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I. Bse,geHiie 

llpe~naraeMaR pa6oTa RBRR8TCR ITpO~OR~8H118M pa60T~/I/, B KOTOpOtl 

6~no ITORJl!8HO He06XO~IiM08 11 ~OCTaTOt{HOe YCJIOBI18 ~OCT!i)KiiMOCTii 61iJII1-

HeflH~ ,!\liCK peT~ ,l\11HaMI1t{8CKI1X CI1CT8M, 11M8!0I!111X BXO,l\H08 ITpOCTpaHCT-

BO ITp0113BOJlbHOM KOH8T.lHOfl pa3M8pHOCTI1, C ITOMO~b!O T80p1111 aJire6paliqe

CKI1X 3KBHBaJI8HTH~ npeo6pa3oBaH11tl 611JII1Hei1Hhrx CliCTeM. H11~e <JTa ~·eo
pHR TaKl!(e IT03BOJ1HT ITORJl!liTh He06XO,l\11M08 11 ,L\OCTaTOT.lH08 YCROBI18 Ha6nro

,L\a8MOCTH 6BAMH8HHHX ~CKpeTHUX ~HaMv.qeCKHX CHCT8M C ITpOH3BOJ1bHUMM 

ROHe~OMepHHMH BXO,L\HHM H BHXO,L\HUM ITpOCTpaHCTBaMH. gTO RacaeTCH 

rrpo6neM~ liX MHHiiMaJibHOfl peaR113aq1111, OHa p8llii1TCH C ITOMO~b!O ITOnyqeHHhiX 
T80p8M ,L\OCTifl!(l1MOCTI1 If Ha6nro~aeMOCTI1. 

Bee 0603Ha~eHHH, HCITOJ1b3Y8Mlie B /I/, COXpaHRIDTCH H B HaCTO~efi 
pa6oTe. 

2. Ha6nro,gaeMOCTb 6!1Jll1H811HhiX 8_11CKpeTHhiX 811HaMHt{8CK11X 

~ 

B GTOM rraparpa¢€ M~ 6y~eM CTpOHTb Ha6nro~aeMyro 6HJIHH8MHY!O ,L\l1C

Kp8THyro ~HHaMHqecKyro CHCTeMy, GKB11BaJI8HTHyro 38AaHH0!1 6HRl1H8flHOfl 

CHCT8Me, H C ee ITOMO~ JCTaHOBHM JCJIOBiiR, rrp11 KOTOpb~ ,l\aHHaR 611JIH
H8flHaR CHCT8Ma Ha6JI~,l\aeMa. 

(2.1) Onpe,geJieH!ie 

IlyCTb S • <.T,K,X,U,Y,~,c<,ft> - H8ROTOpan 611JIHH8tlHaR CI1CT8Ma 

H ~ : X ~ Y - H8KOTOpoe ee Jli1H8flH08 BhiXO,L\H08 OT06p~8H11e. 
CHCT8Ma S Ha3~BaeTCR Ha6JIKJ,L\a8MOtl C 2 TOI'~a 11 TOJ!bRO TOI',L\a, KOI',L\a 

,l\JJR JTI06~ ~BJX COCTORH!itl X , X' E X 113 X {. X 1 CJ18,Izy8T S {. SX 
1 

• 

(2.2) ~Jl8HH~ 
X'( '/ 

i1yCTb D - MaTpHqa JlHH8tlHOPO B~O,L\HOI'O OT06pal!(8Hiifl :' 6!1Jli1Hefl

HOtl CHCT8M~ S • Tor.L\a B8KTOpOM BXO,L\-BhiXO,I\ Kam,[\OPO COCTORH!ifl X t X 

Ha3~Ba8TCR 68CKOH8t{H~ B8KTOp-CTOJI6eq [I X I j , CTpOKii KOTOpOPO liH-

j") 
I 



,!\8KC!1pJ!OTCH 3Jl8M8HTa.Ml1 CB060,!IHOPO MOH0!1,[\a Z* , a 3Hal.!8Hl18 1\eJK,!J,Otl 

C'l'p0Kl1 Q .s Z* paaHO Dh(G)x , T.e. 

Dx 

DAx 

DB 1x 

DBpx 

[1x1] =i DA2x 

DAB 1x 

DABpx 

DB2x 1 

(2.J) ilpe8JIO*eHl1e 

)l.JIH JII06b!X ,[\BJX COCTOHHl1W x,x t E X 6!1Jll1H8i1HOi1 Cl1C'P8Mbl S C 

Jll1H8WHb!M BbDCO,[\Hb!M OT06p~8Hl18M Z OT06pa*8Hl1H BXO,IJ,-Bb!XO,[\ SX 'e l1 

S 1 paBHhl TOP,IJ,a l1 TOJibKO TOP,IJ,a, KOP,IJ,a paBHhl B8KTOphl BXO,IJ,-BhlXO,[\ 
X '(' 

[ixl] = [lx'l J 

JjoKa3aTeJibCTBO 

C nOMO!llbiO l1H,IJ,YKL\l1l1 no t Mhl nOKaJII:8M, !.!TO ,[\JIH JII06oro X E. X , 
v 6: UT H t ~ 1 

>..(x,vj[O,t)) = LVk (t-1)Vk (t-2) •• ,vk (O)Bk Bk ••• Bk x, 
t t-1 1 t t-1 1 (I) 

kj=0,1 , ••• ,p 

j =1, ... ,t 

rge v
0

(m) = 1 ,IJ,JIH acex m=0,1, ••• ,t-1 

.1-(.rrH t = 1 l1M88M 

l1 B0 "' A • 

J. (x, vl [0, 1)) = Ax + "\"' v 1 (O)B1x = L Vk (O)Bk x 
L. 1 1 

i=1, ••• p 

2 

kj=0,,1, ••• ,p 

j=1 

,1 
I 

I' 

J • 

j 
l 

( 

!IpegnoJIOlKHM, !.!TO (I )• ygoaJieTaopHeTCH ,IJ,JIH HeKoToporo t ~ 1 • 

Torga 

)..(x,vf[O,t+1)) = A,>.(x,vf[O,t)) +L v1 (t)B1 .-\ (x,vf[O,t)) 

1=1, ••• , p 

,. L. V
0
(t)Vk (t-1)Vk (t-2) ••• Vk (O)B

0
Bk Bk .,;Bk X+ 

k 0 1 t t-1 1 t t- 1 1 j= , , ... p 

j=1, ... ,t 

+"'"'V.(t)Vk (t-1)Vk (t-2) ... Vk (O)BiBk Bk -Bk X= 
~ ~ t t-1 1 t t-1 1 

kj .. o,1, ... ,p 

j=1, ... ,t 
1=1, ••• 'p 

= ~ Vk (t)Vk (t-1)Vk (t-2) ... Vk(O)Bk Bk Bk '"Bk x. 
~ t+1 t t-1 1 t+1 t t-1 1 

kj=O, 1, ••• ,p 

j=1, ... ,t+1 

0TCIO,IJ,a no HH,IJ,YKL\!1>'1 paBeHCTBO (I) l1M88T M8CTO ,!\JIH JII06oro t ~ 1, l1 

