pern8TKH g;OP'tIYJl8MH: 

(. 

Sx = 2. ( 111 N'f + Alz NJ), (13) 

Sy = 2( N1 ,vJ -N2 #¥) , 

N2 2 IV 
1 
Z /1 2Sr, = 3 + N~ - - ~ 

( >(= X, , ~ = x ? , l " X3 ), N, , Nz, N:;, 3a,naHb! COOTHOmellllffMH ( 8 ), 

B KOT OPIlX x ~ ~ K n L ,r~e 1(. = 0 ,±1, ±:G.... - ueJlO'DllCJleHHHe KOOP

,lI,HHaTH Y3.JIOB peIlleTKH C pac cT omm8M M~ y3JI8MJII a ~ 1. ,napaM8Tp 

I< pery.IDIpyeT paaM8p JlOKaJm30BaHHOrO Ha'1aJlliHOrO pacnpe~eJleHRff. 

Ha OCH O X3( x, =Xl, = 0 ) SZ " NJ2 + N~= i (T.K. N/+Ni. ~ o, 

a 1; /'I,{, =d ). JIPI1 R-+ 00 t --+- J = = (0, 0, :i) • IlO STOMY' 

Ha BHeIIIHeH rpaHHUe HCnOJIb3YeMOH npl1 '1HCJleHHOM HCCJIe~OBamm KOHe~HoH 

06JIaCTI! 3a,n;aeT CH rpaHl:f'IHoe YCJlOBHe '8 = ;roo = ( 0, 0 , 1). B Ka 'leCT

Be KOHTypa C ( CM. nyHKT 5) e CTeCTBeHHO B~6paTb n paMoYl'OJIbliH! KOHTYP 

B nJIOCROCTH OX~ (HJllI Oy?:) , lIpoxo~JllIIHii n o OCM 0 ,&11 BHeIllHsii rpa-

HHlle paC'181'HOfi 06JIaCTH. l1H.n.eI<C XOlIq)a pacnpe~SJIeHIDl (I3 ) Hp = i . 

JIOJIY'IHM I];lop.1yJIY , onpe~e.JUDOmylO 3Ha'1SHHe Cill'IHa .sN B npOH3BOJlli 

HOM Y3JIe M ( Yl. ~, rZ z , n J ) KY6l1'lSCKOHpelIIsTKH Nx xNy xNr., 
npH KOTOPOM ero sHeprIDI B3aRMO~eaCTBIDI C 3a,naHHIiM l1~eM ORPYE8lIIlIIX 

CIlliHOB MHIDlM8JlliHa. O'1e BH,n;H0 , M11HIlMYM' ~OCTRraeTCff, Kor~a 8"" napaJI

JIeJIeH BeKTOpy Senv B KB~aTHIiX cKo6Kax B ~oPMYJIe (6). rrO~TOMY, 
Y'DIlTI:lBaff, '1TO I ~"" I = i ,HaxO~HM : 

! = S,!nv :: [ en (. ) + en n ( . ) + e nd (. ) J (14) 
:.4/ IS envl I CCn (') + Cnn C ) +C nd (-) ]i . 

IToCJIe,llOBaTeJIbHOe rrpox~eHHe BC9X Y 3JlOB peWSTKH C 38MeHOH CIlli 

Ha ! ,., no tPop.1yJle ( 14) 6y~eM Ha3l:iBaTb E:TSpaIl)1ett. JI0.n;'1SPKH9M, '1TO 

nOCJIe~OBaTeJIbHOCTb ClIHHOBllX KOH(j;MrypaIl)1~ , K~aa H3 K OTOPI:lX n~

'1aeTCff 1'13 rrpe~eH 38MeHoR 3HCl'1eHRff TOJIbIW O;IUioro cmma ~ 
nopOllUl;aeT , MOHOTOHHO y61iB!IDI.IlYD nOCJIS~OBaT6JIhHOCTb 3Ha'leHHt.i aHSprKH 

E ( CM. (6) , ( 7), ( 14 ). 

