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BBEAEHHE 

MaTeMaT~4eCKaR Teop~R C4eT4~KOS 4aCT~~ CSR3aHa S OCHOSHOM 
c onpeAeneH~eM ~ ~3y4eH~eM croxacr~4ecK~x npo4eccos, so3H~Ka~

,~~x, Hanp~Mep, np~ per~crpa~~~ 4aCT~4 paA~OaKr~sH~x se~ecrs 

c noMO~b~ np~6opa, npeAHa3Ha4eHHoro AnR ~x o6Hapy~eH~A ~ per~

crpa~~~. 06~aR npo6neMa Momer 6btTb HaMe4eHa cneAY~~~M o6pa30M. 
npeAnOnom~M, 4TO KamAaR ~cnycKaeMaR 4aCT~4a np~ csoe~ per~

CTPa4~~ s np~6ope onpeAenAer ~Mnynbc cny4a~Ho~ An~Hbt. ~3-3a 
~Hep~~~ np~6opa MOmeT OKa3aTbCA, 4TO see 4aCT~4bl He 6YAYT Y4Te
H~. nep~OA, 3a speMR KOTOporo np~6op He per~cTp~pyeT 4aCT~4~, 
Ha3~saeTCR Meprs~M speMeHeM. MaTeMaT~4ecKaA ~ $~3~4ecKaA n~re

paTypa 0 C4eT4~Kax 11 • 21 KacaeTCA S OCHOSHOM ASYX ~X T~nos. C4eT-
4~K c MePTSbiM speMeHeM HenpoAnesa~~erocA r~na ~MeeT MepTsoe 
SpeMA 1 KOTOpOe o6pa3yeTCA TOnbKO ~MnynbCaM~ 3aper~CTp~pOSaHH~X 
4aCT~~- C4eT4~K c MepTS~M speMeHeM npoAneea~~erocA r~na ~MeeT 
MepTsoe speMR, o6pa3yeMoe seeM~ ~MnynbcaM~ 4acr~4. ~cnycKaeM~x 

06pa340M COOTSeTCTSeHHO. np~Mepbl 3T~X C4eT4~KOS - C4eT4~K~ 

re~repa-M~nnepa ~ 3neKTPOHH~e YMHOm~Ten~. 
ll ~- .. ~- .. ~·· -----~-----~-· It/ ··-- - .. --··-·"· ____ .. ··---···· -- _.._. .. .....,..,,,...,.,, ,,..., .... ,....,,.....,,.,....,, ..... ..,,.....,..._.., '-.,.._.. '-'''"-"M''...,"' ,,......,,....,., .. 

peKyppeHTH~~~ An~H~ ~Mnynbcos ~cnycKaeM~x 4acT~4- He3as~c~M~e 

APYr OT APYra ~ OT SXOAHOrO noTOKa OA~HaKOSO pacnpeAeneHHble 
cny4a~H~e sen~4~H~. 

AnA MOA~$~4~POSaHHOrO C4eT4~Ka C MepTSbiM speMeHeM npOAnesa~
~erOCA T~na 6yAeM c4~TaTb, 4TO KamAaR 3aper~cTp~posaHHaA 4acT~-

4a ~MeeT $yHK~~~ pacnpeAeneH~R, orn~4HY~ s o6~eM cny4ae OT 
$YHK4~~ pacnpeAeneH~~ He3aper~cTp~posaHH~x 4acT~4, KOTop~e Mem
AY co6o~ pasH~. 

AnA $~3~Kos oco6eHHo samHo 4~cno 4acr~~. np~weAw~x Ha c4eT4~K 
3a Meprsoe speMA. noA06H~e sonpOCW S03H~Ka~T TaKme S 3aAa4aX 
0 ¢~nbMOSOM ~ 6ec¢~nbMOSOM ~3MepeH~~ ~OH~3a4~0HHO~ nnOTHOCT~ 
cneAOS 4aCT~4 S ny3~PbKOS~X ~ CTP~MepH~X KaMepax. noAp06HOCT~ 

MOmHO Ha~T~, Hanp~Mep, s/3,4/. AHanor~4H~e 3aAa4~ S03H~Ka~T TaKme 
np~ on~caH~~ o6~~x c~cTeM Maccosoro o6cny~~saH~A c 6ecKoHe4H~M 
4~cnoM np~6opos'&1 . 

