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BBB]J8H>18 

CMCT6Mhl Macconoro 06C1IYlKilDal!llil (CMO) c c5ecKoHe'IHh!M 'll1CJIOM .. Kana""" 
non oc5cnylKMBamm c ycnexou McnoJil>8YIOTCil n KatiecTne uo,zteJIH npH pem6Hl1H 
paaJIM'IH oro po,11a npmma.ztHh!X aa.zta 11, TaitMx, nanpnv6p, Itait on11cru!ll6 CHCTBJI 
cauoo6cnylKl1Danlla, onpo.zt6116I!I-16 aallnTOCTil uoerc n 6on:&n11uax, 1UIClla 140ll6- 1 

KYll rasa B ij}HKC1.1ponannoll o6nacTT.1 n yonon11nx lll.18Itl.1X T6Ull6paTyp ( cu .fi/) 
1.111r1 1.1ccne,lloBaul.1e snercTpr.1'1BCitol1 artTI1DIIOOT>1 U6Llpoua 121 1.1 .np. Itpo11e To
ro, CMO o 6eoKoHe'!Hbll4 t~l.1onou Itaitanon uoryT 61>1n 1.1onon:r.aonrurbl n rcaqeoT
Be annportcl1MMPYIOIIll.1X .llllfl CMO c 6 on:r.m11u lll1cnou ltaJ18JIOD oe5onyll[r.ma!ll!ll, 
noaHl1KaiOl!lllX, HanpHuep, n aa.ztat~ax T<meil)onnM/3 ' 4/. l!al16 onee ,nonno6 oo
Bell(emte nonpocon, OTHOCfllllllXCn It CMO o d6crcon6'1H!lM llr.10llOM rcwra:11on, 
UOlllliO 118llT11 B I.IOHOrpaij}llflX /4-8/, • 

B H8CTOfll!l6ll pa60TO l181l8r810TOfl OCIIODIIblO ll,l\611 llpllU6ll6HlUI UO.T6U8TI!
qecKilX ueTO.liOB .ztllH CMO c 6ecKOH6'lHblll tlll01lOLI Itananon tt ue!toTopblu aa.zta
t~aM ilJil81.1Kl1 BblCOKl1X 8H6prl1Ll, BOSHHitS.IOOlHM D llpO.I<TI!It6 Q6M,Iti!H61tiiOro llii
CTl1TyTa H,It6pHWC l1CCJIO,liOB81il1ll. 

0,11H:I!M 118 altTYaJil>Hb!X BO!lpOOOB o6pae50Tltl! 81t0l!Oplll.!OIIT811:&!10Ll l111il!Op-
118Uill! B ll}llailte BblCO!tl1X aueprllll flDllfl6TCfl onpe,ztOJI6HI-16 HOH>138~0HHOU 
l!JIOTHOOTI! Cll6,ItOB tlaCTHg D TpOKOBb!X ItaL!epax, B,ll01l:b TpaeltTOpllll ,11Billlt6Hllfl 
ll8CTll~ B UarHI!THOU ll0116 Kauepbl l!OHBJIH6TCfl U6l!Otllta nyablp:bltOB I-11!>1 CTpll
uepHb!X paapl1,110B, l1806palKOH>10 ltoT Opb!X IIOlltHO np6,11CT8BilTI> C116.ztYIOIII6ll >1,It68-
1l>18>1pOB8HHOL\ UO,ll61l:&IO 79,I0/: C1l6,11 (TpeK) .llaCT>1Ubl COCTOMT >13 ll001l6,110-
B8T61l:&HOCTI~ OKPYlKHOCT6lt co mzyqallHblM1l pa.ztnycauM >1 uenTprum, oe5paay
IOIII>1Lil1 npoueoc ITyaccona, TaK 'ITO paCCTOflHMH 116lK.liY U6HTpa111! COC6,11HHX 
O!tpyXHOCTelt HII610T 8ltC!lOH6HUl1aJI:&H06 pacnpe,zte1!6H>16 C napaueTpOII g 

8TOT napaueTp, T.e. Cp6,11H66 IIHCJIO O!tpylKHOCTen Ha 6,ItHHHUJ ,1111>1Hbl TpeKa 
H HBXH6TCH HOHH38UHOHHOtt llXOTHOCT»~, ll0,11116E8Jil6tt onpe,lleneHH~. 

0T,zt61l:&H~e 01tPYlltHOCT>1 (M306.pallteHlilfl CTp>1!.tepOB) CJIHBa~TCH B cryCT
"' ltH'\ BHYTPM !tOT OPb!X· UOryT OitaaaT:&Cfl H6KOTOp!Ie >18 HHX, ··l!OJIHOCT:&IO C!tpbl

Tble };lao6pa11t6HHHUI1 ocTaJI:&Hwc 11 noaTouy npMHUMnMan:&uo ueua6n~,11aeubl6. 

