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1. BBEAEHHE 

AnH ~ccneA08aH~H ~ 4~cneHHoro peweH~H ocec~MMeTp~4H~x cMe
waHHbiX 3aAa4 Teop~~ ynpyrocT~ 8 pa6oTaxll-3/ npi-1MeHHncH MeTOA 
perynHp~3a4~1-1 KapneMaHa- BeKya I 41. PeweHI-'Ie 3TI-1X 3aAa4 ocy!l1eCT8nH
nocb Ha ocH08e 4~cneHHoro peweH~H nony4eHHoro ~HTerpanbHoro 
ypa8HeH~H ~PeAronbMa 8Toporo POAa. 3AeCb, Ha np~Mepe OAHO~ CMe
WaHHO~ 3aAa41-1 AnH nonoro u~n~HAPa, KOTopaH npeACTa8nHeT caMo
CTOHTenbHbl~ TeopeTI-14eCKI-1~ 1-1 npaKT~4eCKI-1~ 1-'tHTepec, noKa3aHa 803-
MOlKHOCTb np~MeHeHI-'tH MeTOAa caMoperynHp~3a41-11-1 IS/· 

2. HHTErPAnbHOE YPABHEHHE nEPBOrO POAA 
AnR KOHTAKTHOrO AABnEHHR 

KaK ~38eCTH0/!,2 •6 -S/, KOHTaKTHOe Aa8neH~e p((l Ha KOHType KQH
TaKTa L np1-1 3aAaHHO~ Ha HeM ~YHK4~~ CMe1J1eHI-1~ f(() onpeAenHeTcR 
1-13 1-'fHTerpanbHoro ypa8HeH~R nep8oro POAa 

r _ ""' ..... ' ,. 
J V\'JU\<,- L)UL= 1~1,), /1/ 
L 

U((- t) = ; f B!jl cos{3((- t)d{3, 
0 

121 

131 

141 

B pa6oTe16 ' nocTORHH~e A, B, D onpeAeneH~ KaK AnR I-130TponHoro, 
TaK ~ AnH TpaHC8epcanbHQ-I-130TponHoro 41-1ni-1HAPa. 

PeweHI-'te p(() ~;:; L (L), q > 1 1-'fHTerpanbHoro ypa8HeH~H I 1 I, 
~-'~IJ1eTcR np1-1 npeAnond>!<eHI-11-1, 4TO f(() ~;:; Hf(L), 0 <a ::;_1 l4epe3 H~(L) 
0603Ha4eH Knacc ~YHK4~~, KOTOp~e I-1Me~T npOI-1380AH~e AO k-ro no
PRAKa Ha L. 1-1 k -R npoi-1380AHaR YA08neT80pHeT ycn081-1~ renbAepa 
c noKa3aTeneM 0 <a::;_ 1 Ha L I. 

~cnonb3YH l-138ecTH~~ ~HTerpan 

f _:os {3 (( - t) - e -{3 

0 {3 
df3 =- Pn((- t), 

··'£A l 
I 



Ha OCHOBaHHH CBO~CTB /3/, /4/ $YHK~HH R(~) MO~HO B~genHTb oco
fieHHOCTb HAPa /2/ HHTerpanbHoro ypaeHeHHH /1/ 

~ -~ 
U((-t)=_l f [R(,B)-A]cos,B((-t)+Ae d~+ 

1T 0 ~ /51 

~ -~ 
+~f cos,B((-t)-e dr-1-_A.o- 1 1 

1-' UJ-~-+-$((-t) 
"o ~ 77 1(-tl" 

H noKa3aTb, 4TO 

I ~TT I•( 
$ (v) = V(v)- "2 sign (v), V(v) r;; H 0 (L), /6/ 

rAe f > 0 - CKOnb yrOAHO Manoe. 
OTMeTHM, 4TO HHTerpanbHoe ypaeHeHHe Taro ~e BHAa AnH L = [a,b] 

HccneAoeanocb a pa6oTax /7,B/ e CBH3H c peweHHeM cMewaHHbiX 3aAa4 
AnH cnnowHoro ~HnHHAPa H npocTpaHcTea c ~HnHHAPH4eCKOH nonocTb~ 
aCHMnTOTH4eCKHMH MeTOAaMH. 