1lifCJISHHOe HCC.JIe~OBaHR8 TpeXMepHlDt 3a,na'1 Tpe6yeT 31ia'1HTeJlliHblX 

BIi'1HCJlHTeJlliHl:lX peCypcOB - llaMffTK H Bp 8M8HR c~eTa 38M. C ~6JIh~ MX 

3KOHOMKH MN 6y~eM npOBO~Tb paC'1eTI:l, rrp8~nOAaraa CJlS~ CHMM9TP~ 

peme TO'lHOrO COJIHT OHa OTHOCHTe.m.HO IIOBOPOTOB Ha 900 
BOKPyr OCH Ot! : 

8 " --+ 5::! ' 5 y - - s, , .f2 ~ ~ t. ( TaI\8R CHMMeTpM .ffBJI!i8 TCff p emeTO'l: 

HI:lM aH8JIOrOM oceBOU CHMMeTp.I!.R OTHOCHTeJIbHO nOBopOTa Ha lIpOH3BOJIbHN! 

yroJl, B 03MoaHOR ,llJIff HelIp8pHBHHX pacnpe~eJleHRM ). 3To n03BOJIffeT B 4 pe

3 8 YMeHbIIIHTb TpeoyeMHil OO'heM naMSITH 3BM (CM. pHC. I, Ha KOTOPOM Haod

P8119HO C8 'l811lil6 pemeTKI! llJIOCKOCTbJ) 0 )( ~ ,nepn8~.napHo~ OCli Oil! , 
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KpeCTID(~f OTMe~eHU y3~ peweTKH, CITRHH B KOTOPUX paCC~THB~TCH B'y 	 21 ~c~eill IOM 9Kcnepm~eHTe). B ~aHHO~ paOOTe HcnO~3Y8TCR P8W8TKa:0 

.. 	

N.: ~ It{ .. Ny = 15" , Ncr. '" 19 .t ~ \\ \ \\\\\\\'x\ 
" x x 1x \\\\.\.\.\.\.\.\c 	 PasMep CO.'lliTOHa CJI8.l(,YIOilU'IM oopa30M 3 a!lliCHT OT llapaMeTpOB cl H ft : ,x " '-' ""'- Vj I~' . PaC'i8TIi IlpOBO~Ch IlpH nOCTOilliHOM 3Ha'i8HIDl c(: = 2~ \ \"x'x'x'x'x'x'x"x'x\' 

0 ~. \x \'x 'x~~~~'x~"x"x\' il ,IOlyx 31Ia'leHl'lffX ft : j = I, 5 H j3 ~ ro. IIapaMeTp Ha~~HOI'O 

lc 'x 'y,'-x--.......:--.......:~~~~~~'x pacnpe~eJleHHR K 6wr llliOPaH PaBHliM 0,3 . PaC1lp8~eJIeHHe .sx H S i'. 

). )c")(~---..-......,.-....,.~~~~~ rrpoeKUaH CITZHOB Ha pewsTKe B IlJIOCKOCTil OX~ Ilepe~ rrepBoH HT8p~eM
l J.: -><->< .. ~ ~-......,.-....,.~"-x~~ rrpe,!(cTaBJI8HO HU pHc. 2 (KpeCT:r.fla:1 03Ha'i~T, 'ITO S ':! ~ 0 , TO'IKH 
, ,., f-;X ~-......,.,-><"-x"-x~ 5 \) <: 0 ). 3BOJrJOJ..(M pacnp8,!(8JIemrl! CIDIHOB IlpH ~BYX yxa3 aHHliX j> 

PRC. I. /,-~ !/~-......,.~~"-x~ Ka~eCTB8HHO OT~aeTCR.o ~'\ !/~-......,.'-><~"-x~ 2: 	 IIpH P= I . 5 3Ha'IeHHe H€ =: i COXpaHReTCH B .T8'!8I-ll1e I99 HT8pa./" \ ! / /"'------:-........-........ -........ "'
~M . Pacnpe~aneHHe CITHHOB Ha p erue TKe B nJIOCKOCTH Ox r. Ilo~e I98 

/ - I / / ---------............-........-........ " "'  HTep~li H300paJKeHO Ha p HC. 3, OTp aJKellli ROMIlOHeHThl S" H 3 ~ ) 1 ____-----............-........",, "' 

\\, ....... --........... .......................-........-........" ,,"-" KpeCTRKOM rrOMe~eHH CIDUlll , HMSlOllIHe 5 ~ >,. () . TO~KOn - S ~ < 0 • Ha 

\\ \ '.-.......'-....'-....-........-........,, " " "- ""- 20G-il HTep~ IlpOHCXO,!(JIT :H3Mel!eHHe He , B ~~HeJ1meM lie = 0 

\ \ ,""- '-.... '-.... '-....'-.... '-....'-.... ""- ""- " 3aBHC~rOCTh 9Hepr HH E OT HOMspa HTepauKR rrpHBe~eHa u a pHc . 4 . 

