
10 Kon . 

oti 118 AMH e H Hbl M 
MHC TMTY T 
aaepHblX 

MCCJlBADB3HMM 

JlYtiH3 

P5-84-51 1 

IH1 .11 11 03CMl1eB , A ·BMemeplIKOB 

o 130JIIIOBbiX <l> YHK1U1HX 
OCl108Horo COCTOHHI1H KBAHTOBbiX CI1CTEM 

CA3EPm:HAA -KAJIOAlKEPO BO BHEIIIHEM nOJIE 

PeAaKTOJ) M.M . 3apy6HHa. t1aKeT Ii. A. KHceneBoli. 

Ha60p JI .n:BoroJllo6oBOH, B . C. PY~RHueBoi1. 'j HanpaBJ1CHO B IIPh ysics Letter s 1\,1 


nOAnloicaHO 8 nelfaT b 23.08 .84. 

~oPMaT 60x90/16. O~ceTHaA ne4aTb. Y~.·M3A.nMcToB 0,65. 


THpalll 395. 3aKa3 35082 . 
 i
,H3AaTenbCKMH oTAen 06geAMHeHHoro HHcTMTyTa AAepHWX Mccne Ao aaHMH. 
Ay6Ha HoCKOBCKOH o6naCTM. 

1984 



B AaHHOH pa60Te MY paCCMQTPHM peWeH~R ypaBHeHHR WpeAHHrepa, 
onHc~Ba~erO KaaHTOB~e CHCTeMW N 4aCTH4 Ha npRMOH C nOTeH4HanOM 
6HHapHOrO B3aHMOAeHCTBHR V(~. HaXOA~HeCR 80 8HewHeM none c no
TeHijHallOM W(00: 

N 2 N 
I ~ [- 21 L + W(x , )1 + ~ V(x , - x k1I.,,,. E"'. /1 / 
i_I ax 2 I Pk I 

I 

B cnY4ae Wee> a 0 CasepneHA 11/ Hawen (J)YHKl\HOHanbHoe ypaBHeHHe, 
OnpeAenR~ee Koaec nOTeH4HanOB V(e>. AnA KOTOPWX sonHosaR ~yHK4HR 
OCHOBHoro CQCTORHHR 06naAaeT CBOHCTBOM ~aKTopH3a4HH: 

N 
/2/"'O(xl. ·· ·. xN)-i~k x(x i -x k )· 

3TOT Koaec RSflAeTCR aeCbMa 06wHPHWM, npH4eM AaneKO He Bee 
CHCTeMW, 06J1aAa~He csoHeTsoM /2/, HMemT AononHHTenbH~ KoaHTO

8~e HnM KnaCCH4eCKHe HHTerpa~ ABHweHHR. npM W(~ ~ 0 BonHOBaR 
~YHKUHR aCHOBHoro COCTORHHR TaK*e MD*eT 06naAaTb cacHeTsoM ~aK
TopH3aUHH: 

N N 
•.••• x N ) Z II o(x , ) II X (x , - x k ). /3/"'0 (x I i_I I j>k I 

no HaCTOA~ero speMeHH 3TOT ~aKT 5~n YCTaHOBneH TonbKO AnA 
CHcTeMw KanOA*epo / 2/ (V(00_(g2g ), W(00 - a~2). B :>TOM cny"ae 
YAaeTCR Ha~TH Ha50p N KBaHTOB~X HHTerpanoB ABH*eHHR, a TaK*e 
H3Y4HTb cneKTp Bcex Boa6Y*AeHHWX COCTOAHH~ /3/, KOTOPWH, 04eBHA
HO, RsnRerCR AHCKpeTHWM . 

