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I. ct 

HcTop1,14ecKH 11CHHTeTH4eCKHe rpaHH4Hble YCJ10B1-1.R 11 enepBble B03HHK­
JlH B 3aAa4aX ceHCMOJlOrHH, KOTOPble CTaB.RTC.R B HeorpaHH4eHHblX 06-
JlaCT.RX. np1-1 4HCJleHHOM peWeHHH HCXOAHa.R 3aAa4a 3aMeH.ReTC.R 3aAa-
4eH B orpaHH4eHHOH 0611acT1-1. AHanorH4Ha.R CHTya~H.R B03HHKaeT Baa­
Aa4aX aKYCTHKl1, rHAPOAHHaMHKe, a TaK>Ke npH pac4eTe KpynHblX ¢1,131,1-
4ecKHX YCTaHOBOK, rAe npl-1XOAHTC.R 1-1MeTb AeJlo C 04eHb 6011bWHMH 
0611acT.RMH. B CB.R3H C 3THM 6oJlbllJOe BHl-1MaHHe YAeJl.ReTC.R nocTaHOBKe· 
MaTeMaTH4eCKl,1 o6ocHOBaHHblX 11cHHTeTH4eCKHX rpaHH4HblX YCllOBHH 11 /l-31. 
B npeAllaraeMOH pa6oTe All.A BHewHeH aaAa41-1 A1-1p1-1xlle cTaB.RTC.R 1-1c­
KyccTee~Hble rpaHl-14Hble YCllOBl-1.R, KOTOpble no3B0ll.R~T COKpaTl-1Tb o6beM 
Bbl41,1Clll-1TellbHOH. pa6oTbl npl-16llH3HTellbHO B CTO pas no cpaBHeHl-1~ 
C pac4eTaMH, B KOTOPblX rpaHH4HOe YCllOBHe nepeHOCHTC.R 1,13 6ecKo­
He4HOCTH Ha KOHe4HOe pacCTO.RHHe. HcclleAOBaHa YCTOH41-1BOCTb B03Hl-1~ 
Ka~~eH KpaeBOH 3aAa4H, KOTopa.R aaTeM annpoKCHMHpyeTC.R Cl-1CTeMOH 
paaHOCTHblX ypaeHeHl-1H. noKa3aHO, 4TO All.A peweHH.R nolly4alOll\eHC.R • 
Cl-1CTeMbl lll-1HeHHblX ypaeHeHHH xopowo nOAXOAl-1T eapHaHT MeTOAa npo­
roHKl-1 A6paMoea-AHApeeea 141 • 

PeweH1-1e saAa41-1 A1-1p1-1x11e BHe eA1-1H1-14Horo Kpyra 1-1MeeT Bl-1A 151 

u(r, 0) = _l_ f (r 
2
-l) f(0 )d0

0 217_ -rr (r 2- 2cos(00 -0)r+l) 0 

1 " np1-1 r ➔ oo peweH1-1e cTpeMHTC.R K npeAeny u O = -
2 

I f(0) d0. 
1T -1T 

nycTb BMecTo BHewHeH 3aAa4H A1-1p1-1xlle pewaeTc.R aaAa4a e KOllb~e 
1~ r ~ r 0 , u\r=l = f(0), ulr=r = u0 • nocMoTpHM, KaK1-1M AOll>KHO 6b1Tb r 0 , 

0 

4T06bl OTHOCl-1TellbHa.R norpewHOCTb He npeBblWalla 1%. MaKCl-1MYM Mo­
AYll.R peweH1-1.R 3aAa4H A1-1p1-1xlle ~ocT1-1raeTc.R Ha rpaH1-1~e. HaAO noTpe-
6oeaTb, 4To6b1 (2ro+ 2)/(r0 - 1) < O,OL OTC~Aa ClleAyeT, 4TO 

r O > 101 + ✓ (101)2 + 199 > 200 ! nocM0Tp1-1M, KaKHM YCllOBl-1.RM YAOBlleT­
BOp.ReT np1-1 r=r 0 T04HOe peweH1-1e eHeWHeH 3aAa41-1 A1-1p1-1xlle. HMeeM 

lt!_ = ll1_ = _1_ I f 4r f(Oo) d0 o 
an ar 2rr _ 77 (r2+ 1 )2 2r cos(0 0 - 0) 

