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1. BBEAEHHE 

nonHC$epOHAaflbH~e nepHOAH4eCKHe $YHK~HH BBeAeH~ B pa6oTe/l/. 

0HH B03HHKa~T npH peweHHH ypaBHeHHR renbMrOflb~a B CHCTeMaX 

KOOPAHHaT N -MepHbiX (N ,2: 4) BbiTRHyTbiX HflH Cll<aTbiX 3fl.f HnCOHAOB HflH 

rHnep6onOHAOB spa~eHHR H YAOBfleTBOPR~T ypaBHeHHRM 

I 1.1 a/ 

, (vo~d ( ) ] (v,M)( ) 
- 2q cos2v + " n q ps n v, q ~o. 

2(M- v + (v + M + l)ch2u) a 
+ ------------ - + 

sh2u au 
/1.16/ 

(v,p) (v,p) 
+ 2q ch2u - An (q)] Ps n (u, q) ~ 0 , 

v > - l. M >- 1, n = 0, 1, 2, .... 0 ~ v s_ 17, 0 :::_ u "' ""• 0 _:::: q 2 < "" . 

peMeHHO~ V, peanbH~ H nepHOAH4H~ C nepHOAOM 17, Ka>K~aR H3 HHX 

HMeeT n Hyne~ Ha OTpe3Ke 0 < V < 17/2 H He pasHa HY110 B T04Kax 

v ~ ?17/2, rAe r ~ 0,1 ,2, ... Ha HHTepsane [0, 17/2] 3TH ¢YHK~HH 

o6pa3yiOT nonHy~ opTOHOPMHPOBaHHYIO CHCTeMy B Knacce KBaApaTH4HQ­

HHTerpHpyeMbiX ¢YHK~H~ C BeCOBbiM MHOf~HTeneM (cosv) 2v- 1(sinv) 2M+ l, 
B cny4ae 3aMeHbl q-• -q cnpaseAnHBbl paseHCTBa: 

,(v,p) (- ) ~ , (M,V) ( ) (v,M) ( q) n (M,v) / 
"n q "n q, ps 0 v,- ~(-1) ps 0 (-V+172,q) 

(v,p) 
¢yHK~HH p S n (U, q) RBflRIOTCR aHaflHTH4eCKHM r POAOflll<eHHeM 

psC;:•M) (V, q) B o6naCTb 4HCTO MHHMbiX 3Ha4eHH~ V = j 1 H Ha3biBaiOT­

CR MOAH$H~HPOBaHH~MH nonHC¢epOHAaflbH~MH nepHOAH4eCKHMH ¢YHK~HR­

MH, 0HH o6pa3yiOT Ha ny4e (O,oo) nOflHY~ OPTOrOHaflbH)IO CHCTeMy 

B Knacce KBaApaTH4HO-HHTerpHpyeM~X ¢YHK~H~ C BeCOE~M MHOMHTe-
neM (chu) 2v+ 1 (shu) 2M+ 1 • r 
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Pa3ilH4HWe 4aCTHWe cny4aH nonHcOepoHAanbHWX nepHOAH4eCKHX 
QJYHK4H~ HCnOJlb3Y~TCR npH peweHHH MHOrHX QlH3H4eCKHX 3aAa4: 3aAa-
4H ABYX 4eHTPOB KBaHTOBO~ MeXaHHKI-1 /2-4/, 3aAa4H TpeX Ten C Kyno­
HOBCKHM B3ai-1MOAe~CTBJ.1eM/4 ,51, 3aAa4J.1 pacceRHJ.1R J.1 A1-1¢paK4HJ.1 CKa­
ilRpHWX J.1 3JleKTpOMarHJ.1THWX BOJlH Ha BWTRHYTWX J.1JlH C*aTWX 3JlJlJ.1n­
COJ.1AaX Bpa~eHHR/6·8/, 3aAa4J.1 Ha co6CTBeHHWe KOJle6aHHR npHMeHRe­
MbiX s na3epax OTKPbiTbJX pe3oHaTopos 14 ·9,10/ 1-1 APYrHx /4, 11,12 1 • 

5onee nOAP06HO QJJ.13~4eCKJ.1e npl-1ilO*eHJ.1R Ha3BaHHWX QJYHK41-1~, a TaK*e 
J.1X OCHOBHWe CBO~CTBa, pa3JlOMeHHR, aCI-1MnTOTJ.1KH paCCMOTpeHhl B pa-
6oTe 111 

• 

TaM, s 4aCTHOCTI-1, Ta~*e ycTaHosneHo, ~To s cny4ae v = +112 
HilH IJ. = +112 ¢YHK4HH Ps;(•iJ.) (u, q), ps<;:•IJ. (v, q) BbJPa*a~TCR 4epe3 
BbiTRHYTble J.1JlH Cnil~CHYTble CQJepOJ.1AailbHble QJYHK4J.1H 14• 6• ll, 131, B cny-
4ae IJ. = 0 - 4epe3 rHnepc¢epoHAailbHWe IHnl-1 o6o6~eHHwe c¢epoi-1Aanb­
Hblel ¢YHK4HJ.1 19,10,14,151, s cny4ae v = 0,1 ,2, ••• - 4epe3 o6o6~eH-
Hble rHnepc¢epoHAailbHbJe <!>YHK41-11-1 1 16 • ~ 7/ s cny4ae v = IJ. = 0, 1 , 2, ... -