Blilayan»HO CTPYKTypa Tpe!ta·onHcu:aaeTcn KaK nocJie,lloBaT61l:&HocT:& TaKnx 
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crycTKon Ha n:aao aa61!IO,llaeUHX cTpliluepon H npouexyTKOB uex,zty crycTKa
YH. nna Ollp6,116116HI!H g H6a6XO~lilUO yUeT» llO~Cil>1T~B8T:& ll0Hu06 ll>1CXO 
CTplilUepOB, npi!XO,llfl~HXCH H8 lt8KOtt-TO ~OCT8TO~O ,ItXlilHHYtt y~O.CTO!t Tpe
lt81 O,ItH81tO H8HHillil6 C!tp!ITYX CTpHUepo:a ~61!86T H6B08YOlltHblM 3TOT llO~C~eT 

Henocpe.ztcT:aeuuo no Haoe5pa&eHH~ Tpe!ta • 

STa Tpy,ztHOCT» flBHfl6TCH TOH»ItO ~aCT»~ 3H81l>1T611»HO 001166 cnolltHYX 
npo6neu, :aoaHHKaiOUlHX npH no~ctieTe lilOHlilaauHH :a pean»HOH npaKTlillte uac
COBHX H3MepeliHtt,npe~OCT~ 3RCll9paM9HT8TOpy He CBMH H300~9HHH, 
a MHJIH9 me ~CKp9TH3~ H Oltl:l;Q}pOBKH C llOMOIIII>IO RaKOrO-JIH60 a.BTOMaTR
~9CKOrO H3M9pHTarr:&HOrO yCTpOftCTBa.3TH ~aHHHe ll03BonHIOT llO~C~THBaTD 
,wnuw ,MCKp9TH30BaHHIDC cryCTKOB H npOMruityT!tOB MeJ!(,lzy HHMH,HO Onpe~e.JI9-

HH9 ROHH3~ Ha OCHOB9 3TRX BHOOpO~ B~ B03MOEHO TQnDKO KOC
B9HHHM nyTSM Ha OCHOB9 llpHM6H6HHR M9TO~OB MaT6MaT~9CKOft CTaTHCTRKH. 

ITepe~~HcnHu :aeJilillllilH!l, Toqnye pacnpe,11enenlila KOTopux neo6xo~HUY 
wHalilKau nplil peanlilaaUH~ aTHX KocBeHHHX ueTO,liOB : 

I. ~CHO BC9X CTpKMepoB B cryCTKe; 
2. qlilCJIO naonm~aeuHX cTplilu6po:a B crycTKe; 

3. nnHHa cryoT!ta, ~nHHa npouezyrKa ue~ cryCTKaJIH, paCCTOHHlil6 uex~ I 

Ha'IMOM ,nByx: COC6AHWC cryCTI!OB; 
4. nnl1H8 ~lilC!tp6TH80BaHHOrO crycTK8i 
s. Pacnpe~enenlile ~HaueTpon CTpliluepo:a. 

Hlilllt9 H3110ll6H~ npa6n6JIIi H8X0llt,lt6HHH TQq!{liJC pacnp_e~eneHH« STHX 
cnyllaAHHX :aenlil'IHH :a TepuHRax CMO c 6ecKoHellRHU lllilCJIOY Kanano:a oe5cny
lltHBaHHn, llplil~611 a6!11HII B p6m6Hlillil STHX npa6JI6JI HBXfl6TCfl ll0~0,11 1 OCHO
BaHRHtt Ha T60plillil P6KYPP6HTHHX Ca6HTH«. 

By~eu paccuaTpHBaT:& cnylla«Hu« ~lilaueTp oKpysaocTH, npe,liCTaBnflD~Htt 
coe5oa Haa6paxenHe cTpHuepa Kalt :apeun a6cnylltlilnaHHfl, a 11e:awe Kpaa aTmc 
OKpyxHOCTefi - KaK MOM6HTH llOC~6HHR TpeOoBaHHfi B CHCT8MY. 0TM6THM 
o~no :aaanoe o6cTonTen»CTBO /II7 - nenye Kpan OKPYlltHOCTe« o6paayDT 
npooTe«mHtt l!OTO!t C T6U J:6 napaueTpOJI g • nnHHa cryCTK8 B nony-
'186T 6CT6CTB6HH06 TOXltOB8Hlil6 lt8K nepHO~ 38HflTOCTlil OlilCT6111ii ~nHHa 
npoueJtyTKa L..:RaK nepHo~ ee npocToH,a me CJ'Mvffi T::o B + L.- KaK 1.\Hitn clilc -

T6Yii. B ll6pBHX pae5oTax, B ltOTOPHX HCC1l6,110B8Jllila:& BHm6YK838HHH6 BOnpo-
CH /!0-13/, JIHdO ,116X81JlilC» H61tOTOpHe orp8HlillllilT6Xl>HII6 np6~il0110llt6Hlilfl, 
nlil6o ClllilTanoc:&, 'ITO ~HaueTp!l oKpyxnooT6« nocToflHH!le. B nacTOflllle« pa-

6oTe 6y~eT HCCH6~0BaT»CH 00~ cny'lafi llpOH3BoftbHHX ,rolaM6TpOB, C H9KOTO
pHM H3B9CTHHM aaxoHoM pacnpe~eneHHR, a TaKRe c npoH3Borr:&HHM pacnp~ene
'HH9M ~9BHX KO~OB ~9TpOB, T.e. MOM6HTOB npmco~ Tp900BaHRH B CHCT6MY. 