OT06pa1KeHH8 BXO,[\-Bb!XO,!\ BbNMCJIH8TCH no ~OpMyJie 

s (v)(t) .. ~ vk (t-1)vk (t-2) ... vk (O)DBk Bk ... Bk x 
X£ ~ t t-1 1 t t-1 1 

kja0 1 1, .. • ,p (2) 

j=1, ... ,t 

,!\JIH JII060ro x € X, v E UT H t :;:;. 1 • 

Ms 3TOPO Bb~lK8HHH Bl1,!\H0 1 !.!TO ,[\JIH K~,[\OPO MOM8HTa 't E T 
SX~ (v)(t) 3aBl1Cl1T TOJibKO OT T8X llOCJI8,[\0BaTeJibHOCT8M !13 Z* , ,[\Jll1-

Ha I\OTOphlX pasHa t , ilyCTb ,[\JIH ,!\BJX COCTOHHMi1 X l1 x 1 CY!CT8Mbl S 

Cpe,!\!1 TIOCJI8,!\0BaTenbHOCT8i1 ,[\nl1Hhl 't l1M88TCH BC8PO m nOCJI8,[\0BaT8Jlb

HOCTetl G1 ,G2 , ••• ,Qm' TaKHX, '<TO Dh(Q'6)x ~ Dh(Gr)X 1 0'=1, ... ,m) 

01.18Blll.IJ,HO, I.! TO m BC8P.IJ,a KOH8T.IHO, )l.oKalKeM, I.! TO Mbl BCerga MOlK8M 

Bb16paTb V E. UT TliK, I.IT06bl BhlliOJIHRJIOC:O HepaBeHCTBO 

<::; Vr (t-1)VJ' (t-2) •• , Vc (O)DB, Bv ••• Bt x-/. 
~ t t-1 1 "t •t-1 1 
X•1, ... ,m 

,1. 2 V v ( t- 1 ) V lf ( t- 2) • , , V t ( 0) DB a' B ¥ ••• B l' x 1 
, 

v 1 • t t-1 1 t t-1 1 
o • ' •• • ,m 
rJJ,e h(Qr)"'Bt Bv ... Bx • 

t ·0 t-1 1 

(3) 
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,ll.JrH KaJK)J,Oil IIOCJI8,1l;OBaTeJibHOCTH Q'/ 0603Ha'l:HM llHCJIO BXOJK)J,8HH!l 

z
0 

B Hee qepes ( g~ ). Cpe,n;M rrocJie,n;oaaTeJibHOCTe!l G
1

,G
2

, ••• ,om 

Bbl,ll,8J!H8M Q'C , TaKyiO, llTO ( Q't" ) ~ ( 0 't ) ,I\JIH BC8X ~ • 1 , , , • , m, 

T.e.B h(O~ ) BXO,I\HT MaKCHMaJibHOe llliCJIO A • BN6MpaeM ,v € UT 

TaK, 'lT06N 'L (:f;-1) = v_ (t-2)=,, •'" V'l: (0) • 1 t a OCTB.JlbHN8 
-~ "~• i 

v'lfJ (j-1) = o ,I\JIH acex ¥ .. 1,2, ••• ,-z;-1,'"C+1, ... ,m H 

j • t, t-1,,,., 1 , TaKHX, tfTO ~j {. '(; j li ¥j f. 0 • ilOI<a.JKeM, llTO 

,ll;JIH KaJK)J,OI'O (• 1,2, ••• ,'Z:-1,'L+1,"''m CYTI18CTBJ8T ITO KpatiHeti Mepe O,I\HH 

liH,n;8KC j' TaKoi1' llTO yj f. 'L" j li k'j f. 0 • EcJIH ( Q r ) ( ( Q'l: ) ' 
TO CYTI18CTBJ8T HH,I\8KC j , TaKOti, llTO r. {. 0 ,. 't:" ( TaK KaK '(j • 0 

Tor,n;a H TOJibKO Tor,n;a, Kor,n;a o.. = z J). llycTb tor) = (0~).06osHa-
•J 0 . 

llliM qepes '[
0 

= {01,02, ••• ,0r} MHOJK8CTBO BC8X HH,n;8KCOB j , TaKHX, 

llTO 'Cj = o ( r,n;e r = ( G-z; ) ) • EcJIH O't"
01 

= o10l , ••• , 0-r:w=Ot.,l TO H3 
YCJIOBHH MaKCHMaJibHOCTH ( Q't" ) CYTI18CTBJ8T ITO Kpai!.Heti Mepe TaKOti HH-

,I\8KC j , He BXO,I\Hlljlilii B 't 
0 

, llTO 0 f. (j f. 't: j f. 0 • ECJIH 

cpe,n;H '[; 0 CYTI18CTBJ8T ~j {. •Ot; , TO rj f. 0 a 7: j , Yf 
TaK ,I\JIH KaJK,n;oro t = 1, 2, ••• , '1:: -1 , '1:: + 1, ••• , m CYTI18CTBJ8T ITO KpatiHeti 

Mepe HH,n;8KC j, TaKOti, llTO Vy. (j-1) • 0 • 0TCIO,Il;a ,I\JIH BN6paHHOI'O 
V E. UT HM88M J 

"'> vlr. (t-1)v, (t-2) ••• v, (O)DB, Bv . ••• B, x. DB.., B_ •• • B-e x 
L_. "t. •t.-1 01 •t ...... '1 ~t. ~t.-1 l 

~ •1, ... ,m 
li 

~Vv (t-1)v. (t-2) ••• v. (O)DBv B, ••• B. X•DR :&r; ••• B't" x' 
~ 0 t 0~-1 o4 'i> 0t-1 ""' ""'tt t.-( 1 

~=~, ... ,m 

0TCIO,Il;a BbiTeKaeT CIIpaB8,1l;JIHBOCTb HepaBeHCTBa (3) 1i S (T)(t) {. 
X'l 

s , ( v )( t) , TaK KaK rro ycJIOBHIO DTL B,.. .••• B.- x {: DR.. JL ••• "R_ x • 
X 'l -ct .....,.1 "i ~Lt. -4.-1 ~c~ 

li G1,o2 , ••• ,Qm HBJIH!OTCH BC8MH IlOCJI8,1l;OBaTeJibHOCTHMH,TaKHMH, llTO 

Dh(Q '6 )x {. Dh(OK )X' • TaKHM o6pa30M, 8CJIH ,ll;JIH ,ll;BJX COCTOH

HHti x li x' cpe,n;W pocJI8,1l;OBaTeJibHOCT8ti li3 Z* ,I\JIHHN t CYTI18CT

BJ8T XOTb O,ll;Ha IlOCJI8,1l;OBaT8JlbHOCTb Q*, TaKaR, llTO Dh(Q)x {. Dh(Q)x' , 

TO BC€I',Il;a Hati,n;eTCH VE UT TaKO€, llTO S (v)(t) f. S 
1 

(v)(t) , 
X'l X '7. 