B HaCTOA~e~ 3aMeTKe nony4eHo, so-nepsbtx, T04Hoe pacnpeAeneH~e 
4~cna 4aCT~~ v,np~weAW~x Ha c4eT4~K 3a nep~OA MepTsoro speMeH~; 
so-sTopbtX, noBeAeH~e P(v =n) np~ n ... oc; s-TpeTb~X - npeAenbHOe 
pacnpeAeneH~e a v I a - HOPM~PYf"Jm~~ HHOm~Tenb/ np~ M (v}-. oc. AnA 
OA~HaKoso pacnpeAeneHHbrx An~H ~Mnynbcos 3T~ npo6neMbl ~3y4an~cb 
S /5, 6/ 

~- ·-···-··-- ---~---. 
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1. OnPEAEnEHHE 4HCnA 4ACTHU 

6yAeM c4~TaTb, 4TO c4eT4~K AO npo~ecca per~cTpa~~~ cso6oAeH. 
nycTb ~cnyCKaeMble 4aCT~~bl np~XOART Ha Cl.leTI.I~K B MOMeHTbl 
0 = r 1 < r 2 < ••• ~ I Tn = 'n+l- 'n I;:'= 1 - He3aBHCHMafl nocneAosa
TenbHOCTb OAHHaKOBO pacnpeAeneHHbiX cnyl.laJAHbiX seni-14~H C <!JYHK
~~ei:i pacnpeAeneHHfl .F(t) = P(T 1< t) "' nycTb H(t) "' H*(t) - ¢YHK~~"' 
pacnpeAeneH~fl 3aper~CTPI-1POBaHHOH ~ He3aperHCTPHDOBaHHOH l..laCTI-1~, 

COOTB€TCTBeHHO. 
0603Ha4HM 4epe3 1xn}~= 1 TaKy~ nocneAOBaTenbHOCTb HMnynbCOB, 

np~-1 KOTOPOH lxnl;:'= 1 - HeaasHCHMble nonomHTenbHble cnyl.laHHble se
nH4HHbl, He aaBHCRll\~e OT IT n I~= 1 c ¢YHK~HfiMH pacnpeAeneHHH H (t) = 
= P(x 1 < t), H*(t) = P(xn< t) , n?: 2. EcnH onpeAeilHTb An= lx1 <T1 + 
+ ... + Tn, X2<T2 + ••• +T

0
, ... ,x

0
<Tn},To Ailfl 4Hcna 4aCTH~ v, npHWeA

WHX Ha C4eT4HK a a nepY10A MepTsoro speMeHH, HMeeM P n = P (v = n) = 
= P(A 1 ••• An_ 1 A~,n?;l.XOTfl nocneAOBaTeilbHOCTb co6bJTHH IAnl';= 1 B 
06ll\eM He peKyppeHTHa, HMeeT MeCTO CileAyQlllee COOTHOWeHHe: 
nyCTb 1 < i

1
< ••• < i., j >2, TOrAa 

- J -

p (A I. .. • A I. I A I. ) = P(A ~ i • •• A ~ . ) ' 
2 j 1 12- 1 lj-11 

/1. 1 I 

rAe A~= lx2<T2+ ••• +Tn+t•Xa<Ta+ ••• +Tn+1'Xn+1<Tn+11 "' 
"" "" P(A~)= ( ••• f H*(t 1) ... H*(t 1+ ••• +tn)dF(t 1) ... dF(tn)• 11 .21 

0 0 
novt ~TOM I A* l()(l - nnrn~nnR.::tTPna...unrTL nPt.l'\lnnt:~oUTULIV ,..,.._h._. ......... ~ 

u. 11 = .1 . . • ., • • ~ - - - -· - - .•. 

