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I. Baep;eHHe 

B pa6oTax/I, 2/ 6an11 rronyqeH~ ycnoBHR AOCT~HMOCTH, Ha6n~AaeMOCTH 
11 MHHHMaJibHOtf peaJIH38.11HH 6HRHH8t\Hh!X ( O,Il,HOpO,IJ,HbiX) ,IJ,HCKpeTHblX ,Il,HHaMW:<e

CKHX CHCT8M. B rrpe,IJ,naraeMotf pa60T8 Mbl 6y,IJ,eM HCCR8,IJ,OBaTb 3TH npo6R8Mbl 

,IJ,n!'! H80,Il,HOpO,IJ,HbiX 6HRHH8tfHbiX 11 JIMH8tfHbiX 'HCKIJ8THbiX AHH8Mlill8CKHX Cl1C

T8M C ITOMO~biD peayRbTaTOB, rrony~eHHbiX B J, 27. ~H 3TOPO 6y,IJ,eT BBO,Il,HTb

C!'! ITOHRTM8 6HMO,Il,8RH, T.e. O,Il,HOpO,Il,HOtf 6HRI1H8tfHOtf MO,Il,8RH, H80,IJ,HOpO,Il,HblX 

6HHI1H8tfHbiX 11 mmetlHbiX ,Il,J.ICKp8THbiX AIIH8M~8CKHX CJ.ICT8M. 

HarroMHHM, -qTo ,IJ,O CHX rrop B TeopHH H80AHopo,IJ,HbiX 61!RJ.!HetlHbiX ,IJ,I!CK

peTHbiX ,IJ,HH8MH~8CKHX CHCT8M rrpo6neMbl ,Il,OCTH~HMOCTJ.I, Ha6RID,IJ,a8MOCTJ.I I! 

MI!HI!MaJibHOtf pea.JIJ.I38lll!l! pemeHb! TOJ!bKO )J,Rii CHCT8M C O,Il,HOM8pHbiMH BXO,

Hb!M l1 BbiXO,IJ,HbiM IIpOCTpaHCTBB.MJ.I rrpH HYR8BOM HatlaJibHOM COCTORI-!HJ.I/3- 5 , 
a B T80pHH JJJ.!Het\Hb!X ,Il,HCKpeTHbiX ,Il,MH8MI!~8CKHX CHCT8M OHH pemeHhl )J,RR 

CHCT8M C MHOPOM8pHNMH BX~ 11 B~XO,IJ,HbiM rrpOCTpaHCTBaMI!, HO C HYJJ8BblM 

Ha~aJJbHbiM COCTORHHeM/6-9 . Cne,IJ,OBaTeRbHO, B HaCTO~etl pa6oTe,B OTRI!

'ill8 OT l13B8CTHbiX pa60T/3- 9< Mbl 6y,Il,8M l1CCJJ8,Il,OBaTb Cl1CT8Mbl C MHOPOMep

HblMI! BXO,Il,Hb!M J.l BhiXO,Il,Hb!M rrpOCTpaHCTBaMI! I!p11 rrp0113BOJ!bHOM HatlaJJbHOM 

COCTOiiHHH. 

Bee o603HatleHHR, HCITOJ!b3Y8Mbl8 /I' 2./, COXpaHf!IOTCH B ,Il,aHHOtf pa6oTe. 

2. Heo,n;Hopop;Hble 6HnHHetfHhle .n;McKpeTHble JlHHBMiitrecKHe cHcTeMbl 

J3 3TOM naparprujie Mbl 6y,IJ,eM ycTaHaBJIHBaTb H806XO,Il,I1Mble U ,Il,OCTaTO~

Hble YCJIOBHH ,Il,OCTJatHMOCTH, Ha6RIO,Il,a8MOCTU 11 MHHJ.!MaJ!bHOtl peaJIH3ai.WU! H8-

0,Il,HOpO,Il,lfl»X 6HRHH8tlHbiX ,Il,J.ICKpeTHbiX ,I1,11HaMHti8CKI1X CI1CT8M C ITOMO~b!O pei!Rb

TaTOB TeOpH11 O,Il,HOpO,IJ,HbiX 6HRI1H8tlHbiX ,IJ,J.ICKp8THbiX ,I1,11Ha~eCKJ.IX CHCT8M • 2/ 
Ha OCHOBe ITOHHTHR 6HMO,Il,enM H80,Il,HOpO,Il,HUX 6HXITH8llHHX ,IJ,HCKp8THUX 

,IJ,HHaMHti8CKHX CHCTeM. 

~R COKp~el-!11!'! Mbl 6y,IJ,eM Ha3b!BaTb H80,Il,HOpO,Il,HJID 6HRI1H8tlHy~ ,Il,I1CK

peTHJ!l )J,HHaMHtl8CKJID CHCT8My npOCTO H80,Il,HOpO,Il,HO!\ 6HJII1H8!\HOJ1 CI1CT8MOtl. 
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(2.I) OnpeAe~eHHe 

Heo~Hopo~HOA 6H~HH8AHotl CHCT8MOtl Ha~ no~eM K Ha3~Ba8TCH ~8BHTKa: 
S =<T,K,X,U,Y,~,oC ,f,t>, 

r'e T,X,U,Y,¢, o( H f> TaKHe l!t8,KaK B 6HJIHH8tiHOit CHCT8M8 (2.I) 

B I/, a K : u _ x :u .--cu - JU!Het!Hoe npeo6pasoBa.Ime aeKTopHoro npocT-

paHCTBa U B B8KTOpH08 npOCTpaHCTBO X C COOTB8TCTBYJOIII8it MaTpHQ8it 

c f. o • CircTeMa onpe,n;eJI.fieT o~omaroayro nepexo~HYJO <f>yHKQHJO cocTOIIHHH 

B npOCTpaHCTB8 X : 

· x(t+1) = x(t)o< + x(t)j> (v(t)) + ({v(t)) 

=Ax(t) +~V1 (t)B1x(t) + Cv(t) 

i=1, ••• ,p 

,II,JIH Bcex t t. T , x( t) E x H v t. uT • IIpH 3TOM Tpe6yeTcn, 

tiT06bl ~JIH S CYJ118CTBOBaJia p8MH3YJOlJ1aH napa ( x, f ) HattaJibHOI'O COCTOH

HHH X E l!= If JIHH8tlHOI'O Bb!XO.iJ.HOI'O OT06p8.lK8HHH e :X---.. Y:x ....-Dx 

( D - MaTpHQa npeo6paaoBaHHH ? ) , TaKaH, ttTo ~JIH JIJ06oro v E: v y~oB-
JI8TBOpH8TCH paB8HCTBO 

sx~ (v) = ~(v) , 

I'1T8 S ·UT yT - OT06p8.llt8HH8 BXO~-Bb!XO~ CHCT8W S ,u, X~ • ~ 

HbiM COCTOHHH8M X If Bb!XO~Hb!M OT06p8.llt8HH8M ::' • 

c HattaJib-

AHaJIOI'Htl:HO 6HJI:I'!H8tiHOt\ CHCT8M8 ne,peXO,II,HM tPYHKQHH COCTOHHHH H8-

0~HOpO~HOtl 6H~HH8t!Hoit CHCT8W ) :XtU x·T*-X onpe~e~SI8TCH 
H~KQH8tl no T 

)(x,v/[0,0)) =x, 

.A(x,v/[O,t+1)l.,=)(x,vi[O,t))o< +A(x,vi[O,t))J> (v(t))+ ~(v(t))::: 

=A}\ (x,v![O,t))+.'2::V1 Ct)B1 )(x,vj[O,t)) + Cv(t) 
L:~-,P 

,I!,JIH BC8X X 6 X , v E UT If t 6. T 

Tor~a oTo6p8.lKeHHe axo~-Bb!Xo~ 
Bb!p8JiteHH8M 

SX? 
: uT-yT 

SX? (v)(t) = 'l (}\ (x,vf(O,t))) = D,.\. (x,v/(O,t)) 