CJie,n;oaaTeJibHO, ec.JIH sX'1.. sx''2 , TO 1 [txrJ • [t:t•l] • 06paT-
Hoe YTBe~eHHe BNTeKaeT li3 BNpaJKeHHH (2). 0 

(2.4} ilpe8HOJK8HH8 

ilyCTb S • ( T, K, X, U, Y, ¢, o( , ft' > - H8KOTOpaR 6HJIHHetiHaR 

CHCT€Ma H '( : X- Y - H8KOTopoe ee ,1\0ITYCTHMO€ JIHH€tiHO€ Bl:lXO,Il;HO€ 

OT06paJK8HHe. Tor,n;a BOCbMepKa S*"' ( T,K,X*,U,Y,¢,c(*,J>* > 

4 

'I 
I 

J 
~ 

(r,n;e X* .. { [txl] :,x E. x} , [Jxl] + [lx'r] .. [\x+X'I] 

r [lxt] =[lrxl) , [txt)o<*•(lxo<I)H [rxi]J*(u) = [lxjl(u)l] 

,I\JIH BC€X x, X 1 E X , r E. K H U E U) .ffBJIH8TCH Ha6JIIO,Il;a8MOti 6HJIH-

H8HHOti CHCT8MOti C JlliH8tiHblM Bl:lXO,Il;HblM OT06paJKeHH8M ~*:X*- Y: 

: (I X!),..~) H OT06paJK€Hii€ S 'l :X _,.X*: X .....-.fJx1J HBJI.ff8TC.fl 6HJIMHtJi1HbiM 3K-

BHBaJI€H~HNM rrpeo6pa30BaHH8M CHCT8M~ S Ha CHCTeMy S* , KOTOpoe 

MN Ha30B8M Ha6~ro,n;aeMNM rrpeo6pa30BaHM8M CHCT8MN S C BHXO~OM ? 
,I\OKasaT8JlbCTBO 

QqeBH,Il;HO, llTO onep~HH Ha X* O,ll;H03Ha'lHO orrpe,n;eJieH~. ~etiCTBH

T8~bHO, €CJIH [lXI) c [Jx'l] H [tx11] = (tx;IJ , TO ,I\JIH JII060i1 G E Z* 

Dh(O)(x+X1)=Dh(G)X+Dh(Q)x1=Dh(G)x'+Dh(G)x1 = Dh(O)(x+X1) , 3Ha'!MT, 

[lxl]+[pt11] "'[lx+x11l=[fx'+x113=[1x'l] +[lx11] , Dh(O)(rx)=rDh(O)x= 

arDh(Q)x'=Dh(Q)(rx'), T.e. r[lx!l=[lrxl]=(!rx'J] = r[lx't] ,Dh(Q)Ax;= 

.. Dh(GZ
0

)x..Dh(QZ
0
)x' .. Dh(Q)Ax', [Jxl)c<*= (IXo(l] = (lx'cU] = (lx'l]ol.*, 

H aH8.JIOI'HllHDIM o6pasoM [lxf]j:.*(u) = [/x'l) J.>*(u) ,I\JIH acex uEU. 

Cei1qac MN rrpOBepMM, llTO X* C COOTB8TCTByiO~MMH orrepaQH.fiMH Ha H8M 

.f!BJI.fi8TC.fl rrpOCTpaHCTBOM COCTO.f!HHH 6MJIMHei1HOJii CMCTeM~: 

( (lxt] + [tx't] )+ [fx' 'I] .. [fx+X'+X' •tJ =flxt] + ( [lx'l] + [lx' 'I) ) ,[fxtl+[lx'tl= 

" (I X+X 'I) = (tx '+X I)= [IX' I) +((xi] , (lxt] + [fol) = (lxl]= (I Ol] + (lXI) , 

[(XI]+ (I-XI] • [loll , r( [I x1J +[I x •t) )=r [IX+ X' I] = fl r(X+x' )I] =JI rxl]+[frx'/] = 

r(lxt)+r[/x'll ,(r+r')[txt]=[l<r+r')xl]=[lrx+r'xt]=r(txl] +r' (txt] , 

(rr') [I x t] .. [I rr 'xl] •rJI r 'x ll•r(r •[ i x 1]), 1 [ lx t] = [fxt] ,(tl xl] + [lx' l])o{*= 

.. [I X+X'I )o<. *= [I (X+ X' )~I] = [lx<il] +(I x 'oC.I] = [ lxl]ot *+ [lx •I] o( *, r([l xt] ol.*)= 

•r [I xo£.1] • [lrxo<.l]"' ((rxl)o(.*a(r[l xI] )c(* 

aH8.JIOI'HllHO f'*(u) E: EndX* ~JIH BC8X u E: U , KpOMe 

TOI'O,(Ix I) f>*( u+u' )• [I x p (u+u') I] =[I x J'l (u) +X f:> ( u') I]= [tx jHu)l] + 

-+Uxt<u:)l]. (lxl) ~*(u)+ [fxl] '*(u') • T.e. j'>*(u+u')= J'l*(u)+ r<u•) • 

HaiwHeQ, (I xl] _fJ*(ru)• [I x j-> (ru) 1J ..,(lrx f> (u)l] =r [txl) fl$*(u) • 

Cellqac rrpoaepHM, llTO ~· .fiBJI.fleTCH JIHHetiHNM BhlXO,I\HbJM oTo6paJKeHHeM 

CHCT8Mbl S*. ECJIH [lxl) • [lx'(), TO Dx = Dx' , T.e. ~(X)• '((x'), 

~*([lxl]+[fx'l] )• ~·([IX+x't])= ~(x+x')= 2(x)+ '2_(X')= tz.*C[IXI)) + 

+'I_*( [lx'l] ), ~*(r[lxl] )• ?_*( [lrx!) )• 2(rx)•r ~ (x)ar rz_*([txlJ) • 

5 



IIpoBepHM .IJ:aJiee, RBJI.ff6TCJI .mr s'l. OH.lll1Hei1:Hh!M npeoopaaoBaHHeM: 

s 2 (x+X') .. [Ix+x'l] =[lxl]+[lx'l] = s 2 (x)+s'Z (x'), s
2 

(rx) .. [frxtJ .. 