' 4epe3 yrnosy~ J.1 paAI-1aJlbHY~ BOJlHOBble QJYHK4HI-1 BOAOPOAOnogo6Horo 
aTOMa C 3HeprJ.1e~ E = 0 B cQ:>epOHAaJlbHO~ CHCTeMe KOOPAI-1HaT, B cny-
4ae q = 0 - 4epe3 nonHHOMW .>!Ko6H, Apyr1-1e 4acTHWe cny4aH 3TJ.1X 
¢YHK4H~ npHBeAeHw s/1/, AnropHTM 1-1x BW41-1cneHJ.1R Ha 3BM H pe3ynb­
TaTw 4J.1CJleHHWX paC4CTOB npeACTasneHhl B/18/, 

B AaHHO~ pa6oTe nony4eHW J.1HTerpanbHWe ypasHeHJ.1R J.1 COOTHOWeHHR 
AilR ¢YHK41-1~ Ps ~,iJ.) (u, q) , ps ~,iJ.) (v, q) , a TaK>~e AilR sBeAeHHbiX 
3AeCb MOAHQJJ.14HPOBaHHbiX nOJlHCQJepOJ.1,QaJlbHbiX QJYHK4J.1~ BTOPOrO POAa 
Fs,\r•ll), (u, q), OTBe4a~~J.1X BTOPOMY fli-1He~Ho-He3aBJ.1CJ.1MOMY OT 
Ps'~· 11- 1 (u, q) peweHI-1~ ypasHeHHR I 1 • 16/. RAPa cooTseTCTBY~li\I-1X 
J.1HTerpanbHWX onepaTopos YAOBfleTsopR~T 4eTwpexMepHOMY ypasHeHJ.1n 
renbMrOilb4a B 6Hc¢epOHAaJlbHO~ CHCTeMe KOOPAJ.1HaT. AnR orpaHJ.14eH­
HWX B onpeAefleHHWX o6naCTRX RAeP Ha~AeHhl pa3JlO*eHJ.1R B BJ.1Ae PRAOB 
no npoH3BeAeHHRM nonHc¢epoHAailbHWx nepHOAH4eCKHX ¢YHK4H~. TaKHe 
pa3JlO*eHHR BMeCTe C nony4eHHWM B pa6oTe pa3ilO*eHHeM QJYHK4HH rpH­
Ha 4eTwpexMepHoro ypasHeHHR renbMrOilb4a no npoH3BeAeHHRM 4eTwpex 
nonHc¢epOJ.1AailbHWX QJYHK4H~ RBilR~TCR QJOpMyJlaMH CilO*eHHR AJlR 3THX 
QJYHK4H~. 

2. HHTErPAflbHWE YPABHEHHR H COOTHO~EHHR 

B pa6oTe 111 nony4eHo pa3no*eHHe 

(v,!J.) .. (v,!J.) 
Psn (u,q) psn (v, q) 

K (v,/1 l 
n 

3AeCb P~'IJ.) (-cos28) - noflHHOMbl .>!KOOI-1, J v+ !J.+ 2r+ 1 (kR) 
4HH 5eccenR nepsoro POAa, kR = c · (ch 2 u + cos2 v - 1) 112 , 

= c • ch u cos vI (kR) , 

2 

(v,!J.) ( (v,iJ.) , (v,IJ.) ,.., v+!l+ 1 . (v, iJ.) 
Kn = PSn .O,q)psn (77/.;.,q)2 r(ll+fl+2J)/Ao,n 

c = 2yq. 
(v IJ.) 

Ko3¢¢"~4fiE:HTbl A r:n · YAOBileT90PRIOT peKyppeHTHbiM coo; HoweHHRM 

=0, r~0,1,2, ... , 

rAe a, , {3 r , )i r RBJlR~TCR l-13BeCTHbiMH QJYHK4HRMH OT f , II, 1J. , Q, 

,\(~,IJ.)(q), Pa3IlOlKeHHe /2.1/ a6con~THO CXOAI-HCR npH scex 11>-l, 

IJ. > - 1 , o ~ e s " , o.::;; 1 kR 1 .::; oo , o ::; q2 < "". 
8 cny4ae v = 0 H3 12. 1 I nony4aeM 

K (II,!J.) 
n 

P (11,/l)( ) 
S n 11, q -----,----------·--·- X 

ps(~,iJ.) (0, q) (C· ch u) 11 + iJ . .._ 1 
/2.2/ 

r 
X l (-l) 

r=O 

(ll,iJ.) r(r + p. + 1) 
A ------ J , 1 (c· chu) . 

r. n r ! r (iJ. + 1) )/ + ll + 2r + 

B cny4ae v = "/2 COOTBeTCTBeHHO HMeeM 

~- (v,u), 
(II ,!J.) 