~~H JIJ06oro v £ uT If t E. T • 

onpe~e~neTcH 

3aM8THM, tiTO npOCTpaHCTBO COCTOHHHit H80~HOpO~HOt\ 6HJIHH8tlHOit ClfC

T8W npe~cTaBJIHeT co6otl Mre6py, B KoTopotl KpoMe onepaqH!t, onpe~eJieH
Hh!X B npOCTpaHCTB8 COCTOHHHA 6HJilfH8tlHOit ClfCT8MN,onpe~8JI8HN 8lJ18 HY~b

apHNe onepaQHH ~ (u) ,!VIR KaJK,IJ;oro u E u • 
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(2.2) OrrpeAeJieHHe 

IJyCTb S •<T,K,XtU,Y,¢,ot ,j •~>- H80,[1HOpO,[IHM 6HJIHH8tlHM CHCT8Ma 

If X' - B8KTOpH08 no~npocTpaHCTBO npoCTpaHCTBa X , 3aMKHYT08 OTHO-

CI'!TeJ!bHO o<, j> H t , T.e. X'd~ X' ,X' }(U)f X' ,I!,JIH BC8X U€ U 

H '{ u s; x • • Tor.n;a X' Haa~aaeTcH no.n,npocTpaHCTBOM cocToHHHA npo-

CTpaHCTBa X • EcJIII, KpOM8 TOI'O, AJIH X1 CYJ118CTBY8T peMH3YJOII1M napa, 

TO~eBHTKa S' •<T,K,X',U,Y,~,a',_p',t'>, I',[leot'=()(.IX' , 

J'< u) • J> ( u) I X' H t - orpaHHtt8HHe QeJIH ~ ,[IO X' , HaablaaeTCH 

H80~HOpO,II,HOtl 6H~HH8AHOA no,II,CHCT8MOA CI'ICT8Mbl S . 

(2.3) OnpeAeJieHHe 

BHJIHHeitHb!M npeo6paaoBaHHeM Heo.n,Hopo.n,Hoit 6HJIHHe~Hotl cHcTeMbl 

S • <.'r,K,I.,U,Y,{6,oL,fo,~> B H80,[1HOp0,11,HYJO 6HJIHH8itHYJO CI'ICT8MY 

3'= <T,K,X 1 ,U,Y 1 ~,d:J>'•J'> Ha3~Ba8TCH TaKoe OT06p8.llt8HH8 f:X-X' , 

KOTOpoe RBJIH8TCH JIHH8tlHhlM IIp806pa30BaHH8M B8KTOpHOI'O npoCTpaHCTBa X 

B B8KTOpH08 npOCTpaHCTBO X' 1'1 COI'JiaCOBaHO C ci. 
1 

_13 11 't , I'!Hb!MH CJIO-

BaMH, f y,n;OBJI8TBOp.!I8T yMOBIDlM: 

f(x 1+x2 ) a f(x 1)+f(x2 ) ,[IJIH BC8X x 1,x2 E. X 

f(rx) .. rf(x) ,II,JIH acex x € X H r t K 

f(x<X) • f(x)o(' ,II,JIH acex x G. X ; 

f(xj(u}) • f(x)j'(u) ~JIH BC8X XE X 1-1 UE. U 

f( ~ (u)) a K' (u) ,II,JIH BC8X u E U , 

EcJIH, KpOM8 TOI'O, o6pa3 OT06p8.llt8HHH :f HBJUI8TG.il H80,ll;HOpO,n;HOH 6Ir

mmefuroit no,n;CECTeMOil: CMCT8Mll S' , TO f Ha3biBaeTCH 61'!JilfH~tlHb!M 
3KBHBaJI8HTHb!M npeo6pa30BaHH8M H80,11,HOp0,[1Hb!X 6HJII1H8f.1Hb!X Cl'ICT8M. 

0tteBK~HO, QTO 6Knl'IH8itH08 npeo6paaoBaHI'!8 ~eO~HOpO,II,Hb!X 61'1Jil'IH8itHb!X 

CHCT8M Ta.KJK8 HBJIH8TC.ff aJII'e6paMti8CKHM I'OMOMOpi!JH3MOM, 

]ei'KO rrpOB8pi1Tb, QTO BC8 YTBep~eHHH 0 6l'!ni'IH8f.1HhlX CHCT8MaX 1'1 I'IX 

6YIJII'!f-!ef,hmx npeo6paaoBaHHHX, HSJiollteHHh!e B naparpaifle 2 pa60Tb/II, cnpa

Be,n;JIHBhl :H WU! 1-180,11,HOp0,11,Hb!X 6HJIHH8tlHhlX CHCT8M 1'1 HX 6HJII'!H8f.1Hb!X npeo6-

pa30BaHHit. 

(2.4) OrrpeneneHHe 

IJyCTb S • < T,K,X,U,Y,!/l,ot, fo, ~>- H80)l,HOpogHM 61'!JI}'IH8f.1HM CHC

T8Ma. Tor.r~a n106an 6HJIHHet!HM cHcTeMa s • ,. < T, K, x •, u, y, ¢, o(', p' > 
Ha3b!Ba8TC.ff 6YIMO)l,8JibiO (O,[IHOpO,[IHOP! 6HJII11;:!8itHOP! MO,[I8Jlbl0) H80,11,HOpO,II;HOf.1 

6HJIHH8tlHOf.1 CI'ICT8Mbl S , 
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(2.5) ITpe&no~eH~e 

IlyCTb S = <. T,K,X,U,Y,¢,ot,jl,¥>- H80~Hopo~Ha.R" 6~JI~HetlHa.R" Ct!CTeMa. 

1'or~a t!MeeT M8CTO ee 6MM0~8Jlb S'=..(T,K;X',U,Y,¢,ol:,P:> , r~e 
x• .. x({)K , A'=(~~], Bj_ = [ Bi 

0
1] Mfl acex i=1, ••• p ( c

1 
- i -:It 

0 0 I T 
CTOJI6e~ MaTpllli.\hl c .. [c 1 ,c2 , ••• ,cp ]). Ilp~ aTOM ,lJ,.1Il'I mo6oro x o; x ,v.s u 

M t 6 T BhliTOJIHsreTCfl paaeHCTBO X (x •, vi [ o, t) ).. f<x, v~ [ 0 • t))j , r~e 

X 
1 = [ ~] , Yl Mfl rrpOY!SBOJibHOtl peaJIY!Sj'10llj8tl rrapbl (x , Z ) COCTOfl-

Htlfl X E X lll JIY!HetiHOI'O Bb!XO~HOI'O OT06p~eHJ1fl ~ C COOTB8TCTBj'10!118ti 

MaTpY!Qeti D CI1CT8Mbl S Y!M88T M8CTO paBeHCTBO SX~ = S~'?' 
( r~e x • .. [ ~] , D' = [DO] - MaTpMQa rrpeo6pasoaaHMfl z' ) . 

JlciRa3aTeJII,CTBO 

CHa~a.rra ~oK~eM MH~YKQMeti rro t liTO 

t1 t6T ,A'(x',vi[O,t)) = [:>-Cx,~ICO,t)5_]. 
>.' (x' ,v I[O,O) )=x• .. [~J = [/..(x,~j (O,O))]. 

