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§1. BBE,/.lEHHE 

B nocneAHHe rOAW B CBR3H C ycneWHWMH 3KcnepHMeHTaMH B aTOMHOA 
H MeaoaTOMHOA ~H3HKe BeCbMa ycHnHnCR HHTepec K HepenRTHBHCTCKOA 
3aAa4e 0 ABHmeHHH 3neKTpOHa D none ABYX KynoHOBCKHX 4eHTpos

1 

pacnonomeHHbiX Ha ¢HKCHpoBaHHOM paccTORHHH APYr oT APYra. 3Ta 
3aAa4a, 06W4HO HaawsaeMaR 3aAa4eA ABYX 4eHTPOB KBaHTOBoA MeXaHH
KH, B c¢epOHAanbHOA CHCTeMe KOOPAHHaT CBOAHTCR K HaXOmAeHH~ 
COfiCTBeHHWX 3Ha4eHHA H coficTBeHHWX ¢YHK4HA CHCTeMW ypaBHeHH~/l- 4/, 

2 a2 a R
2 

E 2 + m 2 
[((-1)-+2(--+-((-1)+RZ (-A-----111(()=0, /1.1a/ ae2 a,; 2 ,;2 __ 1 

2 _, 2 2 
[ 2 a u R E 2) - m ]- ( ) 0 (1-1) )-- 27]- + -(1-1) + RZ l)+A- -- ::::. T/ - • /1.16/ 

a7J2 alJ 2 1-1)2 

a2 2 
[-2+m]W(a)-O, /1.1s/ a a 

+1~(<oo, -1~7]~+1. O.,:;a~2rr, 

[Il(+1)[<oo, [Il(oo)[ <oo, [2( ±1)[ < 

3AeCb E- 3HeprHR 3neKTpOHa, ,\ - KOHCTaHTa pa3AeneHHR, m - Mar-
+ -HHTHOe KBaHTOBOe 4HCnO j Z • Z 1 + Z 2, Z • Z 2- Z 1 ; Z l , Z 2 - aapRAbl 

KynoHOBCI<HX 4eHTpos, R- paccToRHHe MemAY HHMH. CHcTeMa eAHHH4: 
'h.me-e-1. 

nplo1 3aAaHHbiX napaMeTpax R ~ 0 ' z+;;:: 0' z ~ 0 3aAa4y /1.1/ "MOmHO 
pewaTb' BW4HCnRR co6CTBeHHble 3Ha4eHHR E- E j (R. z+.z-) ' ,\ = 
=A j (R' z+. z-) H COOTBeTCTBY~IJlHe HM co6cTBeHHble ¢YHK4HH II(()= 
= n j (f; R' z+, Z) ' 2(7])- Ej (7]; R. z+.Z-). 3TO o6bi4HaR /wpeAHHrepOBCKaR/ 
nocTaHOBKa 3aAa4H, 3Ha4eHHR 3HeprHH E 3AeCb HMe~T AHCKpeTHbiA H 
HenpepbiBHbl~ cneKTpbl, npc.i E < 0 peweHHR KnaCCH$H4HPY~TCR Ha6opaMH 
c¢epH4eCKHX KBaHTOBbiX 4HCen j • (N,L,m) HnH 3KBHBaneHTHO HafiopaMH 

napa6onH4eCKHX KBaHTOBbiX 4Hcen T. ( n 1 , n 2, m). BenH4HHbl E i (R ,z+,z-).<fl 
Haawsa~TCR TepMaMH. PeweHHR TaKoro THna nony4eHw s HacTORIJlee spe
MR Ha 38M MHOrHMH aBTOpaMH/a-e/ 

HapRAY c BbiWeHanomeHHWM soaMomHw APYrHe cnoco6bl peweHHR Ha
aBaHHoA 3aAa4H, HanpHMep, MO»<HO 3aAaTb BeJlH4HHbl R~o. E <0 'z-~0 
B Ka4eCTBe napaMeTpOB H HaXOAHTb COfiCTBeHHble 3Ha4eHHR z+ = 

...St - St -
= '/.,. (R, E, Z ) , ,\ • ,\. (R,E,Z ) H COOTBeTCTBY~IJlHe HM cofiCTBeHHble .J J 

l 



st - _ _st -
¢1YHKL\~H1 U(~) .. n j ({; R, E,Z ) ' t=! (7j) .. t=! j (TJ ;R,E,Z ). PeweHHe CVICTeMbl 

11. 1al-11,161 B 3TOM C11y4ae CBOAVITCH K peweHVI~ ABYX 3aAa4 WTypMa

nVIyBVI1111H, B KOTOP~X co6CTBeHH~e 3Ha4eHVIH VIMe~T T011bKO AVICKpeT

H~e cneKTp~. TaKVIe peweHVIH 3aAa4VI 11.11 Ha3BaH~ WTYPMOBCKVIMVI pe
weHVIHMVI 3aAa4VI ABYX l.\eHTpOB/'7/, J.1x TaK>Ke MO>KHO K11aCCIII¢lllll.IVIPOBaTb 

Ha6opaMVI C¢lepH4eCKVIX V111VI napa60111114eCKVIX KBaHTOB~X 4VICe11, 

3TVI peweHVIH aHa110rV14H~ paccMaTpV~saeM~M B.A.<IloKoM a
181 

peweHH

HM Hepe11HTVIBVICTCKO~ 3aAa4H c OAHVIM KY110HOBCKVIM l.leHTpoM, KorAa 

np111· 3aAaHHO~ 3HeprHVI E.<O oHa pewaeTcH KaK 3aAa4a WTypMa-nVIYBH11-

11H Ha co6CTBeH~~e 3Ha4eHVIH VI co6CTBeHH~e ¢lyHKL\VIVI A111¢l¢lepeHL\VIa11b

HOrO onepaTopa, COOT~eTCTBY~~ero 3apHAY 3Toro l.leHTpa, .Co6cT~eH
H~e 3Ha4eHVIH TaKOrO onepaTopa VIMe~T 11VIWb AVICKpeTH~~ cneKTp, 4TO 

VlrpaeT cy~eCTBeHHY~ p011b npVI VICn011b30BaHVIVI ero C06CTBeHH~X <IJYHK

l.\111~ B ~a3111114H~X pa3110>KeHVIHX, npHMeHHeM~X B 3aAa4aX aTOMHO~ VI 

M011eKy11HPHO~ ¢11113VIKVI. 
Pa3110>KeHVIH no ~VIcTeMe WTYPMOBCKVIX co6cTBeHH~x ¢1YHKL\VI~ 3aAa4H 

ABYX l.\eHTpOB TaK>Ke COAep>KaT 11VIWb AVICKpeTH~~ cneKTp, 4TO BeCbMa 

noJle3HO, HanpVIMep, ntH pac4eTe 311eKTPOHHbiX COCTOHHVI~ M011eKyJlHp

HOrO VIOHa BOAOPOAa17 . ApyrV~e npV~MeHeHHH 3TVIX ¢lyHK~H~, a TaK>Ke 

HeKOTOp~e CBH3aHH~e C HVIMVI B~4VIC11eHVIH npHBeAeH~ B ?~/ 
B TO >Ke BpeMH WTYPMOBCKVIe peweHVIH •3a~d4VI ABYX l.leHTpOB VICC11e