<llennepy 171,T.e. ecn~1:si 1 < ••• <i., j~2, TO P(Aj ••• At./Aj )= 
P(A * A * > n J w w 2 ,..~ 1 = i z- 1 1

... 1. _ 11 • 03TOMY AilR cnyl.laHHOH senH4l-1Hbl v , on peAe-
neHHOH COOTHO~eH~eM P* = P(v*,n) = P(A* ••• A* A*), HMeeM 171. 

n 1 n-1 n 

Pr=P(A:), 11.31 
n-1 

P*"' P(A*) - :£ P(A.*) p*., n > 2. 
n n j= 1 J n-J 

BepHeMCfl K onpeAeileHM~ nepsoHa4anbHOA senHI.IMHbl v. TorAa 

n- 1 j-1 
P n = P (An) - . ~ :£ (-1) P(A1 ... A!. A0 ) • 

J- 1 1:Si
1
< ••• <ijSn-1 1 

Hcnonb3YR 11.1 I, MomHo nony4HTb cnemrJOJ:IMe ¢opMynbl: 

p 1 = P(A 1) ' I 1 . 4 I 
n -1 

P = P(A ) - l P (A . ) P * . , n > 2 , 
n n j= 1 J n-J 

rAe 11.51 

P(A n) r 
0 

[ H (t 
1 

+ ..• + t ) H * (t 
1 

) . .. H *(t
1 

+ .•• + t , ) dF (t
1

) ... dF(t ) • 
0 n n-. n 

2 

i ~ 

flcHo, 4TO ecnVJ H = H *,TO M3 11 . 4 I nony41-1M I 1 . 31. CI1y4ai1Hy10 
BeilMI.IMHY v* MOmHO MHTepnpeTHPOBaTb KaK 4MCI10 4aCTI-1~, npMWeAWMX 
3a nepMOA MepTBOrO BpeMeHH Ha TaKOi:i C4eT4VIK C MepTBbiM speMeHeM 
npOAJ1eBaiOll\erOCfl THna, Ha KOTOpOM BXOAHOH nOTOK fiBJ1ReTCfl peKyp
peHTHbiM c ¢YHK~HeA pacnpeAeneHHR F, a ¢YHK~HR pacnpeAeneHHR 
AnHH VJMnynbcos - H*. 

0603Ha4HM 1.1epe3 cP ~ c/J* npOM3BOAflll\VIe <lJYHK~M~ CJ1yLiai1HbiX Be11M4MH 
v >1 v *, a T aKme onpeAeilHM Al1fl I z I < l 

t/l(z) = P(A 1)z+ I (P(A
0
)-P(An_ 1))z 0

, 
n=2 

"" t/1 *(z) P(A*)z + I (P(A*) -P(A* 
1
))zn, 

1 n=2 n n-

U(z) = I P(A )z n , U * (z) = I P(~* ) z n. 
n=l n n=2 

TorAa ¢ (z) = (l - ¢ *(z)) (U (z) - l) = U(z) I (1 + U *(z)) 11 .61 

~n~ ¢ (z) = t/1 (z) I (1 - z + t/1 *(z)) • 11.7 I 

Ha 11.21 RCHO, 4To IP(A*)I -He soapacTa~ll\aR nocneAoeaTenbn 
HOCTb c npeAeilOM p*. no~ameM, 4TO M IP(An) I MMeeT npeAeil, paBHbiH 
p*. ~Ilfl 3TOrO AOCTaT04HO y6eAMTbC.FI B HepaBeHCTBe 

_, -· 
r ~x 1 <. .L 1 + ... + .L n J r- ~ .1\;- 11 :::, t' t.l\ J 5 l"'tl\ -n -1 I ' n ;;: ;;: • I 1 • i31 

npasa.FJ 4aCTb 11.81 04eB~AHa, a IleBafl MO~eT 6b1Tb AOKa3aHa ny
TeM npHMeHeHHfl HepaseHCTBa 4e6biWeBa/8/ K MHTerpany 11.51. npe
AeJ1bHbli1 nepexoA B I 1 . 81 AOKa3blsaeT YT sep~AeHMe. 