~-

Ort..E~tit::HHb!C. hr·c: .,r;. 
~nu~x ~c:.1:' _;ce .,, 



I. q~cno cTpMMepon B crycTKe 

ITpe~nonoamu, 'ITo B CMO c decitOHOtlllb!M llMOIIOM tcanaJioD odonyltmna

H>lf! B MOMOHT 0 -<: '1:1 < 'i::2 < ... <oo llpllXO,l(fiT 6,l(V!III11lllbl0 TpOC50Dallllfl, By.ztOM 

C'l~TaT:b, 'ITO Tpee5oBaH~f! OdCIIYlK~DatOTOfl 1!0 O,l(IlOMY VI oe5CIIYllti1Dall~6 n 

ro Tpe6oBaHI1f! ~~~~TCf! npeMf! on, n=1 , 2, . • . . noone.ztoDaTen:cnooTI1 

( T ,;; 7; - '!; _ 1 }"" ( '1: =0) ~ { D 1"" pOCOMOTp11DOIOTOit 1\QIC llOCIIO,liO-
l..n n n n- 1 o njn_ 1 
BQTOII:bHOCT~ B38~MHO H638B~C~MbiX O,ltV!IIQICODO pOOllpO.zt01161lllhiX 110110llt~TOJI:b

Hh!X cny'lai1Hh!X nen~'l~H c tl)ynttl(11f!Mltl pacnpe.l(oneul1n 

F{t)=P(T1 <t), H(t)=P(D1 <.t), t~O, 

COOTBOTCTBOHH 0, 

ITep~O.lt aOHf!TOCT~ B- nepno~. 

HO Tp060llaH~e; llOpM,l( llpOCTOf! L 

ICOI'.D:B 060JIYl!utDaoTOSI XOTst 6u 0.11:

- nep110.Ll, twr.zta ue oe5onyllti1DOeTon 

' H>l O,l(HO Tpe60BOH>'I6, 

OdoanatUJM 'lepea ~ q~cno Tpeelonrut11U 1 oelonylltonnux aa nop11o~ 
30HflTOCTI1, Pacnpe,7.tOll6Hl16 '1~0110 ~ Clb11!0 BUOpDbiO ll011Yil0110 D /2/, 
3~6Clo 3TO oy~eT C~61IOHO 3HO'l~T61Il>HO 601100 llpOCTbUI MOTO,!IOI! pottyppOIIT

HbiX COdblT~ll /!4/, 

ITycu qn - tU1C1!0 TpedOBaHMkt 1 OdC11Yllt~D06UblX D OMO'I'OUO D UOI.IOIIT 

np~xo~a n -ro TpeCloBaHHf!, 

EcnM odoaHa'lMTJ> An= { qn+ 1=o} , TO 

Pn=P(~=n)=P(A 1 ... An_ 1 An), n•1,2, ... 

( qepea A odoana'leno coe5uT~e, ~ononH>'ITOnLnoe tc 11. ) • 

!10C1!6,l(OBOT61IloHOCT:b COdt:U>'!kt {.(\.n Joo fiDJlflOTCfl pettypp6HTHOI\ B Cl.lb!Cll6 
n•1 

~ennepa, T.e. ,l(1!fl KOlK.l{Oro nadopa >'~l!.l(Otccon 1 1 < 1 2 < ... <in' n=2,3, •.• 

cnpaBO,liJll1BO 

P(Ai /A1 ... A1 ) 
n 1 n-1 

) . P (Ai;1n-1 

ITOSTOI.IY 

n-1 

P =P(A )-~P(A.)·P ., 
n n L- l. n-l. (I. I) 

I',l{O B-1 

~ 00 

P(An) =I ... J H(t1 ) ••• H(t1+ •• +tn)dF(t1 ) ••. dF(tn) 

0 0 
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EotecTnonno npe.ztnonaraT:c, 'ITO 

P (A
1

) > o, (!.2) 

11Hall6 3& rrepHO~ 80HHTOOTM oClonyEMD&6TCH Cl6CKOH61lll06 llltlOJlO Tpe60BaHl1M. 

Ha T60pRI1 peKypp6HTHMX OoClNTI1~ /IS/ 01!6.ztY6T 1 1lTO ~ Pn=
1 

TOr~a M 
00 

n=1 
TOJl:CKo TOr.l{a, KOr,lla L. P (A > =oo , a npe,llen p=limP (A ) cymecT-

n=1 n n-co n 
BY6T, 11 CPOJH66 8HOil6Hl16 M ( ~ ) KOH6'1HO TOI',li!l. H TOJll>KO Tor~a, KOr.zta 

p 'f o 
B aro11 cJi.yqao 

M( ~) = 1/p • (!.3) 

ECJIH oeloana1li1T:b \f(z)=M(z~)=~~nzn - npol1aBO.lifimJ~ WYHK~I1ID cnyqa~no~ 

B61HillYJHhl ~ 11 P(A
0

) = 1, TO 

-"">' n -.;;:::-' n -1 ~(z)=z(1- ~anz ) (1-z ~anz ) ( 1.4) 
n=o n=o 

I',l{O 

an = P (An) -P (An+1 ) 

B paOOT6 /
2

/ C~OpMyJIHpOBOHU YC1IOBMH 1 KOTOpMe rapaHTHPYIDT, 'ITO 

lim P(p~ > x) = e-x , x~o (I.S) 
p-o 

IIpH I1X BWI01IHOHI111 ,l(1Ili uanwc p 6y,l(6T cnpa:ae,l(JU!Ba np110JI>'Illt6HHafi wop