AOBaHbl e~e HeAOCTaT04HO VI npaKTV14eCKVI He. Bbi4VIC11eHbl, He Vl3y4eHbi 

VIX aCVIMnTOTVI4eCKHe CBO~CTBa. He Ha~AeHa CBH3b Me>KAY c¢lepH4eCKVIMVI 

VI napa6011V14eCKVIMVI KBaHTOBbiMVI 4VIC11aMVI A11H HVIX, He VICC11eAOBaHO VIX 

noBeAeHHe KaK <IJYHKL\VI~ OT R nplll pa311V14H~X 3Ha4eHVIHX j , z- VI pa3-

11V14HOM Bbl6ope 3HeprVIH E I E .. E 0 .. corrst V111H E .. f(R .)/. corrst I, 111 oT

cyTcTsyeT a11ropV1TM, no3B011H~~VI~ no11y4aTb 3TVI peweHVIH so ace~ o6-

11aCTVI 0 .~ R .::::. "" • 
B pa6oTe paccMaTP,VIBa~TCH HeKOTOPble Vl3 3TVIX sonpocos. 

B §2 no11y4eH~ no11e3H~e npVI B~4VIC11eHVIHX COOTHOWeHVIH A11H 

Z~~·(R,E, z-·) , A ~t (R,E,Z -), HB11H~~VIeCH C11eACTBVIeM MaCWTa6HO~ VIH-

·sapVIaHTHOCTVI CVICTeMbl 11.1 I. 8 
4 

t ~ 

B §§3,. no11y4eHbl acV~MnTOTV14eCKVIe ¢opMyml A11H .Z i (R, E, Z ) , 
A8/ (R,E,z-) npVI R ... 0 c T04HOCTb~ AO 411eHoB O(R 

3
) VI npVI R ... "" 

·c T04HOCTb~ AO 411eHoB 0(1/R3
) A11H ~11y4aes, KOrAa 3HeprVIH E .pas

Ha KaKOMy-11VI60 TepMy 3aAa4VI ABYX l.leHTpOB /Ex Ej0 (R, z+,z-)/ V111VI 

KOHCTaHTe jE,.. E
0 

.. corrstl. npVI 3TOM npVIBeAeHbl Bbl[l011HH~~VIeCH A11H 

wTypMosc'KVIX peweHVI~ 3aAa4VI 11.1 I ¢opMyml nepexoAa oT c¢epH4eCKVIX 

KBaHTOEibiX 4111Ce11 K napa60111114eCKVIM, 
B ·§5 VI3110>KeH a11ropV1TM B~4VIC11eHVIH Ha 3BM co6cTBeHH~X 3Ha4eHVI~ 

zS/ (R,E,z-) , A ~t (R,E, z- ) , co6c~~eHHbiX ¢lyHKL\VI~ 'U ~t(~;R,E,Z -), 
E t<TJ; 'R,E,z-) VI npOV13BOAHbiX a·Z j /aR, aA1t JaR, n03B011H~~VI~ HaXOAVITb 
3TH Be11V14111Hbl C OTHOCVITe11bHO~ norpeWHOCTb~ (- 1 0'

12
+1 0'

14 
B 0611aCTVI 

0::; R < "" np111 3HeprVIHX E.< 0, cooTseTCTBYIO~VIX V~nVI onpeAe11eHHOMY Tep

MY 3aAa4VI ABYX l.leHTpOB,, Vl11111 KOHCTaHTe. 
C noMO~b~ 3Toro a11ropV1TMa sneps~e B~4VIC11eH~ VI npeACTaB11eH~ St -

B BHAe rpa¢IHKOB WTypMOBCKVIe C06CTBeHHble 3Ha4eHVIH Z j (R,E, Z ) , 
A~) {R,E,z-) A11H BCeX COCTOHHVI~ C r11aBHbiM KBaHTOBbiM 4VIC110M N.::; 4 

2 

(.< 

npVI pa3111114HOM Bbl6ope se11H4VIH E , Z-, a TaK>Ke npoV13BOAHble 

az~t /a R, aA~t /a R A11H HeKOTOPbiX 3Ha4eHVI~ j ' E ' z-. 

§2. MACWTA6HAR 11HBAPI1AHTHOCTb 

B CVI11Y VIHBapVIaHTHOCTVI ypasHeHVI~ 11.11 OTHOCVITe11bHO OAHOBpe
MeHHO~ 3aMeHbl: 

R -+ R. a , E ... E /a 2 , z+ ... z+/a, z ... z-la. 12.11 

cy~eCTByeT MaCWTa6HaH VIHBaplllaHTHOCTb: 

Z St (R E I 2 -; ) -1 St -j •a, 1 a , Z a • a Z j (R,E,Z ), l2.2al 

St (R 2 - St -Ai ·a,Eia, Z /a). Ai (R,E,Z ), /2.261 

rAe 0 < a < "" . _ 
Bc11eACTBHe 3Toro a c11y4ae Z • 0 , E. E 0 • corrst, MO>KHO Bbt4Hc-

11111Tb zTt (R,Eo ,0) T011bKO np111 KaKoM-TO OAHOM 3Ha4eHVIVI Eo , HanpH

Mep, npVI Eo • -2 I3HeprVIH OCHOBHOrO COCTOHHVIH BOAOPOAOnOA06Horo 

aTOMa c 3aPHAOM 2 I. nplll scex APYrHX Eo--2a 2 VIMeeM 

St 2 St 
Zj (R, -2a ,0) .. a Z i (R·a,-2,0). /2.3al 

St 
Aj (R.E0 ,0) nplll 3TOM B~pa>KaeTCH 4epe3 KOHCTaHTY pa3A€11€HVIH Cn11~c-

HYT~X C¢lepOVIAa11bH~X ¢IYHKL\VI~/ 4 ,W/ VI 8 CVI11Y 12.261 pasHa 

St 2 St 
A j iR, -2a ,0) • A i (R·a, -2 ,0). 12.361 

+' 'h 
Ec11111 a paseHCTBe l2.3al no110>KHTb a•(-E/2) · rAe E j"' E {R,Z ,0), 

TO nOJlY4111M 

St 'h St 'h 
Zi (R,Ei,O).(-E/2) Zj (R(-Ei/2),•-2,0). 12.41 

Y4HTbiBaH, 4To 

Sl + 
zi (R,Ei,o),.z • /2.51 

HaXOAVIM 

St 'h 'l~ + 
Zj (R(-Ej/2) ,-2,0) .. (-2/Ei)·z 12.6/ 

AHa11orH4H~M o6pa30M MO>KHo no11Y4111Tb, 4To np111 z- .j. 0 
St 11:, y, _ 'h + 

Z i (R(-Ei /2), -2,(-2/Ei) Z ) •(-2/Ei) Z , 12.7/ 

+ -
rAe Ej.Ej(R,Z ,z ). 

