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, B pa6oTe 111 HccneAOBaHHe onTHManbH~X cso~cTB 4HcneHH~x MeTo
AOB peweHHR rHnep6onH4eCKHX ypasHeHH~ c nHnwH~-Henpep~BH~MH 
K03$$H~HeHTaMH CBeAeHO K HCCneAOBaHH~ HHTerpanOB 

['n 
v 

{ K K n [' II v-1 ••• KlZ dz, 

II 
G n = ( r 2, K K 1 .•. Kv +lzndz)(-21Ti)-1 

II ['S=Ovv- -li 

/1/ 

/2/ 

3AeCb 0 ~ n .::;; r , -oo<v<+oc. KoHTyp 1 cosnaAaeT c eAHHH'lHO~ 
OKpymHOCTb~ I zl =1 BHe oKpecTHOCTH I z- 11 <f, z = 1 o6XOAHTCR no 
npOH3BOflbHO~ AYre, pacnonomeHHO~ BHe eAHHH4HOrO Kpyra. K11 (~ 
BWgeneHHOe C06CTBeHHOe 3Ha4eHHe pe30flbBeHTHO~ MaTpH~~ npH 
X= vh, K 11 (1) ==1, KpoMe TOro, B /1/ MCCfleAOBaHbl HeKOTOpbte CBO~CTBa 
K 11 (~. o6paTHO~ ~YHK~HH xapaKTepHCTH4ecKoro MHoro4neHa. B npeA
naraeMo~ pa6oTe nony4eHw acHMnTOTH4eCKHe o~eHKH HHTerpanos /1/, 
/2/ npH il->oo, V13 3THX OL\eHOK cneAyeT, 4TO npH k=(blnh-l] pas
HOCTHble CXeMbl MaKCHMaflbHOrO He4eTHOrO nopRJ:IKa T04HOCTH (2k- 1) 
o6naAa~T CBO~CTBaMH, 6nH3KHMH K onTHManbH~M, H B cny4ae flHnWH~
HenpepbiBHbiX K03~~H~HeHTOB. 

CHaqana B~AenHM TaKHe o6nacTH H3MeHeHMR v, n, rAe o~eHKH 
pa3HOCTHO~ ¢YHK~HH rpHHa M 11 pa3HOCTHO~ CTyneHbKH 11 nonyqa~TCR 
AOCTaT04HO npOCTO. 

lleMMa 1 • ngH n::; kw, uJ > 0 , AnR scex v H npM mo6oM n AnA 
II< n (k lnkt1/ O~eHKH l)JyHK~HH rpMHa M 11 pa3HOCTHO~ CTyneHbKH 11 

B cny4ae p (x) CLip 8 C BOARTCR K COOTBeTC TBY~ll\HM O~eHKaM AflR 
nOCTO.F!HHbiX p. 

,[\OKa3aTeflbCTBO. 3AeCb H Aanee nonomHM 

y* = min(y 1 , ... ,yv ), t/Jo =y*IT(1-2v' 2lnk ) 
k . 

B pa6oTe !11 6bmo noKasaHo, 4To npH It/!!< t/1
0 

it/! A(y) sin2k(t/J/2y) . . t/1 -1 
K(t/J) = exp!--- ---·-----(expl(2y-1)-)(1+ O(ln k))l, 

Y ykcos(t/f/2y) 2y 

a np1-1 lt/11 ?.t/Jo 

\K(t/J) I< exp 1- ~n2y_:-"--l < exp(- - 1--) = 1- b(k) 
3yk2y'lnk kev'ln"k k2 ' 

sin 2 
YIT < YIT , 217 sin YIT cos YIT < IT , IT sin 2yiT < IT . r·~~~· -~· .... ~-,:~ ....... ~ ...... -.) 

., v~ .}r .. ,l . ... ~ J ' • • _)"~'till • 
·' I 

"':"!'''''" .... r• . , .•. ..J·~ ~ "~-:~da>.l. ...,,. ....... t .";; .• a 
~ k~!.-Jl:>,n·:uruu. 