AnH BbiHCHeHHH CYl!lecTeoeaHHH H KOHCTPYK~HH peweHHH ypaeHeHHH 
/1/-/4/ npH COCTaBHOM KOHType L /COCTOHlJleM H3 KOHe4HOrO 4HCnu 
OTpe3KOB Ha AeHCTBHTenbHOH OCH/ 3AeCb npHMeHHM MeTOA perynHpH-
3a~HH KapneMaHa-BeKya/ 4/. 

3. METOA PEIYnRPH3AUHH KAPnEMAHA-BEKYA 

nycTb, KaK H B paCCMaTpHeaeMOH HH~e KOHTaKTHOH 3aAa4e, KoH
Typ L HMeeT BHA 

a 4epea L+ o6oaHa4HM KOHTYP 

nycTb, KPOMe Taro, 

npH 3TOM npeAnonaraeM, 4To p(-(}=p(() H f(-()=f(() HaL. 
Ha ocHoee nony4eHHoro npeACTaeneHHH /5/ HHTerpanbHOe ypaeHe

HHe /1/ CBOAHTCH K CHHrynHpHOMY HHTerpanbHOMY ypasHeHH~ Ha KQH
Type L+: 

2 

171 

A , 
G((, t) =-- + $ ((- t) + $ '(( + t) • 

'+t 
!81 

npeofipaayeM ypaBHeHHe /7/, /8/ K CHCTeMe ABYX CHHrynHpHbiX HHTer
panbH~X ypaeHeHHH OTHOCHTenbHO HeH3BeCTH~X $YHK~HH p 1((),p2((): 

1 (o P l (t) 1 (o 
71 

f --dt+- f p
1
(t)G

11
((,t)dt+ 

-<o t - ( ATT -<o 

• I f ~ ( t.) 
+ _ .. _ f P2 (t)G 22 ((, t)dt = -"-·- , 

ATT( A 
l 

1 a12 ((, t) =--+a<(, t). t-' 
G 21 ((, t) = _A_ + $ '(( - t), 0

22 
((, t) = G ((, t) • 

t -' 

/9/ 

/10/ 

CHcTeMa /9/-/10/ perynHpHayeTCH MeTOAOM KapneMaHa-BeKya H npH
BOAHTCH K CHCTeMe ABYX HHTerpanbHbiX ypaeHeHHH $peArOnbMa BToporo 
POAa: 

_, <(<(. 
0- - 0 

/11/ 
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'0 1 f 
¢2 (0- Arr2 -<o 

¢l(t)L2l(,,t) 1 l 
--=;;==:=::;;::::--- dt - - f 
v',2_t2 Arr' 

0 1 

P
2 1 1 Jct-, 1)(1-t) 

=---- f f; (t)dt, 
11 

Arr 'l t-' 

¢2 (t)L22 (' ,t) 
--;========= dt 
Jct-,

1
)(1-t) 

' < '< 1 1 - -

OTHOCHTenbHO HOB~X HeH3BeCTH~X $YHK4H~ 

¢1(,)=PI<Ov',~-' 2 • 

¢ 2 (') = P2 <Ov'<'- ' 1 )(1- 0 , 

rAe 

L
1
i(t;, t) 

'"""22 
'O v'' 0 - r G 1. ( r , t) 