HaHAeM 06~He ycnoBHR, npH KOTOpWX peweHHA ypaBHeHHA 11/ 
06naAa~T CBOHCTBOH /3/. nOAcTaHoBKa aH3aija /3/ B /1/, o"eBHAHO. 
TaK*e npHBOAHT K ypaBHeHMC Ca3epneHAa AnA ~(~ - norapH~MH4eCKOH 
npOH3BOAHOH ~YHKllHH x«() : 

4>~00 4>( ~) + [<;6(00 + <;6(~)1 <;6(-{ - ~) - r(00 + r(~) + r(-~ - ~). /4/ 

H30eCTHO ero ~ee peweHHe, HaHAeHHOe KanoA*epo: 

<;6(00 = a((00 + f3(, /5/ 

'(~ - OAHa 1013 3nnHnTH4eCKHX ~YHKllHH BeHepWTpacca . 

nnR BwnonHeH~R /1/ npH W(00 ~ 0 ycnoBHe /4/ He RBnReTCR AO


CTaTO"HWM. BBOAR 06ooHa4eHHe 'W - o'(o0/oW AnR IlOrapH4>MH"ecKoH ..npoHsBoAHoH ~YHKll~H c«(), MW npHxoAHM TaK*e K ~YHKllHoHanbHoMY 

ypaBHeHH~. cBR3wBalDllleMY <;6(00 H >(00: 


4><~ -~) [,W - ,(~)l- A(00 + A(~). /6/ 

nOTeHllHan Wca onpeAenAeTcA 4epe3 ~YHK~HH f(~.~~ C T04HOCTbD 
AO npoH3BonbHoH nocToRHHOH: 

wW =..!. (,'(00 + ,2(00) + (N - 1) A(00 + const. /7/
2 

YpaBHeHHe /6/ 06naAaeT 3Ha4HTenbHO MeHee WHPQKHM KnaCCOM 
peweHHH, 4eM ypaBHeHHe /4/. Bce aHaOHTH4eCKHe peweHHR /61 MoryT 
6~Tb HaHAeH~ CTaHAapTH~M MeTOAOM, COCTOR~HM B pa30o~eHHH /6/ 
B PRA no CTeneHRM ~ - .." C Y4eTOM B03MO)f(HbiX clo1HrynRpHocTeH cp(~ 
B T04Ke ~ = O. B 4aCTHOCTH, $YHKllHR cp($onpeAeoReTcR C T04
HOCTb~ AO AByx npOH3BOObHblX nOCTORHHblX: 

4><00 = aa oth(ao0. /8/ 

04eBHAHo, $YHKllHR /8/ RBoneTCR OAHHM 101 3 4aCTH~X peweHHH /4/. H3 
/6/ H /8/ cneAyeT TaK~e , 4TO 

,(00 - -b sh(2ao0 + b I' A(00 = a ab ch(2ao0. /9/ 

r Ae b, b l - nocToRHH~e, npH4eM AOR y6~BaHHR BonHoBoH $ YHKllHH 
n plo1 Ix j - xk I.... DO He06xoAHMO B~5pa T b b > O. 

Ta KHM 06pa30M, Bce nOTeH ll Hanbi V(~ 101 W(~. An~ KOTOp~X cy~ec TBY
DT pewe HHR ypaBHeH~R rnpeA~Hrepa B~Aa / 3/ , MorYT 6~Tb HaHAeH~J 
cor na CHO /8/, /9/: 

2 2
V(00 = a(a _ lla b

w(00 - - ch(4ao0 - bb l sh(2ao0 - ab(1+ a(N-l)) ch(2a()./1 0/
sh2(a~- -. 4 

OTMeT ~M, Bo- nepB~X, 4TO raMHn bTOHHaH CHCTeM~ N 4aCTH~ C nOTeH
~HanaMH /1 0/ RBnReTCR caMoconpR*eHH~M nHWb B cnY4ae a~-lD3/4/7/. 
HOPMH POB04H~H HHTerpan Ann BonHOBOH ¢YHK ll HH ~o BHAa /3/, 