1T 

J 
-1T 

(1-
r2 + 1 

2(1- r 2) f(IJ 0) cos(IJ0 -IJ) d/Jo 
I

T 

(r 2 + l) 2 ( 1 _ 2r cos(IJ0 -0) ) 2 

r 2 +1 

l1':-~·-.... ,;_.,:-;:~,:~~~ryt \ 
J 1~.~'.'.\!r'?:~'.}'·1

' <,! C .S2~.~Gt;;!St~j ' 
; r~· I 

+ 

1 



·2 . 11 2 2 sin 2(0 - 0) f(O o) dO o 
0 .L!!.=...!..t f(r -1)~ 

ao 2 211 -11 r 2 +1 (r 2 +1) 2 
(1 - ~ 3 

cos(0
0 

- 0)) 

11 
r2 - 1 2r - f (--)- cos(O -0) 

-11 r 2 + 1 r 2+ 1 ° 

0TCIOAa nony4aeM 

~= r
2
-l a2

u +o(...!..). 
ar r(r 2 + 1) ae 2 r 3 

· r2 + 1 

f(00 ) d00 
_________ ,_ 

(1-~ cos(00 -0))2 
r2 + 1 

PacCMOTPl-1M aaAa4y B KOJlbqe ~ l-1CKYCCTBeHHblM rpaHl-14HblM yc11os1-1eM 
Ha BHeWHeH OKPY)!(HOCTl-1: 1 ~ r ~ r O • 

iii = f(O), 
r = 1 

l.!!..1 
ar f = f O 

1 a2 ii 
r ao2 • /1/ 

nony41-1M oqeHKY YKJlOHeHl-1R peweHl-1R aaAa41-1 C 1-1CKYCCTBeHHWM rpaHl-14-
~WM yc11os1-1eM u OT T04Horo peweH1-1R sHewHei1 aaAa41-1 A1-1p1-1x11e.OAHo­
speMeHHo 6yAeT AOKaaaHa YCTOH41-1BOCTb nocTaBJleHHOH Kpaesoi1 aaAa41-1 
C l-1CKYCCTBeHHMMl-1 rpaHl-14HMMl-1 YCJ10B1-1RMl-1 B c. PeweH1-1e Kpaesoi1 aa­
Aa41-1 

1 a a - 1 a2 ii 
--r-u + - -- =0, 
r ar ar r2 ao2 

ii I = c<o>, aii I 
r = 1 ar r = r 

0 

1 
=-

r 

1 ~ r ~ r 0 

a2u 
ao 2 

1-11.11eM s Bl-1Ae PI1Aa no co6CTBeHHblM C!>YHKQl-1RM: 

u(r, O) ,=ylnr+ A
0 

+ efi (Af rf +A-f r-f )cosfO+(Berf-·B_fr-f)sinW. 

Ha nepsoro rpaHl-14HOro yc11os1-1R no11y4aeM c1-1cTeMw 

1 11 

Ao = - f f(O) dO = Co • 
211 -11 

1 71 
Af + A_f = -;- f f(O) cosfOdO = Ce, 

-11 

1 71 • 
Bf - B_f = -;- f f(O) sm f(Jd(J =sf• 

-11 

e- = 1, ... , 00. 