= f . l dr _,0 r- ( 
j = 1,2, 

L 2i(,,t) 
I J ( T - 'l )( 1 - T) G2j ( T. t) 
f dr, 

r T- { 

p 
1 

"'1 

<:o 
f p1 <<:)ct<:. _,0 

l 

p2 = f p <0 ct<: 
'1 2 

j = 1,2, 

1121 

1131 

1141 

1151 

Ha ocHoBaHHH cso~cTB 131, 141 $YHK4HH R(,S) H npeAcTasneHH~ 
161, I 101, 1151 MO~Ho noKa3aTb, 4TO RAPa L 11 <<:, t) H L 22 (', t) 
ypaBHeHH~ 1111, 1121 HMeiOT norapH$MH4eCKYIO OCOfieHHOCTb, a HH
Terpanbl AnR L 12 <<:.t) H L 21 (<:,t) MO)!(HO npeo6paaosaTb TaK, 4To6~ 
nony4HTb H3 HHX HHTerpanbl, cy~eCTBYIO~He KaK HecofiCTBeHH~e. KaK 
H B pafioTe~/,MO~HO CAenaTb nonHoe HCCneAOBaHHe 3TO~ CHCTeM~ 
ypaBHeHH~ H AOKa3aTb cneAYIO~YIO TeopeMy: 

TeopeMa. EcnH f(<:) ~ H~ (L), rAe a> 0 H ecnH cy~ecTsyeT peweHHe 
p(<:) ~ L 'l.(L), q > 1 ypasHeHHR I 1 I, TO peweHHe ¢ <<:) CHCTeMbl 
1111, 1121 npHHaAne~HT H~(L),rAe ,S=anpH a<1, ,9=1-f, f- KaK 

yroAHO Manoe, npH a = 1 . 

TaK Ha~AeHa CTPYKTypa 1131, 1141 peweHHR p{<:) HHTerpanbHOrO 
ypaBHeHHR 111 H B~RCHeH~ ero CBO~CTBa. 3TO AaeT B03MO~HOCTb 
AnR 4HcneHHoro peweHHR ypasHeHHR 111 npHMeHHTb MeTOA caMopery

nRPH3a4HH. 
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4. 4HCnEHHOE PEWEHHE YPABHEHHR 111 

npeABapHTenbHO npeofipaayeM ypaBHeHHe 111 C y4eTOM 151, 1131, 
1141: 

'0 ¢ (t) '0 l 
-A f [f'n"- tl + f'n(' + t)]dt+ f K(' • t)dt-

0 v'' 2- t2 0 1161 
0 

1 ¢ 2 (t) I ¢ 2(t)K(,,t) 
-Af [en"-tl+f'n(,+t)dt+ f dt=rrt\0, 'I V(t _, 1)(1- t) '1 v'Ct- '1)(1- t) '~L+, 

rAe 

K(', t) = <ll(' _ t) + <ll(' + t) = 2 j[ R(,S)- A] cos,S' cos,St +Ae-,9 
0 ,g . d,S • 

Ha OCHOBaHHH CBO~CTB 131, 141 $YHK4HH R(,9) MO~HO noKa3aTb, 4TO 
nocneAHH~ HHTerpan CXOAHTCR paBHOMepHO npH ', t ~ L+ H, cneAOBa
TenbHO, onpeAenReT HenpepbiBHYIO $YHK4HIO K (', t). 

Hcnonb3YR H3BecTH~e 3Ha4eHHR HHTerpanos/9/ 

b f'nlx-yl ·'-- "b-a 
( U.A=I/ U.&--. 

J 4 
a v' (x - a) ( b - x) 

ct'-Y<--U, 

b f'n (b ± x) rr f'n ~ ± 2 a. 
f dx=2 2 
a v' b2 - x2 

rAe G= 0,915966 ... - KOHCTaHTa KaTanaHH, npeo6paayeM ypasHeHHe 
1161 K BHAY: 

'0 ,0¢1(1)-¢1(,) 2 2 '0¢1(t)K(,,t) 
-AITfn-¢1(,)-A f f'n" -t ldt+ f dt-

2 0 J' 2 - t2 0 v'' 2 - t2 
0 0 

I ¢ 2 (t) f'n I' 2 
- t 

2
1 1 ¢ 2 (t) K (', t) 