Myna P(~>nl~e-pn. EcnH ell(e yqecT:c, qTo B WH3l1'1BCKI1X n~HJIOlltOHI1HX ~Ha-
UOTpbl OKPYEHOC'I'eV. orpani1'16Hbl (nanpmuep, B pa6oTax I O,II/ B Kaqe~T-
ne pacnpe~exeHHH .l{Hal.leTpon 6~no 110ITOJII>aonaHo yoeqennoe Hopuan:cnoe 

pacrrp6,1(6JIOHH6) 1 !0 OllpaB6,!{1!11BO C1!6A:f~ll(66 YTB6pE,l(BHI16 06 OOHMllTOTI1-

ll6CKOM ll0ll6~6HI1H ~ 74/: ITYOT:b CY!l(60TBY6T t TOKOe, 1lTO H(t )=1, 
0 0 

i'Or~a Cj'll{60i'BYili' } >1, .f>1 , R>1, C - !aKI16
1 

'lTO 

~ ·n-1 -
Pn=<f'-11 [ 1 ~ +rn , n=1,2 ... , 

r,l{e 

jrnl~ CR-n 

" 
5 
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Via 3TOrO, B llaCTHOCTMI, CJIO~OT, liTO Up>! OCTOCTDOI!IIOU D lbi18111JOOICmt 

aaAallax npe~nonoEeH>~H: F(t)= 1-e-gt 1 t~ 1 r~ueeT ueOTO: 

TeopeMa 1.1. Pacnpe~enemw lll1cna cTpr~uopon ~ D oryoor1co D onpo-

~enaeTca ~opuynon (1.1), 
r~e 

00 t 

= ~ S f J H(x)dx}n 
n. 0 ( 0 

e-gtdt • ( I.S) P(An) 

00 

ECJIH D = J tdH (t)< 00 I TO cpO;I\HOO 3HQIJOHI10 ~ pan no 
0 

M( ~ ) = egD ( 1.6) 

llpOHSBO~H~aff ~YHKUI1ff <f( z) MIYOOT BH)l 

<)<> t; 
t.f(z)=1-(g J exp(-g J (1-zH(x)dxdt)-1 (I. 7) 

0 0 

0JIO,Z(CTBI10, 

l];JIH CllllOlilHIDC Tpe!COB (T.O, ICOr:zta g-oo) 11UOOI.I p(.j > n)~o-pn1 

r:zte P=e-gD 

2, qHC110 HadJIIO,Z(aOMbiX CTPHMOPOB B cryCTICO 

llpH npa!CTHllOC!tOM OllpO~OllOHHH <IJ.1C3Ia O!tpylltHOCTOll B crycme D03IIH

ltaiOT TPY:ztHOCTH 11a-aa a~~eiCTa nonnoro nornomoH>~n OT)len:onmc Oitpylltuoc

Tell HOKOTOpoll :ztpyroli !131>1 )lpyrHMH O!CpylltHOCTHUH, 

8Toro 3~~0ltTa HOT B CJiyllaO O!CpylltHOCTOll C ltOCTOHHHNI.IH )lHai.IOTpa

MH /II/ (CMO GI/D/ool,Kor)la '!~Mcno OKPYlltHOCTOll B crycTICO HMOOT reo

!.!eTpHllecitoe pacnpO)leneHHe c napauoTpou p=1-F (D-O) • B cnyqao oitpyllt

H OCTOll CO CJiyt~attHblMH ,li;HaYOTpai.IH BBO)lOY liODOO UOI!l!THO HadJIIO,ll;aOUOli Olt

pylltHOCTH, T,O, T81COll,)lllff KOTOpott HO CYII!OCTBYOT )lpyri1X OKPYEHOCTOtt C 

UOHTpaMH, paCUOJIOlltOHHNMH Ha llP.HMOll, llOKpb!BaiOII!HX ee ~enRROM. 
06oaHall>~U qopea ~a /167 llHcno na6mo.n;aeM!:lX oKpymtocTel:t (Tpe6o

nanH!:t), o6cnylltennmc aa nepHo:zt aanaTOCTH CHCTOMN GI/GI/<><> 1 qepea 

q(t) - lll1cno aanaTux ICananon n uo~oo~eHT tl P~e)=P(q(t)~kl, k=1121···1 

v. nycn P 
0 

(O) =1 •· Ecn11 { kn } ""n= 1 - CJIY'Ia.iiHM nocJie)lOBaTOJU,HOCT:O 

ncex na6mo)laeMux DKPYlltHOCTOll· H A = {qk =o} ( q oanallaOT llHC-
n n+1 r 

110 Tp060BaHl1l! B CHCTOMO B JIOIIOHT ItpHXO)la r -ro Tp060BaHl1H),. TO 

P( ~n=n)=P(i\ 1 .•• An_ 1An) • 

,6 

' ( 
j 

• 

I 
I· 

Co6HTHff {A }oo - poKyppeHTHh!e .11 HMeroT uecTo P (A ;1.. 
1

) =P (A ) , 
n n=1 n n- n 

n=2 131... . IToaTOYY co6HTl1ll JAn}""_ llBJIHIOTCH l1CITHTaHllffiiH 
BopHynnH /16/ M L n-1 

r)le 

PH = P ( ~ = n) 
n H 

P (1-p) n-1 

p= JwP
0

(t+O)dH(t) 
.0 

TaKHII o6paaou )lOKaaaHa 

, n=1,2 ... , (2.1) 