Ha BTOporo rpaHl-14Horo YCJ10B1-1R noJly4aeM AOnOJlHl-1TeJlbHYIO Cl-1CTe­
MY 

2 

f" 

' F< 

1.I 

'I' 

Y ~ n (A f-1 A -f-1) no n(B f-1 B -f-1) . no r + f : l L f r - -f r COS L + L · fr + · -f r !lllh = 

= - .L £ f 2 (Anrf+ A nr-f) cosfO + f 2(Bfrl -,B nr-f) sinfO; 
f f= 1 L -L -L 

· · l l 
y = 0, Ae(f +l) r

0 
+ A-e(f -l)r~ = 0 

f -f ,Bl (l + 1) r O - B -f (f - 1) r O = 0 

OTCIOAa 

u = c
0

+ r-1(c 1 cos() +s 1 sin0) + l
2 

r-f(cfcosfO + sfsinfO)-

oo • (f ) -f 
-f~ (rf- r-f) (cfcosto + srsinfO) .-

1 
• r 

= 2 [(f + 1) r ~ - (t - 1) r of 1 

PeweH1-1e 1-1cxoAHOH BHewHei1 aaAa41-1 A1-1p1-1x11e 1-1MeeT B1-1A 

u ""c
0 

+ i r-f(cf cosfO + sasinfO). 
f= 1 r. 

OqeH1-1BaeM norpewHOCTb: 

I 
-

1 
I 

00 

r r t-1 u - u < 2 max f(O)I • ~ (-) (--) 
- 0 t =2 r0 f +1 

r-l 
0 < 

r-2 
(1 - (.!...:.!..) r -2f ) 

l + 1 o /2/ 
0 < 2 max lf(O) I 

() -1 1 (1- r )(1 - -) 
o ar4 

0 

6w111-1 1-1cnOJ1baOBaHbl ABe 3JleMeHTapHble oqeHKl-1: 

11 

.!... f f(0
0
)(cosf0costo

0 
+ sinf0sinf0

0
)d0 0 ~ 2max lf(O)I 

11 -11 () 

f - 1 -2£ • . l -2 f- 2 
--r > -- r np1-1 
f+l o l+:t o 

2 f(f + 1) < 2 r > ------ • 
0 (f - 1)( f + 2) 

Ha /2/ 1-1 HepaseHcTBa !iii < max lf(O)I cneAYeT ycToi141,1socTb paccMaT-
0 

p1-1saeMOH KpaeBOH aaAa41-1 /1/ B paBHOMepHOH MeTp1-1Ke. np1-1 ro = 20 
se111-141-1Ha s noaeoii 4aCTl-1 /2/ He ripesocxnAl-1T 0,01, max lf(O)I, · OTHo-

0 
Cl-1TeJlbHaR norpeWHOCTb He npesocXOAl-1T 1%.TaKl-1M o6paaoM, B CJ1Y4ae 
l-1CKYCCTBeHHMX rpaHl-14HMX YCJ10B"1H r O yMeHbWaeTCR B 10. paa. 

3 



I 
! 

!I 
,i 
,I 
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! 
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COOTBeTCTBeHHO o6beM Bbl41-1Cm1TeJlbHOH pa60Tbl - B 1 00 pa3. 3aMeTl-1M' 
4TO. np1-1 OTCYTCTBl-11-1 B HCKYCCTBeHHOM rpaHl-14HOM yCJlOBl-11-1 4JleHa 
1 a2 u _ 
--- Mbl 1-1MeJ11-1 6b1 JlHWb Ju-ul:; 2rnaxJf(0)l/(r0 -l). 
r a02 0 

Ami 1.11-1cJ1eHHoro peweHl-1.A KpaesoH saAa4H /1 / MoryT 6b1Tb 1-1cnoJ1b-
sosaHbl l-13BeCTHble 1-1Tepaq1-1OHHble MeTOAblo HecTaHAaPTHa.A c1-1Tyaq1-1.A 
BO3Hl-1KaeT Ha KamAOM ware 1-1Tepaq1-11-1 np1-1 Bbl41-1CJleHl-11-1 3Ha4eHl-1H Ha 
BHewHeH rpaH1-1qe: 
r 