=r[lxl]=rS 2 (x),Sz (xed= (txo<l] =[lxl]d.. • .. s
2 

(x)cx*, 

s2 (x p (u) )= [Jx p(u)f] "'[!xi) .f->*(u)=Sp (x) J3*(u) • 

Ceit<rac noR.a.JKeM, 'ITO -sx ~ = S(lxiJ 7..,. • ,ll;el1cTBI1TeJihHO, ,L\JIR JII0-

6oro v E UT 11 t E T no 12.9) B /I/ 11M66M S\
1
.-rJ•z''" (v)(t):: 

= ~*( .)..*( [lxf] ,v/lO,t)))= tz*( A*(S? (x),v/lO,t)))= 'l_*(S'l()..(x,vj[O,t)))).: 

.. 'l*[IA(x,vf (.O,t))i}='2_ ()..(x,vi[O,t)))=Sx'2 (v)(t) • 

B qacTHOCTI1, eCJII1 (x, ~ ) - peaJII13JIO!lla.A: CI1CT6Mbl s , TO S*u.-,1 'l"' ( v) = 
= Sxrz (v) = !ll(v) ,L\JIR acex v E V , T.e. ([lXI], 2*) 
HBJIHeTcH peani13JIO~el1 napol1 CI1CT6Mbl S* • CJie,[\oaaTeJihHo, s

2 
HBJIH

eTCH 611JII1H6HHb~ 3KBMBaJI6HTHbiM npeo6pa30BaHI16M CI1CT6Mbl S Ha CI1CTe

My S*, TaK KaK ,[\JI.A: JII06oro (lxi]E X* S7 (x) •[/Xf), 

Ecn11 [I xf) f. [J x'JJ , To no (2.3) S ,1. s , , cne,[\OBaTeJihHO, 
S* = S f. S ,. S* X? X tz 

CrxrJ.'.I," x rz x'rz crxrJ "'* · 
'l'aKMM o6pasoM,CI1CTeMa S* Ha6JIIO,[\aeMa c Bb!XO,L\OM z*. . 

0 

(2.5) TeopeMa 

IIycTh s - 611JII1Hel1HaH c11cTeMa 11 ~ - HeKoTopoe ee ,[\OnycTMMoe 

JIMHel1Hoe BhiXO,L\HOe oTo6pa*eHI1e. Tor,[\a cJie,[\JIO~I1e ycnOBI1H aKBHBaJieHTHhl: 

(I) Cl1cTeMa s Ha6niO,u,aeMa c Bh!XO,L\OM :? • 
(2) Ha6JIIO,[\aeMoe npeo6pasoaaHI1e s~ RBJIReTcH 1130MOp¢HbiM. 

(3) rank Lsrzl .. dim X , r,[\e [s 7 J - MaTpm~a-cToJI6e~, 
CTpORM ROTOpOH Rg.IJ:eRCHpyroTCJI a~eMeHTaMH CBOOO.I(HOro MOHO~a 

Z* , a 3HaqeHI16 Ka*,IJ,OH CTpOKI1 G € Z* paBHO Dh(G), T.e. 

D 
DA 
DB1 

DB p 

[s?J, DA2 

DAB 1 

DAB p 

DB2 
• 1 

KOTOpaH HBJI.A:eTc.A: MaTpl1~el1 Ha6JIIO,[\aeMoro npeo6pasoBaHI1H s:? • 

6 

,, I 

< 

\ 
'11' 

~ 

,UoKa3aT6JlbCTBO 

(I) .,_,_(2). IIycTto CI1CTeMa s Ha6JIIO,IJ.aeMa c Bh!XO,IJ.OM \? 11 x f. x' • 

Ilpe,n.noJIOJKI1M, t!TO (txf] .. (fx'l] • Tor,[\a no (2.3) sxrz = SX''l' 1-!TO 

npOTMBopet!HT TOMY, t!TO S I< s , , TaR Kalt s Ha6niO,u,aeMa. Cne-
Xft X'!. 

,n.oaaTeJihHO,[IXI] 'f(fx'l~ TaKMM o6pasoM, no (2.4) s 2 HBJI.A:eTCH 1130-

Mop¢Hb~. Hao6opoT, ecJIM s~ - 1130MOp¢Hoe npeo6pasoaaHMe, TO 113 

x {: x' cJie,[\yeT (ixl] lltx't]. Tor.n,a no (2.3)MMeeM sxz {: sx,. 

C-!le,u,oaaTeJihHO, CI1CTeMa s Ha6JIIO,JJ.aeMa. 7 
(2) ~ (3). AnR 3TOPO ,Il,OCTaTOt!HO nOKa3aTb, t!TO (Sq) HBJ!H6TCH 

MaTp11~el1 npeo6pa3oBaH>m s 2 • ,JJ,el1cTBI1TenhHO, s~: x___..x•: o 
X ,_[\XI) = (S'l.) X , 

(2.6) CJI6)l,CTBI18 

JlyCTh [S'/. ]m - MaTpM~a, flOJiyqeHHaH 113 MaTp11~bl Ha6JIIO,IJ,aeMOPO 

npeo6pa3oaaHI1H cs
1

J oT6pacbJBaHI16M acex sneMeH1'0B, .n;.mrHa PIH.n;eRca cTpo

Im KaJK,!l,OPO 113 KOTOpb!X 60Jiblll6 m • Tor,JJ.a, 6CJII1 ,IJ,JI.A: H6KOTOpOPO t!l1CJia 

m rank [s 'l ] m =rank ( s 'l] m + 1 , TO Cl1CTeMa s Ha6niO,n,aeMa c '7. TOr ,n,a 

11 TOJihKO TOr,JJ.a, Kor,n,a rank(s 1),.,=dimX,T.e. rank(S~] =rank Cs 2 Jm 

Bonee Toro, cpe,n,11 tiHCeJI o, 1, ••• , n-1 c~eCTByeT TaKoe t!YICJIO m. 

,I\oKa3a T8JlbC'I' BO 

0603Hat!l1M CTpOKI1 MaTp11~bl D 

H6!WTOpOI'O t!I1CJia m rank [ S 'l.] m 
t!TO ,D,JIH JII060H G E Z* , TaKOH, 

qepe3 d
1 

,d
2

, ••• ,d • llycTb ,JJ.JIH 

= rank (s
2 

J m+
1 

• q i1To 03Ha'-!aeT, 

t!TO I G I = m+ 1 , HMeeT MeCTO 

pa3JIO*eHHe 

'i 
dflh(G) .. DLd'ih(Gi) 

~=1, ... ,q 

0 ~ IG11 § m 

,u,;m I<a*,IJ,O ro }J .. 1 , 2, ... , q 

r,n,e .A~ E. K 
" 

flyCTb ~ t Z* - np0113BOJ!bHaH flOCJI8,ll,OBaTeJibHOCTb 

Mo~Ho ee npe,n,cTaBYITb B BYIAe ~ = QZ. , rAe IGI = m+1 
'1' J B

0 
.. A. or,ll,a ,IJ,JIH J{a*,ll,oro d.fl <;=1,2, ••• ,q) HMeeM 

df' h(~) "d,.U h(G)Bj = 2::.>-\ d~h(G1 )Bj 
'(=1, ... ,q 

0 & IGi! ~ m 

,IJ,JII1Hbl m+2 • 

• 06o3Hatii1M 

= ~ fi. d'(h(Gi)Bj + L>-f d~h(Gi)Bj 
.r .. 1, •••• q ~= 1, ... ,q 

0 r; IG11 ~ m-1 \G.\ = in 
J. 

~ 
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=2::/.ldrh((:}iZj) + 2:>-:d~h((:}iZj)::: 
)(=1, ••• ,q K=1, ••• ,q 

0 i;\Gil f: m-1 jGij =m 

2=. IS L-,; -5 
.. .\ d~h((,}iZj) + >-t drh(Gi) • r,IJ,e \:. E K. 