Teopeua 2J_, l!HCJIO H!l.6JIIO,ll!l.OYU:X CTPI'tY6pOB ~II ll cryCTKO B IUIOOT 

rooweTpHllecKoe pacnpo)lenom~o (2.!) c napaMOTpow 

p=Jeoexp(-gJ t(1-H(x)dx)dH(t) 
0 0 

(2.2) 

li M( ~ )=1/p 

,UJIH cnnomHmc :rpeKo:a (g-+oc) Mueow acMI.IITTOTH•mcKyiO oueHKY 

P ( ~~~ > n) ~ e -pn 1 I')le p onpo,nannoTca no tiJopuyno {2.2). 

3. ijJIMHa OI'YCTKa, ;llJIMHa npouemyTKa, ~llHHa qHKJia 

Pacnpe,lleJiaHlla nepHO)la aaHHTOCTH, T.o. ;llHHHhl crycTKa B CMO c 6ec

KOHOllHh!M lll1CJIOM !-taHaJIOll,l113lil6CTHO !UlTOpruA TOJI:OICO )lllH 'laCTHUX CldCTSY 

M/GI/"" M GI/D/"" • B pa6o:ro /I? I npao6paaoBaHl1e Jlannaca nepliO.lla aa-

HffTOCTH )lnH nepBOtt liS 8THX CHCTSU 6UJIO Olip6)l6JI6HO perueHHOY ypaBH6HHH 

» ~aCTHU:X npollaBO)lHHX I-ro nopH.llKa. B Hac:roH~e~ pa6oTe ,llna a:rol uenH 

CHO:Ba l!CUOill>8Y6TCH 6o:nee llpOOTOl !40TO;ll poRyppeHTHIDC COOHTHl! /!4/ • 
ITycn T - ~KJI (:r.e. 1 T=B+L) CHCTeuu GI/GI/oo • 

06oaHatzHw 

J.., -st 
a(s)= e dF(t) 

0 
I S ~ Q (3 .I) 

l1 fx(z) - npoMano~a~yn WYHK~IO (I.4) ~cna Tpe6onauHa, o6cnyxoHHHX 

a a nepHO)l 3aHHTOCT>I Cl1CT6YU, B lWTOpOti F (t) 3aL!OH8Ha Ha 

Fx(t 1s) = a- 1 (s)jt e-sxdF(x) 
0 

7 

(3.2) 



I' 

II~, Tor~a (eM. / 4/) rrpeo6paaonaa~e narrnaca ~T(s)=M(e-T5 l 
CHCT6MH ~I/GI/oo HM66T BH~ 

</JT(s) = </(a(s)) , s~O 

11 

M(T) = M( ~) M(T 1) 

1.\>~Ima T 

(3 .3) 

( 3 .4) 

( T - rro-rrpelltHeMy rrpo:MelltyToK uelK~Y ~BYMJI rrocne~oBaTen:&Hhum Tpe·6o-
1 

BaHHH:Ml1). 

HeTpy~HO Bll~6T:b, "\!10 B Cl1CT6M6 M/GI/oo rrep110~ rrpOCTOR l1M66T ITOKa-

aaT6R:&H06 paorrpe~6JI6Hl16 C napaMeTpOM g • II08TO!.Iy l1M610T M6CTO 
T60p6Mii: 

Teopewa 3 .I. IIpeo6paaoBaHl1e narrnaoa paocToRHl1R 

KpaRLm COC6~Hl1X cryoTKOD HM66T Bl1fl 

m S"" t 1 'fT(s)=1-( (g+s) exp(-st-gJ (1-H(x)dx)dt)-
o 0 

a cpe:z~Hee aHa"\!eHl1e 

M(T) = e gD I g · 

T M6lltflY 1!6BiiMH 

(3 .5) 

(3 .6) 

Teopewa 3.2. Ilpeo6paaoBaHl1e Jiarrnaca ~Rl1H!l crycTKa B HMeeT Bl1fl 

J"" Jt -1 ~8 (s)=1+s/g-(g exp(-st-g (1-H(x)dx)dt) 
0 0 

(3. 7) 

11 

M(B) = (e 90-1)/g. (3 .8) 

4. nnl1Ha AHCKp6TH80BaHHoro oryCTKa 

B aTo~ "\!aCTH paccuaTpHnaeTCH a~a"\!a orrpe:z~eneHHH pacrrpe:z~eneHl1H 
fl1lllH!i cryCTKa flllCKp6TH80BaHHOrO rrpl1 CltaH11pOBaHHH ll806pallt6HHH YCTpO~
CTBOM, B M8T6MaTl1"\!6CKOM ITRaH6 ITPOI.\6CC l18M6p6Hl1H COOTB6TCTBY6T HaRO
llt6HHIO pem6TKH C marOM h Ha Bp61!6HHYIO OC:b H aarrOMl1HaHHIO.KOOpflHH8T 