~R peKYPPeHTHblx co6biTHH lA~ I ;=1 M3 o6lllei1 Teop~H 171 
BbiTeKaeT, 

4TO v* fiBilReTCfl AOCTOBepHOH CJ1y4aHHOi1 sen~41-1HOH TOrAa ~ TOJ1bKO 
TOrAa, KOrAa 1; P(A *) = "". Mo~Ho AOKa3aTb, 4TO ecn~ P(A 

1
) < 1, TO 

n= 1 n 

"" l P = 1 <=> l P(A ) = "" <=> I P(A *) ~ "" • 
n-1 n n=l n n=1 n 

B caMOM Aene, M3 11.81 BMAHO, 4TO cy~ecTsyeT TaKoe n
0

, 4TO 

P(x 1 <T1 + ... + T
00

)>0H P(A
0

) ~P(A~_ 1 )P(x 1 < T 1+ ... +~JAI1R Ka~-
.., • oc 

A Oro n ~ no. no3TOMY l P(A n) = ... <=> I P(A~) = 00, HcnOJ1b3Yfl I 1 . 81' 
n=l n=l "" 

MO~Ho y6eAVJTbCR s TOM, 4TO lim U (z) I U * ( z) = 1 , ecnM I P(A n) ="" • 
z~1- n=l 

0TCJOAa, s c1-1ny I 1 . 61, nony1.1aeM ¢ (1) = 1. 3aMeH1M, 4TO Tpe6osaHVJe 
P(A 1)<1 RBnReTcR CYll\eCTBeHHbiM. HanpMMep, ecnM T

0
= 1 ,""n 2 1, 

H( 1) = 1 , H*(l) = 0, TO U(z) = z , U *(z) = 0 , P = 1 , HO I P(A ) = 1 • 
1 n= 1 n 

AnR cpeAHero 3Hal.leH~R v BbiTeKaeT M3 11.71, 4TO 
M(v)=(t/1'(1) -t/1*'(1)+1)/p*. 11.91 
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2. nOBEAEHI4E BEPOJHHOCTEtl P n 

TeopeMa 1. npeAnonO>KHM, 4TO (I) H*(t) :£ H(t) AilR Ka>KAOro t; 
(II) p*> 0 ; (III) ypasHeHHe 1- z +t?*(z) = 0 HMeeT peweHHe. 
TorAa 

pn 

rAe 

-n-1 
fJ1 f3 2 f3 + r n ' 

00 
k-1 k 11 d ___ [ .;,* (z) z = 1 1 

f3=1+ I. 
k = 1 k! dz k-1 

{31 
"" 1 dk 
I. - - [ 1/1 * k ( z) ] I 

k = o k ! dz k z = 1 

/2.1/ 

f3 2 = 1/1 ({3) ( ecnH H * = H, TO {32 = f3 - 1 ) 1-1 lrn I < C(q (1- P (A i))) n 

/KoHcTaHTbt C >0 "' q > 1 He 3aBHCRT oT n I. 

,t.'loKa3aTenbCTBO. ~13 ct>opMynbt KowH RCHO, 4TO 

1 .P (z) dz 
- 0 -~-------
27Ti lzl=1 (1-z+¢*(z))zn+1. 

p 
n 

EcnH onpeAenHTb P(A*
0

) =1 "' a*= P(A*)-P(A* 
1
), n > 1, TO 

n n n+ -
00 

I? ? I ... ,....... .... n 
.L - L -t- 'f' ~L.) = .L - L ~ ii L 

n=O 
J.1 AilH Z = 1 BbiPa>KeHI-le /2.2/ HMeeT 3Ha4eHHe p* > 0. 143 YCilOBHtl 
TeopeM~ B~TeKaeT, 4TO KOpeHb ypasHeHHR (III) AOJl>KeH 6~Tb nono
lKJ.1TeJleH J.1 60JlbWe 1. 0603Ha4HM 4epe3 f3 MHHHMaJlbH~tl KOpeHb /OH 
npocTotl/ J.1 nyCTb R >1 - paAHYC Kpyra, B KOTOPOM (Ill) HMeeT 
eAHHCTBeHHbiH HYilb. 143 (I) HBCTBYeT, 4TO P (A~)~ P(A n) :S P (A ~-l), 
n2:2 H O:;;P(A 0)-P(A0 + 1)::;P(A~_ 1)-P(A:+ 1)= a~_ 1 + a~. no3TOMy 
ct>YHK'-11-lR 1/1 (z) He HMeeT nomocos s Kpyre I z I < R. 