Mfl mo6oro x E x , vE. uT 

IlpM t .. o MMeeM 

EcnM paaeHCTBO Bb!ITOJIHfl-

eTCH ,!!JIH H81WTOP9I'O t , TO Mfl MOM8HTa t+1 t!M88M ).' (X~VI[O,t+1)) = 
== [~ SJ [.Ao:,~lco,t>>]+ L. vt<t>[~'~i.JC'cx,~'co,t))J= t>-cx,~[o,t>>J + 

+ [ ~ V;(t) Bi. A Cx' v n.o,t))L~·Ic/ftJ l ;:: [ >. (K, VIi o,t.~m] • CJie~OBaTeJibHO, 
rro ~~~l1MM X(x•,~t(O,t))=[>-(x,v~[O,t))j MH mo6oro t€ T. Tor-

~a S'x''l.' = SX"l , TaK KaK Mfl mo6oro vE UT H tE..T 

s~'l'l (VJ(t) = [:DO] [ >- {J( I vd [O,t))] =DA (X I vI [o,t. )) :::: Sx 7 (V)(t) • 

B liaCTHOCTM, ecJIM (x, ~ ) - peaJIHSYIDIIlaR napa CMCTeMbl s , TO 

S'x''2' (v)=Sx~ (v)=¢(v) ~JI.fl Bcex VE v . TaKHM o6pa3oM, S 1 flB-

Jlfl8TCH 6MM0~8JlbiD H80~HOpO~HOti CHCT8Mbl S C peaJIM3j'10llj8t\ rrapoti 

(X 1 ,~ 1 ). a 
B ~aJibH8tiilleM ITO~ 6MM0~8JlbiD HeO~HOpO~HOti 6MJIMHetiHoti CMCT8Mbl Mbi 

6y,IJ;eM ITO,D;pa3YM8BaTb ee 6MM0~8Jlb, ITOCTp08HHj'10 B ITP8MOllt8HliH (2.5). 

(2.6) TeopeMa 

ITycTb s = < T,K,X,U,Y,!il,o<,J,~> - Heo~Hopo~Ha.R" 6MJIMHetiHM cMcTeMa 

li S' = <.T,K,X 1 ,U,Y,¢,o£ 1,_? 1 > - ee 6MM0~8Jlb, 1'or~a Ct!CTeMa S 

~OCTlilltliMa H3 COCTOflHliH X E X TOI'~a H TOJibKO TOI'~a, ROr~a BhliTOJI-

Hfl8TCfl O~HO l-13 CJie~yrolljliX YCJIOBMti: 

(l) C!iCTeMa S' ~OCTlilltliMa H3 COCTOflHHH 

rank[Y'x•) =dimX@K, r~e['fx 1 ) 
rrpeo6pa3oBaHMH COCTOHH11H X 1 6MM0~8Jlli S 1 • 

(2) rank [ 'f x 1 ] .. dimX li MH n 

CliMbiX COCTOflHMti x•
1 

•[11 ] , ••• , ~ •[{n ], 
x 1 (r~e n. dimX ), B8KTopbl x

1
, ••• ,xn 

4 

x• .. gJt:x•, T.e. 

- MaTpMI.1a ,IJ;OCTtlllti1MOI'O 

H8ROTOpb!X JIMH8J;!HO HeSaBM

~OCTlilltt!MbiX l-13 COCTOflHlifl 

JIMH8tiHO H83aBMCMMN. 

1 .. 

I' 

\ 

JlOKa3aTWCTB0
1 

ITycTh cHcTeMa s ~OC'I'HlltMMa 113 cocTOHHlllH x , T. e. CYIIleCTByeT n 

JIY!H8tiHO H83aBMCMMblX COCTOHHHti x
1
,x2, •••• ,x~, ~OCTH~Y!Mb!X liS COCTOH

HHH X • Tor,IJ;a ITO )2.5) [ ~ 1 ], [~2.], ... , [~"J .HBJlf!IDTCH ,]:\OC-

TlilltliMb!Mli M3 x 1 .. [ -1 ] Mil: 6MMo~eJII1 · s 1 • OlieBM~Ho, li'To OH!II Ta.RJKe 

JIMHetiHo He3aBHCHMbl. ITpe~rroJIOJKMM, liTO Mhl Bbi6MpaeM BeRTopbl x
1
,x

2
, ••• 1 xn 

B RalieCTBe HOBOI'O 6a3Y!Ca IIpOCTpaHCTBa X • EcJIM cpe,]:\!1! ,IJ;OCTY!~Y!Mb!X 

COCTOHHMJ% Rx CYII18CTBY8T XOTb O~HO COCTO.HHHe X, TaKoe, liTO CYMMa ee 

Roop~HHaT a HOBOM 6a3HCe He pasHa e~MH~I.1e (T.e. x = A
1

x 1+ ••• + )nxn 

li ). 1 + •• , + ). ~ 1 ) , TO Be~ TOp [? ] JIMHetiHO He 3aBli!Ct!T OT 

[11 J, ... , Dnf Yl no ( 2. 5) [ n E Rx I • CJie~oBaTeJibHO' cpe,IJ;tl 

,Il;OCTID!GlMliiX COCTOflHHti RX 1 CYII18CTByeT n+ 1 JIMHeJ;lHO He3aBMCliMbiX 

COCTOHHHJ;l, TaRMM o6pa30M, Bb!ITOJIHH8TCH (I). ECJilll MH K~oro x € Rx 

CYMMa ee ROOp~MHaT B HOBOM 6as11ce paBHa e~MHM~e, TO R~Oe COCTOHHll!e 

[ 1] E 1St 1 JIMH8J%HO 3aBI1CliT OT COCTO.RHMJ% [ ; 1 ] , • • • , [ ~" ] • 0TCID~a 
BblfiOJIHHeTcH ycJio aMe ( 2) • 

ilyCT:E,, Ha060pOT, BilliOJIHJI8TCfl yCJIOBli8 (I), T.e. CYII18CTByeT n+1 

JIMH8J%HO He3aBHCliMbiX COCTOHHMJ;l x;,x2••••oX~+ 1 E Rx 1 , - Tor~a no 

(2.5) MMeeM x~=n1 ], ••• ,x~.t{~nt1J, r~ex 1 , •• ,xn+1 t: Rx. 

OlieBM~HO,liTO cpe~M x 1 , ••• ,xn+ 1 o~MH aeRTop HBJIHeTCH JIMHefiHo 3aBM

CMMhlM OT OCTaJibHbiX, TaR RaR dimX = n • IlyCTb TaRMM B8RTOpOM HBJIH-

8TCH Xn+ 1 • Tor~a x 1 , ••• ,xn HBJIHIDTCH Jlli!H8MHO H83aBMCt!MbiMM, TaR RaK 

MHalie x;, ••• ,x~+ 1 HBJIHIDTCH JIHHetiHo 3aBMCMMhlMM. CJie~oBaTeJibHO, 
CHCTeMa S ~OCTtllltHMa li3 COCTOHHMH X • 

IlyCTb, B ~pyroM CJIYtiae, BblfiOJIHfl8TCH yCJIOBl-18 (2). Tor~a ITO (2.5) 
x 1 , ••• ,xn HBJIHIDTCH JIMHefiHO H83aBI1Ct!Mb!Mlll COCTOHHli.RMM, ,IJ;OCTtllltliMb!Mli 

M3 x • CJie~oBaTeJibHO, ct~cTeMa s ~ocTMllti1Ma M3 x • 0 

(2.7) CJie,lJ,CTBHe 

HeO,IJ;HOpO~HaH 6HJIHH8tiHaH CliCT8Ma S ~OCTlilK~Ma 113 HYJI8BOI'O COCTOH

HI1H TOI'~a 11 TOJibRO TOI'~a, ROI',IJ;a ee 6t!MO,ll;8Jlb S 1 ,IJ;OCTlilltt!Ma 113 COCTOH-

Hlif! X 1 
• [~] , T.e. rank [lf'([n)'] ,. dimX@ K • 

JIORa3aTWCTBO 

ECJI!i x 1 , • • • ,xn-: JIMHetiHO H83aBMCHMbl8 ,IJ;OCTI1~liMbl8 COCTOHHMH liS .HyJie-