R"\!eeK pemeTKH, aanonHeHH!lX OflHO~ nnn H6CKOJI:&Kl1MH oKpylltHoCTHMl1 (111IH 
"\!aCT:&ID OKpylltHOCT11). He sarrOMl1HaiDTCR KOOpfll1H8Tii ITYCT!lX R"\!661t

1 
a'TaK

llt6 T6X 1 KOTOpue COfl6plltaT npeHe6pelltHMO M&JIYID "\!aCT:& KaKO~-TO OKPYKHOOTH 
(8TO Ollp6~6JIH6TCH 8~aHl16M M&JIO~ carHTT!l s cerMeHTa O!tpylltHOCTH, 
nepeceKaeMoro cKaH~en /II/). 0 

8 

" 

J~ 
·~ 

\ J 

TaKl1M o6paaoM, flllCKpeTHaOBaHHUH crycToK MOlKHO npe:z~cTaBl1T:& KaK 
ITOCR6AOBaT61Il>HOCT:b 6;llllHl11.\ ll Hyne~,COOTB6TCTBYIO~HX cryCT!taM H rrpoMe

lKYTKaM M6lltAY Hl1Ml1. Bonee ITOflp06HO ITPOI.\6CC flllCKp6TH881.\llll UITHCaH 
B /IO,II/. 

KaK 611110 ITOKaaaHO B /!8/, :zlRHHy fll1C!tp6Tll80BaHHOrO cryCTKa MOlKHO 
HCTORKOBaT:&. KaK nepHOfl 8aHRTOCTH flllCKp6THOM CMO E/GI/G/oo , B KO

TOpyJO· B MOM6HT 'l'"n rrpHXO¥HT Tp660BaHl1H rrapTHRMH 06i>6MOB ,)n' n=1, 2, · · · 
TaKl1M o6paaol.l nony"\!aeM I I,I8,I9/ pacrrpeAeneHl1e ARR MOI46HTOB nocTyrr
:n:eHl1R 

P( '(;- 't: =kh)=(egh_2+ e-gh) e-kgh 
n n-1 

06i>6MOB 1-e-gh 

P( ~n=k) = e-gh(gh)k 
((1-e-gh)k! 

H AHCKpeTH!lX A>~aMeTpon 
(1-s ) 

P(D =kh)= lJ {H~h(k+s )-u)-H(h(k-1+s )-ul} 
n h o o 

-s h 
0 

k=1 ,2, .... 

( 4.1) 

du , 

B nepB!iX pa6oTax /IO,Il/, OTHOCH~l1XCR K OITP6fl6R6HHID xapaKT6pllOTHK 

fll1C!tp6TH80BaHHOrO TpeKa1 fl6JiaROC:b cy~eCTB6HH06 ~OITY~6Hl16 1 a HM6HHO: 
BepOHTHOCT:b awweKTa norno~eHl1H C~Tanac:& npeHe6pelltHMO MaJID~. TO"\!HOe 

pemeHHe a~a"\!11 o pacnpefleneHHH c y"\!eTOM awweKTa norno~eHl1H 611no Bl1-
nonHeHo B pa6oTe 181. 
IlycT:& 

P (k)- -gh gFk gF o -e (e k-1 - e ) k=1 ,2, .... ' ( 4.2) 

r~e 
h(k+2s

0
) 

Fk =S H(t)dt "' 
h(k-1+2sJ 

H 

P
0

(0) e-gh ( 4.3) 
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ECl!M PP(n) - B6pOHTHOOTI> TOrO, 'ITO B npOY6llYTK6 (O,h) (:a rrepBOti 

H'le~Ke) Hax~~~TCH XOTH 6H O~MH neB~~ KOH6~ OTp~uepa M ~liMHa oryCTKa 
paBHa nh , TO MCKOlotaH B6pOHTHOOTJ> paJlHa 

P(n) = PP(n)/(1-e-ghl . ( 4.4) 

ilyOTD W(n,k) , k=1, .. ,n - B6pOHTHOCTb TOrO, 'ITO M3 napTMM CTpH-

uepo:a, HYeD~HX ne:a~e KOH~ D nep:soM aqet!Ke, a npa:sae - ae ~anbme 
k - ~ aqefiKM, o6paao:sanca cryoTOK ~l!MHH nh. 
Tor~ a 

n 

PP (kl = 2:w(n,k) ( 4.5) 

k=1 
BepOHTHOCTI1 PP (k) uoryT 6HT:& Orrpe~eneHH H3 peKyppeHTHblX COOTHOlii6HMa 

W(1,1) = P
0

(1)P
0

(0) 

PP ( 1 ) = W ( 1 , 1 ) '}, 

w ( 2 , 1 ) = p 0 ( 1 ) pp ( 1 ) • } 

W(2,2) = P
0

(2)(P
0

(1)+P
0

(2))P
0

(0), 

PP < 2 l = w ( 2 , 1 l + vH 2 , 2 l 

B:ae~eu o6oaaaqeaua 

k 

. 