r 0 = n,r+ 1 n 
Uv-

n-1 n n n 
u v 1 Uv+ 1- 2u v + "v-1 - r ro h 

ro 

V= 1, ... , N, 
r 

1 Un = 
0 

Un Un =Un 
N' N+l 1° 

-q h 277 = N,h 
(j 

nycTb sHa1.1eH1-1.A un-l /so BHyTpeHHHX ysnax 06nacT1-1/ Ha O1.1epeAHOM 
JI 

ware l-1Tepaq1-11,1 COC4VITaHbl. ,QJl.A peweHV!.A CVICTeMbl 

Un 
v+l 

roh2 n n roh2 n-1 
(2 + --) u + u = - --u 

r v v-1 r v 

n_ Un Un = Un v = 1,-••. ,N, UO- N • N+l 1 

npviMeHVIM sapviaHT MeTOAa nporoHKVI, npeAJlOmeHHblH B pa6oTe A.A.A6-
paMosa vi B.6.AHAPeesa 141 All.A peweHvi.A cvicTeM BV!Aa 

ANyN = - f N ' 

-cl b 1 0 0 

a2 - C2 h2 0 

0 a3 -C3 b3 . 
A = II 0 0 0 0 

N 

0 0 0 0 

bN 0 0 0 

ai > 0 , bi> 0, c 1> a 1 + b 1• 

4 

/3/ 

... 0 0 al 

... 0 0 0 

... 0 0 0 

. . . 

... -cN-2 bN-2 0 
/4/ ... aN-1 -CN-1 b N-1 

... 0 aN -cN 

8 HaWeM CJ1Y4ae 

j . 

I 

l 
·i 
'( 

i\'' 
I. 

' 

-(2+(,J) . 

1 

0 

1 

-(2+(,J) 

0 

1 

0 

0 

1 .-(2+(,J) 1 

0 

0 

0 

0 

0 

0 

1 

0 

0 
r h2 

AN= 
•(L) = ~o __ 

r ·• 

0 

1 

0 

0 

0 

0 

0 

0 

1 -(2+(L)) 1 

... 0 1 -(2~) 

nepen1-1weM /3/ B sviAe 

AN-1YN-1 + uN-1 YN =- rN-1, vN-1 YN-1- cw-N =-rN 

rAe 

81 1 

1:N\ 1: 0 0 

UN-1 = ( . -
= VN-1.,, . , 

\ ~ ) \: 0 0 

bN-1 1 aN 

TorAa, ecnvi 

- -
AN-1 PN-1 = - fN-1 ' AN-1 q N-1 = - uN-1 , 

TO cnpaBeAJlHBbl COOTHOWeHl-1.A 

- - - fN + VN-1 'PN-1 
YN-1 = PN-1 + %° qN-1 ' YN = -* -

CN - VN-1 • qN-1 

PeweH1-1e CVICTeMbl /5/ MomeT 6b1Tb noJly4eHO MeTOAOM nporoHKl-1 

Pv= a11+1Pv+1+ f3v+1' qv = av+lqv+l+ Yv+l' v=l, ••• ,N-l • 

Ko3QJQJHQHeHTbl a)/, f3v, Yv C4HTalOTC.A no peKyppeHTHblM QJOPMYJlaM: 

a = 
v+l 2+(L) -a

11 

1 
/311+1 

a2 
1 =--, 

2+(,J 

f1 
/3 2 = z:;::- ' 

f3v+ fv 

2+(L)-a ' Yv+l 
JI 

-l __ _ 
Y2=2+(L) 

Yv+ Uv 

2+(!)-av 

/5/ 

5 



AnR o6paTHoro 

YN = PN+ yNq N• 
= aN + YN • 

XOAa nporoHKl-1 onpeJ:1eI1ReM PN, qN. 11MeeM YN = YN , 
CneAOBaTeilbHo, PN = 0,. qN = 1 , PN-1 = fJ N , 4N-1 = 

nocne Toro ,. KaK COC4HTaHbl n~roH~4Hble K03<!>Cl>H1..1HeHTbl 1,1 o6paT­
HblM XOJ:IOM nporoHKl-1 onpeJ:1eI1eHbl PN' qN • HCKOMOe peweHHe CHCTeMbl 
/3/ HaXOJ:IHTCR no ct>opMynaM 

