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I . llB8,lJ,8H118 

BHJIHHetiHbie ( O,IJ,Hopo,IJ,Hhle 11 Heo,n;Hopo,IJ,Hhre) 11 JIHHetiHhle ,IJ,HCKpeTHb!e 

,ll,I1HaMI1"18CK118 CI1CT8MbJ HB.JIHIOTCH C8Mb!Ml1 pacnpOCTpaH8HHblMl1 1111CJI8HHbiMl1 

MO,IJ,~ Ma&poo6~eKTOB YlipaBneHHR. Ha ,IJ,aHHOM aTarre pa3BHTHH TeopHH 

Yl!paa~eHHH MaKpood~eKTaMH ~eHTpanbHHMM CTPYKTYPH~ rrpo6~eMaMH HBITH

KYrcf! )l,OCTH.llillMOCTb, Ha6.11Klna9MOCTb H MIIID!M8JI1>HM PBMH38.UIDI l1X MaTeMa
TI1119CKI1X MO)l,8Jl8ti/l-

3/. ~3B8CTHO, liTO JII06aH H80,Jl,HOpO,IJ,HaH 6!1JII1H8tiHaH 

( B 11aC1'HOCTI1, Jli1H8tiHaH) ,ll,l1CKp8THaH )l,l1HaMl1118CKaH Cl1CT8Ma CBO)l,I1TCH K 

O,IJ,Hopo,IJ,Hotl. Cne,IJ,oaaTeJibHO, HCCJie,IJ,OBaHHe O,ll,HOpO,IJ,HhlX 6!1Jil1Hei1Hb~ ,ll,l1C

KpeTHhlX )l,I1HaMl1118CKl1X CI1C7'8M, KOT0pb!8 B ,IJ,aJibH8tlili8M Mbl 6y,IJ,8M H83b!B8Tb 

rrpocTo 6HJil1H8tiHb!Ml1 ,ll,l1CKpeTHb!M11 .II,l1HaM11118CKl1Ml1 Cl1CTeMaMl1, l1MeeT IPYH
.rr,aMeHTaJibHOe 3H8118Hl18 Ta:!OK9 )l,JIH l1CCJI8.II,OB8Hl1H OCTaJibHhlX KJiaCCOB 
Cl1CT8M. 

B HaCTOH~ee BpeMH rrpo6JieMbi ,IJ,OCTI1*l1MOCTl1 11 Ha6JIIO,IJ,aeMOCTl1 6HJil1-

Hei1HhlX )l,llfCKp8THhlX .Il,llfHEiMHqecKHX CHC1'8M p8U18Hhl TOJibKO ,IJ,JIH CJiyqaH, 

KOI',IJ,a CHCT8Ma l1M88T O,ll,HH yrrpaBJIHIO~Htl llf O)l,l1H yrrpaBJIH8Mb!tl rrapaMeTp/4 • 
5
/, a rrpo6JieMa HX MHHHMaJibHotl peant~aa~HH peUieHa ,IJ,JIH cnyqaH, KOr,IJ,a 

BXOf-1,H08 ITpOCTpaHCTBO MHOI'OM8pHO l1 Bb~O)l,H08 ITpOC7'paHCTBO O)l,HOM8p -
Ho/6-':J/. 

CneAJeT OTM8Tl1Th, "'TO 6!1JIHHetlHh!e ,IJ,HCKpeTHh!e ,IJ,HHaMH"!eCKHe CHC

TeMbi COCTaBJIHI01' KJiaCC )l,l1CKp8THb~ aBTOMaTOB, BXO)l,!-!Otl H Bb~O)l,HOtl aJiipa

Bl1Tbl l1 MH0)!(8CTBO COCTOHH!1tl K~OI'O H3 KOTOphlX HB.JIH!OTCH KOH8"1!-IOM8p

Hb!MH B8KTOpHh!MH rrpocTpaHCTBaMl1 Ha,IJ, HeKOTOpb!M IPHKCHpOBaHHhlM rroJieM. 

B CJiyqaHX, KOI',IJ,a ITOJI8 KOH8"1HO, rrpo6JI8Mbl CTpyKTyp 6!1Jil1H8tlHb!X )l,l1CK

p8THhlX )l,l1HaM!1qecKl1X Cl1CT8M MOI'yT 6bJTb p8ili8Hbl C ITOMOJ11bf0 M8TO)l,OB K-
3!-!a"!HOtl JIOI'l1Kl1/lU/. Il03TOMJ OCHOBH08 BHl1MaHl18 B )l,aJibH8tliU8M 6y,IJ,91' 
y,IJ,anHTbCH ~aRM 6ecxoHe~ux n~e~. 