~ \\ " """"- ""- ""- ""-""-""-,, IIOCJ1S llepexo;Ita B ceRTOp C HYJI8BUM He CHC T8Ma CDliHOB OIiCTPO 3Bo
PHC. 2. ~ 

JJIO~oHKpyeT K O.IU!OpO~HoMy pacllpe'!(eJIeHHlO I HMelOlI\eMY E = 0 • TaKo!! 
\.1 \\ \ \ " " " " " " " " \.\ \\\ \ \\\\\\ 

pe3y~TaT pac'!eTOB Ka'leCTBeHHO oO~CHR8TCR cJIe.!tYlO~ oopasoM. o~

;u,aeMJ,ri;t n o ollem, e L ~Vjl" xapaKTepmHt pa3Mep CO.JlliTOHa J., ~ i 
T. e . t rropii,UKa paCCTORHHR M8lIU(1 O.!IIDKa.H!J.wMH Y3JlaMH pellleTlW, TaKZt 
'ITO 3Ha'ieHllii CrrRHOB B coce,zumx Y3Jlax MOI'YT CHJlhHO OT.1IIf'IaTbCR, n o 

~ PHS 3. H HOOJID.D.aeTCR rrpH p ac'!eTax Ea 813M (CM. p Hc . 3). II0 9TOMY IIpH ,. = I ,5 

Ha pemeTO'IBHe pacrrpe~aneHHR He~3R rrspeHocHTh BHBO~ n .2 0 cymecTt ~ ~ 111 1j ~ 
~ 7 

1~ 
BOBaHHR COnRTOHOB, OCHOBaRHHS Ha paccMoTpeHKH HerrpepHBHHX pacnpe~e;} ~ ~~ 1;1 
~SJIDH, 'ITO B nO~TBep,!(HJlOCh B paC1JST8X. 

1 11111/1 IIpH J = IO ~asMIi}1 paSMSP COJIKTOHa B {20!3 x 2 ,6 p as o().1lJ,we.///////* -).. PHc . 4. 	 n 08TOMY 3BO~URH p emeT01JHHX pacrrpe~e~eHHM M~ST HMSTb 6QJlhwe CXO~CT//~~/// I .jl 
Ba C 8B O.IDOIJ;Keu HerrpeplffiHliX pacnpe'!(eJJeHitiL .neHcTBHTs~HO, pac'!eTll I!a/~":II.j .j 
3&\1 nOKa3aJlH, 'lTO B npou ecc e MillIDMHSal\ID1 3Hspr HH E TOnMOI'R'lecKWi ~"-....*-)t-><,(I' 

X tE 	 3apH.!l He coxp8Hlle 'l' CH B TStJSHB9 Bcsro BpeMeHH C'ISTa (2650 KTepa.IJ;K!) . Of \ ~ '\ x.. ,... )(' ,( .j , -+ JI6' 
SaBHCl'IMOCTb sueprwr OT HOMspa RT9Paumt nit KB.'l9CTBeHHO H806p8l!e/ f>f ,.,xi.J. 

. ~_ ->< >< :I: :.t .J. .J. Ha Ha p Hc.5. Sa 2600 XTepauHH YCTaHaanHBaeTCH rrOCTOHHHoe 3H3'!9HEe 

ui 	 E = 679 (OTHOCHT9~Hoe H3M9H9HR9 E 3a OAllY HTepauHD MSHhID9, ~eM 

2 ,5. I O-5), cooTBeTcTBYJOU1s8 ~ SHep nID E rrpH /-Ie ~ i H llpHWlTWt 

I'pa.Hif'lllHX YCJlOBHRX t onpe,!(eJllI9MWC B1i6paHHoi! CHMM9TPHeil pacnpe~eJJe..I:!ltii 

14 YCJIOB.IffiMH rrpl4 R -+ DO . YCTaHaBJIJ1IBa9TCH cpe,ItHes SHa'!eHlIS KOMIIOHSHTbI 

S1 n o p aCCMaTpnasMo.i1 C.I1CTeMe CromOB : <S~ot = 0,827; cp s,ItHse .,'[ "- '-=0.\rlllr 
3HatJeHEe 3HSprIDi B pac'!8Te Ha O,Itl'Ilf cmrn t. :=. E / Ncn =: 0, 110 . 

o 	 ~ 200 ~ 
Ha pBc.6 rrpe,!(c TaBJlellli S" R S ~ KOMIIOHSHTH c mmOB COJIHTOH

! 
HOI'O pacrrpe~sJIeI:!IDl. HaxO~CH B y 3JI8X llJIOCROCTH Ox i! ( KpeCTHlOl 

8 	 I) 
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t5/()H E 

'---~----
flit. 