,ll,I)R paccMaTp~saeMbiX v ~ n tfro (vh) npaKTW--IeCK~ Hepasn~4~Mbl: 
-- --· 
2~k a 2~k 

y(11- 2y--) = y*(1+ O(((v-v*)h) ))(77-·2y--) 
k k 

2lnk 
=y*(77- 2y-- + R(k)), 

k 

rge 

{ 

1 -1/a 
0( ) np~ v<n(klnk) , 

R(k) = k lnk 

W+1 UJ 
O(hk ) ~ n::;k gnR scex v. 

t~.· 

ln~ B o6o~x cny4aHx R(k) = o (yk .npaKT~4ecK~ Hepasn~4~Mbl• ~ cTeneH~ 

c~Hyca: 

sin2k ..:k.. = sin2k(_jl_ - L + __:£__) = 
2y 2y 2y"' 2y* 

=(sinLcostfr y*-y + cosLsin.Py*-L) 2k= sin 2k_i:_(1+0(y*-y))
2
k = 

2y* 2yy 2y * 2yy * 2y * 

= sin Zk_i__ (1 + O(ln-1k)). 
2y* 

HaKOHe~, CMOTp~M, KaK BegeT ce6H napaMeTp j(0: 

1 1 V" 
-+ •.. ---n= --n+ 
Y 1 Yv Y" 

0 ( l (\v-v*l h)
8

) 
r = 1 

v - n' 
=~-;-

rge n = n(1 + R(k)). Cnpasegn~Ba o~eHKa: 

v < n (klnk)-1/8 np~ 

{ 

O((k lnk)_1_ 11a (nh)a) 
R(k) = 

O(k(kw+ 1 h)a) np~ n~kw gnR scex v. 

B o6o~x- cny4aHx R(k) 2 o(k-1ln-
1 

k). 

11TaK, np~ \1/J\ < y*(77-2y 2lnk) nogbiHTerpanbHafl <!JyHK~~A ~MeeT B~g 
- - k 

K~'zn .neMMa 1 goKasaHa. B 4aCTHOCT~, goKa3aHo, 4TO np~ n::; kw 
/w > 0 nto6oe/ ~ccnegosaH~e cny4afl n~nw~~-HenpepbiBHbiX K03$<ll~~~eH
TOB CBOg~TCfl K cny4al0 nOCTOfiHHbiX K03<!J<ll~~~eHTOB. B cnegyl0ll\ei1 
neMMe gnR n > kw BblgenHeTcH o6nacTb v a6n~s~ xapaKTep~cT~K~, !<o
Topo~ OTBe4aiOT OCHOBH~e aC~MnTOT~4eCK~e O~eHK~, onpegenHIOll\~e on
T~ManbHble CBOi1CTBa CXeM MaKC~ManbHOrO He4eTHOrO nopHgKa T04HOC

T~. 

JleMMa 2. np~ n 2: kw, v > n(k lnk)-11,a [j 1 > nk-e (k lnk)-
118

, 

8 > 0, W > J_+ 8+3,pa3HOCTHafl <!JYHK~~fl tp~Ha 3KCnOHeH~~anbHO Mana: 
a 

~ 2 
• ,. 

. 
t 

ll . -1. 
!r:\ ~ expl- k2+8(klnkF2+ 1/a 

,IJ,oKa3a~enbCTBO. HcxogH~~ KOHTYP ~HTerp~poBaH~fl, OTpe30K 
[-17,17 1, ge<tJopM~pyeM B KOHTyp, npegcTaeneHHbli1 Ha p~c.l. 

I 
k2. r 

-~ I I I n 
I I W 

L-------- 0 
1 

1
0 

---------- ____ j 

_l_ 

k' 

P~c.l. 

~o = t(n-2f2Itk-,) 

np~ j > 0 KOHTYP r npoxog~T B eepxHei1 nonynnoCKOC~p~ 

j<O- B H~)I(Hei1. Ha OTpesKaX Bell\eCTBeHHOi1 OC~ y*(77-2y 2 lnk )<\¢\<rr 
k - -

nog~HTerpanbHaH <!JYHK~~A gonycKaeT o~eHKY 

IK
1 

•.. K znl < expl-min(v,h-1 (Ink ) 11a )k-2/ylnkl 
v - k 

-1 lnk 1'a 
B caMOM gene, np~ If -v*\ < h . (--) · 

k 
I I n ' a lnk yf -y* .5 c(lt -v*lh) = 0(-k-). 