B Teop1111 aBTOMaTOB 3KBl1BaJI8THble npeo6pa30BaHHH HBJIH!OTCH aecbMa 

a~eKTl1BHh!Ml1 MeTo,IJ,aMH. CJie,IJ,oBaTeJihHo, B rrpe,IJ,JiaraeMotl pa6oTe npo6Jie

Ma ,ll,OCTI1*11MOCTI1 6llfJII1H8MHb!X )l,l1CKp8THhlX )l,l1H8Ml1"18CKllfX Cl1CT8M C rrpOI13-

BO.JlbHb!Ml1 N'JiOI'OM8pHb!Ml1 BXO)l,Hb!M l1 Bb!XO)l,HblM rrpOCTpaHCTB8Mli pewaeTCH C 
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' riOMO!l\blO T80pl'111 3KB!IBaJI8HTHb!X rrpeo6pa30Bamti1, IWTOpB.R B )J,B.JlbH8AW8M 

T8.RJK8 CJIYJKHT OCHOBHb!M HHCTpyM8HTOM )l,JIR HCCJ18)J,OBB.HHR ,IJ.pyrHX np06J!eM 

T80plil1 CTpyKTyp 6HJIHH8MHblX ,IJ,HCKpeTHblX ,IJ,HHB.Miit.i8C!{HX CHC'l'SM. 

rr. j')HJ1HH8i1Hbl8 8_1'!CKP8'l'Hbl8 AHHaM~t.I8Cltli8 CHCT8Mbl li 6HJt!IHeAHh!El 

rrJ2eo6pasoBaHl'Ii,! 

'B 3TOM naparpa4Je MH C~OPMYJrupyeM 6wnmetllib!e ,IT;UCltp8TiilJ8 

JJ:v!HaMl'!t.<8CKH8 Cl1CT8MH Ha R3b!K8 anre6pavr<WCKHX ,IJ.lo!HaM'Htl8CI{HX CHCTSM/ Il' 
12/ n paspa6oTaeM sJieMeHTbi TeopHI'l 6mmHel1Hb!X npeoelpa.soentmt-1. 

(2.1) Onpe,IJ,eJieHIIe 

Bv1Jlv!Hei1Hol1 .n;HcKpeTHOi1 ,IJ,HHaMWiecKolt CHCTeMofi HB.,IJ. rroJteM IC Ho::nu

eaeTCR BOCbM8pKa 

S=<T,K,X,U,Y,cfl,o<,p>, 
r,IJ,e T= {0,1,2, ... }; X~Kn, U=KP 11 Y= Kq - ltoHettHOMepHh!e 

eeKTOpHble rrpocTpaHCTBa Ha,u; noJieM K c cp!iKCIIpoeaHHb!Mll CSa:mc!lMH, Hll-

3biBaeMbi8 IIpOCTpaHCTBOM COCTORHMM, BXO,IJ,HbiM rrpOCTpa!-ICTDOM II DblXO,ll,llbJM 

npOCTpaHCTBOM COOTB8TCTB8HHO; cfl: V-+- y'T' - 3B.,Il,B.HH08 OT06pWK8Hll8 

BXO,ll,-BblXO,I\, Ha3blBB.8M08 ,[\11CKp8THblM ,[\11Ha.Ml1tl8CKMM npo~eCCOM ( V S:, '(} 7') 

eX: X---- X : .x r-+- Ax - sH,IJ,OMOpPl13M rrpocTpaHCTBa X c coo•reeTCT

BYIOII1ei1 MaTpHL\8H A € Knxn; f= u~End.X- J!l1H8i1Hoe npeo6pa:JODB.Hll8 

B8KTOpHOPO IIpOCTpaHCTBa U B B8KTOpH08 npocTpaHCTBO 3H~~OMOpPil3MOD 
npocTpaHCTBa X , TaKoe, t<TO ,IJ,JIR ltWK,[\Oro u c U JlMHeAHoMy npeo6pa-

soammiO jHtL) cooTB8TCTByeT MaTpm~a Biu> == .2. U.t Bt ( :J,IJ,BCb . l=..,, ... )p n•n 
ui. - I. -sr KOOp,ll,!o!HaTa BXO,IJ,HOH B8Jlllt.il1Hbl (L E. u l1 B L e I( - no-