Kn 
----···--A 

ps~·I-L) (TII2, q) (c ·shu) l/+J.I.+ 1 

/2.3/ 

• ~ n 

(ll,iJ.) r (r + II + 1) 
x l A ------ J 2 1(c. shu) . 

r=O r,n r'r(v+l) v+!Lf. r+ 

B npeAene u .. oo H3 /2.21 HaXOAHM 

( ) 112 I I ) 
P (ll,fl) ( ) s n U, q --+ 

u .. 00 

K v,IJ. (~) _cos (c ·Ch u - (II_~£+ l)TI 2- Tl 4 
n TT ,-- • 

(c-chu) 11 +fl+ 312 /2.4/ 

nonaraR U-+oc s /2.1/ H Hcnonb3YR /2.4/, nony4aeM 

(v,fl) 
psn (v,q) /2.51 

Onpe~en0M r~oAH¢H4HPOBaHHY10 nonHc<t>epoHAailbHYIO ¢yHK4H~ BToporo 
PoAa Fs rf·ll ( u, q) pa3nm:;eHHe.'1 
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F (v,fl) ( ) s
0 

u, q 

r 
" ~ (-1) 

r= 0 

K(v,f.L) 
n 

------------------ X 

ps~·fl)(O,q) (C·chu)V+f.L + 1 

A
(v,f.L) f(r + f.L+ 1) 
r,n -Yv+(.L+2r+1(C·Chu), 

r: r(f.L + 1) 

12.61 

rAe Yv+f.L+ 2r+l (c·chu) - ¢YHK4~H 5eccenH BToporo POAa, lui>O, 
c > 0 . <tlyHK4~H 12.61 YAOBneTsopHeT ypasHeH~tO I 1 • 161, s 4eM MO)!{HO 

y6eA~TbCH, nOACTaBilHH 12.61 B 11.161 ~ ~CnOilb~YH feKyppeHTH~e 
cooTHoweH~H AI1H <1>YHK4~~ Yv ~ K03$Q~4~eHTOB A:,·: • 

B cny4ae u -+ oo 12.61 AaeT 

K(v,f.L) (!_)1/2 _sin(c.chu -(v+/L + 1)17/2-1714). 
12

_
71 

n 17 (C•ChU)V+(.L+3/2 

06o3Ha4~M AflH KpaTKOCT~ npo~3BeAeH~e (c·chu)
2
v+ 1

. (c·shu)
2
fl+ 

1 

4epe3 P, a 4JYHK4V1~ Fs <;:• f.L) (u, q) , Ps(~,f.L) ( u, q) - 4epe3 Fs , Ps co­

OTBeTCTBeHHO, YMHO)!{~M 11,161 Ha P·FS,a COOTBeTCTBYIO~ee ypaBHeH~e 
AI1H Fs Ha P·Ps V1 Bbi4TeM ogHo Bblpa)!{eH~e ~3 APYroro. ~HTerp~pyH 

nony4eHHYIO pa3HOCTb no u oT u AO oo, c y4eTOM 12.41 ~ 12.7 I 
HaXOA~M 

, 0 

P. (Ps-v- Fs - Fs_::_ Ps) 
au au 

~ { \ 

= ~~ (K \"'' ~~ ) • 
TT n 

12.81 

TaK~M o6pa30M, 4JYHK4~11 Fs npeACTaBnReT co6o~ BTopoe n~He~Ho­
He3aB~C~Moe oT Ps peweH~e ypasHeH~R 11.161. 0Ha YAosneTsopReT 

TaK)!{e pa3no~eH~tO 

( ) ( (v,f.L) 
Fs~·fl (u,q)ps ~·11) (v, q) "" (v,!l) pr (-cos2t9)Yv+!l+2r+1(kR) 
---------------- = ~ Ar n -------------------.12.91 

K (v,11) r= 0 ' (kR) V+ ll + 1 
n 

KOTopoe MO)!{HO nony4~Tb, ecn~ nOACTaB~{b ~2.9~ B)l1. 11 
3oBaTb peKyppeHTHble cooTHoweH~R AI111 A~·K , P /• 11 , Yv • 

nocKOJlbKY np~ r -> oo /1/ 

4 

(v 11l (v, f.L) 
A r'+ 1,n p r + 1 (-cos 2t9 ) I q I 

A (v, fl) -;c;;:-pr (-cos 2t9) 
1 

-+ 4r 2 
r,n r 

Y v + f.L + 2r + 3(kR) 

Y v + f.L + 2r + l(kR) 

To, cncgosaTenbHO, PHA 12.91 a6connTHO cxoA~TCH np~ scex 

lkRII!2ql > 1. B cny4ae v = 0 12.91 CBOA~TCH K 12.61. 
nyc T b <PYHK4~H K(v. 11, q) YAOBJ:CT sopHeT I~' ,,;J<tJepeH4f1aJlb HOMY ypa B­

HeH~~ B 4aCTH~X npo~3BOAHWX 

(L(v, q) + L(u, q)) K(v, u, q) = 0, 12.101 

L(v, q) = p -l .JL pJ- - 2q eos2v, 
av av 

2V+ 1 2V+ 1 
p = (cosv) (sinv) 