3 



CooTHoweH~R (2.3/, /2.6/, /2.7/ none3H~ KaK AnR HaxomAeH~R 
z~t (R,E, z-) , A~ (R,E,z- ) np~ M3BeCTHbiX R , .Z + , z- , E j. TaK ~ AnR 
KOHTpOnR B~4~CneH~~. ' 

§3. A01MnTOHIKA nPI-1 R ... 0 

npo~3·BeAeM B I 1 • 1 a/ 3aMeHy nepeMeHHO~ X .. cfR. np~ R ... 0 nony4eH
HOe ypaBHeH~e nepeXOA~T B ypaBHeH~e AnR paA~anbHO~ BOnHOBO~ $YHK
LI~~ BOAOPOAOnOA06Horo aTOMa C 3apRAOM z+ .. Z ~\O,E, z-) B c$epw 
4ecKo~ c~cTeMe KOOPA~HaT, a /1.16/- B ypasHeH~e AnR np~coeA~HeH
HbiX no.ri~HoMos JlemaHApa. TaK KaK 4~cno Hyne~ $YHKLI~~ ·n f1(cf; R,E,Z-) 

--st( -· R ~ := j TJ; R. E, Z ) He MomeT ~3MeH~TbCR c ~3MeHeH~eM , cneAOBaTenb-
Ho, 

k .. nr , q .. L - I in I . /3.1/ 

st - _st 
3AeCb k - 4~cno Hyne~ ·n j (cf; R. E • Z ) , q - 4~cno Hyne~ t= j (71 ;R,E,Z). 
Ur ,L. , m- C$ep~4eCK~e KBaHTOB~e 4~Cna BOAOPOAOnOA06Horo 
aTOMa C· 3apRAOM Z~ 1 (0,E, z-). llr- paA~anbHOe,, L- a3~MyTanbHOe, 
m- MarH~THOe KBaHTOB~e 4~Cna COOTBeTCTBeHHO. 

lnaBHOe KBaHTOBOe 4~Cno 3TOro.aTOMa paBHO 

N .. nr+L+l .. k+q+lmJ+L /3.2/ 

np~ scex R , z- , j ~MeeM 

St -
E .. E j (R, Z j (R, E, Z-) , Z ) , /3.3a/ 

St - St - -
A j (R, E, Z ) ~ A j (R, Z j (R, E, Z ) , Z ). /3.36/ 

St -
npeACTaB~M z j (R ,E,Z ) np~ R ... 0 B B~Ae 

St _ (0) ( 2) 2 3 
Zj (R,E,Z ) ~ Z j + Z j R + O(R ). /3.4/ 

l-1cnonb3YR /3.4/ ~ ac~MnToT~4ecKoe s~pameH~e 
R ... i 2 · 11<np~paBHReM s paseHCTBe /3.3a/ 4neHbl c 
HRM~ R. np~ E .. Eo .. corrst nony4aeM 

+ -AnR E j(R,Z ,z ) np~' 
OA~HaKOBbiM~ CTene-

st - ,_-- 2E0N
2 

+ cz-) 2 
2 a.. 

Zj (R,E 0 ,Z) .. N;-2E 0 (1- ·AL R)+O(RJ. 
R-+0 16N m 

/3.5/ 

3AeCb 

s . .. _______ s ___ c ~:___ - 1) • 

Aoo"'3' 1\m (4L2-1)(2L+3) L(L+l) 
L ~ 0. 

4 

t 
+ - . B cny4ae E .. Ej(R,Z .z ), rAe J 0 •(N0 ,L 0 ,m0 ), 

0 
aHanor~4H~M o6pa-

30M HaXOA~M 

St + 2" ,., 2 2 + 
Zj (R,Ej

0 
,Z-),. NZ + (N (Z) _ (Z-)2)~~m~-

R-+O No N 2 16N 0 0 /3.6/ 

ccz+).2-(Z-)~ 2 + 3 - -----cr-- NA R Z +O(R ) 
16N2 Lomo . 

0 

+ -· l-1cnonb3YR /3.36/ ~ COOTBeTCTBY~~y~ ac~MnTOT~Ky A.(R,Z ,Z ) np~ 
R-·0/12< nony4aeM .I 

2 2 2 St ~ R EfLIL·!\·m 2-1) (2Ld)(Z-) R 4 
A. (R,E,Z ) ~ L(L+l)- --:..~..!-~~--+---------A •· O(R ). 

J R-+0 (2L+3)(2L-1) 16 Lm 

/3.7/ 
3Ta $opMyna BbtnonHReTcR ,KaK B cny4ae E. E 0• const ,TaK VI AnR E = 

+ -Ej(R,Z,Z). 
0 

§4. ft,.Cl-1MnTOTI-1KA nPI-1 R • " 

n,epei1AeM B /1.1a/ K nepeMeHHol1 ,,.(f-l)R, a s /1.16/ - K nepe
MeHHOH Jl•(l+TJ)R /~n~ K /l"'(l-Tj)R /. npVI R-+.'< nony4eHHble ypas
HeHVIR nepeXOART B ypaBHeHVIR AnR BOnHOB~X $YHKL.1VIH BOAQPOAOnOA06-

St - - St. - -HbtX aTOMOB C 3aPRAaM~ Z 1.(Z j (,._,E,Z )-Z )/2,-'WVI Z 2-(Z j \-.. ,E,Z )+Z )/2/ 
B napa6onV14eCKOH C~CTeMe KOOPAVIHaT. Co6CTBeHH~e 3Ha4eHVIR Z 8~R.E,Z~ 

' .I 

np~ 3TOM o6pa3y~T ABe cepVI~: 
St -

eZ 1 -:cepVI~, KOrAa Z j ( x, E,Z )= 

- St -
= nv'-2E ~ Z , VI. eZ 2 -cep~~. KOrAa Z. (x ,E,Z J-n':, -2E -Z . 3AeCb: 

' .I ~ 
n • n 1 + n 2 + m + 1 , n '- n '1 + n '2 + m + 1 ; n 1 , n 2 , m ~ n '1 , n 2 
m - Ha6op~ napa6onVI48CKVIX KBaHTOB~X 4~Cen BOAOPOAOnOA06H~X aTe

MOB C 3aPRAaM~ Z 1 VI 2 2 COOTBeTCTBeHHO j m •! m j • 

E 
'X 

{

E0 • ecnVI E .E 0 -const, 

• E
1
. ("'-.,z+.z-). ecnVI E.E

1
. (R,Z~,Z-). 