N N
b a 

"'0 (xI •. •.• xN) - eN , n expl- 2& ch(2ax i ) + b I x i I n Isha(x I' - xk) I /11/
1- I pI!; 

CXOAHTCR Ton bKO AnR nOOO*HTenbH~X 3Ha4eHHH a. onpeAenReM~X 3THM 
HepaaeHCTBOM . ~YHK4HR ~o(x 10 ... • xN) /11/ He HMeeT Hyoe~ SHe 
ntnepnnOcKocTeaii x j - J: I!; - 0, Ha KOTOPblX pacnonQ)f(eHbI cHHry.nnpHOCTH 
r aMHn bTOHHa Ha; n03TOMY, KaK H B c.nY4ae KanOA~epo/2/.MbI MO*eM 
3aKn~4HTb, 4TO OHa onHCblBaeT OCHOBHoe caCToRHHe CHCTeMbI 4aCTHll 
BO BHe WHeM none. 3HeprHR 3Toro COCTORHHR nerKO Bbl4HcnReTCR 
nOAcTaHoBKoH /10/, /11/ B /1/: 
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2 2( 2 2 
EO =- ~[ a a aN - l) + b~ _ {l. 

Cne KTp B036Y~AeHH~x COC TORHH~ npH b ~ 0 RBflR e T CR AHCKpeTH~M. 


BO-BTOP~X, Klla CCH4eCKHe CHCTeM~ 4aCTH~, B3aHMoAe~cTBHe KOTO 

PblX onpeAeJlRe TCR nOTe HUHanaMH V(~, W($ /1 0/, RSllRIQTCR anOJlHe 

HHTerpHpyeM~MH / 4/ ,AonollHHTellb Hbl e KllaCC J.14eCKHe HHTerpallbi ABH*e
HHH RSllRIOTCR K0 3¢)$HLtJ.1e H TaMH n OJll.1HOMa P('\) = det/L (p . . I .) - 'AE/ . 
rAe L - HaHAeHHaR s / 4/ Ma TpHLt bi naKca , 3aSIo1CRutaR o~ K6bpA Io1 Ha T H 
HMnYllb coB 4 acTHLt, E - eAHHH4HaR MaTpHLta, B Ks a HTO BOM cnY4ae, 
no - sHAHMOMY, TaK*e AllR n~oro N c~ecTBY~T N HHT e rpanoB ABH*e
HHR , KOTopble MorYT 6b1Tb nonY4eHbI ~3 KllaCCH4eCKHX HeKoTo p~M ynopR 
AOlleHVleM onepaTo poB lp j I H ¢)YHKLt HH OT KoapAHHaT . B npoc TealiweM 
HeTplIIBlo1anbHoM cnY4ae N ,. 2, KorAa r aMlo1nb TOH lo1aH Io1MeeT BillA 

2 2 ga2 2PI + P2 
+ ......,'-:"" + :l: ch(2ax. + (3) (a ch(2ax; ) + y). 
H=~ 

sh 2 a(x, _ X2 ) ;= 1 , 


YKa 3aHHaR Bblwe np06IleMa ynoPRAo4eHIo1R pewaeT CR TpHBlo1aI1 bHO, H AnR 
AonOIlH Io1TeIl bHo r o KBaHTOBoro Io1HT e rpaIla ABH)t(e HHR MO)t( HO no ny4101 Tb 
cpa BHHTeI1bHO npOCToe Bblpa)t(eHHe 

2 ga 2 2 
12~ (P, P2- -- ) + P 1 cb(2ax2 +f3)(ach(2ax 2 )+y)+ 

sh 2 a(x, -x 2 ) 

22 ga
+ P2 ch(2ax l + (3) (a ch(2ax I) + y) + - 2----- (ch(2ax 2+ (3) x 

sh a (x 1 - '2 ) 

x (a ch(2ax l ) + y ) + ch(2ax. + (3 ) (a Ch(2ax2 ) + y)) + 

+ ch(2a" + y) ch(2ax2 + y) (a cb(2ax, ) + y) (a ch(2ax2 ) + y). 