-1/0 
no npegnono)l(eH~IO v > n (k ln"k) . CnegoeaTenbHO", Ha paccMaTp~saeMbiX 

OTpe3KaX Bell\eCTBeHHOi1 OC~ 

IK
1 

••• KvZn\ :S expl-nk-2(klnk)-11a/ylnk I. 

Ha ocTaswei1cH 4acT~ f': .P=±.P0 +itk-~ O~t~l;.P=~+ik-~ 
-o/ 0 S ~ :S .P 0 , - cnpasegn~ea Q~eHKa· · 

.2k~+itk-2 (" ~ itk-
2 ~ )2k(l O(k-4))2k sm ----- = sm- + ----cos- + 

yf Yf Yf, Yr 

np~ 

= Yf y'k 
O(k-k) np~ \~\::; l . 

1~1 > _1_ 
..;"k' 

/3/ 

{

sin 2k _f_(l + 0 ( 1 
)) 

B pe3ynbTaTe Ha BepT~KanbHbiX y4aifkax r cnpaBeAn~ea o~eHKa /3/. 
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Ha y4aCTKaX r' rAe Imo/ =±k-~ onpeAeJlftiO~YIO POilb l-1rpaeT z 0
• Y4HTbiBafl 

/4/, nony4aeM 

IK ... K z 0
1 < expl-IJ1·k-2 +O(vk-k)l< exp\-ljl/2k

2 
), 

1 v ' 
k-0 

TaK KaK v < nk, H no ycnoBHIO I j I > __E.._:-po-· JleMMa 2 AOKa3aHa. 
(klnk) 

nepeXOAHM K A$)Ka3aTeJlbCTBY OCHOBHbiX Ol..leHOK. ~CnOJlb3yeM o6os-

Ha4eHHfl, npHHfiT~e 8/1/: 
ell~ - YKilOHeHHe 11 pa3HOCTHOi:1 CTyneHbKH 11 -0T 11CTyneHbKH

11
, 

w(n) - WHPHHa 30Hbl "pa3MbiBaHHfl 11 I-130J1HpOBaHHOrO pa3pbtBa. 

TeopeMa~ EcnH p(x) c Lip8 , 1 ::; y~)::; :; TO npH k = 

= nr ::S 1 
n -1 

l !r I < c ln lnh , 
v v 

n -1 I \ell I < c lnlnh , 
v v 

w(n) = O(lnh-l)npH n > r -<~, a > 0. 

-1 
[blnh ], 

AoKa3aTenbcTso. np1-1 n < kw saAa4a csenacb K cny1..1al0 nocToRH-
HbiX p. CooTseTCTBYIO~He pesynbTaTbl 6btilH nony4eHbl B pa6oTax /2,8/. 

Aanee n > kw, (A)> .1.+ e + 3, e Bbi6HpaeTCfl Hlt1)!{e. 0TAeilbHO paccMaTpH-
- 8 . 

sa eM I j I < k 4 H I j I ::-_k4 • npH I j I < k 4 nony4eHbl Te me 01..1eHKH, 4To 
H 8 CJ1y4ae nOCTOfiHH~X p: 

jrJn I < _c_., 
I J I 

lell 0 l < _c_, 
J I i I 

. 1 1 
J =n-- -· ... -·--• 

Y1 Yv 

Anfl r; Ol..leHK~ nony4aeTCfl npOCTbiM 1-1HTerpHposaHI-1eM no 4aCTfiM. 
8 caMOM Aene, 

tP"o 11 
r.n = J 

J -11 
Kv ... K 1 z

0 dz = ~0 Kv ••• K 1 zndz + 

, lnk 118 1 · .;.n n 21nk 
+O(exp.:...n(-) .~=rJ +R.,o/0 =y*(11-·2v-k-)' 

tP"o 
I~ n = r 

• ~0 

k k2ylnk J 

v 
exp{ ijo/- l 

f= 1 

A(y~) sin 2k(o/ /2y ) 

Yf k oos(~/2yf ;-(expi(2ycl) L)x . 2yf 

o/ o v A( ) .p-
x (1 + O(ln-lk))}<ifr = .}.-.. f l ~sin2k- 1 -(expi(2Yf-:"1)J-)x 

lJ -o/0 f = 1 r{ 2yf 2yf 

x (1 + O(ln-1k)) K ... K 
1 

e !no/ <ifr + O(~:R0J ) • 
v j{k 

. o/ .j2 
OTciO.qa 1-1 H3 HepaseHcTsa, oos(2y£ -l)2;t ::-,. 2, I o/ I '!:,,o/0 , cneAyeT 