BOI'O COCTOHHHfl CHCT8MN S , TO [ ~1 ] , •• • [ ~n ] 11 l 91 Jit!HetiHO H83a-

BliCliMbl. 0 

)J.rrH rrpoaepRM ycJIOBI1H ( 2) TeopeMbi ( 2. 6) ~ocTaTOliHO Bb16paTb rrpot~3-

BOJibHhle JIHHetiHO H83aBMCMMhl8 COCTOHHMH x;, ••• ,x~ E Rx' . GTO Bh!TeKaeT 

H3 CJie.Jzyi0!118I'O 

(2.8) ITpe,I~,noJKeHHe 

ITycTb s - Heo,IJ;Hopo,n;HaH 6MJit~HetiHaH cMcTeMa, s• - ee 6MMo~eJib 
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. X 
H rank ['f'x·] =dimX, r,n;e x• .. [ 1 J H x E X. Tor,n;a ecmt 

,li;RR HSKOTOpOI'O n RHHenHo He3aBHCHMHX COCTOHHH~ X1=(~•J,,,,,x~=f~1E~, 
BeKTOp~ x 1,,.,,xn RRHenHo H83aBHCHMH, TO ,ll;llji RD60I'O n llHHenHo 

H83aBHCHMbiX COCTOHHHn i1 =[~•] ,,., ,i~ .. [rnJ t ~' B8KTOpb1 

x1, • • • ,in Ta.IOK8 llHH8~HO He3aBHCHMbl, 

.llORa3aTem.CTBO 

_ Do (2.5) ,ll;RR RI060I'O X E RX HMeeM [~] €. Rx' • flo ycnOBHD 

[~ 1 MOJKeT Bblpa'KaTbCH B BH):\6 JIHHe~HOA KOM6rUI~HH [~ ]= A1 [~1]r .. ' 
t-An [ ~n] , r,n;e )\1, ••• , ,.\n E K • 0TCD):\a i = >,x1 + ••• + ,). nin • 

TaKHM o6pa30M, i 1, ••• ,~ rropo*,D;a8T X , TaK KaK ITO (2.6) CHCTeMa 

s ,n;ocTHJKHMa. Cne,n;oBaTe.JibHO, i 1 , ••• ,in JIHHeAHo HeaaBHCMMhl. 0 

(2.9) OnpeneneHHe 

MaOJIMpOBaHHhlM COCTORHHeM HSO,li;HOpo,n;~oA 6HJIHHei1Hoi1 CHCT8Mbl S C 

BHXO,li;HhlM llHH8i1HhlM OT06p~eHHeM e Ha3biBaeTCH TaKoe He HYJI8B08 COC-

TO.f!HMe X E X, IIpH ROTOpOM 1\: = { X} l1 ~ (x) "' 0 • 

(2.10) ITpe~oJKeHHe 

COCTORHHe X E X .f!BJI.f!8TCH H30llHpOBaHHMM TOI'):\a M TOllbKO TOI',D;a, 

ROI',D;a Ax = X , ( B1x, ••• ,BpxJ +C a 0 M ~(x) ,. 0 

.ll.aRa3aTeJI&CTBO 

flyCTb x H30Jll!poBaHo. Tor,n;a }.(x,v 1 [ o, t)) ... x .n;RR ;no6on 

v E: UT M t E T • ,Il.JIH v €. UT, TaRO~, qTo v(O):O, MMeeM 

x .. ). (x, vI [0, 1)) "' Ax • 0TC!O,JJ;a ,n;m~ JID6oro u E U x""x+ .L: ui Bi xt-Cu, 
r ] [ c•1,.-.r 

T.e. ( LB,x, ••• ,Bpx +C)u=O • TaKHM o6pasoM, n,;····•BpxJ +C. 0 • 

)(oKaxteM o6paTHoe, ~(x,vrco.~)) = A..'C = x ;rr,JIJI JTI06oro v E. uT 11: 

t E. T , T.e. Rx = (x}. 0 
QqeBM,li;HO, qTo ,D;JI.f! rrposepKM C~SCTBOBaHM.f! H30.liHpOBaHHhlX COCTO.f!

HMi1 ,li;OCTaTOtJHO rrposeplfTb C06CTB8HHb!e B8KTOphl MB.TpH~bl A • 

( 2. II ) TeopeMa 

flyCTb S ., < T 1 K, X, U, Y, ¢, a' , } , ¥ > - Heop;HopO,D;!fru! 6Kmnr,eAHBJI CHC-

TeMa, ~ - rrpOH3BOJibH08 ee JIHHel1fiOe Bbt"XO,li;HOe OT06pMerme C COOTBeT-

CTBJ!Oll\8A MaTp~'!IieA D 11 ,n;R.f! HI'!X He CY!I\eCTByeT >130m'lpOBaHHOe COCTOfl-

HHe. Tor,n;a CHCTeMa S Ha6JIID~aeMa C BHXO,li;OM ~ TOI',D;a U TOJibKO TOI',JJ,a, 

KO~,n;a ee ClHMO,li;8Jlb S' Ha6JIIO,n;aeMa C JIHHefiHhlM. BhlXO,li;HblM OT06pal!>81il'l8M 'L' , 
KOTOfJOMJ COOTBeTCTByeT 1\f.B.TpH!~a D 1 

"' (DO], T. e. rank (S 1~, ] ':"dimX @ K, 

r.n;e [s•'1' ] - MaTpm1a Ha6niO,n;aeMoro npeo6paaonaHim 61{MO,lleJm s•. 
Jl.o!£j,3aTElJI"..l>CTB.Q 

ITycTb s Ha6nro,n;aeMa c BHXO,li;OM 2 . Tor•,n;a no ( 2. 5) ,rr,Jm Jil06HX 

x 1,x2 E X (x1 f. x 2 ' H!.!eeM ~~~'2' = Sx, 7 jS11, 7 : S~~'?' , P,n;e 

6 

~H 

I 

~ 
\ 

X~=[~•) I [ )(2 ] 
H X2 "' 1 • CJie)J,OBaTe.JibHO, dim X #; dimX* , 

r,n;e X* - rrpOCTpaHCTBp COCTOf!Hif~ Ha6JIIO,D;aeMO~ CHCT8MN S* , TIOCTpOeH

HOH no 6HMO,D;eRH S' . fiOKaJ!teM, ~TO B CI'!CTeMe S He c~eCTByeT COCTOR

HHe X, TB.KOe, llTO SX ~ "' 0. ,Ue~CTBHTe.JibHO, rrpe,n;rro.JIOJI(I'!M npOTHBHOe. 