L (u, q) p-1 J!_ p.l__ + 2q ch2u • 
au au 

Ecn~ K(v, u, q) Bbl6paHa TaKv1M o6pa3oM, 4TO 

(v,(.L) (! a (v,(l) rr/ 2 
[ p. (P" 

0 
(v, q) ~ K(v, u, q) - K ( v, u, q) -- ps 0 (v, q)) l 0 = 0, av av 

/2.11 I 
TO ¢yHK4~l1 

rr/2 
f(u,q) ~ [ P·K(v,u,q1ps(:· 11)(v,q)dv 12.121 

ygosneTsopRer ypasHeH~tO 11 .lGI. 
~e~cTB~Tenb~O, noAe~cTsyeM onepaTopoM L(u, q) Ha npasytO ~ ne­

syn 4aCT~ paseHcTsa 12.121 ~ ~cnonb3yeM np~ 3TOM ypasHeH~e 12.101. 
~HTerp~pyR nony4eHHGe swpa)!{eH~e no 4aCTRM, c y4eToM 12.111 ~ 

/1. 1 .•/ PoJ1.v4aeM 

L(u,q)f(u,q) 
rr/2 ( ) 

[ p . ps v • ll ( v, q ) L ( v, q ) K ( v, u, q ) d v 
n 

0 

TTI2 ) 
[ P· K(v, u, q) L(v, q) ps(~.!l (v, q) dv 

0 

!1BHbli1 B~A 4JYHK4~~ f(U, q) MO>KHO nOI1Y4~Tb, ecn~ y4eCTb, 4TO 

4JYHK4~l1 

W = K(v, u, q) (chucosv)v (shu sinv) 11 exp(± iva± iflfJ) 

(~ + k 
2 

)W = 0 

12.131 

12.141 

5 



X 1 = f Chu COS V CO Sa , 

x2 = f chu cosv sina, 

1T 
0 .$ u < oo, 0 s v < 2 ' 

f shu sinv cosfl, X3= 

x 4 "' f shu sinv sinfl, 

0 S a < 2rr, 
k2r2 

0 < {3 < 2rr, q = --- . - 4 

RAPO K(v,u,q) YAOBneTsopAeT,cneAoBaTenbHo, ypasHeH~~ 

12.151 

+ _!:.__ c..£:... + ~ -v + ~_!-~_:t_lli.2~28) __£_) + k 2 ] K (v, u, q) = 0, 
R2 ae 2 sin28 ae 

B KOTOPOM R ' e Te me' 4TO ~ B 12. 1 I' ~ ypasHeH~~ 

s KOTOPOM p = f chucosv, r = fshusinv. 

B Ka4eCTBe RAeP K(v, u,q) MO*Ho s~6paTb, TaK~M o6pasoM, ()JyHK4~~ 

J (kR) P(v,Jll(-cos28) 
V+IL+2f+1 f 

K 1 =- ----

(kR) v + 11 + 1 

(v,f.1) 
y v + 

11 
+ 2 ~ + 1 (kR) P f (-cos28) 

K 2 = ------------------, 
(kR) v + 11 + 1 

f = 0,1,2, ... ' 

K 3 

K4 

Jv(kp cos¢) 

(kp COS¢) II 

J ).1 (kp) 

(kp) Jl 

J IL (kr sin¢) 

-;sin¢)M' 

K5 =~-~ 
(kr) 11 

0 ::;: ¢ 'S_ rr/2, 

noAcTaBI-1M K
1 

s 12.121 ~ Bbl4~cn~M ac~MnToT~KY f(u, q) np~ u-+ "". 

HaxoA~M 

6 

f (u, q) 
<) 1/2 

----. (:';...) 
u-+oo ri 

cos (c. chu- (v+e+ l)rr/2-::_rr/4) 

(c·Chu) v+ 11 + 1 

TT I 2 (v ,11) (v ,11) 
X r P· pf (-cos2v) psn (v,q) dv. 

0 

12.161 

CpasH~BaR 3TO s~pameH~e c 12.41, nony4aeM, 4To f(u,q) c T04HOCTb~ 
AO KOHCTaHTbl pasHa Ps(ll,f.l) (u, q), noACTaB~M 12.51 B 12.161 ~ npo-

n 
~HTerp~pyeM no V, ~Cnonb3YR COOTHOWeH~R OPTOrOHanbHOCT~ AnA non~-
HOMOB RKoG~. nony4aeM 

P 
(v,f.l) ( ) B (v,f.1) 

s n u, q f, n 
rrl 2 (v 11l 

[ P·K 1 ·psn' (v,q)dv, 12.171 
0 

r (v,f.l) A (v,JL) 

f e n r (v + r + 1 l r <11 + r + 1 l B(v,f.1) 
f, n 

K (v,f.1) 
n 

2 ( f I) (v + 11 + 2 f + 1 )[ (v + 11 + e + I) 

AHanor~4HaR noACTaHOBKa ¢yHK4~~ K2 s 12.121 ~ y4eT ac~MnTo-
T~K~ nony4eHHOrO Bblpill'<eH~R np~ ll-+ oo np~BOART K qJOpMyne 

rr!? 
F ,v·~"' c ) 8 w,Jl' _ r K \V,f.ll c ) ct sn u,q P,n- P· 2 ·psn v,q v. 