S(k) = L. P
0

(i) k=o, 1 ,2, •• ·., 

i=O 
k 

SS(k) = n S(i) 
i=O 

]lJIH n ..>,. 3 orrpa,D;eJIHM 

W(n,1) = P
0

(1)PP(n-1) 

W(n,n) = P
0

(n)SS(n-1) 

7J:JIH 2 s; k ~ n-1 no:nouu 

k = 1 ,2, .•.• 

B(n,k-1,1) 
n-k+1 

S(1)PP(n-k) + ~ W(n-k+1,;l) 
i=2 

10 

( 4.6) 

( 4.7) 

( 4.8) 

( 4-.9) 

( 4.!0) 

{4.II) 

\ 

' l 

a 
{ ,. 
\ 
l\ 
:· 
• 
~ . 

il 
I d 
(" 

(1 
\ 

" 

1 

... 

I 

' 

11 ~IIH 2~j~ k'1 

B(n,k-1 ,j) 

n-k+j 
S(j)B(n,k-1,j-1)+ ~ W(n-k+j,i) 

i=j+1 

Tor~ a 

W(n,k)=P0 (k)B(n,k-1,k-1). 

{ 4 .12) 

( 4.13) 

TeopeMa 4,1. BepoHTHOCTb Taro, 'ITO ,D;HCKpeTMao:aruiHHfi crycToK mueeT 
~nuay nh, onpa,D;enaeTca no peKyppeHTHHM ~opwynau (4.4-
4.13). 

;nna onpa~enaHMH npeo6paaoBaHMH narrnaca ~ cpe,D;Hett ~nHHH ~McKpeTuao:aaa

aoro cryOTK8 npUM8H8HMe ~OpMyll (4.4-4.13) aaTpy,D;HMT6liDHO. 0,D;H8KO 3TO 
BOSMOXIIO c~enaTb, KaK ITOKaaaHO B / 19/, M6TO,D;OM peKyppeHTHblX OOOHTHll, 

OITMC8HHHM DO BTOpOM ll Tp9TD9M paa~enax HaCTOHm9H paOOTH. 

, IIycu a
1 

- ~YHK~~a pacnpe,neneHHH ,D;IIICKpeTHoro ~llla.MaTpa !J3 ( 4.1). 
ITo~cTaHOBKoil 

oo k -gh ghH1 (t) 
H(tl=Z:P(~ 1 =k)H 1 (t)= e' _ h (e -1) 

k=1 1-e g 
( 4.14) 

MOXHO C~CTSMY E/GI/GI/ oo npe:apaT~Tb B CIIICTeMy E/GI/oo C ~YHK~eil 

pacnpe,D;eneH~a ,D;~aMeTpa -c 4.'!4). 

TeopeMa 4.2. IIpeo6paaoBaa~e narrnaca <P8 ,D;nHHH ~HcKpeTHoro cryc~
h 

Ka Bh C UiarOM h onpe~8Hf!8TCfl BblpSllteHHeM 

~ (s) = 1-e-(g+s)h 
h (1-e-gh)e-s~ 

{ 

~j_(1-e-gh)e-sh } n+1 
X f:·;:le-gh(1-e-g(s+h)) 

~-gh(1-e-g(s+h)l 

( 1-e -gh) 2e -sh 

()0 L e(g+s)qk 

·k=n+1 

-=::;> : nn ghH1 (hk.) } -1 
x ~ (e J -1) 

• I 

1 ~ ki"' ... < kn < k J "1 

·n 

X 

X 

( 4.15) 

s~ 0 



11 cpe.z~Hee 

M{~)~(1/limP(An)-1/(1-e-gh) 

r.z~e 

P(An)= (1-e-gh) 
e-gh 

00 L e-ghk 

k=n+1 

( 4.16) 

n 

2--~ n ghH 1 (hkj) 
(e -1) 

1 "'- k k j=l - 1< .•• n<k 

YcTp611Jlf!f! war .JIHCRpeTMaanHl-1 h 

Hl':le COOTHOW6HI!II: 
R uynro, rrony~aeu cne.llyro~e npe.lleJID-

lim 
h-+-0 

cpB (s)=cpB(s) 
h 

s~o 

r~e ~B(s) OITP6.li61III6TCII no wopuyne (3.7) 11 

lim M(Bh) = (egD_1)/g. 
h~o 

5. PacnpeAeneuHe AHaueTpoB CTpHMepoB 

B orrpe.lleneHMM pauee Mccne.llyeMax xapaRTepHCTHR crycTKa B~He~wyro 
ponD 11rpano pacnpe.lleneHHe .liHaMeTpoB CTPMMepon. 3naa ana~eHMe napa.lleT
pa 110HI13a~l1 g 1 MOmH0 1 Ha6HID.llaH KOII~ cryCTKOD (.liO .liMCKp6TI13anwM)

1 
:aoccTauo:aMT:& i])YHKW1JO pacnpe.lleneHlHi .liMW.!eTpo:a H Ctl 1201. )tocTaTOllHo 
.liHH sToro 11ccne.liOBaTD rrpeo6paaoBaHHe Hannaca .liHMHU crycTKa (3.7). 
Ma 1

20
1 BUTeKaeT, uarrp11uep, 'ITO ecn11 pacnpe.lleneHI1e nHKna T rroKaaa

TeHDHOe 1 TO H (t) - 110ri1CTI1~6CI<06 1 6CJII1 pacnp6.li6JJ6H116 .li1111Hll cryCTKa 
IIOKa3aT61IDH06 1 TO .lll1aYeTp CTP.HMepa 6CTD MaKCHMYM ITOKa3aT6HDHOrO 11 
norHCTll'lecKor o pacnpe.lleJieHHtt. 