~=1, •••• q ~ =1, •••• q 

0 ~!Gil.~ m-1 02-IGil~m 

0Tcro,Il,a noJiyq11M rank ( s2 ] m = rank [ S'Z 1 m+2 • CJie,Il,OBaTeJibHO, 

no 11H,IJ,yKL\1111 rank [ S '2 ] m ;= rank [ S z] m, ,IJ,Jr.fl acex m 1 ? m 
T.e. rank [s~]m =rank [S'(]. 

liyCTb m - MI1HI1MaJ!bH08 t!I1CJIO,TB.K08 1 '!TO rank [S 2Jm = rank(S~)m+l" 
llpe,Il,nOJI0*11M, '!TO m s n • Tor,Il,a no nepBo~ tJ:aCTI1 ,IJ,OKa3aTeJibCTBa cy

II18C'l'BY8T no Kpal1HeH Mepe m + 1 JII1H8~HO H83aBI1C11Mb!X CTpOK 

dto•di.1h((:}1), ••• ,dti'T1h(Gm). r,IJ,e IG1~ =1, ••• ,,(,}ml=m 11 dijE{d,.Mo,dq1 
,IJ,Jl.fl Ka*,Il,OI'O j:0,1, ••• ,m. 8TO rrpOTI1BOp8t!I1T TOMy, '!TO MB.KCl1MaJ!bH08 

'!11CJIO JII1Hel1HO H83aBI1C11Mb!X CTpOK MaTpi1L\~ [S2J He MO*eT 6~Tb 60Jiblli8 

tJ:I1CJia ee CTOJI6l_\OB, KoTopoe paBHO n • CJie,IJ,OBaTeJibHO, m ~ n-1 

HaKoHel\, 113 (2.5) BhlTeKaeT crrpaBeAJII1BOCTb cJie,IJ,CTBI1R. o 

3. MI1H11Ma.JibHaR pea.rr113ag11R 611JII1HeHHhlX A11CKpeTHb~ 
A11HaMI1tJ:eCKI1X,CI1CT8M 

B 3TOM naparpawe Ha OCHOB8 TeopeMhl ,Il,OCTI1*11MOCTI1, 113JIO*eHHO~ B/I( 

11 T80p8M~ Ha6JIIO,IJ,aeMOCTI1, 113Jl0*8HHOH B npe,IJ,b~eM naparpaW8, Mhl yc

TaHOBHM YCJIOBI1H, rrp11 KOTOpb!X ,IJ,aHHaR 611JII1H8HHaR CI1CTeMa MI1Hl1MaJ!bHa. 

(J.I). OnpeAeneHI1e 

BI1JII1H8MHa.f1 CI1CT8Ma S Ha3~BaeTC.f1 MI1H11MaJ!bHOM TOI',IJ,a 11 TOJibKO 

TOI',IJ,a, KOI',Il,a OHa rrpOCTa (T.e. OHa He CO,IJ,ep*I1T HI1KB.KO~ C06CTBeHHOM 

611JII1HeMHOM nO,IJ,CI1CT8M~) 11 Tyni1KOBa ( T. e. J!!Otloe 3KB11BaJ!8HTHOe npeo6-

pa30BaHI18 ee B ,IJ,pyrYJO 611JII1H8HHYJO CI1CT8MY HBJI.f18TCH B3ai1MHO 0~03Ha~
Hh1M) • 

8 

1 

I 

1 
I 

(3.2) TeopeMa 

,iJ,nR Jiro6ol1 611JII1HeiilHol1 CI1CTeM~ s = -<: T, K, X, u, Y, !i!!, o( , j3 > cJie-
,IJ,y!OU1118 YCJIOBI1R 3KBI1Ba.JI8HTH~: 

(I) C11cTeMa s MI1H11MaJibHa 

(2) ~H JII060H p8aJII13YJOI11eH nap~ {x •2) CI1CTeMa S ,Il,OCTI1*11Ma 113 
X 11 Ha6JIIO,IJ,a8Ma C Bb!XO,IJ,OM ~ • 

(3) ~R Jiro6ol1 peani13YIDII1el1 rraphl (x,~) rankM(x,?) =dim X, 
r,IJ,e de (x, 'Z ) .. [ S-z] [If xl - npOH3Be,IJ,eHI1e MaTp11L\hl Ha6nro,IJ,aeMoro 

rrpeo6pasOBaHI1H S~ 11 Ma.Tpl1Il;bl ,IJ,OCTI1*11MOI'O npeo6pa30BaHI1H If/ x• 

,I\oKa3aT8JlbCTBO 

(I) ~(2) ~(3). ilyCTb S MI1Hl1MaJ!bHa 11 (x,?) - rrpOI13BOJibHaR 
ee p8aJII13YJOII1aH napa. ilpe,IJ,nOJIO*I1M 1 '!TO S He,IJ,OCT~ 113 X 

Tor,IJ,a no (3.8) 11 (3.9) B /I/ o6pa3 ,IJ,OCTI1*11Moro npeo6pa3oaaa11R '( x 
HBJI.f18TCH C06CTBeHHOH 611JI11HeiilHOH ITO,IJ,CI1CTeMO~ CI1CTeM~ S . 3TO npOTI1BO

p8t!I1T ToMy, '!TO s npocTa. TaKHM o6pa3oM, s ,IJ,OCTI1*11Ma 113 x 

ilpe,IJ,nOJIO*I1M ,IJ,aJiee, '!TO, s He Ha6JIIO,IJ,aeMa c Bb!XO,IJ,OM e . Tor,IJ,a 

no (2.4) 11 "(2.5) Ha6nro,IJ,aeMoe npeo6pa3oBaHI1e s
1 

HBJIHeTCR SKBI1BaJieHT

HhlM npeo6pa30BaH118M CI1CTeM~ ,S , HO He HBJIH8TCH 1130MOPWHhlM. 3TO 

npOTI1BOpetii1T TOMy, '!TO s Tyni1ROBa. CJie,IJ,oBaTeJibHo, s Ha6JIIO,IJ,aeMa 

C Bb!XO,IJ,OM ~ • ECJII1 CI1CT8Ma S ,IJ,OCTI1*11Ma 113 X 11 Ha6JIIO,IJ,aeMa C 7 , 
TO no (3.9) B /I/ 'Vx HBJIReTCH npeo6pasoBaH11eM Ha, a no (2.5) s~ 
HBJIHeTCH 1130MOpWHhlM. Cne,IJ,oBaTeJibHo, np0113Be,IJ,eHI1e s~ ~x HBJIHeTCH npe

o 6pa3o BaH11eM Ha. 0Tcro,IJ,a rank 'dt ( x, ~ ) .. rank [s ~ ] lll' x] =dim X* .. dim x. 
(3)-(2)-(I). IIycTb rankJUx, '()=rank (s'(] [lf-'x] .. dim X. 