·0 ·0 

St - .... St -npVIpaBHVIBaR 4VICno Hynel1 <jJyHKL.IVIH It j (~; R ,E .z ) , :::: j (TJ; R ,E,Z 
npVI R ... 0 VIR.,."" ~ noBTOPRR aHanVI3 pa6oTbt 21.nony4aeM, 4TO BbtnonHR~
~~ecR AnR wpeAVIHreposcK~x peweHVI~ 3aAa4~ /1.1/ $opMyn~ nepeXOAa 
OT C~epV14eCKVIX KBaHTOB~X 4VICen ~, L ,m K napa6on~4eC~VIM n 1 , 
n2 , m /~nt-1 ni , n2 , m I ocTa~TCR cnpaseAnVIBbtM~ ~ B cny4ae 
WTypMOBCKVIX peweH~H 3TOH 3aAa4VI, ecnVI B Ha3BaHH~M $OpMynax npo~3-
BeCTVI 3aMeHy: 

5 



n /Z 1 ... 1/ J -2E oo , - AJlH eZ 1 - cepvu-1, 

n'/Z 2-. 1/v(::.2E"" - AJlH eZ2- cep1-11-1. 

TaKI-1M o6pa3oM, AJlH eZ 1-cep1-1111 I-1MeeM: 

- Y2 • 
Z /(-2E"") = 4eJ1oMy 41-1CJlY, 

- Y2 14.11 
Z /(-2Ej of 1.\eJlOMY 41-1CJly, 

- Y2 

{

2n2 +m+Z /(-2E
00

) ,eCJll-1 

L= 
n
2 

+ m+ 1 + Ent(n
2

+ Z-/(-2E+,.,)Y2),ecnl-1 

N "'n 1 + L + 1, n = n 1+ n 2 + m+ 1. 

MH eZ 2 -cep1-11-1: 

-~ Y2 

{ 

n'+ m, ec:n~-1 n'2< Z /(-2E ) , 2 00 

L ~ n2 + m+l+ Ent(n 2- Z -/ (-2E
00 

)Y2), ecn1-1 n' > · Z l(-2E )Y2 • 
2-- oc 14.2/ 

N = n J. + L + 1 , n '= n '1 + n 2 + m + 1 • 

Ecn1-1 z-;,o, cpopMynbt /4.1/ 111 /4.21 co8naAaiOT c cooT8eTCT8YIO~VIMVI 
¢opMynaMI-1 AJlH ~peAI-1Hrep08CKMX peweHI-1~ 3aAa41-1 11.11, OT8e4aiO~MX 
eZ1 M eZ2 TepMaM, npM 3TOM /4,11 COOT8eTCT8yeT 4eTH~M yrJl08~M 
c!lYHKI.\VIHM E ~t (7]; R 'E' z-·)' a I 4. 2/ - He4eTHbiM. 

npeACTaBI-1M z ~t (R,E,z-) npVI R -· 00 8 8MAe 

St -- (0) ( 1) 1 (2) 2 , 3 4 
zi (R,E,z )=zi +zi ,R+zi /R +0(1;R ). 1.31 

+ -noACTa8MM :no 8btpalKeH!-1e 1-1 aCMMnTOTI-14eCKOe 3Ha4eHMe E j(R,Z 'z ) 
nim R--=' 3 · 4 ' 8 13.3al 1-1 npMpa8HHeM 4JleHbl c paBHbiMI-1 cTeneHHMI-1 R. 
np111 E =Eo= corrst nony4aeM 

st -- Y2 - 2n 2 2nZ-
Z- (R,E 0,z) = 2n(-2E0 ) ± Z -· -- + ------ -

J R Y2 R~oo R(-2Eo) 
/4.4/ 

-
2 

n JCZ-)
2 

+ 2E0 (3n ~+ n2)+ MZ-(-2E
0

) Y2] + 0(1/R 3 
), 

R (-2l'tJ) 2 

rAe ~-n 1 -n 2 • + + 
+ - - 2 2 B cnyyae E=Ej

0
(R,Z ,Z) , Ej

0
(<><,Z 1 Z ) .. -(z -Z)1(Sn 0) 

lb -n~+ll~+ m0 +- 1, aHanorV14HbiM o6pa3oM HaXOAVIM 

St - 2n - 2nno Z 2 Z- n 
Zj (R.Ej ,Z) .. -Z1 ±Z +--(-+---)+ 

o R-+oo n0 R z 1 Z
1 

n
0 

6 

/ 

., 

} 

2nno 3 z 2 3 z- n2 n~ z 2 + z 2 
+ ---[-(n~- -n0~0 ) ±- ~1\r::- +-- -( ) ]. 14.51 

zt R 2 2 ~ z 1 • 2 z 1 2 2 z t -

3Aecb z 1 -cz+_z-)/2, Z*·(Z++Z-)/2, /\0 .. n't-n2. 
Ecm1 Ej 0 (oo ,ZtZ)·-(Z +.Z}/(Sn 02), rAe n0 ,.no{+ n)r + m0 ' +- 1, 

TO 814.51 cneAyeT npOI-13BeCTI-1 3aMeHy:n 0 -.n 0 , n°1 -+n°{ ,n°2 ~n~, 
m

0
-+ m

0
' , ~0-> ~0 • n°{ - n2' VI noMeHHTb MeCTaMH Z 

1 
1-1 Z

2 
• , 

C y4eToM /3.361 11 aq1MnTOTI-14ecKoro 8btpalKeHI-1fl AJlH A J- ( R ,Z -. Z -.) 
I 3 4/ npH R-+oo ' nony4aeM 

St - 1 2 2 1 2 2 
Aj (R,E,Z ) • 2p(s+f3)-(S/3+-(s +1-rn ))-- (s(s +1-rn )+ 

R-+oo 2 Sp 

2 2.. 2 1 4 2 22 22 
+ (3s +1-rn Jfl+2s{3) +-

64
p2 (-5s -lOs +6s m -(1-rn) --14.6/ 

2 2 2 22 3 3 
-(20s +20-12m )sf3- (24s + 8(1-m ))f-3- Ss/3 ) + 0(1/p ), 

lj" '1:· rAe s- 2n 2 + m + 1 , f3 • ± Z -_, (-2E) , p .. (R(-2E) ") /2 , E- E -.corrst 
HnH E-Ei

0
(R,z+.z-). 0 

BepxHH~ 3HaK 8 qJopMynax /4.4/-/4.6/ cnpa8eAJlH8 AJlfl eZt-ce
PHH, HHlKHH~ - AJlfl eZ 2-cepHH, B nocneAHeM cny4ae 8 3THX ¢opMynax 
HYlKHO CAenaTb,3aMeHy: n->n',n 1 -•n1, 11

2
-• 112, i\_,J\'•11}-112. 

§5. AflrOPHTM B~4HCflEHHA 

npH 8~4HCJleHHH WTYPM08CKHX peweHH~ 3aAa4H A8YX 4eHTP08 HCnOJlb-
3yeM AJlfl ¢>YHKI.\HI1 II 81 <(;R,E ,Z-) pa3nolKeHHe 1 t:ll 

J . 

rAe 

m " St - 2 -;; (+1 (J -P(s-IJ:::o f: 1 p 
II. (f:R,E,Z )•(f-1)~(-) e l A,P...:.-), 15.11 

J 2 f'-o f f ~ 1 

St 

RZ j - m -1 ' ----
2p 

a. R -
p "'-.·-2E 

2 ' 
St St -

Z i ,. Z i ( R,E ,Z ). 