4 

.. ,., 

o/6 v 
n c l 1 W . I < - · f exp - ·- l 
l I J I o 2 .f= 1 

A (y ) sin2k (o/ /2y ) I c 
--..-------! do/ < -·. 

kyecos(o//2yf) [j\ 

AosonbHO npocTo nony4aeM aHanori1,4HYIO Ol..leHK.Y Ailfl .eli:=G~ npVI j:::. 0 
VI ell::= a:;-.tnpVI j ::;.0. CneAOBaTe!lbHO, cnesa OT xapaKTepHCTHKH, 
npH j>O 1 

ell~ = -· -
1- r (K + K K l + .,, + K K 1 .,, K 1 ) Z 

0
dz 

J 211i r V V v- V V-
/5/ 

cnpaBa OT xapaKTepHCTHKH, npl-1 j ::_0, 

n 1 ; ) n ell. = -· f K ,, K ( k KO K l .,, K_f Z dz • 
J 211 i r v 1 f = o - '!6! 

3aMeTVIM JlVIWb, 4TO pa3HOCTHafl CXeMa /1/ nepeBOAI-1T 1 B 1 
VI eAHHV14HWM Ha4aJlbHWM AaHH~M Ha n-M CJlOe OTBel..laeT/ 1/ nocneAOBa-
TeilbHOCTb 

"" (1 + }; K K 
1 

... K ) • 
s= 1 v v-· ·v-·s+1 

AnR npocTOTbl VI3JlO>KeHHfl BCIOAY ony~eHbl MHO>KHTenH T 1,k (x). Mo>KHO 
npOCJleAHTb, 4TO B 06JlaCTfiX VI3MeHeHI-1fl ~ KOTOp~M OTBe4aiOT OCHOB
Hble Ol..leHKVI, 3TH MHOlKHTeJlH pa3JlVI4VIMbl Ha 0 (k -<1), a> Q, 8 pe3y!lb TaTe 
OCHOBHWe Ol..leHKH He H3MeHfiiOTCfl no nOPfiAKY, eCJlH Y4HT~BaTb 
T1,k (~. npH 3TOM, ecTeCTBeHHO, CHOBa Y4HT~Ba~TCfl IlVInWHLI-Henpep~s
HOCTb, 

Aanee VICnOilb3YIOTCfl ~se 3JleMeHTapH~e Ol..leHKH, KOTopwe AOKas~
BaiOTCfl npQCT~M ABOi:1H~M VIHTerplt1pOBaHVIeM no 4aCTfiM, 

JleMMa 3. npVI noCTOfiHHblX y, k=[blnh -l] Ailfl scexj 

e -dn k 
1r .

0 I < c ( ~+ --) • 
J IiI J 2 . 

171 

JleMMa 4. EcnH p (x) c Lip8 
(A) 1!8 

n > k , v > n/(klnk) , TO 

1 3 -:r.S y ~-4' k = [ b lnh-1 ] 

n n . -1!8 k !r . I < c ( exp (- · _(k lnk ) ) + -;:r · ) . 
J k 2ylnk l 

Vlcnonbsyri 17 I, Ol..leHHsaeM f1epsbte n(k lnkf
118 

cnaraeMbiX s /5/. 
VIM oTse4aiOT j = n(1 + O(k lnk)-11'}.Anfl Ol..leHKVI ocTanbHbiX cnaraeMbiX 

!8!-

1 1 lnk,118 /5/ npH n -·--·-· ... ---> n(..........,.J HcnonbsyeM /8/. OcTaeTCfl Olle-
Y v Yv-s- k 

HHTb 
v-·s 

n 1 1-K1 ° n 
I = - --· f K ... K 

1 
( ) z dz . v 2 . v v- s + 1 · m r o --K 1 

3AeCb SO - MVIHVIMailbHOe S, YAOBJleTBOpfiiO~ee YCilOBHIO 

1 1 lnk 118 
n -·-·-· ... ------< n.( --) 

Yv Yv-s k 

5 
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HanoMHMM, 4TO ce~4ac o~eHMBa~~c~ 