To/¥a rank[lf'x] =dim X= rank [s~]. Cne,IJ,oBaTeJibHo,rro (3.9) 
B I s ,IJ,OCTI1*11Ma 113 x , a no (2.5) oHa Ha6Jiro,IJ,aeMa c ~ • ilycTb 

11MeeT MeCTO (2). ilpe,IJ,nOJIO*I1M, '!TO S He npOCTa 11 C06CTB8HH08 no,IJ,-

npocTpaHCTBO x • c: X o6pa3yeT co6cTBeHHyro 611JII1Hel1Hyro ITO,IJ,CI1CTeMy s 1 

Cl1CTeMhl s. Tor,IJ,a no (2.6) B /I/ AJIH npOI13BOJibHOl1,peani13YJOII1e~ nap~ 
(x, ~I) nO,IJ,CI1CTeMhl S 1 (x,? ){r,IJ,e e- JII060e Jli1H8MHOe pacrn~peHI1e 
~~ ,Il,O X ) HBJIHeTC.fl peaJII13~II1el1 napol1 CI1CTeMhl S • Ho ITO (2.5) 

B /I/ Rx £ X' C. X • CJie,IJ,O Ba TeJibHO , ( Rx) s; X' C X 11 CI1CTeMa, 

S He ,Il,OCTI1*HMa 113 X , qTO npOTI1BOp8t!I1T ycJIOBH~ (2). ilpe,IJ,nOJIOM11M 

,IJ,anee, qTo s He Tyni1ROBa. Tor,IJ,a CJII18CTByeT 611JII1Hel1Hoe 3KBI1BaJI8HT

Hoe npeo6pa30BaHfe r CI1CT8M~ S Ha HeKOTOpYJO 611JI11H8l1Hyro CI1CTeMy S•. 

Tor,IJ,a no (2.4) B I/ CJII18CTBJ!OT ,IJ,orryCTI1M~e JII1Hel1H~e Bb!XO,IJ,Hhle oTo6pa-

MeHI11t 'l 11 ~ 1 CI1CT8M~ S 11 CI1CT8M~ S 1 COOTBeTCTB8HHO, TB.KHe, l.iTO 

~a ~If • C ,Il,pyrol1 CTOp0Hhl,CJII18CTBYJOT x 1,x2 EX TaKHe, l.iTO 

x 1 ~ x2 11 f(x1) 7 f(x2) , TaK KaK f B3aHMHO Heo~03Ha~o. 

Tor,IJ,a no (2.10) l 1 
l1MeeM Sx 1 ~ .. s;<x•>'2' =Sj-!xz>?'• Sx

2
?. OT'cro,IJ,a 
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CHCTeMa S He Ha6nm~aeMa C Bb~O~OM ~ , ~TO npOTHBOpeqMT ycnOBHID 
(2). TaKHM o6pa3oM,S TynHKOBa. Cne~osaTenbHO,cHcTeMa s MMHMManbHa. 

0 

Mpi Ha3oBeM npoM3Be~eHMe X (x, ~ )= ( s?] [. 'i' x1 MaTpMu;etl faHKenfl 
peanH3YID~en napM (x, ~ )CMCT8Mhl S • QqeBM~HO, qTO CTpOKM M CTOn6u;hl 
M~TpMJJ;bl d( (x, ~ ) M~eKCMpyiDTCfl sneMeHTaMI'I 1'13 Z* • a 3Ha~eHMe 
KalK,ll,oro sneMeHTa (Q

1 
,Q

2 ) pamw Dh(Q 1g 2 )x • 

(3.3) ~gno~eHMe 

IlycTb ';)f. ( x, ? ) >n, m 
2 

- MaTpiiu;a, rron~eHHaH 1'13 MaTpHJJ;bi X (x, ~ ) 
OT6paCbiBaHH8M BC8X sneMeHTOB, ~nH !(M~OI'O H3 KOTOpb~ m160 ~nHHa MH
~eKCa cTpOKH 6onbrue 1n

1 
, nH6o ~nHHa cTon6u;a 6onbrue m2 • Tor~a 

c~eCTByiDT qMcna m
1 

1'1 m
2

,TaKMe, qTo m1 s n-1, m2 ~ n-1 
rank X(x, 1 )m

1 
,m

2 
= rank de (x, 2 ) • 

,l.\oKa3aTenbCTBO 

1'1 

Ilo (2.6) c~eCTByeT qMCJIO m
1 
~ n-1, TaKoe, q"l'O rank Csoz]m

1
= 

rank [ S~z]. 0TCIO~a rankdf(x,7)=rank(S'l]['Vx1=rank[S'?] 1111t'fxJ• 
TaK KaK JII06aH CTpOKa Z Ma Tp11JJ;bl (S ~] flBJifl8TCfl KOM61'1Hau;Heiii Z= }.1-t:1 + 
+ ••• + ,\ z , r~e >.L·E K n r- qHcno CTpOK MaTpMu;bl LS'l]m , T.e. r r 1 
Z l'fx]=<>-1 2 1+···+ >-rzr)(fx1= >..,z,[l..f'x]+ .. .+ )..rzr('t',J 
Ilo (3.I0) B /I/ c~eCTByeT q11CJIO m

2 
:2 n-1 , TaKoe, qTo rank('t'x]= 

= rank ['t'xJ mz , T.e. nro6oiii CTOJI6eu; i MaTpML\bi ['I' xJ HBnH-
eTCH KOM6MHau;MeH X= jl 1x

1
+ •• .+ fisXB , r~e /Ai E K M S ,- qi!C-

JIO CTOn6JJ;OB MaTpML\bl [l.f'xJ mz • 0TCIO~a [s~)rn1X = [S'?Jm/ft1X1+•••+ 

+ flsxs) = P 1[soz:lm
1
x1+. • .+ jls [s'l]l111 xs • 

TaKI1M o6pa3oM, rank (s1Jm,l'+'xJ = rank(Sz]m,L'fxJmz= 
= rankdf.(x,i? )m ~ = rankde(x, '(). 

( 1>'"1 0 \ 

( 3. 4) f!pe):vro~eHI1e, 

flyCTb x
1

, • , , , x
8

- HaliM8Hblli88 qi'ICJIO He3aB11CI1MbiX CTOn6u;oB MaTplll\bl 
[ '-f'x] H z

1
, •,,, Zr - Hai1M8Hblli88 q11cn0 He3aBI1CI1MbiX CTpOK MaTpll-

JJ;bl [s~]. Tor~a rank"J{(x, 7) =rank U:J [x1, ... ,x8 J . 

.AoKa3aTeJibCTBO 

AHan[o:;~]HO ~oKa3aTenbc;s:1 )(3.3) 11MeeM rankJ((x, 7) = 

rank ~r [\f'x] =rank l ~r [x1 , ... ,x8 ] • 0 

10 

It' 

' "· ! 