Tor.n.a no yc.JIOBHIO ~ " { x 3 ( oqenH,!l,HO TaKJKe, qTo R0 {. [ o J ) H 

8;x V • 0 ,n;Rfl BC8X COCTORHH~ X t: Rx , T. e. CHCTeMa S He Hac:IJITD-

)J,aeMa, '!TO rrpOTI1BOpet!HT Ha6JIJO)J,a8MOCTll CHCT8Mhl S • l1TaK 9 B CI'!C'£8Me 

S He c~eCTByeT COCTO.f!Hiie x, TaRoe, qTQ SX '2 = 0 • B TO lite BpeMH B 

6!-!MO,D;ene S' ,Il,Jlfl rty.JieBOI'O COCTORHH.f! i'lM88M S~'l' = 0. 0TCID,n;a 

dimX < dimX* , T.e. n < dimX* "' nt-1 • TaKMM o6pasoM, 

dimX* a n+1 H TIO (2.5) B/2;-6HMO,lJ,8Jlb S' Ha6JIJO,n;aeMa C B~XO,IJ,OM 
z' . 
,UoKaJiteM oopaTHoe.Ec.Jrn: 6ID~Jo,n:e;r:& s• Ha6JI:Io.naeMa c BllXO.n;oMrj_,To no (2.5) 

,n;Jifl JII06liX x 1 ,x:2 E X (x1,b;2) sx, .. sxi , .P s;i~· .. sKtf , r,n;e x1 .. [~•] 
11 x2 ., [ ~t]. Cne,n;onaTeJibHo, c!1c;eMa ~ Ha6mo,n;amJia c Bh!XO.JJ;OM f . 0 

Bo BTOpO~ t!B.CTH ,!iOKa3aTeJibCTBa He KCITOllb3Y8TCfl ycnoBHe OTCyTCT

BHR H30.liHpOBaHHOI'O COCTOJIHmi. CJie,lJ,OBB.TeJibHO, HMeeM 

'2. I2) IIpElJIJIO.lKQillH~ 

ITycTb s• - 6~Mo,n;enh Heo,n;Hopo~HO~ 6HnMH8~HO~ CHCTeM}l s 
JIMH8~HOe BbiXO,li;HOe OT06paJKeHHe 6HMO,D;8JIM S' , COOTBeTCTBJIO!l1ee 

HOMJ BhlXO,l\HOM,Y OT06pro~teHKlO r CHCT8Mhl S • Tor.n.a eCJilil rank 

a dim X ~ K , TO Cli!CTeMa S HaelJIID,D;aeMa C BbiXO,Il;OM ~ • 

(2.l~ Orrpe,lle.JieHHe 

>I 'Z'
JIHHeA-

[s~,J .. 

0 

Heo)J.HOpo,n;Hal'! 6HJIMHe:1!HaH CMCTeMa S Ha3h!DaeTCR M>IHHMaJibH0!1 TOI')J;a 

11 TOJibKO Tor.n.a, Kor,n;a ,JJ;JI.f! Jiro6o~ ee peaJIH3YIO~e~ rrapu ( x, ~ ) oHa 

)J;OCTHJKIIMa H3 X M Ha6JIIO,D;aeMa C 'l_ • 

(2.14) TeopeMa 

flyCTb S ,. < T,K,X, U, Y,{ll,oC ,p, p- Heop;Hopo,n;HM 6V!JII'lHeAHrur Cl'iCTeMa, 

,D;JIR KOTOpOA OTCYTCTBYBT l'l30JIHpOBaHH08 COCTORHHe !IpH Jiro60M ee ,n;onyc

THMOM JIKHe~HOM BbiXO)J,HOM OT06paJK8HKlil, lt S' ., < T,K,X' ,U,Y,f/l,ol' ,f->1 > -
ee 6HMO,D;e.Jib. Tor)J,a CHCTeMa S MHHHMaJibHa TOI',!l;a ~I TOJibKO TOI',!J;B., KOI'

,n;a ,n;JIR JIJ06on ee pea.rrY!3:'1'l!lll1eA napbl (x , ~ ) BoiTIOJ!HilB'l'CR o,n;Ho lil3 cJie

,n;yiO!JlHX ycJIOBHA: 

(I) rank ~(x'•:'') .. di.m X~ K , rp;e Je(x•, 2') = [s~r][tfx•],x•m[~] 
H D' .. [oo] - MaTpH~a npeo6pasonamHr '(' , 

(2) rank;}C(x',,'2') .. dim X , rank [s~,] "'dim X@ K u 

)J.JIR HeKoToporo n JIHHe~Ho He3aBHCHMbiX coc'l'OilHH~ x1 .. [~·], ••• ,x~ .. U·J, 
,liOCTHJI(llMbiX H3 COCTOl'!HHR x• (r,n;e n a dimX ),neKTOpbl x 1 , ••• ,XU 
JIHHeAHO He3aBHCUMLl. 
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JiQ.KMaTeJr:&CTBO 

ITycTb CHCTeMa s MHHMMaJibHa. Tor,n;a oHa Ha6JI!o,n;aeMa c ~ , cJle,n;o

aaTeJibHo, 110 ( 2. II) rank [ s2'] = dim X-'~ K , III oHa ,n;ocTHlKHMa III3 x , 

CJI6,IJ;OBaTeJibH0 7 B~I10JIHReTCR O,ll;HO 113 ,IJ;BYX YCJIOBM~ Teope~ (2.6). EcJIIII 

B~I10JIHR6TCR ycnoane (I) Teope~ (2.6), T.e. rank["&,] ... dim X~ K, 

r,n;e x' = [~ ] , Tor.n;a no ( 3. 9) /II H ( 2. 5) / 2 / 6HMo,n;eJib s • ,n;oc-

THlKIIIMa III3 X 1 III Ha6J!IO,IJ;aeMa C e I • 0TCto,n;a 6JIIMO,D;6Jib S' MHHJIIMaJibHa Jll 

no (3.2) B/2/ rank~(x• • r'> = dim X ~ K. EcJIIII B~nOJIHR6TCR YCJIOBIIIe 

(2) TeopeMb! (2.6), TO 110 (3.9) B/I/ rank [ 'fx.J .. dim X. KpoMe Toro, 

no (2.5) /
21 S-z• RBJIReTCR III30MopqJH~. Cne,n;oaaTeJibHO, rankX(x•, ~')= 

rank [ St] P+'x•J = rank [ l/fr•] =dimX III BblnoJIHR6TCR ycnoaue ( 2) TeopeMhl 

(2.14). 

)l;OKWKeM OOpaTfiOe.llyC'l'b Bbl.!IOJIHJI6TCJ! O,W'£0 H3 ,D;BYJC YCJIOBHH TeopeMb! 

(2.4).ECJIH Bbl.!IOJIHJJ:6TCJI yCJioBHe (I),TO rank(lf',.,) .. raru{S'I)= dim X<ilK 

III no (2.6) li (2.II) CIIICT6Ma S ,ll;OCTHlKIIIMa 113 X H Ha6nto,n;aeMa C e 
T.e. OHa MHHHMaJibHa. EcJil1 Bbii10JIHfi6TCH YCJIOBI16 (2), TO 110 (2.II) CJIIC

T6Ma S Ha6Jito,n;aeMa C B~O,ll;OM ~ I{ no ( 2. 5) Cl'lCTeMa S ,!J;OCTI1JP;l1Ma 113 

COCTORHMfl X • TaKI'lM o6pa30M 1 CIIICTeMa S MI1HIIIMaJibHa. Q 

(2.I5) Cne,n;cTBHe 

fiyCTb S= .( T,K,X, U, Y,¢, tx'.j\I')--H60,!J;HOpo,n;HM 6JIIJIHH6~HM CHCT6Ma C 

HYJI6B~ HatiaJib~ COCTORH116M, T.e; ,ll,Jlfr Hee CYl!I6CTByeT peaJII13ytor.qM 

napa ( 0, ~ ) 1 l1 ,D;JI.rt Hee OTCYTCTByeT li30JUlp0BaHH06 COCTORHI16 np11 JII0-

60M ee ,n;onyCTI1MOM JIIIIH6HHOM B~O,ll;HOM OT06pruK61illl1. Tor,n;a CHCTeMa S 
MHHI1MaJibHa Tor,n;a 11 TOJibKO Tor,n;a, Kor,n;a ,IJ;JIR nto6oro ,n;onycTMMoro JIHHe~

HOPO B~XO,D;HOrO OT06pruK6HI1R 7_ Bb!nOJIHfl6TCR paBeHCTBO rank.}( (X 1 , "l 1) = 
,. dim X~ K , r,n;e'd{.(x',~') =[S1z•]['f'x,], x• =[~] 11 D' a[DO]-

MaTpHQa npeo6pa30BaHI11I 2' . 