0 
12. 181 

nogcTa[H1M ¢YHK41-1~ K 3 B 12.121 ~ ~cnonbsyeM pasno>t<eH~e 1131 

J v ( z cosOcosd>) J 
11 

( z sinO sin¢) 

(z cosO cos¢) v (z sinO sin¢) 11 

12. 191 

I (-l) 
r (V,Jl) -1 

(1 ) 
(v,f.1) (v,f.1) Jv + JL + 2r + 1 ( z) 

P (-cos28) P (-cos2d>) -------- . 
r = 0 r r r ZV+-JL+l 

C y4eTOM 12.11 HaXOA~M 

Ps (~,JL) (u, q) ps (~· 111 (¢, q) 

---~il! 

rrl2 ( ) 
r V,JL ( ) d p · K 3 · ps n v, q v , 
0 

n 

B cny4ae d> = 0 3To Bblpa)f(eH~e AaeT 

P (v,JL) ( ) (V,JL) (0 q) rrl2 s n ,u, q ps n , 

V,JL 
K n 

r 
0 

(v,JL) 
p · K4 • ps n ( v, q) dv 

2111(11 + 1) 

12.201 

12.21/ 

7 



B cny4ae c/J = rrl2 Y13 12.20/ nony4aeM 

(v,~,) (v,J.L) I (v,J.L) 
Psn (u,q)psn (rrl2,q) rr2p.K 5 -psn (v,q)dv 

-----;c;;:;;)------- = l 2vf(v + l) 
n 

/2.22/ 

Coon~oweHYie /2.211 nony4eHo s 111 1-1HbiM cnoco6oM. np1-1 11 = 0, 
V = 0

1
1,2 ••• OHO COBnagaeT C i-1HTerpaJlbH~M ypasHeHI-1eM /45/ pa6o­

Tbl 1 15, AJl.A rl-1nepc<)lepOI-1AaJlbHbiX <!JYHKL\I-1fi. npV! 1..\eJlbiX v , 11 0' 1, 2 ••• 
oHo cosnaAaeT c nony4eHH~M s 1161 i-1HTerpanbH~M ypasHeHVIeM AJl.A 

o6oG~eHH~X rY1nepc¢epOI-1AaJlbH~X ¢YHK4Y1fi. 
8 CJly4ae v = +1/2 i-1Jll-1 J.1. = +112 COOTHOWeHVI.A 12.17/, 12.18/, 

12.201-12.221 nepexoA.AT s 1-1HTerpanbHble ypasHeHV!R An.A c¢epoi-1Aanb­
Hblx ¢YHK4Y1~ 14 ·6, 13/, a s cny4ae v = ± 112, 11 = ± 1/2 - B VIHTerpanb-

Hble ypasHeHI-1.A An . .A ¢YHK41-1~ MaTbe 113 •191 • 1 2 2 1 2 
Ecn1-1 s 12. 20! nepei1TY1 K nepeMeHHb!M z = C• (ch u + cos <P - l) , 

costll = C· chucosc/Jiz, a saTeM Bbi4Y1Cm1Tb npeAen np~-1 q • 0, TO c i-1C-
nonb30BaHI-1eM /2. 1 I 1-1 aci-1MnTOTI-1KY1 A (v,J.L) np1-1 q -• 0 111 nony4deM 

r,n 

(v,J.L) 
pn (-cos2¢)JV+~J.+2n+1(z) 

n 
= (-l) 

rr/2 

r /2.23/ 
2v + 1 . 2J.L + 1 

(cosv) ( smv) 

J v (z cos¢ cosv) JJ.l. ( z sin¢ sinv) (v,f.L) 
x - • ------·-- P n (- cos2v) dv • 

(z cos¢ cos v) v (z sin¢ sin v) f.l 

3TO COOTHOWeH!-1e MO~HO nony4V!Tb TaK~e 1-1 HenocpegcTBe~HO 1-13 /2,19/, 
2v+l . )2J.L+1p(v,ld( 2A-) ecn1-1 yMHO}J{V!Tb nocneAHee Ha (cosc/J) (smc/J n -cos '+' 

1-1 npOi-1HTerpi-1pOBdTb no c/J OT 0 AOrrl2,y4Y1T~Ba.A npl-1 3TOM C001HOWe­

HI-1.A opToroHanbHOCTVI AJlR noni-1HOMOB BKo61-1. 4acTH~fi cny4afi 12.231 
np1-1 f.l = 0, ¢ = 0 nony4eH TaKl'<e s 1151 gpyrYIM cnoco6oM. 