Ko3cJl<I>HI.\HeHTbl Ap YA08J1eT80PRIOT peKyppeHTHbiM cooTHoweH!-1fiM 

rzpAf+l+f3rAr -'-YpAp_ 1 ,. 0, A_
1
.o, A 0 .t, P-1,2 .... 

St ap • (f + 1)(P + m+1), /3p • 2 f (f + 2p ·-a)- 2pa- A j - (m+l)(m+a-), 15,21 

y f • (f -1 - a ·)( f - m -1 -a -); St St - ) >. . • A. (R,E, Z • 
J J I 
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v .... st ( R E -) -t\nR <J>yHK~I-11-1 t:: j TJ; , ,Z npi-1 Z • 0 J.1CnonbayeM paanomeHJ.1e1 4,10/ 

.... St 
~j 

a np1-1 

m 
(ry;R,E,Z~) '"n~ BeP2f +m+o(ry), 

L -o 

{

0, ecn1-1 L-m .. 2n; 
s-

1. ecn1-1 L~m .. 2n+1; n.0,1,2 ••• 

Z ;f,. 0- paanomeHJ.1R /14/ 

e p. 0 E r +m 

E ~t ( 17 ; R. E .z-) "' 
J 

{ 

-. p(l+TJ) ~ c p: (TJ). 

) "" - m ) . -p(l-ry ~ Cp Pe (ry • 
·e ·e .. o + m 

/5.3/ 

-1~TJ~o. 

/5.4/ 

O,SryS+L 

3Aecb Pt (TJ) - npl1coeAI1HeHHble noni-1HOMbl nemaHAPa. Ko3<!><!>1-1~J.1eHTbl Bp , 
Cf. ,~£ YAOSneTSOpH~T TpeX4neHH~M peKyppeHTH~M COOTHOWeHJ.1RM/4,~J4/ 

B cny4ae' KOrAa 3Hepri-1H E pasHa KaKOMy-nl-160 TepMy E j (R z+.z) 
3aAa411 ASYX ~eHTpOS, Sbi4J.1CnReM CHa4ana C noMO~b~ anropi-1T~a /6/ 
co6cTseHHble· 3Ha4eHJ.1R E io (R,Z ~Z-), A i (R,z~z-) s o6bi4HOC1 /wpe-
A1-1HreposcKoC1/ nocTaHosKe 3TOC1 3aAa4J, St -

3aTeM, ecn1-1 L .. L 
0 

, m- m0 1-1, cneAOSaTenbHO, ,\ i (R,E ,Z ) cosna-
AaeT c HaeiAeHHbiM 3Ha4eHJ.1eM ·.A io(R,Z~Z-);HaXOAJ.1M Z ~t(R,E io• Z -).t\nR 
3TOro MeTOAOM, aHanorJ.14H~M MeTOAY nJ.1Heapl13a~J.1J.1/15),MJ.1H11M~31-1pyeM 
a6con~THOe 3Ha4eHJ.1e k pa3 o6epHyToC1 ~enHoei AP06J.1~ COOTSeTCTSy~
~eei pa3nomeHJ.1~ /5.1 I. -- ':. 

BsOA11M seni-141-1HY 

Nk+1 •-akAk+l/:Ak' k .. N-L-1. 

Hcnonb3YH COOTHOWeHJ.1R /5.2/, nony4aeM, 4TO Nk+1 
CTaSI1Tb S SI1Ae 6eCKOHe4HOCi ~enHOC1 AP06J.1: 

( akyk+1 ) (_a k+ 1Y k±L-) ak+2 Yk+3 
( 

8 k+1 0 k+l 8 k+2 0
k+2 ° k+3 

Nk+1 • ---- --------- --·----
(!_!±1_)- ( f3 k+_L)- ( f3 k~)-

0 k+1 . 0 k+2 0 k+3 

MHO>KJ.1Tenb ok • (N+k)(N + k + 1) He MeHReT seni1411HY 

/5.5/ 

MO>KHO npeA-

/5.6/ 

Nk+l 1-1 sso-

A1-1TCH 3Aecb AnH J.136emaHI-1R 6onbwJ.1x npoMemyTo4H~x 4J.1Cen. 

8 

} 

.) 

H3 /5.2/ cneAyeT, 4TO Nk+l pasHa TaK>Ke KoHe4HoC1 AP061-1 

ykak-1 
N --bo""Pk- -~-: 

k+ 1 t-'k·1 
Yk-1.ak-2 

f3k-2 

np!-1paSHJ.1SaH /5.6/ J.1 /5;7/, nony4aeM 

a a2 
1-

U1 ""bo+ ~+ b~ 
a a 
ba+ ... 

,. o. 

rAe 

Y2a1 

{31 -
.2:,1 ao_ 

f3o 

/5.7/ 

/5.8/ 

ak y k+ 1 a k+n-1 Y k+··n f3k+ l 
an"'- a--8---- • bl'" 8-- • b 

f3k+n n ,. 2,3 ... -. 
"" ok+n a x --

1 ok+ 1 k+n-1 k+n k+ l 

TaK KaK K03$$11~11eHTbl Ap COOTSeTCTSY~T MJ.1HJ.1ManbHOMY, CXOAR~e
MYCR npl-1 £~~ ?:eweHI-1~ KOHe4HO-pa3HOCTHOrO ypasHeHI1H /5.2/,Ap06b 
/5.8/ CXOAJ.1TCR 13

/. St i i -1 · 
npeACTaSI-1M 3TY AP06b s T04KaX Z j • Zj (R) ... Z j (R) + {I.Z /, rAe 

i .. 1,2 ••• , S SJ.1Ae 

; \-I au 1 i 
U 1 (Z;) .. U

1 
(Z · ) + (---'"-) s·t i-1· fi.Z j ,.o. 

np11 Ka>KAOM 

1 a zst z ... z. 
. j J J 

i 
np1-1pa~eH1-1e fi.Zj· paSHO 

. i-1 '!JU 1 
/I.Z '.,. -U 1(Z i ) /(-.-St) Z 'st .. Z ~-I· 

1 a zi i 1 

/5.9/ 

/5.10/ 

· · St 

B~41-1CnHeM nocneAosaTenbHO 
au1 /aA.yt, ,au 1 /ap s To4Kax 
Ha4anbH~e np!-16n1-1meHJ.1R Z1(R) 

np11'i,.~,2 ... semi41-1HI;>I U1 ·,aU,IfaZj • 
z r .. z r 1(R). Heo6XOAJ.1Mble AnH 3TOro 
npi-1 R.::;: R1, R 2 , rAe 

R 1< R2 .::;: JN /Z, 
+ -

Z .. max ( Z , Z , 1), 

nonaraeM pasH~MI-1 aCI-1MnTOTJ.14eCK11M 3Ha4eHJ.1RM /3.6/. /~/ 
t\p06b U1 npl-1 3TOM S~411CnHeM C nOMO~b~ paBeHCTSa 