1 1 4 w 
n -· -· -· ••• -·- < k , n > k , w > 4 , 

Yv Y 1 

TaK 4TO v = O(n), ·so= O(n). CnpaBeAJll-lBO cooTHoweHI-le 

n 1 -1 . 1 1 
lv=- f y

1
t/J (sm(n--·-·, •• -·-)t/1-

217 lt/11 <y *12 Yv Yv-s 0 

1 1 · e 
-sin(n--·- ••• -·-)t/J)dt/1·(1+ O(r )) 

y v y 1 

1 2;! I K K ••• K 1- K v- so 
lt/ll>y*l2 v v-1 v-so+l ( 1 )zndz - 1-· K l 

_1_ f Y sinj't/f-sinjt/Jdt/1(1 + O(re))+I:= o(j-1). 
217 lt/JI<r"'l2 1 t/1 

} 0 04eHHeaeTc~ npocT~M HHTerpHpoeaHHeM no 4aCT~M, KaK 3TO 6~no 
cP.enaHO BbiWe npi-1 04eHKe r:. 1-icKOMa~ 04eHKa G~ npH j > 0 nony4eHa. 
npH j < 0 yKilOHei;fHe 11 pa3HOCTHOi1 CTyneHbKH 11 OT 11CTyneHbKH

11 
aa

AaeTC; HHTerpano~ /6/, KOTOpbli1 04eHHBaeTC~ aHai10rH4HO /5/. 

npH v > n(k lnk)-118 • k 4 < li l< nk-e(k lnk)
118 

PL\eHKH re H G ~ 
nony4a'IOTC~ c noMOII\biO MeToAa nepeeana. 3aMeTHM cpa3y, 4To, aHa
nori-14HO npOAeilaHHOMY BbiWe, Ail~ 11 pa3HOCTHOi1 GTyneHbKH

11 
3aAa4a 

CBOAHTC~ K 04eHKe HHTerpailOB BHAa 

1 v -s0 
- K 1 I K ... K ( )z 0 dz. 

v v- s
0 

+ 1 1 [' - K I 

np~-1 k 4 < I j 1 < nk-e(klnk )- 114 T04KH nepeeana, onpeAen~~II\He acHMnTo
TliiKY, HaXOA~TC~ Ha KOHe4HOM paCCTO~HHH OT nOJliOCa Z = 1 H aCHMnTo
TI-14eCKHe 04eHKH ~J OTJlH4aiOTC~ OT COOTBeTCTBYIOII\HX 04eHOK rj IlHWb 
nocTORHH~M MHO~HTeneM. OcTaeTCR nony4HTb aci-1MnToTM4ecKHe o4eHKH 

t/Jo t/Jo 
fn = f K ... K

1
e 10 t/Jdt/J = f expl ijt/1-

v-t/Jv ~ 
0 0 

v A<re l sin 2k(t/J I 2y e l 
(1 + O(ln- 1k)) exp i(2yr-1)_i_ldt/J, - I 

f=1 kre cos(t/J 1 2ye ) 2yf 

t/Jo =y*(77-·2v2~n~). y* min (y 
1 

, ... , Yv ) . 

6 

J 
' 

t . 

1\ 
) 

ECill-1 Yf OTJlH4aeTC~ OT y*· 6oilbWe, 4eM Ha 0 (J l~k),TO npH 

lt/1 I < t/10 cooTBeTCTBYIOII\ee, cnaraeMoe Mano 1-1 B cyMMe 3TH cnaraeMble 

COCTaBil~IOT 

A<re )sin2kL. cos-1_i__ x 
k·re 2re 2rr 

O(ln-1 k I 
If-f *l<n (k lnk)-118 

x exp i (2y f - 1) L), f * = v *. 
2yf 

npH AOKa3aTeJlbCTBe HCnOJlb3yeTC~ 3IleMeHTapHaR 04eHKa: 

sinEt/1 . 11 
I l<smE-·, E<l, 

sint/1 2 

17 
0 5. t/1::; 2". 