r 
n 

06o3Ha4HM 

1 
271 i 

p --· 1/l(z)~----
1 z I = R (1 - z + 1/J *(z)) z n + 1 

1/1 ({3) + p • 
(1/1 * '({3) _ 1) fJ n + 1 n 

/2.3/ 

14HTerpan B JleBOH 4aCTJ.1 /2.3/ MOIKHO 04eHJ.1Tb MaKCHMYMOM MOAYilH 
lrn I$ CR-n. npVI 3TOM 1-13 /2.21 BVIAHO, 4TO AilR KOPHH f3 HMeeM 
f3 (1- P (At))~ 1 · no3TOMY, Bbt6HpaH q > 1 TaK, 4T06bt R = 1/ q (1- P(A;)), 
no1ly4HM OL.IeHKY AilH OCTaTKa. 3aMeTHM, 4TO eCJlVI P(Ai)= 1, TO 
P1 =1, J.1 OCTaTOK paseH 0. 

06o3Ha4aH {3 1 =11(1-1/J*'({J)) "'{3 2 =1/1({3), H3 /2.31 nony4aeM 
Q>opMyny 12. 1 I. 4To6bt Hat!TH HBHbte s~pa>KeHHH AilH f3 "' {31' paccMoT
PVIM c!>YHK'-IVIIO W,. Z -1/f *(z),KOTopaH KOHc!>OPMHbiM o6pa30M OT06pa>KaeT He-

4 

:) 

·~ 

KOTOPY~ OKpeCTHOCTb T04KJ.1 W = 1 Ha HeKOTOpy~ OKpeCTHOCTb T04KH 
Z = f3. no3TOMY W = w(z) HMeeT o6paTHYIO ei1 $YHKLIHIO Z = z(w) • TierKo 
BHJ:IeT b, 4TO j3 = Z (1) H f3t = Z' (1) • 14cno1lb3YR pa3JlO>KeHHe TiarpaH>Ka19~ 
nony4aeM BblpameHHH AilR j3 "'{31 • 

TeopeMa 2. nycTb .F - npOH3BOJlbHOe pacnpeAeJleHIIIe (F(O) 11) H 
(I) H*(t) :£ H(t) AilH Ka>KAoro t; (II) f H*(t) dF(t) >0; (III) 

"" .\.t * 0 
SUp{.\: f e dH (t) <oo}=oo, TOrAa IIIMeeT MeCTO YTBeP>KAeHHe TeopeMbl 1. 

AoK
0
asaTe1lbCTBO. 113 161 BbiTeKaeT, 4TO p* > 0. 4To6bl AOKa3aTb, 

4TO /2.21 HMeeT HYilb, AOCTaT04HO 3aMeTHTb, 4TO AilR npOIII3BOJlb
HOrO .\. > 0 IIIMeeM 0 ~ a:~ P (xn+~ T1 + ••• + ~+1) :S M(e-\Xe)(M(e -ATJ.)) n + 1 

"" * -.\.T 
PaAHYC CXOAIIIMOCTIII PHAa I. anzn 6onbwe 1/M(e 1 > 1. Ecn111 .\. > ""• 

n= 1 

TO R = oo, 4TO J.1 Tpe6osaJlOCb AOKa3aTb. 

TeopeMa 3. nycTb (I) .F(t) - «llYHKLIHH pacnpeAeneHJ.1R""HeKOTOPOtl 
KOHCTaHTbl a> 0; (II) 0< H*(na) < H(na), n > 1; (III) ftdH*(t) < oo. 