3. PA3flO~EHHE RAEP no C06CTBEHH~M OYHKUHRM 

noKa~eM, 4TO orpaH<14eHHble npi-1 0:::: u .s;_ 00 , 0 .s;_ v:::: rr .Agpa K 1, 
K K K MOl'<HO pa3JlO>'<V1Tb B PRA~ no npoi-13BeAeHI-1RM nonV!c<)le-

3 ' 4 , 5 
poi-1AdJlbH~X nepi-10AY14ecKVIX ¢YHK41-1~. TaKI-1e pasnomeHVI.A so3MO}J{H~, TaK 

KdK ¢YHK4V!.R /2, 1J/ 1-1 ¢yHK41-1R 

w p s (~,J.L) (u, q) ps ~,f.l) (v, q) (chu cosv) v (shu sinv) f.l exp ( ± iva ± i f.l f3) 

8 

RBil.A~TC.A peweHI-1RMVI OAHOrO VI TOrO me ypaBHeHVI.A 12.14/ B 6VIC<)le-

pOVIAdJlbHOi1 CV!CTeMe KOOPAYIHdT /2.151. ( ) ( ) 
nocKOJlbKY RAPO K 1 VI npOV13BeAeH!-1e Ps ~·f.l (u, q). ps ~·IL (v, q) 

orpaHY14eHbl B 06JldCTY1 0::; U ~ 00 , 0::; V.::;. Tr VI V!Mf.'~T OAV!HdKOBY~ 
aCVIMnTOH1KY npYI U _, oo, TO Hap.A):IY C pa3JlO~eHV!eM /2,1/ AOfi>KHO cy­

~eCTBOBaTb Y1 o6paTHOe pa3JlO}J{eHY1e 

13.1 I 

(v, q) ~ c(v,(.l) 
n=O r,n 

(v Ji.) 
YMHO>KVIM 3To BblpalKeHI-1e Ha p . ps ' (v, q) VI npoY1HTerpV1pyeM no v 

n (v f.l\ 
OT 0 AO rrl2, l-1cnOJlb3YR OPTOHOPMY1POBaHHOCTb qJyHK4Y1~ ps n' '(V, q) 

Y1 COOTHOWCHV!e 12.17/, nony4aEM 

(v,JL) 
C r, n 

8 CJly4ae V = 0 /3.1/ CBOAYITC.A K pa3JlO}I{eHY1~ 

J 11 _.~_ , -'- o. -'- 1 ( c · ch u) ... 1\ 
r 

(C•Chu) 11 + JL + l r' f(JL + 1) 

(v,f.L) ( ) (v,,u) (O ) 
(v,f.l) ps n u, q ps n , q 

2. Cr,n --------
n = 0 K (v, JL) 

n 

a s cny4ae v = rrl2 - K pasno~eHYIIO 

Jv + J.L + 2r + 1(c :~~- l(r + ~.ll_ = 

(c·shu)V+J.L+1 r!f(v+l) 

(v,J.L) (v, JL) 
( )Psn (u,q)psn (17/2,q) 

2_ C V,f.l -
n = 0 r, n K (v, J.L) 

n 

nonara.A U -ooo B /3,1/, C y4eTOM /2.41 HaXOAYIM 

(v f.l) 
P r ' (-cos2v) 

13.21 

/3.31 

/3.4/ 

9 



(v,Jl.) 
YMHo~~M /3.4/ Ha P·Pr (-cos2v) ~ npo~HTerp~pyeM nov oT 0 

AO rr/2, C y4eTOM COOTHOWeH~~ OPTOrOHanbHOCT~ AnR non~HOMOB HKo-
6~ nony4aeM 

"" (v,Jl.) (v,1t) (v,Jl.) { 1, ecn~ r = E, 
I Ar n Ap n r r = 8 n = 

n=O ' • r t 
' 0, ecn~ r f, E • 

/3.5/ 

(v Jl.) HanoMH~M, 4TO scneACTB~e opToHopM~posaHHOCT~ ~YHK4~~ ps
0

' (v.~ 
CnpaBeAn~BO TaK~e COOTHOWeH~e Ill 

; A (v,Jl.) A (v,Jl.) r (v,Jl.) = 8 
r= 0 r, n r, m r n,m /3.6/ 

noACTaB~M Tenepb pa3no~eH~R /3.1/ ~ /3.4/ B /2.19/ ~ ~cnonb-
3YeM np~ 3TOM /3.6/. HaxoA~M 

J11 (c. ch u cosv cos¢) J (c. shu sinv sin¢) 

(c·chucosvcos¢) 11 (c·shusinvsin¢)1l 
13.7/ 

Ps (~,Jl.) (u, q) ps ~~~·lllcv, q) ps ~· 11) (¢, q) 

3Ta $opMyna OTBe4aeT oa3no~PH~~ Rnn~ w ~ ,..,,...,. .............................. __ _ 
·r-··._._.._M ..... ' •r>#ll"l 

non~C$epO~AanbHhlX nep~OA~4eCK~X $YHK4~~ ~ RBnReTCR, no cy~eCTBy, 
QOpMyno~ Cno~eH~R 3T~X $YHK4~~. 