8aKJIJ0~6Hll6 

0CHOBHHM Y6TO.l~OM B P6W6HI111 BHWeyrrOYHHYTUX 3~a~ ffB.liff6TCff M6TO.ll 
peKyppeHTHUX C06NTMtt. OH .liOITYCKaeT 0~6HD rrpOCTO~ 11 3JI6raHTH~ BllBO.ll 
i])opuyn .li1IH npoHaBOAff~l1x i])YHKnHll 11 npeo6pasOBaHHll ~annaca .ll.liH PR.lla 
nccne~eMHX HaMR'C1Iy'lallHllX B6.lii1'111H. HeKOTOpue 113 3THX wopuyn,eCT6CT
B6HHO, MOIHO BllB6CTI1 TaKE6 KJiaCCI1'16CKHYI1 M6TOAaM11

1 
KaK,HarrpHMep, i])op

Myna (1.4) 6una noJiy~eua B 121 B pesyJIDTaTe peweu11a HHTerpanDHOro 
ypa:aueHHH, a (3.7)- pemeHKH ypaBHeHKH B ~aCTHHX rrpoHSBO~llX/I?/. 
YeTOA P6KYPP6HTHllX C06UT11ll npi1M6H11M TaKES K CI1CT6MaM C KOH6~UM ~c
JIOM K8HaJIOB, 
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) 

' 

I 
QqeBI1.liH0 1 qTo .llaH6KO H6 BC6 rrp06H6Mhl 1 KOTOphle B03HHKaiDT rrp11 pe-

W6Hl111 38Aa~ o6pa6oTKH Wl1311~ecKI1X .lllli!HhlX, nony~aeMHX B WMSHKe BhlCOKMX 
aHeprHil, perneHN Burne. Buno 6u, Hanp11Mep, llHTepecHo HsyqeHMe 
WllpHHU 6no6a B TO~K~ t H1II1 nponecca noaBneHBR Ha6nro~aeuoro cTpM
Mepa 11 AP• 

TaKMM o6pasoM BM.liHO, qTo HeKoTopue saAa~M, B03HHKaroml1e B npaK
TMite OMHM,BusuBaiDT MHTepec He TOnbKO ~H311KOB, HO 11 cne~l1anl1cToB-Ma

TeMaTHKOB, HHTepecyiD~HXCff npo6neMaMI1 CI1CT6M MaCCOBOrO o6cny~MBaHHR 
C 66CKOHe~hlM ~l1C1IOM KaHanOB o6cny~WB8HHff, 
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ABype4eHCKHH A., Kyn~KHHa n.A., OcOCKOB r.A. ?5-82-682 
0 npHMeHeHHH CHCTeM Maccoaoro o6cnymHBaHH~ 
C 6eCKOHe4HbiM 4HCJ10M KaHa!lOB K HeKOTOpblM 3aAa4aM £P1-13HKH DbiCOI<i1X 3tiOprJ.1H 

nyTeM npHMeHeHHR MeTOAOB TeDpHH MaCCOBOrO o6cny>KHD<lHHJ1 .QilA CHCTCM 

C 6eCKOHe4HbiM 4111C110M KaH8!10B K onpeAeJJeHHIO HeKOTOphiX xapaKT6pHCTHI( CTpi-1-

MepHoro cryCTKa nony4eHbl BepORTHOCTHble pacnpeAelleHI-tA CJleAYIOU~HX C/ly4a~HWX 

B611H4HH: 1 - 4Hcna CTp!-1MepOB B CTpi-'IMepHOM TpeKe; 2 - 41-1Cna Ha5niOAaCMbiX 
CTPI-1MepOB B CTPI-1MepHOM cryCTKe; 3 - .QnHHbl CryCTKa, CneAYIOutero 3a HHM 
npOMe>+<yTKa Me>+<AY cryCTKaMI1 H CYMMbl cryCTKa H npOMe>+<yTKa; 4 - AnHflbl cryCTKa 
nocne AHCKpeTH38L\HH a C4HTbiB810tqeM ycTpm1cTse. KpoMe 3Toro, paccMOTpeuo 
B03MOmHOCTb BOCCTaHOBneHHH HeH3BeCTHOfO pacnpeAeneHHR AHaMeTpOD CTpHMCpOD. 

Pa6oTa BbtnOnHeHa B JlafiopaTOpHH Bbi4HCm·1TenbHOH TeXHHKH H BBTOMaTH30-

411H 0111111. 

npenpHHT 06beA11HeHHOrO HHCTHTyTa AAepHbiX 11CC~eAoaaHI1H. Ay6Ha 1982 

Dvurecenskij A., Kulyukina L.A., Osokov G.A. 
On Application of Queueing Systems with Infinitely 
to Some Problems of the High Energies Physics 

PS-82-682 
Many Servers 

The application of the methods of the queueing systems with Infinitely 
many servers to the determination of some characteristics of a streamer 
blob is investigated. The following problems are studied: 1) the number of 
the streamers in a blob; 2) the number of the observable streamers In 
a blob; 3) the lengths of the blob; gap, and their sum; 4) the length of 
discretized blob; 5) the renewal of the distribution of the streamer 
diameters. 

The investigation has been performed at the Laboratory of Computing 
Techniques and Automation, JINR. 
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