JlOKa3aTeJ.C:hCTBO 

OtleBM,Il;HO, ~TO 110,ll;I1pOCTpaHCTBO COCTOfllrnH, nopo~aeMoe eyJieB~ 
COCTOflHHeM, IIBJIII6TCII HaHM6HblliHM 110,ll;I1pOCTpaHCTBOM COCTORHIII~. CJie,n;oBa

T6JibHO, 11pOCTpaHCTBO ,!J;OCT~MOCTIII I'.YJI6BOrO COCTOIIHI1R HBJIII6TCII HaH

M6HbmHM no,n;npocTpaHCTBOM COCTORHIIIH npocTpaHCTBa X • TaKIIIM o6pa30M
1 

8CJIIII CHCT8Ma S ,ll;OCTIIIJP;II!Ma III3 eyJieBoro COCTOIIHIIIR, TO OHa 'OCTHJP;IIIMa III3 

n;6oro cOCTOIIHIIIR. Cne,n;oaaTeJibHo, no (2.7),(2.II), (3.9) B I/ 11 (2.5) 

B 
2

/ JIIM8ElM rankd((x 1 1 ~ 1 ) n dim X (j) K • 0 

8 

J 

I • 

. j'): 
~ : 

I 

3. JIIIIH8tfHhi8 ',n;JIICKQ8TH~e ,ll,IIIHaMIIItl6Cl\III6 CIIICT6Mhl 

JIIIIH8~HHe ,IJ;HCKp8THH8 ,ll;IIIHaMHtieCKIII8 CHCTeMhl COCTaBJIII!OT nO,ll,KJiaCC He-

0):\HOpO,IJ;H~ 611IJII1Hei1~ ,ll;HCKpeTH~X ):\HHaMJIItieCKJIIX CI1CT8M, KOr):\a fo = 0 ,TI0-

8T0My Mb! M~eM ll~Tb Teop~ ,D;OCT~~OCTH,Ha~aeMOCTH H ~~b

HOtl p8aJII13a.Q1111 JII1Hetf~ .r\HCKpeTH~ ,ll;l1HaMH~eCIU!X CI1CT8M Henocpe,n;CTBeH

HO III3 T80p8M, ,J:\OKa3aH~ B 11aparprupe 2, 11pHpaBHHB f= 0 , T.e, 

B 1 .. B2 ....... B .. o • KpoMe Toro, ytiHTbiBM oco6eHHOCTI1 JIJIIHeMHbiX ' p 
CI1CTeM,Mhl nOJIYtlHM HeKOTOp~e ynpOlJ18Hl11I. 

B 3TOM naparpaifle ,ll;JIII coKpar.qeHIIIR w 6y,J:leM Ha3h!BaTb JII1HetlHyto ,1\HCI<

peTHyto ):\11HaMHtl8CKyto CHCT8M,Y rrpOCTO JIHH8HHO~ CI1CT8MOtl. 

(3.I) OnpeneneHI1~ 

JIHHefiHOH CHCT8MOti Ha!3b!Ba8TCR H80):\HOpo,n;HM 6HJIHHetlHaii CI1CTeMa C 

HYJJ8B~ rrpeo6pa30BaHM8M f>"' 0 , T. e. BOCbMepKa 

S = ( T,K,X, U, Y,¢,c<, t > , 

r,n;e BCe 3JJeMeHTbl TaKHe ~e, KaK B onpeAeJieHI1H (2.I) npH B
1
aB

2
=•••=Bpu0, 

(3.2) TeopeMa 
I 

fiyC'I'b Sa.(T,K,X,U,Y,¢,ol.,~> - mmeiiHM CHCTeMa, X EX 11 (1\:)-

11pOCTpaHC'l'BO ,ll;OCTIDKI1MOCTI1 COCTOIIHI1fl X • Tor,n;a cnpaBe,I:\JIHBbl CJie,J:lYIOll111e 

YCJIOBrui: 

(I) Ecn11 ,1\JJR HeKoToporo tiiiiCJJa m rank[c:,ac•, ••• ,Amc•]=rank[c•, 

AC•, ... ,Am+
1
c•J, r,n;e c• ... [x,c], •ro dim(Rx)=rank[c•,Ac•, ••• ,Amc0 u 

cpe,n;III tiHCeJI 0,1, ••• ,n-1 cyr.qecTayeT TaKoe tiHCJio m. 

(2) CHcTeMa S ,1\0CTH~HMa 113 COCTOIIHHR X TOP,I\a H TOY.hKO TOrAa, 

KOr):\a CYl!leCTByeT t<HCJJO m f: n-1 9 TaKoe, ~TO 

rank[c•,Ac•, ••• ,Am c•] = dimX .. n. 

JIOita3aTeJ.IbCTBO 

PaCCMOTpHM MaTp11Dy ,IJ;OCTI1~11MOrO 11peo6pa30BaHHII COCTOIIHIIIR X 1 =[~J 
611IMO,Il;8JIH S' JII1HetiHOM CHCTeW S : [~~J~~B;x•, ••• ,Bpx',A'x',B1B2x',•••• 

B '_ 1B 'x' ,B1A 1x', ••• ,BPA •x 1 ,A 'B1x', ••• ,A 'Bpx' ,A2 'x', •• ,] • 

p p [)(J fAD] [DC·] 
I13 CBOtlCTB x' a 1

1 
, A' •Lo1 11 B:i. a oo' (i "' 1, • • • ,p) IIIMeeM 

(A')kx,.[A~XJ .r\JIII Bcex k € N , B:i.x' =[~<J , B:i.A' "'Bi , 

B:i.Bj '"0 ,ll;JIII Bcex i,j ,. 1, ••• ,p • fio,n;cTaBJIRR HX B ['fx•J, noJiy-

~IIIM '[ 2 l [ fx,J = X C1 ... Cp Ar AC1 ... ACp Ax Azci ... A Cp .. ·] 
1 0 ... o 1 0 ... 0 f 0 ... 0 .... 

fiycTb (Dx] - MaTpMQa, 110JIYtieHHaii H3 [ 't'x• J OT6pac~aaHHeM noc-
JJe):\Heti CTpOKH, T.e. 

[DxJ• (x,c1 , ••• ,cp,Az•AC~, ••• ,ACP,A
2
x,A2c 1 , ••• ,A2Cp'•••} 

9 



Ce~ac Mhl ~OK~eM, ~TO C~CT6Ma S ~OCT~~~Ma !13 COCTOHH~fl X 

TOI',JJ;a ~ TOJihKO TOI',IJ,a, I<OI',IJ,a rank (D ] "' dim l • 
ITycTb s ,IJ,OCTH~HMa ~3 x • ITo <3.9) B/I seKTOphl-CTOJI6UH MaTpHUH 

['fx•J nopo~a~T IIpOCTpaHCTBO ~OCTHmHMOCTH ( ~1 ) COCTOHHHH 

x• "'[~] 6HMo,o;eJI~ s•. Tor~a no (2.5) KWK,I\Oe cocTOHHHe, ,o;oc•rHlltliMOe 

~3 X , fl&1H8TCll .J!HH8tlHO~ KOM6~Hal\M8t!: B8WrOpOB-CTOJI6QOB MaTplil.J;hl [ DX j , 
T.e. nocJie,I\HHe rropoJK,!!;aiOT ( ~ ) • CJI8,I\OBa'I'8.1lbHo, rjliJDx] .. dim X • 
ITyCTb' Hao6op01', rank ( Dx J .. dim X • no ( 3. 9) B I K~,IJ,hit1 B8KTOp

CTOJI6eQ MaTpHl~hl ( 'fx·] RBJif!e•rcR JIHHel1Hott KOM6HHai~l1et1 cocTORH~t!:,,IJ,oc
TIDKHMb!X H3 COCTORHH.f! X 1 6MMO,IJ,8JIH 8 1 • Tor,IJ,a no (2.5) R8JK,II,bit1 B8KTOp