B peayilbTaTe HHTepecyiOII\I-li1 Hac HHTerpan npeo6paayeTc~ ~ BHAY 

t/10 --
f explijt/1- I A(r.e)(sin~1-c vlnk ))2k (1+0(1n-1k)1dt/J 

-t/1
0 

lf~*I<N=n(~f28 k·Yp 2y* f k cos(t/ll2y*) ' 
k 

cf >0, cpeAH HMX ecTb 6nH3KI-le K 0. TaK, np~-1 If-f*\<~ 
(k lnk) 11 

sin 2k___rL = (sm2kj:_ )( 1 + O(ln-1k)). 
2re 2r* 

AenaeM aaMeHy nepeMeHH~x 

A(yp) tjJ lnk 2k rh fl +0(ln-1k)) 
I --[sin-(1-cpv-)l (expi(2y*-l).-L-)-~- - = 

lf-f*\<N kye 2y* k 2y* cos(t/JI2y*) 

A(yf ) 
I 

lf~*i<N kyy 

t 2k 
-=-v 1- t2 • 

t = sin L (1 + 0 ( v ln k ) ) , 
2y* k 

r/1 =2y*arcsint (1+ O(v'lnk )) . 
k 

nono~HM U -1/8 
I A (ye)l(kyp) =O(n(klnk) 

-1.' 2 ) k . 

In·~ 
v 

If-f *I< N 
to --lnk - t2k 
f exp l2yij arcsin t(l+ 0 ( v--))- n-===--

k v 1- t2 
-to 

2ydt 

v 1- t 2 

TOrAa 

3aAa4a ceenacb K nocTpoeHHIO acHMnTOTHK HHTerpanoe, aHanorH4-
H~x HHTerpanaM, HCCJleAOBaHH~M/3/ B CJly4ae noCTORHH~X p. npaBAa, 
&AeCb Al-lanaaoH i-13MeHeHMR j w1-1pe, T04KI-1 nepeeana nepeMell\aiOTC~ B 
Kpyre 6onbwero ~aAHyca. B ce~a~-1 c 3TI-1M ADnonHMTeilbHO npocneAI-lM 

aa Ae<t>opMa41-1ei1 JII-1HI-li1 ypoBHR. KpoMe Taro, np~-1 [tf[>v sin~· 1-1Ha4e 

., 7 



nP.i-iXOAIIITCfl 04eH1-18aTb aCHMnTOTII14eCKI-1e 8bl4eTbl, T04Hee lm (arcsin tf), 
no YCilOBI-110 

1 
k 4 < I j I < n(k Ink)-118 • k - 8 , [t 0 1 < 1- J!l...L 

k ' 
np~-1 0 =8 

T04KI-1 n_epesana HaXOARTCR CTporo 8HYTPI-1 Kpyra jtj ~. t 0. npl-1 j > 0 , 
t = p. e 1w , 0 ;:,, p ~. 1 , 0::;; <U -:;.", .Re (2iyj arcsin t)f..O.Honb AOCTHraeTcR 

!lHWb Ha se~eCTBeHHOA oc~-1. Ha p1-1c.2 3awTpi-1X08aHa o6naCTb ~ 
- 2k 

Re(2iyj arcsin t -·n -t ) :::. 0 , 

38e3A04KaMI-1 OTMe4eHbl T04KI-1 nepe8afla, nyHKTHPOM AaHbl !11-iHI-1111 
HaHCKOpeAwero cnycKa, HX aCHMnTOTaMH fi8IlfiiOTCfl IlY4H 77flk, f=O, 
1 , • , • , k. npoC!leAHM 3a 803My~eHHeM rpaHHl\bl o6naCTIII 'G Ill Ilii!HIIIA 
HaHCKOpeAwero cnycKa, rpaHHl\a G YA08JleTBOpReT COOTHOWeHI-110: 

Rel2iyj arcsint(l + 0 (ylnk )) - nt 2klv 1-t2 1·= 
k 

= -·np 2k cos ~cu + Rei 2iyj arcsin t (1 + O(y~)) I = o. 
k . 

Ink 21L 2 -118 -8 
npl-1 It! <1--k-;p -k- .no npeAnO!lO>KeHI-110, [j\<n(klnk) ·k , 

[jjln=O(k-0 + 11~, 0=8, cos2kcu-=E, cun =_IL_+_cl..+O(k-2-112 ) 
t 4k 2k . 