B cny4ae ¢= 013.71 cooTseTcTsyeT pa3no~eH~IO RAPa K
4

: 

J 11 (c. chucosv) 1 ·----
(C·Chucosv)11 2Jl.r<Jl. + 1) 

(v,Jl.) (v,Jl.) (v Ji.) 
Ps n (u, q) ps n (v, q) ps n' (0, q) 

n= 0 

a B cny4ae ¢ = rr/2 - pa3no~eH~IO RAPa K
5 

: 

10 

Jll(c.shusinv) 
1 

(c. shusinv) J1. 

I 
n=O 

Ps ~,Jl.)(u, q) ps ~,Jl.)(v, q) ps (~,Jl.) (rr/2, q) 

K (v,Jl.) 
n 

/3.8/ 

/3.9/ 

2v+l . 211+1 (v,Jl.) ) 
Ecn~ yMHO~~Tb /3.7/ Ha (cos¢) (sm¢) Pr (-cos2¢ 

~ npO~HTerp~poBaTb no </J OT 0 AO rr/2, TO C y4eTOM /2.5/ ~ /2,23/ 
nony4~M pa3no~eH~e /3.1/. 

4. PA3nO~EH~E $YHKU~Vi IP~HA 

I 11, 20 I 0 (-+ -+ ' ) CornacHo o6~e~ Teop~~ $YHK4~R lp~Ha r,r 'YAOBneT-
sopRtO~aR HeOAHOPOAHOMY 4eTblpexMepHOMY ypasHeH~IO ienbMrOnb4a 

2 ........ __,._, 
(~ + k ) G (r, r ') = - 8 (r - r ') /4.1 I 

~ OAHOPOAHhlM rpaH~4HhlM vcnOB~RM Ha 6eCKOHe4HOCT~ 

312 a r (- G - ikO) -• 0 , /4.2/ 
ar r-+oo 

3aB~C~T OT kR=k[r-r'[ ~pasHa 

-+ -+ ik2 H lt) (kR) 
G(r, r') = --

8rr kR 
/4.3/ 

rAe H i1\kR) = J 1 (kR) + iY 1 (kr) - $YHK4~R laHKenR nepsoro POAa. 
nocKOnbKY np~ r ~ r' $YHK4~R /4.3/ YAOBneTBOpReT OAHOPOAHOMY 

4eTblpexMepHOMY ypasHeH~tO lenbMronb4a /2.14/, To, cnegosaTenbHO, 
B 6~c$epO~AanbHhlX KOOPA~HaTaX OHa MO~eT 6hlTb npeACTasneHa B B~Ae 

K (N 'M) cosN (a - a') cosM (,B - f3 ') x 
n 

x (c 2chuchu'cosvcosv')N (c 2shushu'sinvsinv')M x 

x ps (N' M) (v, q) ps (N' M) (v', q) , 
n n 

Ps~N,M)(u,q)+ iFs~N,M)(u,q), 

u> max(u, u'), u < min (u, u'). 

/4.4/ 

ll 



Pa3no*eHMe /4.4/ orpaHM4eHo npM u = 0 M YAOBneTsopReT yc­
noBH~ /4.2/. 

nogCTaBMM /4,4/ B ypaBHCHMe /4,1/, B~pa*eHHOe B KOOPAHHaTaX 
/2,15/. nonyYaeM 

1 l 1 
f 2(ch2 u- cos2 v) chu shu 

a a 
- ,;hushu-- + au au 

1- 1 a . a 
- eosvsmv- + 

~ a2 
-- + 

cosvsinv av av ch2ucos2v aa2 

1 a2 
sh2usin2v Jf32 l + k

2
] G(;, ;') 

= - h -
1 a ( u - u ')a ( v - v ')a (a - a ') 8 ({3 - f3 , ) 

3AeCbh= huhvhah(1- npOI-13BeAeHMe K03qJqJV!~MeHTOB naMe, 

h ~ f 4 (ch 2 u- cos 2 v)chucosvshusinv. 

/4.5/ 

v.u•:::·::::: '':.~/ ••U u Yl II~UVIMit:l ~ .. H1j.JyeM llO u OT u + ( AO u·-(, 

rAe f - HeKOTOpa.R MaJlaA BCJ1M41-1Ha, 1-1cnOJ1b3Y.R ypaBHCHV!e /1.16/ 
1-1 COOTHOWeHHe /2.8/, HaXOAMM npl-1 I .Q 

2i 
--cosvsinv 
7ik 2 

"" "" ~ ~ ~ 
N=O M=O n = 0 

K(N' M) ccsN (a - a') cosM ({3 - f3 ') (cosv cosv ·t x 
n 

x (sinv sinv')M ps~N,M)(v, q) ps~N,M)(v', q) (K ~N,M)) 2 ] 

= -a(v-v')a(a -a')8({3-{3'). 