Un 
ul .. lim-~ n. 

ll-+o<l 

/5.11 I 

/5.12/ 
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T-

rAe 

d_l,. 1, Clo- bo, Cln~ b~Cin-1 + an~n-2' 

~-1•0, ~o-1, ~n'"bn~n-I+ ar:J3n-2• 
/5.13/ 

· St 
a npOI-13BOAHbte aU 1/aR, aUt/ap , aU1/ii.\ j - C noMO~biO aHaJli-1TI-14eCKO-

ro A1-1$$epeHJHpOBaHHH COOTHOWeHH~ /5.12/, /5.13/. 3aMeTI-1M, 4TO 

au1 

azst 
j 

R au 1 
(-)~-· 

z.51 a R 
J 

npoAOJlmaeM npo~ecc HTepHpOBaHHH AO TeX nop, noKa He 6YAYT B~

noJlHHTbCH ycnoBI-1H 

i i-1 
IUt(Zj)i.SIUI(Zj )j, 

i 
~Z· 

i---ll<, 
Z'. -

J 
/5.14/ 

BenH4HHa norpewHocTH ' sa~aHa sapa~ee. 

Co6CTBeHHOe 3Ha4eHHe Z .j 1(R,E io ,z ), Ha~AeHHOe C OTHOCHTeJlbHO~ 
norpeWHOCTbiOf, TaKHM o6pa30M paBHO 

St - i 
Z i (R, E io , Z ) • Z j (R). 

St 
l1knOJlb3yeMbte B PHAe npHJlomeHH~ npOH3BOAHbte a Z j /aR HaXOAHM, 

AH$¢epeH~HPYH Ut KaK HeRBHYIO $YHK~HIO ~~ R. HMeeM 

St St 

az i au1 au1 ,n; au 1 ap au 1 -I 
--- -(-+-·- +-·--)(--) 
aR aR a>.~t ,JR iip iiR a zSt . /5.15/ 

J J 

· St · 
npoH3BOAHbte i),\ ·. /aR, ap/aR Ha~AeHbl npeABapHTeJlbHO c nOMO~biO an-
ropHTMa 161. J 

; 

npH noc.fleAYIO~I-1X R,. Rr > R f-1 > Rp_2. rAe r -3,4 .... Ha4aJlbHbte npH-

6JlHmeHHH zy(Rp) ~aAaeM nOCJle B~4HCJleHI-1R C Heo6X9AHMO~ T04HOCTbiO 

z1t (R,E io. z- ) 'a z }
1 I aR npH npeAb1AY~I-1X 3Ha4eHI-1HX R- R 1'-1. R r- 2 

Hcnonb3YH HX, HMeeM 

St -
Zt(Ry) .. Zi (Ry_ 1 .Eio ,z ) + 

· St St 

1 az. az. 

St 
az· 

(-J) . (Rp- R ) + a R R .. R p _ 1 f - 1 

(R r -Rp_1 ) 
2 

+-[(.:..:1.) -(..::..::.l) 
2 aR R-Rp_ 1 aR R,.R 

]------. 
f-2 (R p_ 1 -Rp _ 2 ) 

10 

/5.16/ 

:~ 

l t 

l 

q 

• .. 

\ 

I 

EcnH R :;-:,. R"" .. 10 N/Z, s Ka4ecTse Zj (R) npHMeHReM acHMnTOTH4ecKoe 

3Ha4eHV1e /4.5/. 
~anee npo~ecc HTepH~osaHHH npH scex R>Rz npoAonmaeTCR TaK me, 

KaK V1 np11 R .:;;: R1 , R 2 , noKa He 6YAYT BbtnonHeHbt ycnoBHH /5. 14/. 

EcnH 3Hepri-1H E pasHa KOHCTaHTe Eo HJlH KaKoMy-nH6o Ha~AeHHoMy 

npeABapHTeJlbHO TepMy E j
0 

(R,Z +, z- ) 3aAa4H ABYX ~eHTpOB, HO npV1 

3TOM m.f.. mo MJlH L.;. Lo. HJlH OAHOBpeMeHHO m {. mo, L.;. Lo. TO CHa4aJla, 

1-13 yrJlOBOrO ypaBHeHHR /1,16/ B~4HCJlHeM C06CTBeHH~e 3Ha4eHHH . s . 
AS.t (R,E,z-) H npOH3BOAHbte a». j 

1 
/aR. ,lJ.JlH 3TOro MeTOAOM, aHanorH4-

RJM 1-13JlOmeHHOMY B~We, MHHHMH3HpyeM a6COJliOTHOe 3Ha4eHHe q pa3 

o6epHyTo~ ~enHOH AP06H U 2 ,COOTBeTCTBYIO~eH pasnomeHHIO /5.3/, ecnH 

z- .. 0, HJlH /5.4/, eCJlH z- .j, 0. 

B o6nacTH R:;: R 1 , R 2 B Ka4eCTBe Ha4aJlbHoro npH6JlHmeHHR AJlR 

A.~ 1 (R,E,Z-) npi-1MeHHeM acHMnToTHKY /3.7/, a npH R=Re>Re_ 1>Rp_ 2• 

rAe f,. 3,4 ... , HCnOJlb3yeM KBaApaTH4HYIO HHTepnOJlH~HIO THna /5, 16/, 

B cny4ae R :<:., R"" non b syeMcH acHMnTOTH KOH I 4. 6/. 
8 OCTaJlbHOM Bbi4HCJleHHe ,\S.t (R,E,z-) H aA.·JSt/aR nOJlHOCTbiO nOA06HO 

'r' J Bbi4HCJleHI-110 B 
1 KOHCTaHTbl pa3AeJleHI-1H nOJli-1C$epOI-1AaJlbHbiX nepHOAI-1-

4eCKHX ¢yHK~I-1~ 1-1 ee npOH~BOAHO~. . St . 
,D.anee.npH HaHAeHHbiX At(R,E,z-) 'a.\'j/aR 1-13 paAI-1aJlbHOro ypas-

HeHI-1H /1, 1a/ HaXOAHM zSjt (R,E,z-) , azt/aR npeACTasneH!"IbiM BbtWe 

cnoco6oM. Ecn1-1 E .. Eo .. corrst, s Ka4eCTBe Ha4aJlbHoro np1-16nHmeHHH 

Zj(R) npV1 R$ Rt 'R 2 I-1CnOJlb3yeM aCHMnTOTI-1KY /3.5/, a eCJlH E 

= Eio(R,z+ ,z-),- aCHMnTOTI-1KY /3.6/. npl-1 R,..Re >Re-I> Re-2 

rAe e .. 3,4.,AJ1H Bbt41-1CJleHHH Z?(Rr) npHMeHHeM $OpMyJly /5.16/, a npl-1 
J .. 