AHanorH4HO 04eHHsaeM 803My~eHHe Ilii!HIIIA HaHcKopeAwero cnycKa. 

t 

k=6, j>O 
PHc.2. 
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113 3TIIIX 04eHOK C!leAyeT, 4TO reOMeTpH4eCKaR KapT~Ha np111 BQ3-
My~eHHH COXpaHReTCR 1-1 npHMeH~M MeTOA nepeBa!la/4/.~aMeTIIIM, 4TO 
OC06ble T04KH t =+ 1 HaXOARTCfl 8He 30Hbl B!llllfiHHfl T04eK nepe8a!la/&/, 
T. K. np111 [j I > k 4 .-WHPHHa 30Hbl 8!1HRHHR T04eK nepesana 0 (k - 2'), 

a T04KIII nepesana Jle>KaT 8 Kpyre jt[ < 1-l:k' npl-1 j>O aCIIIMnTOTHKa 

onpeAe!lReTcR cosoKyn~oCTbiO T04eK nepe8ana, pacnono>KeHHWX 8 8epx

HeA nonyn!lOCKOCTH: 

f 2rr t f 
Res(j) = ~ (-1) v ~ .• exp I 2iyj (arcsin te 

f: Im t~> 0 2iyj ky 1-tf 
te 
~-)• X 

ky 1-t·: 

x{1 + O(y Ink))l, te =(ll)l/(2k-1) exp(i rr + 2rrif ). 
k kn 2(2k -1) 2k -· 1 

AnR Ma!lbiX f 

df 
1m (arcsin tf) ·> k' 

. -£/2 -· 
lm t f I (k v 1 - tf) -= (k I v ln k), . \ t I < 1 - (Ink lk). 

B caMoM Aene, 

. ITt . T7 
' i--+1 . 

Im{arcsinte) = Im(a.rcsin(1- £) e 2k-1 2(2k-·1) 

-· rr(f+1/4) \2 114 l rr(f+1/4) 
=lm(1+~)=y2(€2+( '· r) sin(2 ·arctg • )(1+o(l)). 

np~-1 E < rr (£ + ! )lk Im(arcsin tf) > yf2rr! sin ~ ·; 
np111 £ > rr(£ +J._)Ik lm(arcsin to)>-·. 

- 4 L k 
Aanee, nosTopRR AOC!lOBHO AOKa3aTe!lbCTBO 1-13/2~ nony4aeM TaKyiO 

Ol\eHKy: 

4 -118 -8 
k < I j I < n (k Ink) • k !r~ I < e exp ~-d I j I I k) 

J . ' 
yjj[ykink 

AHanoriii4HaR 04eHKa sepHa AilR YK!loHeHIIIR "pa3HOCTHoA cTyneHbKI-1
11 

OT 11 CTyneHbKH 11 <l>j. np111 n>r-<1, u>O,MeTOA nepesana npii!MeHIIIM Ailfl 

6onee WIIIPOKoro HHTepsana ck <Iii< n(k.lnk)-
118

• k-s. 
T04KIII nepesana HaXOARTCR Ha KOHe4HOM paCCTORHI-11-1 OT OC06WX 

T04eK. AnR TaKIIIX n 1-1 j cnpaseAilii!Ba 04eHKa 

I<I>~ I < B exp 1-dl j\/k I. 
v U I k 

OTCIOAa cneAyeT, 4TO A!lR n>r-<T WHPII!Ha 30Hbl 11 pa3MbiBaHHR 11 11130!lH
posaHHoro pa3pbl8a ecTb O(lnh -l), lhaK, 8 cny4ae nlllnWIII4-Henpe-

9 



p~BH~X K03$$~~~eHTOB nony4eH~ Te me o~eHK~ pa3HOCTHOA $YHK~~~ 
ip~Ha ~ 11 pa3HOCTHOA CTyneHbK~11 , 4TO ~ AnH noCTOflHHbiX p .0Tn~4~e 
COCTO~T B TOM, <ho HaKnOH xapaKTep~CT~K~ MeHfleTCfl OT T0.4KI-1 K 
T04Ke. Ho B /1/ 6~no noKa3aHo, 4TO 

. 1 1 1 
J=-·-- -·-· ... - -·+ n. 