C'l'ORHHB.ff MaTplll\a ,IJ,JIR acex i. =-I, ... , p). Orrepawm o~- 11 JHu> on-

pe,IJ,eJIRIO'r a rrpocTpaHCTBe X o~HomaroBJIO rrepexo,u;HyiO i!JyHtti~l1to cocTo.R-

Hl1{1 

.:>:: (t ·H) = ;x (i) ol. + ;r.(t) jl (V (t)) 

=Ax (f.) + L & ;_ (t.) B;. =c (t) 
L"1, ... , p 

. .,. 
~Jlff acex t E r, .:t: (t}E X >!: V" E u ( 3,il.8Cb 3H,[\OM0pPl13Mbl o(. H 

~ ("" (t l ) ripl1ilHCblBaiOTCfl crrpaea ~JIR OTJllit.<Hff OT rrpeo6pa30BilHHI"l ,IJ,Byx 

pa3Hb!X BB!tTOpHb!X IIpOCTpaHCTB) • ilp11 3TOM Tpe6yeTCR, t.tT06bl ,ll,J!R S cy

U18CTBOBB.Jla peaJil13JIOIJ1aR napa ( x , 12) HatJaJibHoro cocTORHHH .:t € X '1" 11 

l1 JIHH8AHoro Bb!XO,n,'Horo oro6pallteHHff ~: X- y :,.:t ......... D.:c ( 3,11,8Cb DE K 
- MaTpl1~a npeo6pasoaaHHR ~ > , TaKasr, t.<TO ~JIR JII06oro !.>' t: V Yil.OB-

~eTBOpRBTCR paB8HCTBO 
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s~~(lJ")=dP("J , 

r,ll,e Sx 12 : U~--- yr- O'l'06pa)f(eH!1e axo~-B&rxo.n. Cl1CT8Mbl S c Ha1..!aJihHbiM 

COCTOHHli8M .:C l'l BblXO~HblM OT06paiKeHH8M '( • 

J13 Oilp8¥8JJ8HMH CJJ8.!\YBT, qTo nepeXO,[\HaH ifiyHK~IIR COCTOHHl1R Cl1C'I'8-

Mbl 1\ : X X. u X T If- X ( P,IJ;e r *= { [ 0, t) : t € T J ) orrpe,JJ;eJiff8'l'CR 

MH,liYK~Meti rro T: 

A (X , tY-/ [ o, 0)) = .X. ' 

,A (.x 1J /[ o t + o) = ..\ (.x tl' I [O,t )Jc( +).. r.x. ,&/CO,t)>j> llhtJ > 
' ' =A)..c'-:x.,,..t[o,t)) T ;L ~J-;.rtJBi.Arx,I)"J[o,t>> 

r L=1, , .. , P 
,I\JJR ecex xEX,"!J'EU H tE:T (s,IJ,ecb &!CO,-t) - orpan11qeH11e 

rpyHR~l-111 tr Ha IDIT8pBaJie [ 0, t ) ) . .,. r 
Tor,ll,a OTo6paiKeHHe BXO,I\-BblXO,IJ, SJ:t( U _..,. Y onpe,u;eJIH8TCR Bbi-

palKeHMeM 

Sa:'l (1)-)d.·J~ ~(..\('x.,&ICo,in)= D>..r.x.,!J-t[o,t)> 

,l\JlR JJI06oro !.?" € U r 11 t E: T, 

CJie~ye'l' OTM8TWrh, 'ITO IIpOCTpaHCTBO COCTOHHHH 6!11JIHH8MHOti ,I\HCK

peTHOti ,I\l1HaM!1qecROt\ Cl1CT8Mbl ilp8,IJ,CTaBJiff8T co6ot\ H8KOTOpYJO anre6py, 

B KOTOpOtl KpOM8 orrepa~Mil B6KTOpHoro ilpOCTpaHCTBa 8l!18 O!Ip8,IJ,8Jl8Hb! O,l\-

HOM8CTHhl8 onepal\MH o( !1 l (U) .[\J!ff lt~OI'O U € U. 
B ~B.JlbHei1weM' 8CJJl1 (.x) e ) - p8B.Jll13YJOU1aff napa CHC'!'8Mbl s ' TO 