R~ Roo - ¢opMYJlbl /4.4/ HJll-1 /4.5/. S 

C St - ..... t -
o6CTBeHHbte $yHK~H:.1 n j ·kff;ll, E ,z ) ' ~ j (TJ; R ,E, z ) Bbi4HCJlHeM' 

cyMMHPYH c Heo6xoAHMO~ T04H6CTbiO PHA~ /5.1/, /5.3/, /5.4l. Ko3$

$H~HeHTbt pasnomeHHH s 3THX PRAaX HaXOAI-1M c noMO~biO cnoco6a, npH
; l~ I 

MeHHe~oro B '' AJlH HaXOmAeHHH COOTBeTCTBYIO~HX K03$¢H~HeHTOB pas-

JlOmeHHH B TeOpHH nOJlHC$epOHAaJlbH~X nepHOAH4eCKHX $YHK~H~. 

§6. OoCYm,D.EHHE PE3YnbTATOB 

HsnomeHH~~ anropHTM peanHsosaH s BHAe nporpaMM~ Ha H3~Ke $opT

paH (CDC-S500).0H n03BOJlHeT B~4HCJlHTb WTypMOBCKHe_ p2ewe~HH 'saAa4t~ 
ABYX l\eHTpOB C OTHOCHTeJlbHOH norpeWHOCTbiO E - 10 +1 0 

14 
npH Cpas

HHTBJlbHO MaJl~X 3aTpaTaX MaWHHHOrO BpeMBHH, npaKTH4eCKH BpeMH B~-

4HCJlBHHH napbl WTypMOBCKHX C06CTBeHHbiX 3Ha4eHHH Z jSt (R,E,z-) , 

,\St (R,E,Z -) C noMO~biO 3TOro anropHTMa np!-1MepHO paBHO BpeMeHM 
J 161 ' 

B~4HCJlBHHH C nOMO~biO anropHTMa· · napw WPBAHHrepOBCKHX C06CTBeH-

HbiX 3Ha4eHHH E j(R, z+, Z -), ,\ j(R, z+,z -) · St _ St 

KaK !10Ka3btBaeT onbtT Bbt4HcneHHH, 3Ha4eHHH Z i (R,E,Z ) , A. i (R,E,Zl. 

nony4eHH~e no acHMnTOTM4eCKV1M ¢opMynaM /3.5/-/3.7/ npH R~O,cos-
-12 

naAaloT C COOTBeTCTBYIO~HMH 3Ha4eHHHMH, nony4eHHbiMI(1 npH f = 1 0 

Ha 38M, s cny4ae N.L~5, RZ-0,01- c T04HOCTbiO AO 0,001%, as 

cny4ae N,L-:;.5, RZ-0,1 - c T04HOCTbiO AO 1%. 

II 
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PHc.2 
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j/ /;· . ::.-----· ~d6 

~~ '--~l.!S// 

W/3~n////-' 
·~~ ~n ·_ ~::~-~4~& - ---,·-~ 

>s&!/ .--::--- / 
,'l~ / 

~·--~ / 
.. )d6 

-----g---- iZ R 

PHc,4 

·t Aci1MnTOTI14eCK11e <t>opMYilbl ~4.4/-/4.6/ np11 R ... oo AaiOT npasl1nb-

:l Hble 3Ha4eHI1H Z 5.t'(R,E,Z-), ,.\ .t(R,E,Z-) AI1H N,Ls;5, RZ-7+10 c T04-

HOCTbiO AO 1%, ~ AilH N,L.~ 5 ~ RZ - 15+20- c T04HOCTbiO AO 

0, 1+0,01%. 
B~411CI18HH~e C nOMO~biO KBaApaTI14HOA 11HTepnOI1H~I111 /5,16/ Ha4anb

Hbl8 np116m1meH11H Z~(R) OTI11!14aiOTCH OT T04HbiX 3Ha4eHI1A 11CKOMOA B8Ili!1-

411Hbl z rt (R,E,z-) npl!1 ware 6R- R e- Re-I .50 ,1/Z Ha AOI11!1 npo~eHTa. 

ll 
AHanor1!14HO BeAYT ce6H Bbi41!1CileHHble noA06HbiM o6pa30M Ha4ailbHble 

St -
np116n11meH111H AilH A i (R,E, Z ). TaKoA BbJ6op Ha4ailbHbiX np1!16n11meH111A 

o6ecne41!1BaeT ycToA411BOCTb 1!1cnonb3YeMoro 1!1Tepa~1!10HHoro npo~ecca 

' BO BCeA o6naCTI!1 O.<R .< ""1!1 npeAOXpaHHeT OT HaxomAeH1!1H IlOmHbiX MVIH11-

~ 
' 

MYMOB 1!1 nepeCKOKOB Ha COCeAHI!1e 6JlV13KO pacnonomeHHble KpVIBble. 

Ha p11c.1-10 npeAcTasneH~ B~4VICJleHH~e c noMo~biO _pa3BI1JOro an
fOPI1Tf':la zIt (R,E,Z-), ,.\It (R,E,Z -) 1!1 1!1X npOV13BOAHble a z ft I a R , 

aA5.t JaR npl1 pa3Jli14HbiX 3Ha4eHVIHX j, E , z-.Kp11Bble Ha pV1c.1-7 

K1l~CCVI<!l1!1~11PYIOTCH 3Ha4eHI1HMVI NLm, a Ha p11c.8-10 - 3Ha4eHVIHMVI Lm. 

np11 3TOM B COOTBeTCTBI/11!1 C CVIMBOilVIKOA, np1!1HHTOA B KBaHTOBOA Me

XaH11Ke, COCTO.AHI1H C L,. 0, 1 , 2, 3 0603Ha4aiOTC.A KaK ·s , p , d , f, 

a COCTO.AHVIH C m,. 0,1 ,2,3 - KaK a·, T7 , • 0 , .¢ COOTBeTCTBeHHO, 

np1!1B8AeHHble Ha PI!1C.1 ,2 Zft(R,. E,Z-),aZJ1/aR COOTBeTCTByiOT 

cny4al0 E,. -2 , Z-'"' 0. KaK BVIAVIM, o6~ee noseAeHI1e 3TI!1x KpVIBbiX. np11 

113MeHeHI1VI R HanOMVIraeT noBeAeHVIe Kp1!1Bb1X E j (R,2,0) , aE j(R,2,0) I aR 

np1!1 VI3M8H8HVIVI R/ 3- 6 . npl1 3TOM zIt (R,-2,Q) c OAI1HaKOBbiMI!1 3Ha4eHI1.AMI!1 

rnasHoro KBaHTosoro 411Cna N, nOA06Ho TepMaM c TaK11M me rnaBHbiM . s 
KBaHTO~~IM 41!1CJlOM,C6Jll1maiOTC.A np11 R->0. Z j\R,2,0)/a TaKme VIX npOI13BOA-

Hble az j (R,2,0)/aR) C paBHbiMI1 3Ha48H11HMI1 napa60I1114eCKVIX KBaHTOBbiX 

411CeJl ll 11. n', KaK 11 TepMbl C TaKI1MI1 me KBaHTOBbiMI1 411CJlaMI1 /a TaKme 

11x npoi13BOAHble/, c6n11ma10TC.A np11 R-> "". OgHaKo, s OTJ11141!1e oT TepMOB, 

CTpeM.A~11XC.A K HYJliO c pOCTOM N, co6cTBeHHbJe 3Ha4eH11.A z 1t (R,E,Z-) 