J 
~. 
'\ 
'< 

Bblllie Mbl noKa3aJII1, ~TO KalK,lJ,OMY OT06pM8HI110 BXO~-Bb!XO~ 61'Ini1Heiii
HOn CI1CT8Mbl s coo;seTcTsyeT e~I1HCTBeHHblti seKTop BXO)J.-Bb!XO~ [lx I] 
(2.3), '!'.8. )J,JIH 38,II,aHHOH CI1CT8Mbl S 11 ee n11H8HHOI'O Bb!XO,ll;HOI'O OT06pa
~8HI1fl 'Z SX ~ O~H03Ha~HO xapaKT8p113Y8TCH 6ecKOH8qHoti nocne~OBaTenb
HOCTbiD [Dh(Q)x} g t Z* • ~0 CMX nop B ni1TepaType no T80p1111 peanl13a
L\1111 611n11!i8HHbiX CMCT8M/Z-S ~nH ynpmqeHI1H 3a,n,aq11 MI1HMManbHOH pea.JlllSa
Ulill TpeOOBallOCb HaxO~I1Tb MI1HI'IMaJibHJID 611ni1H8MHJID CI1CT8My, peanl13yiD
~yiO 6eCKOHeqHyiO nocJie~oBaT8JibHOCTb [Dh(Q)x} QE: Z* )J,JIH H8KOTOpOtl 
pean113yro~eti napbl (x, ? ) sa)J.aHHotl 611n11HeiiiHoiii CI1CT8Mbi s . B qacT
HOCTI1, ecnM Bb~O,ll;H08 rrpOCTpaHCTBO Y CI1CT8Mbl CKanHpHO, TO 
{ Dh(Q)x} g E Z* npe~CTaBJIH8T co6oti 6eCKOH8~HyiD rrocne~OBaT8JlbHOCTb 

q11cen 113 nonH K. BHaCTOH~ee speMR npo6neMa Ml1HHManbHOti pean113au;1111 
perueHa TOnhKO )J,nfl ITOCJI8~H8I'O cn~aR. HM~e Mbl ccpopMynl1pyeM 3Ty 3~a
qy ~nR o6~ero CJI~aH C MHOPOM8pHb!M B~O~Hb!M rrpocTpaHCTBOM 11 ycTaHO
B11M YCJIOBI1R MMHHManbHOH peanM3al\1111. 

(3.b) OnpeAeneHI1e 

IlyCTb (x, z ) - cpi1KCI1pOBaHHaH peaJIH3yro~aH napa 611nHH8MHOti CI'IC
T8Mbl s . Tor~a 6ecKoHeqHaH nocne~oBaTenhHOCTh {Dh(Q)x} g <= Z* Ha-
3b!BaeTCH CTpyKTypoti OT06pa~8HIIH BXO~-Bb!XO~ S CI1CT8Mhl S , a 
ero peanM3yro~eiii napoti Ha3b!BaeTCH pean113JIDillaH ~~pa ( x 1, 'l 1 ) nro6oti 611-
JIMHetiHoti CMCT8Mbl S 1

7 TaKaH, qTO Dh(Q)x c D'h'(Q)xl ~fl BC8X 
Q E- Z* • Ilp11 GTOM 611n11HetiHaH ·CI1CTeMa s 1 Ha3b!BaeTcH 6MnMHetiHoti 
Sxe - CI1CT8MOtl, 8CJIM ~nfl H88 C~8CTBy8T pean11syro~~ napa OT06pa-

~8HI1H sxo~-Bb!XO)J. s . B qacTHOCTI1, ecnH s• - 6HJIMHetiHaH no,IJ,-
CI1CTeMa CI1CT8Mbl S ~ 1 TO OHa Ha3b!BaeTCH 611JII1H8MHOH S - ITO)J,CHCT8MOH 

x'l CI1CT8Mbl S • 

(3.6) Onpe8eJieHI1e 

IlycTb s • 11 S" - )J,Be 611JII1Het1Hble s - CI1CT8Mbl. Tor~a 6Hni1Heti-
Hoe npeo6paSOBaHI18 CI1CT8Mbl S' B CI1CT8M~'( S" Ha3hlBaeTCH 611n11HetiHbiM 
s - :m:mmaneHTHHM rrpeo6pa3oBaHHeM, ecn11 ero odpas .fiBJI.F.I:eTM dn:-x ~ . 

.mrnefurOH S -IIO,Il;CHCT8MOH CI1CT8Mbl S" • XiZ . 

(3.7) OnpegeneHI1e 

BI1JII1H8HHaHS -CI1CT8Ma Ha3hlBa8TCfl MI1H11MaJihHOH TOr~a 11 TOnbKO 
X~ 

TOP~a, KOI')J,a OHa npOCTa (T.e. OHa He CO~ep~11T C06CTB8HHOtl 611JII1H8HHOH 
SX~ -CI1CT8Mb1) 11 Tyni1KOBa (T.e. niD60e ee 611nMH8HHOe SX -3KB11Da-
~eHTHOe rrpeo6pa30BaHII8 B3aHMHO O)J,H03Ha~o). ~ 

II 



(3.tJ) TeopeMa 

IlyCTb s - 6HJII1He~Ha.f! sxfCI1CTeMa. Tor,IJ,a 3KBI1BaJieHTHhi cJie,IJ,YIOII\11e 

JCJIOBI'III! 
(I) S flBJIIIeTCH Ml1Hl1MaJibHOH 6HJII1Hei1HOH SX -CI'ICTeMOH. 

(2) CHcTeMa s ,IJ,OCTH~HMa 113 x 11 Ha6JIIO,IJ,aeSa c Bh~O,ll,OM ~ • 

(3) rankd((x, ~) =dim X. 

J.\OKasaTeJibCTBO 

(1)~(2), IlycTb S - Ml1Hl1MaJibHaii 611JI!1Hei1HaH S -Cl1CTeMa, 
X~ 

~OKasaTeJibCTBO ,IJ,OCTI'I*l1MOCTI1 COCTO.f!HH.f! X aHaJIOrl14HO ,IJ,OKa3aT8JibCTBJ 

(I)___.. (2) T80p8Mhl (J.2), iloK~eM, 4TO 8CJII1 f -611JII1H8~HOe 3KBI1Ba

JI8HT!;oe npe06P,a30BaH!1e CHCTeMbi S B Cl1CT8MJ S 1 11 • ~ = ~ 1 f ( r,IJ,e ? 
11 '( 1 - I'IX ,IJ,OnJCTI1Mhi8 JII1H8HHh18 Bh~O,ll,Hble OT06pa~eHI1.f! COOTBeTCTBeHHO), 

TO ,IJ,JI.f! JII06oro xE-X Dh(G)x = D'h'(G)f(x) ,IJ,JI.f! BCeX G E Z*, 

~ei1CTBI1TeJibHO, D'h'(G)f(x)=D'f(h(G)x)=Dh(G)x , TaK KaK f corJia

COBaHO c A,B1, ••• ,Bp. Tor,IJ,a no (2.4) s 7 .f!BJI.f!eTCII 611JII1Hei1Hb!M Sx -

r3KBI1BaJieHTHb~ npeoopa30BaHHeM Cl1CT8Mbl S Ha CI'ICTeMy S* , TaK Ka~ 
Z a ~*S( • 0TCIO,IJ,a no (2.5) CI'ICTeMa S Ha6JIIO,IJ,aeMa. 

(2)- (3). AHanor>l4HO ,IJ,OKasaTeJibCTBY (2)- (3) TeopeMbl (3;2). 