CTOJI6ei.J; MaTpH11hl (DX) .fiBJIR8TC.f! JU!H6M!-!Ol1 lWM6l1!-!aQH8M COCTORHH!t
1 

,IJ,OCTl1JI(M-

MbiX 1'!3 X CHCTeMbl S , T.e. rank [DX] ~ d.im(~)_:2. dim X "" rank (DxJ• 

0TCIO,IJ,a dim(~) • dim X, l1 CHCTeMa S ,IJ,OCTID!U'!Ma 113 X • 

~aJiee aHaJIOI'H~HO ,!J;OKa3aTeJibCTBy (3.IQ) B/!/ IIOJI~~M, ~TO 8CJIH ,IJ,Jlfl 

H6KOTOpOI'O ~HCJiam ran.k[D 1 xrank[D J , I'iJ,e(D] a[x,c
1

, ••• ,C ,Av 0 AC
1

, 
m m x m x ""+1 x ..., p ~ 

••• ,Acp•••••A x,A c 1 , ••• ,A ·c
0
], Todim x .. ranklDxJ=ra.nk[DxJm li cpe,IJ,H 

~HceJI 0, 1, ••• , n-1 CYJf18CTsyeT Tmcoe qvlCJio. TeM ca\lhlM ,IJ,OKa3aHO (I) 
H (2). 0 

B ~ac•rHOCTH, ecJIM x = o , •ro c' .. [ o, c ]. 0TciC~a MMeeM 

( 3. 3) C.JieJCTBH~ 

,U.l!JI mo6oti mmetiHott cHcTeMbl s cnpaae,o;JU!Bhl cJie,IJ,y!OtJ\He yCJiomrJI: 

(I) Ecm1 ,IJ,Jirr HeKoToporo tmcJia m rank [c, AC, ••• , A me] .. rank [c, AC , •• 
m+ 1 ] ( ) · [ m ] • • ,A C ,To dim R0 arank C,AC, •.• ,A C H cpe,n;H ~HC8.1! 0,1, ... ,n-1 CYII18-

, CTByeT TaKoe tiHCJIO m • 

( 2) CHCT6Ma S ~OCTHJ!tliMa lf3 HYJI8BOI'O COCTORHHfl TOI'~a li TOJihKO 

TOI',JJ;a, !WI')J,a CYII18CTByeT 't!l'!CJIO m ~ n- 1 1 TaKOe, l:l'fO 

.... 

rank(C,AC,,., ,AmC] .. dim X "' n , 

(3.4) TeopeMa 

0 

ITyC'l'b S., (T,K,X,U,Y,¢,d,Y).- JllfHe~HM CHCT8Ma H '7. -HeKOTOpoe 

ee mmet\Hoe Bh!XO~Hoe oTo6pBllteHMe c MaTpl'il\et:l D • Tor,[la cnpaBe,L\JIHBhl 

cJie~ae ycrroBHJI: 

(I) EcJIH ,IJ,JIR HeKO'l'oporo t:mcrra m 

D 1 fn l fD l fD 

DA I I DA I I DA I I DA 

rank I DA
2 ! .. rank I DA

2 I , To rank I DA2 
J ... rank I DA2 I ,IJ,JIH scex k~ m 

DAm I I DAm+ 1 I I DAm l I DAk 

10 

... 

.I 

I : 
'( 

H Cpe,IJ,li tiHC8JI 0,1, 1 •• ,n-1 C~8CTBY8T TaKoe tiHCJIO m. 

(2) CHcTeMa S Ha6Jiro,IJ,aeMa 'c ~ TOI',IJ,a li TOJibRO TOI'~a, KOI',IJ,a 

C~8C'l'BY8T tiMCJIO m 1;; n-1 , TaKOe, ~ITO 

D 

DA 

rank I DA2 I " dim X = n • 

DAm 

)lpKaSaTeJILCTBO 

CHatia.Jia TIORBllteM, tiTO ,IJ,Jlfl JI~H8MHO~ CI1CT8Mh! He cyu~eCTBJ8T l130Jlli

poBaHHOe coc•ronHHe. ITpe,IJ,noJIOJ!UIM npoTHBHoe. Tor~a no (2.!0) t•O , 
't!TO IIpOTliBOp8tiHT (2.!). 0TCID)J,a ,IJ,Jlfl SHe C~8CTByeT H30JIHpOBaHHOe 
COCTORHHe • 

PaccMoTpHM MaTpHQy Ha6Jiro~aeMoro npeo6pa30BaH~fl 6MMO,IJ,8Jili s• c 

Bb!XO,IJ,OM e' (D'= (DO) ) 

D' D 0 

D'A' DA 0 

D'B1 0 Dc 1 

I ~ 

D'Bp 0 DCP 

D'(A•) 2 DA2 0 

[Sz<] = D'A'B1 = 0 DAC 1 . . 
D'A'B' 

I I : 
DACP p 

D'B1 0 . . . 
D'(Bp)21 

I 
0 0 

D'(A 1 )3 DAJ 0 

TaRHM o6pa30M, Kpai1HHtt npaBb!t:l CTOJI68I.J; mmefiHO He SaBHCHT OT 

OCTaJihHb!X. CJI8)J,OBaTeJibHO, ITO (2.II) :mmefiHa.fl CHCTeMa Ha6JIID,JJ;aeMa C Dhl

XO)J,OM ?,[ D TOJI')J,a H TOJibKO TOI',IJ,a, ROI')J,a 

DA2 
rank r!J "' dim X • 

ll 



' 

HaKOHeu;, c ITOMO~biD (2.6) a121 ~oKa3aTe~bCTB9 3aBepmeHo. 0 

B ~oKa3aTe~bCTBe TeopeMH (3.4) MN noKa3~H, ~To ~R ~HHe~Ho~ 

CHCT8MH OTCYTCTBY8T H30~HpOBaHH08 COCTORHH8. 0TCID~a 113 (2.14) l1M88M 

(3. 5) TeopeMa ' 
fiyCTb S =<T,K,X,U,Y,¢ 1oi,'( >- JIHHethiM CHCT8Ma H S' =<.T,K,X 1 , 

U, Y, ¢, d..
1,J' >·- ee ¢HMO,ll;e.n::b. Tor.n;a C:UCT6Ma t<{ MHHHM~bHa TOI'~a H TOJibKO 

TOP~a, KOP~a ~JIR JIID60~ ee pe~M3yro~e~ rrapH ( x, f ) BHITOJIHH8TCR O~HO 
H3 cJie~yro~wx ycJioa:un: 

(I)rank3f:(x',2')=dimX (i) K, dt (x',~') .. [.SzJ[lfxr] ,x•=[~] :u D'=[DO]-

MaTpwu;a npeo6pa3oBaHMR 2' . 
(2)rankd((x•,t) =dimX , rank[s~,J =dimX@K H~R 

H8KOTOpOPO n JI~H8~HO H83aBHCHMNX COCTORHHfi x1 a[~•J, ... ,xn a~"], 
~OCTH~HMHX H3 COCTORHHR x 1,B8KTOpH x 1 , ••• ,xn JIHH8~HO ~63aBHCHMN. 0 

Mhl o6o3Ha~HM ~epes [z0 J * MHo~ecTao acex KoHeliHHX noc~e~o
aaTeJI&HocTefi 6yKBH Z0 • ~R Kam~OI'O ~HH8fiHOI'O BHXO~HOI'O OT06pameHHR 

Q C COOTB8TCTBYID~8~ MaTp:Uu;efi D JIHH8~HOfi CHCT8MH S MH TIOCTpOMM 

MaTp11u;y X (0, e ) ' CTpOKH H CT06IJ;hl KOTopo~ HH~8KCHPYIDTCR 3JI8M8HTa

MH 113 [z0 }"' , a 3Hall8HH6 KB.lll:,l'\OI'O 3~8M8HTa (Q 1 ,Q2 ) (r~e Ql 1 

Q2 E {Z03*) paBHO Dh(Q 1 Q2) ( h: tz0}*-- Knxn:Z0 ..---A ), T.e. 