YMHOll<MM 3To Bblpa>KeHMe Ha cos(Na)cos(M{J) (cosvt(sinv)Mps(~,M)(v, q) 
1-1 npOMHTerpMpyeM no v OT 0 AO rr/2 1-1 no a , f3 or 0 AO 2rr. Ta-
KMM o6pa30M, 1--!MeeM 

K(N,M)= ik2 (2 -ao,M )(2-Bo,N) 
n 8rr (K (N, M) ) 2 

n 

12 

~ 

0KOH4aTeJ1bHO nony4aeM 

H i1
) (kR) 

kR 
~ ~ ~ (2 -a O,N )(2 - 80,M ) X 

N=O M=O n=O 

x cosN(a- a')cosM({J- {J')(c 2chuchu'cosv cosv')N x 

/4.6/ 
x (c2 shushu'sinvsinv')M x 

x Hs<:·M)(u> ,q)Ps~N,M) (u<,q) ps(~,M)(v, q) ps~N,M~v', q) (K~N,M))-2 • 

3AeCb 

kR = c (( ch2u + ch2u' + cos2v + cos2v' )/2 -

- 2 chu chu' cosv cosv' cos (a- a') -

~ 
- 2shu shu'sinvsinv'cos({J -{3')). 

npMBeAeM ell\e OAHY none3HYIIJ wopMyny cnoll<eHM.R 4CTbipex nonM-
cwepOMAanbH~X WYHK~I-1~. YMHOll<I-1M pa3nOll<eHH.R /3.7/ M /2.19/, 3aBH­
C.RU11-1e oT nepeMeHHbiX u , v , ¢ 1-1 z , () , ¢, Ha TaKHe )!{e pa3nome-
··:~~, :.:::::;:~~::. .:.7 ;-;,:.;:...:_;,,:.,,.,..,,,., -._;,.r' .. y • .r '~ 1"1 L<,' :;'" '~ '-UUitH::II....I-

BeHHO, 1-1 npOMHTerpHpyeM nony4eHHble Bbipa)!{eHH.R no cP OT 0 AO rr/2 
C BeCOM (cos¢) 2V+ 1(sin¢) 21-l+ 1 • 11cnOJ1b3y.R OPTOHOPMMPOBaHHOCTb 
WYHKI..II-1~ ps ~·IL) (¢, q) 1-1 opToroHanbHOCTb nonMHOMOB .s1Ko6H, nony4a-

eM 

rr/2 J v (kx cos¢) J (ky sin¢) 
r ------- . - IL • x 

o (kx cos¢ ) v (ky sin¢ ) Jl 

X 

X 

J v (kx ' cos¢ ) 

(kx'cos¢) v 

J Jl(ky' sin¢) )2v+ 1 ( . -+.) 21-l+ 1 d-1-. 
---- ·(cos¢ sm'+' '+' 
(ky' sin¢) J.l 

P 
(v,J.!) ( ) p (v,J.!)( , ) (v,J.!) ( ) (v,J.!) (v' q) s n u, q s n u , q ps n v, q ps n , 

~ 
n = 0 (K (v, J.1 )) 2 

n 

~ ([' (v,IL) )-1 P (v,IL) (-cos20) P (v,J.!) (-cos20 ') x 
r r r 

r=O 

J v + J.1 + 2r+ 1 (z) 

zV+iL+1 

JV+J.1+2r+1(z') 

(z')v+IL+ 1 

/4.71 
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3gecb 

x = f chuco:>v z cos&, x'= fchu'cosv' = z'cos&', 

y = f shu sinv z sin&, y' = f shu' sin v' = z' sin&', kf 

3aMeT~M, uTa nocnegHee paseHCTBo B ¢opMyne /4.7/ ocraercq 
TaK~e cnpaBeAn~B~M, ecn~ s HeM 3aMeH~Tb ¢YHK~~~ nepsoro poga 
Ps ~·I') (u ', q) ~ J v + l1 + 2r+1 (z') Ha ¢YHK4~~ BTOPOI-0 poga 

F (v ,11) ( ' ) v ( , ) n Sn U , q ~ 1 v + l1 + 2r+ l Z COOTBeTCTBeHHO, p~ 3TOM 
!u'l ~ :uJ, lz'l ~ lzl , lz'l>2q. TaKoe paseHCTBO MO>+<Ho nony-
u~Tb, ecn~ YMHO>+<~Tb pa3J10~eH~e /2,1/ Ha /2.9/, B KOTOPOM npOH3-
BegeHa 3aMeHa u ... u' , v ... v', ~ npocyMM~posaTb no n or 0 go oo, 

yu~TbiBaR np~ 3TOM COOTHOWeH~e /3.5/. H3MeHeH~e nopRgKa CYMM~po­
BaH~R B 3TOM CJlyuae B03MO~HO BcnegCTB~e a6COJ1~THO~ CXOA~MOCT~ 
pa3J10~eH~~ /2.1/ H /2.9/, np~ 4eJ1~X V, 11 = 0,1 ,2,,,. 3T~ pa­
BeHCTBa Mo~Ho TaK~e nonyu~Tb, ~cnonb3YR pa3no~eH~e /4.6/ ~ co­
orsercrsy~~ee pa~no~eH~e <PYHK4~~ rp~Ha /4.3/ s 6~c¢ep~uecKo~ 
CHCTeMe KOOPA~HaT. 

Asrop 6narogap~T R.A.CMopog~HCKoro 3a none3H~e o6cy>+<AeH~R. 
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