(3) _...(I). llycTb rank df(x, 7 )adim X. Ilpe,IJ,Bap!1TeJibHO saMeTHM, 

4TO ,IJ,JI.f! npOH3BOJib~OH peaJI>l3J!Oll\eH napb! (x',7 1
) OT06p~eHI1.f! BXO,ll,-

Bb!XO,ll, SX HMeeM "J(_ (x 1 , '?. 1 ) = df (x, '2 ) , TaK KaK no OITp8,IJ,eJieHI1!0 
Dh(G)x .?Dh(G)x' ,IJ,JI.f! BCeX G t Z* • I1pe,IJ,nOJIO~l1M, 4TO S 

He IIBJI.f!eTC.f! MHHHMaJibHOH 6HJIHHeHHOH S -CHCTeMOH 1 T.e. JIH60 OHa 

He fpOCTa, JI>l60 OHa He TJITI1KOBa. ECJIHxgHa He npocTa, TO no (3.9) 
/I rank [ \jJ x, J <. dim X ,IJ,JIR peaJI>l3J!OIIIei1 napb! (x' , tz' ) co6-

CTBeHHOi1 6HJIHHe~HO~ S - ITO,ll,CHCTeMbl CHCTeMbl S • 0TCIO,IJ,a 

rank'X(x',>z') • rank('f;,l [s?']<..dim X,. rank~(x,1_). aTO rrpo
THBOpe4HT TOMy, 4TO X(x',rz 1 ) = J{(x,'( ). CJie,IJ,OBa•reJibHO, CHCT8MB. S 

.f!BJIIIeTC.f! ITpOCTOH 6HJIHHei1HOH S -CHCTeMO~. ~ee, eCJII'I CHCTeMa S 

H9 .f!BJI.f!eTC.f! TyiTI'IKOBO~ SX -CH~~8MOH, TO CJIII8CTByeT 6HJIHHeHHOe SX 'l -
-3KBHBaJieHTHOe rrpeo6pasoBAH>le CI'ICTeMb! S Ha ,IJ,pyryiO 6>!JII'IHe~HJ!O Sxi 

CHCT8My- S' , KOTOpoe He IIBJI.f!eTCII H30MOp¢Hb!M. llyCTb (X 1 , 7' ) -peaJIH-

3J!Oll\a.f! napa OT06p~eHHII BXO,ll,-Bb!XO,IJ, S -CHCTeMbl CHCTeMbl S' • Tor

,n.a rank ;}((x', ~ 1 ) (!:dim X'<.. dim X::: r~'tx(x, ~ ),3TO rrpOTHBOpe4HT TO

My, liTO ~(x','(') • ~(X,~). 0TCIO,IJ,a CHCTeMa S IIBJI.f!eT(R TyiTHKO
BO~ s -cHCTeMo~. TaKHM o6pasoM,oHa RBJIReTCR MHHHMaJibHO~ 6HJIHHe~

Hotl S:~ -CHCT8MO~. 0 

. ( 3. 9) CJie,n.CTBHe 

fl!06ble·,IJ,Be MI'IHHMaJibHbl8 6HJIHHeHHble S -CHCT9Mbl HM9!0T O,ll,HHaKOBJ!O ~ 
X~ 

pa3M9pHOCTb, 
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.! 

H 
~ 
I 
l 

1 
i 

I 

J\OKa3aT9JibCTBO 

• ITo (3.8) pasMepHOCTb M>~HHMaJihHOi1 6>~JI>~Hei1Hoi1 s -CHCTeMbl pasHa 

paHry MaTpHL\hl J( (x, ~ ) • Ho rro orrpe,n.eneHHIO ,IJ,J!R JII06o~ 7 peaJI>l3J!O!J19i1 rra

ph! (x', 2')' OT06pa~eHHR BXO,ll,-Bh~O,ll, SX 'Je (x, 'Z )• de(x', '2'}.0TCIO,IJ,a 
Bb!T9KaeT CJie,IJ,CTBI'Ie, ~ 0 

B 3aKJI!04eHI'Ie CJie,IJ,yeT OTMeTHTb, 4TO 06h!4HO ITO,IJ, MHHI'IMaJibHOH 611~ 
JII'IHeHHOH CHCTeMOH ITO,IJ,pa3JMeBa!OT ,IJ,OCTH~I'IMJ!O 1'1 Ha6JIIO,IJ,aeMy!O CHCTeMy, 

0,IJ,HaKO B ,ll,aHHOH pa6oTe ITOHRTI'Ie MI'IHHMaJibHOH CI'ICTeMb! ~OpMJJII'IpOBaJIOCb 
ITOJIHOCTb!O Ha anre6pa!14eCKOM fl3b!Ke, T.e. CI'ICTeMa MI'IHI'IMaJibHa TOr,IJ,a 1'1 

TOJibKO TOr,IJ,a, KOr,IJ,a OHa rrpOCTa·H TJITI'IKOBa. 3aTeM 6h!Jla ,ll,OKasaHa 3K

BI'IBaJieH•rHOCTb 3THX ITOH.f!TI'IH MHHI'IMaJibHOCTI'I ,IJ,JIR 6!1JII'IH9HHb!X CI'ICT9M. 
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By CyaH HHHb 

Ha6n~AaeMOCTb H MHHHManbHaR peanH3a4HR 
6HnHHeHHWX AHCKpeTHWX AHHaMH4eCKHX CHCTeM 

P5-82-657 

C nOM~bO TeOpHH 6HnHHeHHWX 3KBHBaneHTHWX npeo6pa30BaHHH HCCneAYeTCR 
Ha6n~AaeMOCTb H MHHHMaflbHaR peanH3a4HR 6HnHHeHHWX AHCKpeTHWX AHHaMH4eCKHX 
CHCTeM C npOH3BOnbHWMH MHOrOMepHWMH BXOAHWM H BWXOAHWM npOCTpaHCTSaMH. AnA 
HHX nony4eHO HeOGXOAHMOe H A0CTaT04HOe ycnOBHe Ha6n~AaeMOCTH, a TaK*e Heo6-
XOAHMOe H A0CTaT04HOe ycnOBHe MHHHManbHOH peanH3a4HH . 

PaGoTa swnonHeHa s fla6opaTopHH BW4HCnHTenbHOH TeXHHKH H aaToMaTH3a4HH 
OH~H. 

C~eHHe 06~eAHHeHHoro HHCTHTyTa ~AepHwx HccneAOBaHHH. AY6Ha 1982 

Vu Xuan Minh P5-82-657 

Observab i lity and Minimal Realization 
of Belinear Discrete-Time Dynamical Systems 

The observability and the minimal realization of belinear discrete-time 
dynamical systems with any multidimensional input and output spaces are 
investigated with the use of the theory of bel inear equivalent transforma
tions . The necessary and sufficient condition of observability and . one of 
minimal realization are obtained for these systems . 

The investigation has been performed at the Laboratory of Computing 
Techniques and Automation, JINR. 

Communication of the Joint Institute for Nuclear Research. Dubna 1982 
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