- - 0 
KpoMe Toro, ecn111 H *(na) < 1 AilH Ka>KAoro n_? 1 , Aa>Ke nycTb (IV) 

"" lim(1-H*(na))/(1-H*((n+1)a))= R(a) > q;(V) I. U-H*((n+1)a))x 
n n n=1 

X n H * (ia) Rn (a) > 1 ' TOrAa HMeeT MeCTO YTBeP>KAeHJ.1e TeopeMbl 1 . 
I= 1 

AoKa3aTe1lbCTBO. 143 neMMbl 2 pa6cnbt 161 HCHO, 4TO np111 ycnoBIIIRX 
(I) J.1 (11) YC110BJ.1e (III) HBJlHeTCH Heo6XOA111Mb1M VI AOCTaT04HbiM AilR 
Toro, 4T06bl p*>O. 

EcnH H * (na) = 1 AilH HeKOToporo n, TO yTsep>KAeHHe cneAyeT 1113 
TeopeMbl L. n 

nycTb H* (na) < 1' n 2:. 1. nocKOJlbKY P(A *) = ll H * (ia) , 
n I= 1 

YCilOBIIIH 

(IV) VI (V) rapaHTHPYtOT, 4TO BblpameHVIe 12.21 HMeeT HYilb. TeopeMa 
AOKa3aHa. 

npHMep 1 . ECJlVI H *(t) < H (t) VI H *- raMMa -pacnpeAeJleHVIe VIJlH 
reoMeTpH4ecKoe pacnpeAe~eHVIe, TO VIMeeT MecTo TeopeMa 3. 

3aMeTVIM(l),4TO p*>Q: HBJlReTCH He06XOAHMbiM YC1lOBVIeM AilR Toro, 
4T06bt Pn Bbtpa>Kanocb 4epe3 /2.1/. (II) ypasHeHVIe 1-z +1/J*(z) = 0 
MO>KeT VI He HMeTb peweHVIR, HanpVIMep, B C1ly4ae C4eT4VIKa, AilR KOTO
poro T

0 
= 1, n ~ 1, a H*(t) =1-1/(1+t) a , t ~0 (a>l). PaAVIYC 

CXOAVIMOCTH PRAa z 'ia*zneCTb 1, HO i a*=1-p*<1. 
n=O n n=O n 

3. ACI4MnTOTI44ECKA~ 3KCnOHEHU14ATibHOCTb 

00 

06o3Ha4HM 4epes p = lim f ... ( H(t J ... H (t1 + ••• + t
0

) dF (t1) ... dF(t
0

) 

J.1 nyCTb 

¢ (z) = 1 - I. a z n 
n = 0 n 

n-+oo 0 0 

¢*(z) = 1- I a*z
0

, 

n =0 n 
13.1 I 
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rAe an = P(A 0 ) - P(A n + 1 ) , a~ = P(A: ) - P (A:+ 1 ) , n 2: 0, P(A
0

) = 

= P(A0) = 1. ~cHo, 4To npH H3MeHeHHH napaMeTpa p 6YAYT nony4aTb
cfl, soo6111e rosop.R, pa3nH4Hbte <!JYHK~H!-1 ¢ (z) 01 ¢ *(z). Y4HTbtBafl :ny 
He3aBHCHMOCTb, 6yAeM nHcaTb </Jp(z) H </J;(z) .To me CaMOe MOmHO 
cKa3aTb. o napaMeTpe p * = P * (p) • 

TeopeMa 4. EcnH pacnpeAeneHHfl cny4ai11Hbtx senH4HH IT 1;_
1 H lx I ;= 1 MeHfiiOTC.R TaK, 4To (I) D<p_$1; (II) H*(t)::;H(t) -; 

(III) - ¢JYHK~Hfl p*= p*(p) > Q - HenpepbiBHafl B HeKOTOpoil! npasoil! 

OKpeCTHOCTH T04KH 0 H p*'(Q~~Q·(IV) ~~¢ (z)l 
1

=1</J'(1)J<oo, 
' dz P z= P 

I _!L ¢ * (z) I = 1¢ * '(1) I < "" ; (V) lim ¢ ' (1) = lim ¢ * '(1) = o ; 
dz p z = 1 p P -+o+ p P _,Q+ p 

(VI) lim 1..1- ¢* (1) I ~"" ~ lim IL¢*'(1)1, TorAa lim P(av > t) = e-t, 
p-+O+ ap P JJ-+o+ Jp P p-.o+ 

t > 0, rAe a= a(p) = 1/M(v). 