HHTepe CHblM 4aCTH~M c Ily4aeM /10/ RBIlReTCR nOTeH~HaIl Mopea 

W«) = 2a 2A2 (e 4.( _ 2e 2. ( ). 
112/ 

nOTeH~ HaI1 /12/ no nY4aeTcR H3 /1 0/ CABHrOM KOOPAIo1Ha T Ha He
KO Topo e 4HCI10 ( H nepeXOAOM K npeAen y l ~ 00 ,b2 e ~ 16a2 A2. 
b I ~ a(2A - 1 - a(N -1) . B 3TOM cnY4ae y p aBHeHJ.1e /1/ o n HCbfsaeT TaK)Ke 
COCTORHHR pacceRHHR /Hanp~Mep, H 4 a CTHU lia CBR3aHHOM eO CTORHIo1H 
H3 (N-M)4acTH4i . CneKTp raMHIlbTOHHaHa eOAep)t(HT nlll Wb Or p aHJ.14e HHOe 
4HCI10 AHcKpeT Hblx 3Ha4eHHH. BOIlHoeaR ¢YHK4HR / 11 / npH06peTaeT 
BHA 
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N 28 1:' 

.po (x , .····.N1 = CN .II exp(-Ae ' ,=, 
MQ)t(HO nOKa3aTb, 4TO HHTer paIl 
B~nOIlHeHIo1H YCIlOBIo1R 

a (N - \) <A-1/ 2. 

n plo1 3TOM /13/ RBIlRe TCR fI 

N a 
+ ax. (2A -l -a(N- lll l ll Isha(x . - xk)1 1131 

J j> k J . 

2JItJ. I dI • ... dxN CXOAIo1 TCR n lo1Wb npH
o 

1 1 ~1 

Bon HoBoH ¢YHK ~lo1eH OC HOBHoro COC TOR HIIIR 

Na2 2 2 2 
CHCTeMbi C 3HeprHeH Eo - - -2-[+ (N - 1) + (2A - 1- a(N-1) 1. IPH

3 1014eCKIo1H CM~cn Hepa a e HCTBa /14/ Rc eH : I1Io1Wb orpaHIII4eHHoe 4101cno 
OT TanKlo1aa lOll4J.1 XCR 4 aC ntl." Mo)t(eT "pa3 MecTIIIT bcR " B n OT eHllJ.1an bHO~ RMe 
KOHe4 HOH r Ily6I11H~ . n p lo1 A < 1/2 Alo1cKpeTH~H cneKTp OTCYTCTByeT; 
nplo1 a(N-l) >A - l /2. B03MO)t(HO , TaK)I(e cytqeCTBYIOT N- 4ac Tlo14Hble CBR
3a HHble COC TORHIo1R, a o nHOBble ¢YHKUIo1Io1 KOTOPblX, OAHaKO, Y)t(e He 0 6
I1aAalO T CBOHC TBOM ¢aKTopIo13a~Io1H. B HaCTORtqee epe MR M~ He Mo)t(eM 
yT e e p)t(AaTb, 4TO TaKHe coeTORHHR OTcyT cT BynT. B n peAen e a ~ O / 13/ 
nepeXOAIII T B n p0lo13BeAeHHe BOIlHOBble ¢YHK ~ Io1H OC HOBHo r o COC TORHIIIR 
HeB3 aIo1MoAeHcTBY~Io1X 4aeTH~ B nOTe Hlllo1ane Mopea. 