DC DAC DA2C DAJC ••• l 
2 3 4 I DAC DA c DA c DA c ••• 

4{(0~)::: 
' DA2C DAJC DA4C DA5C 

DAJC DA4C DA5c DA6C 

MH Ha30B8M 88 MaT~efi DaHRenR HYJI8BOI'O COCTORHHH JIHH8fiHofi CHC-
T8Mhl S C BHXO~OM rJ • I1pH'3TOM Mhl 0603HaliHM ll8p83 J((O,~)m m 

' 1, l 
MaTpHu;y, TIOJIJl,!8HHyro 113 ~(0,1) OT6paCNBaHI18M BC8X 3~8M8HTOB, ~R 

K~OI'O H3 KOTOpHX JII160 ~HHa CTpOKH 6o~bme m1 , ~M60 ~~HHa CT0~6u;a 
6oJihme m2 , T.e. 

1. {o,~>m.,mz='' 

DC 

DAC 

m 
DA 1c 

DAC 
m2 

•••••••• • DA C 

DA2C 
m2+1 

•••••••• DA C 

m1+1 
DA C 

m1+m2 
DA C 
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(3. 6) CJre.ncTm.re 
• 

I1yCTb S .. <T,K,X,U,Y,¢,o(,l()- JIHHefiHM CHCTe~a c Hy~eBHM Hali~bHHM 
COCTORHH8M, T.e. ~JIR Hee C~8CTBY8T pe~M3yro~aH napa ( 0,~ ). Tor~a 
CHCT8Ma S MJ.o!HMM~bHa TOI'~a H TO~bKO TOI'~a, fWI'~a ~JIR JIID60PO ~OllYCTI1-

MOI'O ~11H8fiHOI'O Bb!XO~HOI'O OT06pameHI1ll C COOTB8TCTByro~etl MaTp11u;etl D 

C~8CTDYIDT ~HCJia m 1 M m2 , TaKHe, ~TO m ~ n - 1 , 1n
2 
~ n - 1 H 

rank 'Jl. (0, '2 )m m = dim X .. n 
• 11 2. 

]OI<a3aTe.n::bCTBO 

Ms (3.15) H (2.!5) cne~eT, ~~·o JmuetlHM CHCTeMa s c HyJieBHM 

HallaJibHHM COCTO!IHH8M MHHI1MMbHa TOI',IIa 11 TO~bKO TOP,IIa, KOI')J;a ~JIH JI!0-

60PO ,ll;OrryCT,MOI'O JII1H8MHOI'O BHXO~HOI'O OT06pam8HHH Z rank J{ (X 1 , 'Z') =dimX$ K. 

ITo ( 3. 3) B 
2/ CYJ1!8CTBYID'l' ~mcJia m 1 11 m2, TaKHe, liTO m 1 ~ n - 1 , 

m2 ;. n- 1 11 rankJ((x'•'l')m rfm+- 1 = rankJl(x',ll'). 
1 ' z 

I1o)J;cTaBJillR MaTp11UM A' ,Bi ( i=1, ••• , p),rroJJyqeHHHe H3 _JIHHe~Ho~ CHCTeMbi 
S, B MaTpHu;y ({ (x' t t ) HM68M 

D'(A')kx, .. o ~11 B<:ex kE.N , 

D1 (A')ktB:i(A')k2 x' = DAk1 Ci ,ll;JIH acex k1'k
2

E.N H i•1, ••• ,p, 

h(Q) • 0 ~H JI~6ofi ITOC~8~0BaT8~bHOCTI1 Q E. Z*, TaKOtl, ROTO-
pM co.n;e~HT 6oJI&me .n;ayx nepeMeHHHX 113 { z 

1
, ••• , zp ! 

0TC~~a IlOJIJl,!HM 

0 DC1 .•.. DC P ... DAC1 . . . .DACp ... :DllzCt ... :VAt112 
DC1 0 . '. . 0 0 ·'· .. 0 ... ' 0 .... 0 4 . . . . 

: 
J> Cp 0 .. .. 0 0 .... 0 .... () ..... 0 

0 DACt •.• DACp DAze DAze Hmz 1+"'1:, 1 • . • f' .. · DA Ct ... DA 
DAC 1 0 0 o o ..... o ...... o 

rankl~'~')::::: 

::rank I DACp 0 0 0 0 0 0 
1: 

0 DA~1 DAze DA
1
C1 D~3Cp Dl12+mzc

1 1Jl .. ~ p 

I D~m,-1Ct 0 ..... 0 0 ..... 0 .... o ..... D 

lDAm,-•c, o.... 0 o ..... 0 .... 6 ..... 0 
m,+1 Am,+mJ DA""'•"' 

0 .... 1> Arn•ct ... DArnCp· .. J>Am'+"c1 ... DA Cp ... D Ct-· 

= dim X 1D K, 
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Kpa~HH~ neB~~ CTOn6e~ nwHe~HO He 3aBHCHT OT OCTMbHHX CTOn6~0B, TaK 
KaK wHatte d((0,'2 )= o. Cne,n;oBaTenbHo,rankX(:x•,e'> .. rankX(o,z ),.,

1
,mz+1. 

TeM c~ 3aBepmeHo ,n;oKasaTenbCTBo. 0 
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By CyaH HHHit P5-82-658 

AOCTHMHMOCTit, HB5noAaeMOCTit H MHHHMMitHall peanH3aUHII HeOAHOpoAHWX 5MnHHeHHWX 
H nHHeAHWX AHCKpeTHWX AHHaMH~eCKHX CHCTeM 

C no~lt~ TeOPHH 6HnHHeHHWX /OAHOPOAHWx/ AHCKpeTHWX AHHaMH~eCKHX CHCTeM 
HCcneAY~TCII npo6neMW AOCTHMMMOCTH, Ha6~AaeMOCTH H MHHHManltHoA peanH3aUHH 
HeoAHOPOAHWX 6HnHHeAHWX H nHHeHHWX AHCKpeTHWX AHHaMH~eCKHX CHCTeM C npoHS
BOnltHWM Ha~anltHWM COCTOIIHHeM H npOH3BOnltHWMH MHOrOMepHWMH BXOAHWM H BWXOAHWM 
npoCTpaHCTBaMH. Oony~eHO Heo6XOAHMOe H AOCTaTO~HOe ycno&He Anll Ka*AoA H3 
3THX npo6neM. 

Pa6oTa BWnonHeHa 8 na6opaTOpHH BW~HcnHTenltHOH TeXHHKH H aBTOMaTH3aUHH 
OHRH. 

tooe.eHHe 06~HHeHHOrO HHCTHTyTa IIAePHWX HCCneAOBaHHH. ay6Ha 1982 

Vu Xuan Minh P5-82-658 

Reachabi1ity, Observability and Minimal Realization of Inhomogeneous 
Belinear and Linear Discrete-Time Dynamical Systems 

The problems of reachability, observabllity and minimal realization of 
inhomogeneous belinear and linear discrete-time dynamical systems with any 
Initial state and any multidimensional input and output soaces are Investi
gated with use of the theory belinear /Inhomogeneous/ discrete-time dynami
cal systems. The necessary and sufficient cindition is obtained for every of 
these problems. 

The investigation has been performed at the Laboratory of Computing 
Techniques and Automation, JINR. 
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