• • " •• I , • I t I I , •• 

5 (0 20 60 ~o llq I«J (oj 2-1<1 2fW 


PHc. 5. 

Z! 

lI~ ~ ~ ~ ~ ~ I I 

/// //// 1 //1 
, / / / // // 1// 

\ I ~ /'./"//// / / /!
\ '- - -----/.// / .j 
'\ _ I \ "-_--///1. 

Ot"- / ~ \ "--...~/Il\.-~ \ ,-~/Ill J x 

\"'_ ,,-.r// ll 

l' '" ><-,..-~,/II . 


!1IIIIIf 

PIlC. 6. 

COOTB9TCTBym 5'J ~ 0 , TO'UQ! - S \I < 0 ). OTMSTBM, 'ITO lloJIY'leHHM 

COJIHTOHHBR KOH~auHR HSCRMMe TpR'lBa OTHOCRTeHbHO cpe~on llJIOC

ROCTZ OX ~ . Ha pHc.7 R306pazeHli CIIHHI:l B YSJlax , 'lspes KOTopHe 

npOXO,IU!T 6zcceRTOpRaJlbli8li llJIOCKOCTl> 0 l t, • .n:ElJlIilIlM IlOnOJIaM yrOJl 

Al9Z,ll;y llJIOCKOCTHMK Ox ~ R 0 Y"t. ; oTpalleaa TaHrSHURaJlbHM COCTa&

Jl.IIIllIlM J to = ( -:s)( ext- 5 'j e ...N.f2' (Kp8CTRKH OSHa'l8.lYl', 'ITO S" >0 • 
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Z\ Yt 

x x x x x x x x x x x x x x x 


~ ~ * * * * x x x x x x x x x
f I ~ ~ ~ ~ I I 
 k k k * * * * ~ ~ x x x x x x

/ //1 /1// . 
/ 1///1 I 
 t ~! *1 !l*1 : : : : : : : : : 1/ / // // 1;1 \ J ~ i i ~ ~ x x x 


1// ..____///1 ~ J J ~ i ~ ~ ~ x x
'\ ! LJ uu .. .\ . -----/// 1. \ \ 1 .J.ij.j'll' '' ~){ XX
,,---~/Ill. 
\\ \ I jll./,('x'X ){xXJ"-.

'\ 

/
I 

\ ,,-~/I e,. ~ \ I / / //./,('x'X )( )( x
Of--.- / i ,~/I ~ 
I 'It :If X
1 / / //x'"}(' 'I("1""/' f "-.. -.,;"/ I x. 
 \ I .

/ ///)("'1(" 'It x
\.:- "f x.. ,..-//1 1 j £~ - :If 

/ /" /,....--.,;")("""",..- 'It :If x
1
 ~~I :x./' //..........r,..-,..- ... :If
o - x~ 

lllfil 
hrC. 7. PMC . 8. 

r;n;e r; ,f"{ s~ - s)() / V2 ,TO'llW - S n -( a ; Bce paCCT OIIHWI 

MelI,IJy ywraMll n o HanpaBJISmm 01, YMem.WSHhl 1l (2' paa ). Pacnpe;ne.na-

HlIe cnllHOB B ywrax Cpe,ItHHHOR IlJIOCKOCTl! 0 x ~ rrpe;n;CTaBJISHO Ha pRc . 8, 
r;n;e J,1306p8llteHH KOMllOHeHTlt Sx J,1 S~ (KpeCTIUO! cooTBeTcTBYDT S t~OJ 

TOtIIm - S~ < 0 ) . BIiWlO, 'ITO npH y-BeJIKtlSHHB R. Raprwm p acn:pe;n;e.na

HKH CnHHOB np~d~eTCH K oceCHMMeTp~oR. 

CparursHlIe pesyJlbTaTOB paC'leTOB IIpR .p = 1.5 l!! .p = 10 nOK8.3H

Bap.T, 'ITO. IIo-Bll,ltmIOM;y. npR j> =0. T . e. B PS1JI8T01UlOM BapRaHTS MO;n;9J1:H 

r ei!3sHdspra (1) ConETOHHHX pemsHHM HST (KaK H B HsrrpepHBHoA Mo;n;snB) . 