-A f dt + J dt = "r1 ('). 
'I v'(l- t)(t- 'I) '1 J(l- tXt _,1) 

o:::;t;:::;'o· 

'o ¢ (t)f'n"
2

- t
2

1 'o ¢1 (t)K((,t) dt-A"f'n~¢ (')--A J l dt + J 
2 2 

<t 2 

Oy',~-rZ o v''o-t 
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Aella~ aaMeHy nepeMeHHbiX e = arcsin-t- Ha VIHTepealle (0, (
0

) VI 

'0 
e * = .!_ / d r = !!_ - _!_ arc sin 

1 
+ 'l -2 

t 
2 --========- 4 2 1 - (

1 ( 1 y( T - (I )( 1 - r ) 

Ha VIHTepealle (( 1, 1), nolly4aeM 

1T /2 
-t

2
1d8+ I cf>l(t)K((,t)d0-

0 /17/ 

'0 1T 12 2 
-Arrfn 2 ct>

1 
((}-A I [ ct>

1 
(t)- ct>

1 
(() Hn I( 

0 

rr/2 2 2 11/2 
-2A I cf>2(t)fnl( -tIde*+ I ct> 2 (t)K((,t)d8*=TTf

1
((), 

0 0 

TT/2 TT/2 /18/ 

-2A I [cf>2 (t)- cf> 2 (() lfn I (- tl dO*- 2A I ct> 2 (t)fn(( + t)d8* + 
0 0 

rr/2 
+2 I cf>2(t)K((,t)de*=TTf2((). 

0 

1-13 CBOHCTB c)JyHK4VIi1 cf>l (() , cf> 2 ((} ClleAyeT, 4TO BCe VIHTerpallbl 
B CVICTeMe /17/, /18/ paBHOMepHO CXOA~TC~, a nOAbiHTerpallbHble 
c)JyHK4VIVI nepeoro VIHTerpalla e ypaeHeHVIVI /17/ VI TpeTbero VIHTerpalla 
e ypaeHeHVIVI I 18/ aHHYllVIPYIOTC~ npVI ( = t. 

All~ 4VIClleHHoro peweHVI~ CVICTeMbl /17/, /18/ npVIMeHeH MeTOA Me
xaHVI4eCKVIX KBaApaTyp Ha OCHOBe COCTaBHOi1 c)JOPMYllbl Tpane4V1i1 npVI 
paBHOMepHOM pa36VIeHVIVI VIHTepBallOB ( 0, ( 0 ] VI ((1 , 1] COOTBeTCTBeHHO. 
nolly4eHHa~ CVICTeMa llVIHei1HbiX allre6paV14eCKVIX ypaeHeHVIi1 pewallacb 
MeTOAOM VICKlll04eHVI~ raycca C Bb160pOM rllaBHOrO 3lleMeHTa. 

6 

'l 
I 

5. 4~CnEHHOE PEWEHHE OAHO~ KOHTAKTHO~ 3AAA4H 
An~ nonoro UHnHHAPA 

H3llO~eHHbli1 allrOPVITM peallVI3oBaH Ha c)JopTpaHe IV VI npVIMeHeH All~ 
4VIClleHHOrO VICClleAOBaHVI~ VI peWeHVI~ 3aAa4VI 0 Tpex WTaMnax, BAae
llVIBaeMbiX OAHOBpeMeHHO Ha noeepXHOCTb nolloro 4VIllVIHAPa /pVIc.1/. 
3AeCb noKa3aHbl peayllbTaTbl All~ fi(()=-aui = const, i= 1,2, rAe au
rlly6VIHa norpy~eHVI~ WTaMna. 