~I1R CIilCTeM~ 1113 ASY X 4aCTH~ MbI CMorIl Io1 HaHT H RBHoe Bbl pa)t(eHlo1e 
AIlR HOPMIo1POB04HOH KOHeTaHTbI B / 13/: 

C 2 _ a IV" (4A) 2(1 +a -2A) r(4A - 2a - 2) r(2A - 2a - 1) r (2a + 1) I- ' /~ 1151 
2 r(2A - a - 1/ 2) r(a + 1) 

r Ae r($ - raMMa-¢YHK~HR 3~I1epa. B03MO)l( HO, 4TO cy~ecTByeT cpaB
HHT eIlbHO npoeToe o606ut eHHe / 15/ Ha cIlY4 aa'l N> 2. 

¢aKTopH 3aUIo1R He KO TopblX pe we HHH ypaB HeHHR Wp eAH Hr epa III MeeT 
MeCTO TaK)t(e AnR 6 0Ilee 06utHX raMHIlb ToHHa HoB , eBR3aHHbl X e nOIl Y

/ 3/ N - - N 
npOCTblMH anre6paMH nH . Pe WeHH" BHAa .p_n x(x. -xk)x(x. +X k) n c(X )

i>k I J 1=1 I 
n O-SHAHMOMY, Io1MeeT TaK)t(e y paBHeHlo1e HtJ. =EifJ. rAe 

2 N 1 1 IN p. ) 21 + • 
H- £ (-' +W(X j » + '£k a(a-1 a sh2a(x. - x ) sh2(Xj + x k laj= 1 2 J> k

1161 
a I a 2 

W«) sh%2a( + sh24a( +as ch2a( +a 4 ch4a(. 

HHTerpHpyeMocT b KIlaCCH4eCKHX eHeT eM C r aM HIlb TOHHaHOM /16/ 6 bfIla 
YCTaHOBJleHa HaM Io1 B / 5 ,6 / . Heene AosaHHe caOHcTs KBaHT OBbiX CHeTeM 
C 3 THM raMHIlb TOHlo1aHOM 6 YAeT npoe eAeHo HaMH B OTAenb HoH pa6oT e . 
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HHogeHUeB S.H . , Me~epXKOB n. B. 	 P5-84-511 
o BonHO BWX ~YHKqHHX OCHOBHoro COCTORHHH KBBHTOBWX CHCTeM 
Ca3epneHAa-Kano~epo BO SHeWHeM none 

PaccMaTpHB~TCfl ycnOBHR, npH KOTOPWX BonHoB~e ~YHKUHH 
OCKOBHoro COCTOMHHR KBaHTOB~ CHCTeM B3aHMOaeAcTB~X ~aCTHU, 
HaXOAH~XCR BO BHemneM none , 06n~amT CBoAcTBOM ~akTOpH9auHH 
H MorYT 6~Tb HaAAeH~ B RBaOH BHAe. CooTBeTcTB~e knaCCHqec
KHe CHCTe~ QaCT~ RBnR~TCR BnonHe HHTerpHpyeMb~; B KBaHTO
BaH cnyQae AononHHTenbH~ HHTerpan AB~eHHa nOCTpoeH Ana 
CHCTeHN ABYX QaCTHU. 

Pa60Ta BNnOnHeHa B na60paTopHH TeopeT~eCKofi ~H9HKH OHXH. 

npenPJlHT O&be.llHIU!HHOrO JOICTRTYTa JI,IlepHIiX HCcne.q,OB4HidI:. llYISH4 1984 

nepesOA aBTopoB 

Inozemtsev V.I., Meshcheryakov D.V. P5-84-51I 
On Ground-State Wave Functions for Sutherland-Calogero 
Systems in an External Field 

Conditions are condsidered under which the ground-state wave 
functions of quantum systems of interacting particles in an 
external field are factorizable and can be found explicitly. 
The corresponding classical systems of particles are completel) 
integrable; in the quantum case an extra integral of motion is 
constructed for a two-part icle systema . 

The investigation bas been performed at the Laboratory 
of 	 Theoretical Physics, JINR. 

Preprint of the Joint lnotitute for Bucloar a. •• arch. Dubna 1984 
6 