{JN+1+aN+1p1 
YN= ____ :;,;_._,.;;._ ___ • Yv=Pv+Yv+1•qv,v=l, ••• ,N-l. /6/ 

l- aN+1q1 - YN+l 

npo1..1ecc C4eTa YCTOH4HB, TaK KaK MeTOA nporoHKl,1 YCTOH41,1B np1,1 
a\, > 0, b v > 0, Cv> av+ b v , a 3HaMeHaTeilb He 06pa111aeTCR 
B HYilb /4l.np1-1eeAeM 3AeCb AOKa3aTeilbCTBO, TaK KaK B HaweM cny4ae 

r h 2 
c - a - b = w = _o _ = a (h) • 

V V V r 

113 npHBeAeHHblX BblWe Cl>OPMYil BHAHO, 4TO a V < 1 ' y V > 0' a2+ Y2 < 1. 
nycTb av+ Yv <l , TOrAa 

bv+ avyv bv + av- 3vav cv -3vav - w 
a + y = ---------- < _:;,._.....;:;._....;.~ = ------

v +l v+ 1 c - a a c - a a c - a a 
VVV V VV VVV 

"'1- w <l. 
Cv- ~av 

no AOKa3aHHOMY qN-1= aN + YN < 1 
no11y4aeM, 4TO 

1-1, CileAOBaTeilbHO, q1<l. OTC~Aa 

1-a ,q-y > 
N+l 1 N+l 

w Q1 

CN- CNaN 
O(h), qt> y 2 

1 
2+ w 

f1 
noKa)l{eM, 4TO 4HCI1HTeilb B /6/ TaK)l{e O(h) .11MeeM f32 = (2 + (I)) =O(h), 

fv "'O(h). TorAa 1,13 peKyppeHTHOH ¢opMYilb1 cneAYeT, 4TO see 
fJv=O(h). HanoMHHM, 4TO Pp-i=fJN"'O(h),1,1 TOrAa 1,13 Pv=av+1Pv+1+ 
+ f3v+ 1 cneAyeT, 4TO see Pv = O(h). TaK 4TO np1,1 MailblX h 41,1cm1-
TeI1b 1,1 3HaMeHaTeilb AilR KoppeKTHOCTl-1 C4eTa AeilHM Haw. 06DeM Bbl-
41,1CileHHH np1,1 TaKoM a11rop1-1TMe peweH1-1R /3/ nponop1..11-10Ha11eH 161 41,1c-
11y T04eK Ha rpaH1-11..1e N 1,1 He BilHReT Ha nOPRAOK 06DeMa Bbl41,1CIJ1,1-
TeI1bHOH pa6oTbl e 0611acT1-1, rAe 41,1c110 T04eK O(N2). TaKHM o6pa3oM, 
np1,1 yMeHbWeHl-11,1 n110111aAH B CTO pa3, rpy6o roeopR, BO CTOilbKO )Ke 
pa3 COKpa111aeTCR 06DeM Bbl4HCI1HTeilbHOH pa60Tbl. 

npHHOWY 611arOAaPHOCTb H.C.6axeanoey 3a nocTaHOBKY 3aAa4H. 

6 
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C006mEHHR, KPATKHE C006mEHHR, nPEnPHHT~ H C60PHHKH TPYAOB 
KOH$EPEHUH~, H3AABAEM~E ODbEAHHEHH~M HHCTHTYTOM RAEPH~X HCCnE­
AOBAHHA, RBnR~TCR O$HUHAnbH~MH nY6nHKAUHRMH. 

Cc~nKH Ha C006mEHHR H nPEnPHHT~ OHRH AOnmH~ COAepmaTb cne-
AY~~He ~neMeHT~: 

- $aMHnHH H HHH4Han~ aBTOpOB, 
- COKpa~eHHOe Ha3BaHHe HHCTHTyTa /OHRH/ .H HHAeKC ny6nHKa4HH, 
- MeCTO H3AaHH~ /Ay6Ha/, 
- roA H3AaHH~, 
- HOMep CTpaHH4~ /npH Heo6XOAHMOCTH/. 

npHMep: 

1. flepeywuH B.H. u op. OHHH~ ?2-84-649 ~ 
py6Ha~ 1984. 