Mbl Ha30BeM 2 ~OTIYCTl1MblM Jil1H8i1Hb!M Bb!XO,ll,Hb!M OT06p8.ll(eHHeM CIICT8Mhl 

S . Mli TaiO!t8 6y,IJ,SM Ha3H.BaT:& 6:H.JIIDieihllie .D;l:l:CKpeT!We .ltHH8.MH'i80Kll8 CkiCTe

MH IlpOCTO 6l!Jlllli8ih!b!MH CHCTSMBMll: TaM, r,I(e 8TO He IIpiUlO.n;HT K nyT~e Y' 

( 2. 2) 0IIJ28,Il8Jl8Hl18 

llycTb S = < T, K, X, V, Y, <P, ot.,p > - 6ummei1HaR CliCTeMa 11 X' -
B8HTOpH08 fiO,I\HpOCTpaHCTBO IIpOCTpaHCTBa X , 3aMKHyTOe OTHOCI1T8JlbHO 

I X' '8 I d.. 11 } • T.e. X OC:~ 11 X r (u.) f; X ,I\JIR scex u. ~: U • Tor,n,a 

X 
1 

HasblaaeTCR rro,u;rrpocTpaHcTBOM coCT\)RHHtl rrpocTpaHc~·aa coCTORHl1i1 X • 

(2.3) Orrpe,IleJJeHJ.le 

llyCTb s = < T, I< ,X I u' y} (/) ,ot., p > - 6HJJHHetiHaff Cl1CT8Ma l1 x' - DO)J,

rrpocTpaHcTBO cocTORHHtl rrpocTpaacTaa X • EcJIH ,JJ,JIR BOChMepKII 

S
1

=<T,I<,X',V,Y,lP,o<,'j'>, r,n,e c<:'=o<./X' 11 fb'tu>:.}Cu>IX' ,IJ,JIR 

BC8X U. € U 1 CYU18CTBY8T p8aJil13YJO!I1M napa, TO S 1 Ha3b!Ba8TCH 61'!-

JlHH8MH0!1 rro~cl1cTeMotl cHcTeMIU S • KpoMe Toro, eCJIM X 1 
- co6CTBeHHoe 

TIO,ll,rrpo~TpaHcTBo X , TO S 
1 

Ha3IUBaeTCR co6cTB8HHol1 rro,n,cucTeMotl Cl1C
TeMbl S. 
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(2.4) Onpe8eneH>~e 
06naCThiO ,u;ocTJ.JJKHMOCTl1 cocTOJ'IHl'!FI .x £X 6HJIHHetiHot1 c>~c•reMbl 

$=..: r K X u y n. o( A> Ha3b!BaeTCJ'I MHOJKSCTBO Rx. ncex TaiCHX 
I I I ) ) 'r) I J-' 

COCTOJ'IHHi1 X 'E. X , ,ll.JIJ'I KaJK,IJ;Ol'O 1-13 KOTOpb!X CYfl18CTDY8T Ta!tal't BXO,IJ,Hnll 

WYHKL\>~H 'v E V >~ Taiwi.l.MoMeHT tET, tiTO >.cx,&ICO,t>)"'a', 
]{aJK,u;oe cocTOHHJ.le .x 'E: R x Ha3b!BaeTCfl ,u;ocTHJKHMbiM 1-13 coCTOllHHfl .z. • 

( 2. 5) Ilpe8JIOlKeli!!§. 

Ilyc'l'h X' - no,ll.rrpocTpaHCTBO npocTpaHCTBa coCTOflHJ.ll-1 6MnHHet.IHOti 

cHcTeMbl S = < 7' I( X U y tt ... o< f' > . ToJ;>,u;a ,u;nR n106oro .:c E X 
1 

' J 1 I ) 'tJ) I 

Rx ~X'. 
.!),oKa3aTenhCTBO 

HycTb x 'E R x . Tor,u;a .l: '= ). (x, 0"1 [ o ,t)) p,nn HertoToporo 

,. e V 1-1 t € '1' • ,I\oRa.JK8M MHAYKL\>~8!-1 no T, tiTO p,nn n1o6oro t 6 r 
)-(x,ir/[o,t)e:X' . 11pVI t:.o MM88M ,>.(.::r.,"IJ"/[O,OI)c.:XEX'. i1pe,ll,-

nonoJKliiM, tiTO ). (.X. 1J" 1 [ o -t)) E X 1 
,u;nfl HeitaToporo t . Torp,a 

;\ (.x, iJ" 1 [ 0
1 
t +o) == ,.\ (x,"' 1'[ 0

1 
t)) o<- + A (X 1 "'I [ o, -t)) j> (lJ""ttJ~.( Tntt tce.It X' 