B COOTBeTCTBI111 C Te0p11eA CI1CT8M WTypMa-fli1YBI1JlJlH He orpaHI148H~ 

np11 N->"" • 
AHanori14Ho BeAYT ce6.A 11 npeACTasneHH~e Ha pl1c.3,4 co6cTBeHH~e 

3Ha4eHVIH .Z ~~ (R,E,O), COOTBeTCTBYIO~I1e 3Hepri1.AM E • E lsa(R,2,0) 

I pVIC. 3/ 11 J E- E 2pi7{R,2,0) /pi1C. 4/. 
Co6cTBeHHble 3Ha4eHI1.A .ZIt (R,E,l) AJl.A cny4a.A E- -2 npi1BeAeHbl Ha 

p11c.5, A11.A E-E lsa(R,3,1) - Ha p111c.6, AilH E- E 2pa{R,3,1) - J:ia 

PI1C, 7, B OT1111411e OT npeACTaBJleHHbiX BbiWe, KpVIBble Ha 3TI1X PI!1CyH

KaX, COOTBeTCTBYIO~I1e paBHbiM 3-Ha4eH11HM napa60Jll14eCKI1X KBaHTOBbiX 

4VICeJl ll 11 ll' 11 OTHOC.A~I1eCH K pa3JlV14HbiM cep1!1HM, He C61111mai0TCH np11 

6onbW11X R, as cornac1111 c ac11MnToT11KaM11 /4.4/, /4.5/ s npeAeJle 

R-+ oo OT Jll14aiJTC.A Ha ~2, St · St 

KoHcTaHTbl pa3AeJleHI1fl A j (R,E,O) 11 11X npOI13BOAHble a A j (R •. E,O)/aR 

A11H cny4aR E- E 1w(R,2,0) np1!1BeAeHbl Ha p11c.8,9, Ha p11c.10 npeA

CTasneHbl C06CTBeHHble 3Ha4eHI1fl ..\1 1 (R,-2,1). 06~ee noBeA8HI1e 3TI1X 

KP11B~x np11 113MeHeHI111 R noA06Ho noseAeHVIIO wpeAI1HreposcKI1X Kp11B~x 

,.\. (R z + z-) 11 1!1X npOI-13BOAHbiX npl1 113MeHeHI-111 R, a B CJly4ae E = 
J , • s 

= E 1ec(R,2,0) 3Ha4eHI-1fl ,\~~(R,E,O) 1-1 aA 8~(R,E,O)/aR cosnaAaiOT 
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6
/_ Ho, B OTJl~-

41-1e OT wpegi-1HrepOBCKI-1X, WTYpMOBCKI-1e 3Ha4eHI-1H A~t (R,E,Z) 3aBI-1CHT 
J 

TOJlbKO OT ABYX KBaHTOBWX 41-1CeJl L , m 1-1 He 3aBI-1CHT OT rnaBHOrO 
KBaHTOBoro 41-1cna N. 3To swpomgeHHe CBHSaHo co cne~H$1-14eCKHM~ 
rpynnoBWMI-1 CBOACTBaMI-1 WTypMOBCKHX peweHI-1A saga4H /1.1/ 1-1, B 4aCT
HOCTI-1, C TeM, 4TO onepaTOp ~ - B rpynne p (3) X p (2,1), A1-1aroHaJlbHbiA 
Ha CHCTeMe WTYPMOBCKI-1X peweHHA Ha3BaHHOA saga4H H HMe~~I-1A co6-
CTBeHHbte sHa4eHHH A ~t (R,E,Z- ). co<;:TOI-1T H3 reHepaTopos ogHoA TOnb-

J /10/ ~ 
t<o ~1-1HBap!-1aHTHOA nogrpynnbl P (3) • B oT JlH4He aT Hero, onepaTop A 
B TOA me rpynne, gl-1aroHaJlbHWR Ha CHCTeMe wpegHHrepOBCKI-1X pewe
HI-1A :noA saga4H H I-1Me~U\I-1H C06CTBeHHble 3Ha4eHHH Aj \R,z+,z-), COCTO

HT 1-13 reHepaTopos o6e1-1x nogrpynn P (3) 1-1 P (2.1) 
1
. 
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AsTop 6narogapHT ~.A.CMopOAHHCKoro, a TaKme H.C.~Kosnesy 
1-1 A.~.WepcT~Ka sa o6cymgeHHB. 
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TpycKona H.ct>. PS-82-723 
lJ]TypMOBCKHe pel!'e!Uut sap;a'!H IJ:BYX ~eHTpOB KBaHTOBOH MeXaHHKH 

Pil3BHT nni'OPHTM Bbi'IHCneHHH Ita 3BM lllTYPMOBCKHX pellleHHH 
sap;atlH IJ:BYX ~eH•rpOD ICDaHTOBOH MeXaHHKH Tipll pa3J1ll'IHbiX 3Ha'!eHHHX 
MelK'bnp;epHOI'O paCCTOf!HHH R ll npll TaKHX 3Hepr'HHX E.< 0, KOTOpb!e 
COOTBeTCTBYIOT HJIH Onpep;eneHHOMY TepMy HasBaHHOH sap;a'lH, HJ1ll 
KOHCTaHT8, Upune,c:eHbl tPOPMYJibl nepexop;a OT c!lJepHtieCKllX KBaHTOBbiX 
'IHCeJI K napll!:IOJII·t'l8CICHM H nony'leHbl aCHMTITOTHKll C06CTBeHHbiX 
sHa'lemrrr npli R .. 0 H R .. "" • PesynbTaTbi Bbl'lHcneHHH npep;cTasneHbi 
n BHp;e I'pa¢m~on. 

Pa60Til DbinOJ1HeHa B Jla6opaTOPHH Bbl'lHCJIHTeJ1bHOH TeXHHKH 
H anTOMSTH3lll..\HII OIDIH. 

npenpHHT o~~OAHHOHHOro HHCTHTyTa AAePH~X HCCfleAOBaHHH. Ay6Ha 1982 

Truskova N.F. PS-82-723 
Sturm's Solutions of the Two-Center Problem in Quantum 
Mechanics 

An algorithm for an electronic computer calculation of 
the Sturm solutions of the two-center problem in quantum 
mechanics nt different values of the distance R between 
centers when the energy E<O corresponds to the term of the prob 
lem in view or to a constant is developed. Formulae of rela
tionship between spherical and parabolic quantum numbers and 
asymptotics of the eigenvalues in R-+ 0 and R ... "" are obtained. 
The cnlculntions are presented as-diagrams.· 

The investigation has been performed at the Laboratory 
of Computing Tech~iques and Automation, JINR. 

Proprlnt of the Joint Institute for Nuclear Research. Dubna 1982 

lleponoA O.C.llHHorpa,c:osorr. 