PHC. I 

Pac4eTbl npoBOAVIllVICb KaK All~ VI30TponHoro, TaK VI All~ TpaHceep
callbHo-VI30TponHoro 4VIllVIHAPa C pa3llV14HbiMVI ynpyrVIMVI VI reoMeTpV14e
CKVIMVI xapaKTepVICTVIKaMVI. HCClleAOBaHO B3aVIMHOe BllVI~HVIe WTaMnOB npVI 
pa3llV14HbiX rlly6VIHax norpy~eHVI~ a ui , i = 1,2 VI pa3llV14HbiX 3Ha4eHVI~X 

(0 VI (I ' 
Ha pV1c.2 noKaaaHbl rpac)JV14eCKVI nolly4eHHble nepeMe~eHVI~ u(() Ha 

ecei1 noeepXHOCTVI 4VIllVIHApa, BCnOMOraTellbHble HeVI3BeCTHble c)JyHK4VIVI 
cPi((), i=1,2 VI KOHTaKTHble Hanp~~eHVI~ pi((}, i=1,2 npVI OAVIHaKo
BOi1 rlly6V1He norpy~eHVI~ au = 1,25 wTaMnoe, KOrAa ( 0 = 0,25, (I 
= 0,65. UVIllVIHAP - VI30TponHbli1, c reoMeTpV14eCKVIMVI napaMeTpaMVI 
A= R;2 /h = 10, 11 = R1 /R2 = 0,6 VI ynpyrVIMVI xapaKTePVICTVIKaMVI E = 
= 0,42x10 5 Kr/cM2, v = 0,3. 

Ha pV1c.3 noKa3aHbl COOTBeTCTBY~VIe rpac)JVIKVI npVI TeX ~e ( 0 ,( 1, 

HO npVI a U1 = 1 , 04, a U2 = 1 , 25, 8VIAHO, 4TO BHeWHVIe WTaMnbl "oT
>t<VIMaiOT11 noeepXHOCTb 4VIllVIHApa B6llV13VI KOH40B BHyTpeHHerO WTaMna, 
VI TaM B03HVIKaiOT paCT~rVIBaiO~VIe Hanp~~eHVI~. 

AHallorVI4Hbli1 3c)Jc)JeKT VIMeeT MecTo VI npVI ( 0 = 0,25, ( 1 = 0,66, 
au I = 1 ,25, au2 = 1 ,04. TorAa BHyTpeHHVIH WTaMn 110T~VIMaeT" no

eepXHOCTb 4VIllVIHAPa OT BHeWHVIX WTaMnOB. no3TOMY VIHTepeCHO HaHTVI 
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r 

I 

0 

0 

-0.5 

I 
-------+.1 n~2--~-~---

_5o-~2s 5,=:0.66 1lo 
I 1 I 

I I 

-10~--~-------t------: 

Or-----~---------~~--

-0,02 

-0,04 

-0.06 

-0.08 
fL} l'r' I 

-010~1\V/ . I 
-~(5) I 

o.-----~------------r--

-0.2 

- O,l. 

-0,6 

-1.0 

PHc.4 

TOT cny4aH, KOrAa KOHTaKTH~e HanpHmeHHH Ha KOH~ax ±(1 paBHH~T
CH~Hyn~, T.e. <;62 (-(1)=¢2 ((1 )= 0, l-13 PHC.4 BHAHO, 4TO 3TOT cny-
4aH peanH3YeTCH npH (o = 0,25, ( 1 = 0,66, ou1 = 1 ,25, ou

2 
= 

= 1,04 npH Tex me caM~X ynpyrHx H reoMeTpH4eCKHX napaMeTpax 
~HnHHApa. 

10 

no MeTOAHKe, paapa6oTaHHOH e 16 •101 ,nocne B~4HCneHHH KOHTaKT
HOrO AaBneHHH p(() MOmHO nony4HTb pacnpeAeneHHe HanpHmeHHH 
H nepeMe~eHHH BO BCeM ~HnHHApe, T,e. peWHTb KOHTaKTHY~ 3aAa4y 
B WHPOKOM CM~Cne. 3THM cnoco60M H HaHAeH~ noKa3aHH~e 3AeCb ne
peMe~eHHH u(() BHe y4aCTKOB KOHTaKTa, 

AnH npoeepKH T04HOCTH npeAnomeHHoro MeTOAa pac4eTbl npoBOAH
nHCb Ha CeTKaX C waraMH h, 2h, 5h. YcTaHOBneHO, 4TO OTHOCHTenb
HaH OWH6Ka peaynbTaTOB B OAHHX H TeX me T04KaX pa3H~X CeTOK He 
npeBOCXOAHT 2%. 