COJIRTOHI:l B09JmRalDT JImIIb npH ]"leTe IIOMlllMO B3a.RM0;n;sitcTBID:I dJllataibmDc 

coce;n;el ( en.. ) B3aJI!Mo.n;eitc TBHit co CJIe.DYJllllHMH coce~ ( C"" H (' ,,«) ; 
B ;n;amloR padOT8 pacCMoTpeH ~au KORKYPRpyumKX B9aHMQAelcTBHR 

( Crl >0 Cnn .( O. e nd <0 ) . Halr\eHRoe B ;nBHHO! pac!oTe JIOKaJm

30BaHHOe pacnpe;nSJIeHHe CnHHOB - TOIIOJIOrK'leC~ COJIBTOH - MOZST rrpe;n

CT8BJl!ITl> coooi! JIO:KaJIbHhlit MHImMYM ~OHaJIa 3Hep I'RH npH 3a,I\aRHOM 

He = i • II03TOMY HCCJle;n;OB8Hl'1Il npO,nOJll!8JOTCH. 
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11",.:11,,11\1'11.1 '1 " 'v'II : IIII1H "I'JI!II!1,H'I\'IIH:KI!X CUJ1H1'Oli01l Tpex
KOMllOllfl Jl'I" IIJI 'O II,:!<I" 'I"'"I',) 11,'JlII nIi), "1l ... . 1. 4 -I ,2,3,lIa Tpex 
MI.! pit 011 IH~ IIII: ' I ' '''O. I'II'IP,lliilTl,III.II'Tt.:1I IJII'UpWI'M MIlIIIIMII1iU.\1II1 pa31l0CT
ItOl'n :III IIJIUI ' 11 ', l lJl;1 'iJl.·111'1I\1~Ylllo\lllm

,,; - O.1i " u <-fL)I' I (j l_~22 )Id:\r.: 
1111 111 

II nOJlY'lt'lIliOll ~IUJ~l!.IlII IIHeIU'.' MI!~'J'O KOI "'YPIIPYIQIIUttl llIuPPoHal'HliTI-lble H 

,JIITlIIII~f'PUHi\l'1I11"II"W n ~HLltMOA\:!ficT1UlH KJlo.l(~ (: 1!4CCKIiK CIUIIIOll. pacnono
)l(UIIHLoIX II Y3JI.:1X JlCWe'l'KI1. PIl3UH" HeTOA 1lhl'I!ICJIt'HIIH 1'OnOIlOI'H4eCKOr 

gapHAa /III1AeRca Xon.pa H I AJlH TpeXMepHWx pellleTO'lHblX pacnpeAe
neHHH cm1110B . nOKasaHO, '1.1'0 B npo~ecce ttJlcneHHol1 M11llHMH3at.UiH 

!Hlepnm 	TOn0J10I'HtteCKHH 3apHA npH f3> f3 (a) coxpaHR:eTCR , H BOS
er 

HHKaJOT TOnOIl0I'lflleCKHe COJDiTOHhl C sa,a.aHHhlM 9HaqeRHeM HHAeJ<:ca 
Xon~a , 3TH COITHTOHbI HBJ1H~TCR: YCTofiq}tBWMH. XOTR He 06R:SaTenhHO 
COOTBeTCTBYWT a6conIDTHOMY HHHHMYMY E npH Aru!HOM H . 

Pa60Ta BbUlonHeHa B naoopaToplfH BbNHCJ1IiTeJ1bHOA TeXHRKH 
H aBTOMaTHsa~HH O~qH . 


CooO.eHHe OO~eAKHeRfloro HHCTHTyTa RAep~x HceneAosaHHA . ~yOHa 1985 


nepeBOA O. C . BHHorpaAoBoH 

Bogolubsky I . L. P5-85-482 

Three-Dimensional Topological Solitons on the Lattice 


Topological' solitons of the three-component vector fie l d 
s(i), 8&80.=1, a = 1,2,3, defined on the three-dimensional 
lattice 	are investigated . He elaborate the minimization me t hod 
for the 	discrete analogue of the energy functional 

as 2 a2g .3
E =0,5 ( l a(-) + f3(-

2 
)]d x ; 


aXm ax
m 
Corresponding discrete model describes competing ferromagne
tic and anliferromagnetic interactions of c l ass i cal spins, 
localized in the cubic lattice sites. The method is developed 
to compute topological charge (Hopf index H) of three-dimen
sional lattice spin distributions. He show that this topologi
cal charge is maintained during the minimizal ion process ilt 
{J>{:je (a) and topological solitons with given HopE index 
arise~ These solitons are classically stable, although they 
are not sure to correspond to absolute minimum of E at given
H. 


The investigation has been performed at the Laboratory 

of Computing Techniques and Automation, JINR . 
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