- AoKa3aTenbCTBO. ~cnonb3Yfl /1.9/, HeTPYAHO noKa3aTb, 4TO ¢JYHK
~H.A a=a(p) HMeeT ClleAYK>lJ.IHe CBOHCTBa: a(O+) = 0, a'(W)=p*'(O+). 
~3 /1.7/ H /3.1/ BbiTeKaeT, 4TO Anfl S~ Q 

M(e-sav) =[e-sa¢ (e-sa)/(1 -e-sa(l-¢*(e-sa)))] 
p p 

= e-sa 1 [(1 _ ~-sa;¢ P (e -sa) + ¢; (e -;-sa)/ ¢p (e -sa)] • 

Hcnonb3Yfl npaBHno nonHTanfl, MOmHO AOKa3aTb, 4TO 

lim ¢ *(e-sa(p))/¢ (e -sa(p)) = 1. 
..... "'""'- n D 

B caMOM Aene, 

-L.q;, (e-sa(p)) I 
ap P p=o+ 

I a'(O+) e-sna(O+~s i a (0+) ne-sna(O+)a'(O+)= 
n=O n n= 0 ° 

=-p*'(O+)+O. 

AHanorH4HO Anfl Lq;,*(e-sa(p))l + =-p*'(O+). ap p p=O 

KpoMe TOro, HCnOllb3Yfl e~e pa3 npaBHno flonHTallfl, MOmHO AOKa-
3aTb, 4TO lim(1-e-sa(p))/p*(p) =S. no3TOMY Anfl AOKa3aTellbCTBa 

p-+ o+ -sa(p) 
YTBepmAeHH.A TeopeMbl AOCTaT04HO yKa3aTb, 4TO lim p * (p) I ¢P (e J = l. 

3aMeHtM, 4TO ¢JYHK1.1Hfl </J (z) npH 3aAaHHOM p <;; (8,1r He B03pac T aeT 
npH z >D. 11cnonb3Yfl 3Tg, a TaKme HepaseHCTBO e-x~ 1- x, nony4aeM 
p*(p) ;;;¢p(1)s ¢p(e-sa(p)) ::;¢p(1-sa(p)). BBHAY cnpaseAllHBOCTH 
npH lzl ~ 1 HepaBeHCTBa (1-x) 0 ~ 1-DX,D=0,1,2, ••• Anfl AOCTaT04HO 

ao n 
Manblx p HMeeM ¢ (1- sa(p)) = 1 - I U- sa(p)) &

0 P n::O 
= p *(p) - sa(p) «~>;(1). 

.. 
:S p*(p) +sa (p)0 ~1na0= 

6 

0TC10Aa cneAyeT, 4TO 1 = </Jp (1)/p *(p) < p *(p)/ p* (p) - Sa (p) </J '(1)/p * (p) 
- p 

H OKOH4aTenbHO limM(e-sa(p)~~>)=11(1+s). TaKHM o6pa3oM, TeopeMa non
p-+ o+ 

HOCTbiO AOKa3aHa. 

npHMep 2. PaCCMOTPHM C4eT4HK, Anfl KOTOporo Tn = 1 , n 2 1 
H 0 < H* (n) ::; H(n) , n >_1. nycTb ANI HeKOTOPbiX n 0 H mo H(no) ~ 1, 
H(no + 1) = 1 H H*(m 0) f, 1, H*(mo+ 1) = 1. EcnH p*'(O+);ot:O, To ace 
ycnOBHfl TeOpeMbl 4 6YAYT BblnOnHeHbl. 

noA06HbiM o6pa30M, ecnH y HaC HMeeTCfl C4eT4HK, Anfl KOTOporo 
FnpoH3BonbHO, aH* H H- ¢JYHK1.1HH KOHCTaHT D* H 0, D*:;:D>01 H 
ecnH npeAnonomHM F(D*) .f, 1 H p* '(0+) ;ot: 0, TO Allfl 3Toro C4eT4HKa 
cnpaseAnHsa TeopeMa 4. 
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