Y1 Y2 Yv 

~MeeT KOHe4HyO,/CB~pxy ~ CH~3yJ CKOPOCTb ~3MeHeH~fl noV. 8 pe-
r n ,y..n · 3ynbTaTe O~eHK~ l"-¥V B L l OTnl-14aiOTCfl OT COOTBeTCTBYIOli.I~X O~e-

HOK AnH ypaBHeHI-1A C nOCTOflHH~MI-1 K03$$K~~eHTaM~ n~Wb nOCTOflHH~M 
MHOmHTeneM. 8 3aKnl04eHHe 3aMeTHM, 4TO pa3B~T~A 3AeCb MeTOA HC
cneAOBaHHfl ycToA4MBOCTM B C MomeT 6~Tb np~MeHeH K paaHOCTH~M 
ypasHeHHflM c nMnWM~-HenpepbiBHbiMM K03$¢M~HeHTaMM o6t~.~ero BHAa. 
npH 3TOM Anfl CXeM KOHe4HOl'O nOPflAKa T04HOCTH AOKa3aTenbCTBO 
cyt~.~ecTBeHHO ynpot~.~peTcH. 

npMHOWY 6naroAaPHOCTb 4neHy-KoppecnOHAeHTY AH CCCP H.C.6axsa
nosy aa nocTaHOBKY 3aAa4M H none3H~e o6cymAeHMfl. 
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Cep,ll,IOKona C.H. PS-82-735 
ACHMTITOTHtreCKHe OIJ;eHKH ¢YHKIJ;HH rpHHa H 11 pa3HOCTHOii: CTyTieHbKH 11 

B CJiytrae JIHflmHIJ;-HertpepbiBHbiX K03clxbHIJ;HeHTOB 

ITony'leHbi aciiMIITOTHtreCKHe or~eHKH IPYHKIJ;HH rpmra H "pasHOCTHOH 
CTyneHbKH 11 ,[\JUI pa3HOCTHbiX CXeM MaKCHMaJibHOr'O Hel.leTHOPO nopH)J;Ka 
TO'-IHOCTH 2k-1, k= O(lnr}, r -war no npeMeHH. HaKnagbmaeTca ec
TeCTBeuuoe orpaHHtJetme Ha OTHOIUeHHe mar on ceTKH (r I h)::;;: 1. Pac
CMaTpiiBaiOTCH PHnep60JIHtJeCKHe ypanHeHHfl C JIHflmHu;-uerrpepb!BHbiMH 
K03~HIJ;HeuTaMH. OcHOBHbie acHMIITOTHtJeCKHe ou;enKH rronytJei!hi c no
Momh!O MeToga rrepenana. OcHOBHan TPYIJ:HOCTb no cpanueHHIO c 0 cny
'laeM IIOCTOHHHbiX K03clxbHIJ;HeHTOB COCTOHT B TOM, '<ITO II pH n >> k W 

ITO)]; 3HaKOM HHTerpaJIOB CTOHT He CTeiie!IH O)J;UOH I]JyHI<IJ;HH, a IlPOH3-
Be)J;eHHe cymecTneHHo pasnHtJHbiX MHOlKHTenefi. Hcnonosya JIHIIIUHu;-He
rrpepbiBHOCTb, rrony'laeM ou;enKH n Lt. 6JIH3ICHe rc onTHMaJibHbiM, con
nap;a!OmHe C OIJ;eHKa!.fll p;JI.ff CJiy'laH IlOCTOHHHbiX K03qxpHIJ;HeHTOB. 

Pa6oTa BhiiiOJIHeHa n Jia6opaTopHH BbltiHCJtHTeJibHOii TexuHKH 
H aBTOMaTHsau;HH OIDIH. 

npenpi1HT 06"beAI1HeHHOro 11HCTI1TyTa !IAePHbiX 11CCJ1eAOBaHI1H. Ay6Ha 1982 

Serdyukova S.I. PS-82-735 
Asymptotic Estimates of Green's Function and Difference Step 
Function in the Case of Lipschitz-Continuous Coefficients 

Asymptotic estimates of Green's function and step function 
for difference schemes of maximum odd accuracy 2k -·1, k= O(lnr-~, 
obtained, .r is step in time: The natural restriction on the 
mesh ratio (r/h)< I is imposed. The hyperbolic equations with 
lipschitz-contin~ous coefficients are concidered. Principal 
estimates are obtained by a~ application of the saddle point 
method. The main difficulty in comparison with the case of 
constant coefficients lies in the fact that, when n »kw, the 
intagrand containes the product of essentially different fac
tDrs instead of the power of one function. Using lipschitz-con-! 
tinuity we get estimates in Ll' close to ·optimum and coinciding' 
with estimates for the case of constant coefficients. 

The investigation has been performed at the Laboratory of 
Computing Techniques and Automation, JINR. 
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