Cc~nKH Ha KOHKpeTHY~ CTATb~, noMe~eHHy~ e c6opHHKe, AonmH~ 

COAepmaTb: 

- $aMHnHH H HHH4Han~ aBTOpOB, 
- 3arnaBHe c6opHHKa, nepeA KOTOP~M npHBOA~TC~ COKpa~eHH~e 

cnoea: 11 8 KH. 11 

- COKpa~eHHOe Ha3BaHHe HHCTHTyTa /OHRH/ H HHAeKc H3AaHH~ , 
- MeCTO H3AaHH~ /Ay6Ha/, 
- rOA H3AaHH~, 
- HOMep CTpaHH4~. 

npHMep; 

Ho.llnaKoe H. <!J . B KH. X1 MexoyHapo oHr;zu 
cUMno3UYM no RoepHou 3./leKmpoHuKe~ OHHH~ 

P13-84-53~ py6Ha~ 1984~ c.26. 

CaeuH H .A.~ CMUpHO B r . H. B c6. "HpamKue 
coo6114eHUR OHHH"~ N 2-84~ ,ay6Ha~1984~c.J. 

II 

II 

,: 

CepAJOKOBa C.H. 
HcxyccTBeHuble rpaHH'IHble ycnOBH.R 
AJI.R enemnei'1 3~a'IH ,llHpHXJie 

PS-84-718 

An.R BHemneA 3~a'IH AHPHXJie cTaB.RTC.R HCKYCCTBeHHble rpaHH'I­
HhJe YCJlOBH.R. 3TO fi03BOJl.ReT COKpaTHTb 06~eM Bbi'IHCJlHTeJlbHOA 
pa6oTbl npH6JJH3HTeJJbHO B 100 pa3 no cpaBHeH~ c pac'leTaMH, 
B KOTOpbiX rpaHH'IHOe YCJlOBHe nepeHOCHTC.R H3 6eCKOHe'IHOCTH Ha 
KOHe'IHOe paCCTO.RHHe. HccneAyeTC.R YCTOA'IHBOCTb B03HHKaiD~eA 
KpaeBOll 3~a'IH, KOTOpa.R 3aTeM annpOKCHMHpyeTC.R CHCTeMOA pag­
HOCTHbiX ypaBHeHHA. IToKa3ano, 'ITO AJI.R pemeHH.R nonyqaiD~eAc.R 

CHCTeMbl ypaBHeHHA XOpOWO fiOAXOAHT BapHaHT MeTOAa npOI'OHKH 
A6paMoBa-AHApeeBa. MeTOA HcxyccTBeHHbiX rpaHH'IHbiX ycnoBHA Mo•eT 
6b1Tb HCfiOJlb30BaH B pemeHHH 3aAa'l Mai'HHTOCTaTHKHo 

Pa6oTa BblfiOJJHeHa B na6opaTOPHH Bbi'IHCJlHTeJlbHOA TeXHHKH 
H aBToMaTH3a~HH OHHH. 

CooO.eHHe O&.eAKHeHHOI'O HHCTHTYT8 ~epHWX HCCJle~oaaHHA. n10Ha 1984 
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For the exterior Dirichlet problem the synthetic boundary 
condition is stated. It permits to shorten the computation 
work volume approximately in 100 times with regard to the 
computation, when the boundary condition is carried over from 
the infinity to the finite distance.The stability of the origi­
nating boundary problem is investigated.Then it is approxima­
ted by the system of difference equations.The Abramov-Andreev 
variant of the stepwise pursuit method is shown to be well 
available for the solution of this system.The synthetic bounda· 
ry conditions method can be used in the magnetostatic problem 
solution. 
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