BpeMH OAHOrO BapHaHTa B cny4ae AHCKpeTH30BaHHOH CHCTeM~ /17/, 
/18/ H3 60 ypaBHeHHH B 3aBHCHMOCTH OT reoMeTpH4eCKHX napaMeTpOB 
~HnHHAPa COCTaBnHeT OT 2 AO 3 MHH Ha 3BM EC-1060. 

CAenaeM cneAY~~ee aaMe4aHHe. PaccMoTpeHHaH 3AeCb aaAa4a 
0 Tpex WTaMnax HBnHeTCH OTnpaBH~M nyHKTOM AnH peweHHH 3aAa4H 
06 OAHOM WTaMne npH HanH4HH OAHOCTOPOHHHX CBH3eH Me~AY ~HnHHA
poM H WTaMnOM, T.e. KOrAa noeepXHOCTb ~HnHHAPa OTXOAHT OT no
eepXHOCTH meCTKOro WTaMna Ha ABYX CHMMeTpH4H~X y4aCTKaX. 

AeTop Bbipall<aeT rny6oKy~ 6naroAaPHOCTb B.C.HHKHWHHY aa nonea
H~e o6cymAeHHH pa6oT~. 
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H3U3TenbCKHH OTUen OO~eUHHeHHOrO HHCTHTYT3 RUePHbiX HCCnenoBBHHA 

6opwyKoaa C.H. PS-83-414 
MeToA perynRPH3a4HH KapneMaHa-BeKya 
H MeTOA caMoperynRpH3a4HH AnR 4HCneHHOrO peweHHR CMeWaHHbiX 3aAa4 
TeOpHH ynpyroCTH 

npHBeAeHbl HCCOeAOBaHHR H AaHO 4HCneHHOe peweHHe CMeWaHHOH OCeCHMMeT
PH4HOH 38Aa4H TeopHH ynpyrocTH. MeTOA perynRpH3a4HH KapneMaHa-BeKya Hcnonb
aoaaH npH aHanHae H peweHHH HHTerpanbHoro ypaaHeHHR nepaoro POAa AnR KoH
TaKTHoro AaaneHHR. 4HcneHHoe peweHHe nony4eHo MeToAOM caMoperynRpH3a4HH. 
PeaynbTaTW peweHHR 3aAa4H 0 Tpex WTaMnax, BAaBnHBaeMWX OAHOBpeMeHHO Ha 
noaepXHOCTb nonoro 4HflHHAPa, nOKa3aHbl B Ta6nH4aX H PHCYHKaX. 

Pa6oTa BblnOnHeHa B fla6opaTOPHH Bbi4HCflHTenbHOH TeXHHKH H aBTOMaTH3a4HH 
OHJIH. 

Borshukova S.N. PS-83-414 
The Carleman-Vecua·s Regular i ty Method and the Self-Regularity Method 
for the Numerical Solution of the Mixed Boundary Value Problems 
of the Elastic Theory 

Some results of the analysis and numerical solution of the mixed axi
symmetric problem of the elasticity theory are given. The Carleman-Vecua·s 
regularity method Is used for analysis and the solution of the lntearal 
equation of the first sort for contact pressure. Numerical solution is 
received by the self-regularity method. The numerical results of solution 
of the problem for three stamps , simultaneously pressed into the surface 
of the empty cylinder, are shown In the tables and figures. 

The investigation has been performed at the Laboratory of Computing 
Techniques and Automation, JINR. 
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