3aMKHYTO OTHOCWr8nhHO ol. H j>(l'Tctl) • 0TCIO,IJ;a no HH,Il.Yitl..\Hl-1 " 

) (x,"' /[0, t)) E. X 1 
,ll.JIJ'I n106oro t E T • TaRHM o6pa30M,.l: 

1 
EX: Cl 

(2.6) I1p8AJIOJK8HJ.l8 

ilyC'l'b 3 I=<. r, K ,x~ v; Y, rf>, cl.: I'> - 6MnHH8tiHan nop,CMCTeMa 

6HnMH8i-1Hotl CMC'l'8Mbi $:<'f,K,X,V, Y,<P,<X,}> 1-1 (:X-Y-
AOIIYCT>IMOe JIHHSib!Oe Bb!XO,IJ;H08 OT06palKeHM8 ITO,ll;CMCT8Mbl S' . 'l'orp,a 

nro6o8 pacrnt-~p8HM8 ~· ,u;o nMHei-lHoro oTo6pa.JKeH>~H npocTpaHCTDn X a 
npOCTpaHCTBO Y HBAH8TCH ,IJ;Ol1YCTJ.lMb!M JlJ.lH8MHbiM Bb!XO,Il.HblM OT06pa!lt9Hl-18M 

CMCTeMbl S • B 1.1acTHOCTJ.l, ecJIM (x 1 :? ') - pea.JIM3YJOIIIaH napa nop,CHCTe-

Mhl g , TO (X, ~) - peami3YJOlJ1aH napa CI1CT8Mbl S , 
).\oRa3aTeJibCTBO 

flycTb x c X 1 
- TaKOe cocTOHHMe, l!TO ( .x, ~ ') - peani'I3YJOII\M 

napa l10,1l.CMCT8Mbl S 1 
11 ? - l1p0113BOAbH08 AJ.lHellHOe paCIIII'Ip9HI19 

e I ,11.0 X • Ilo (2. 5) ,u;nH nro6oro "17 € v H t e r HMeeM 

). (.X,"l,"/[O,t))€ X 7 
1 

TOr',IJ;a s)x
2
, ('IJ')(i}=z'()!(:x.,zJ-t[O,t.))) = 

rz'().(x.,!J-I[~,t)))= ~ ().{x,!Y't[o,t.)]) = SXI'f. (V'")(t.} • Cne.u.onaTenbHO, 

Sx.rt(t'")=3.uz' (~): ¢>(7f) ,u;nR n106oro '29-c V .. TaRI1M o6pasoM, (a:,?> 
HBJIH€TCH pean~3YJOII\€H napoll 11 ~ HBJIH€TCH ,ll.OnyCTJ.lMbiM JIMHetiHbiM BbJXO,Il.-

HhlM OT06paJKeHI18M CJ.lCT8Mbl $ . 0 

(2.7) Onpe.IJ.eneHI1e 

BMJIMH8i-1HhiM npeo6pa30BaHI1eM 611n11Hei1Holl CMCTeMbt 3 =< 7', K,X, Tf, 
y' <P, o( I.!'> B 611nJ.lH8i1HYJO CJ.lCTeMy s '~<7', K, X~ u} Y, rt>, ot: j3

1 
> Ha-

3b!Ba8TCH TaRoe oTo6pa.JKeHI1e f : )(- X 1 
, ROTopo8 nBnHeTcl't nMHell

..., 

4 

} 

( ., 
! 
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Hb!M npeo6pa3oBaHM8M M cornaconaHo c ot. 11 p 
y.u.oaJieTBOpHeTcH ycnoBHflM: 

J(.::r4+.::r~>==Jc.-.c.)t-J(a:~> MR acex 

j(f'.:X)= rf(~J ,IJ.JIR ncex M 

f (.X o{)=: f (IX) c( I ,J+JIR acme 

, 11Hh!MH cno BaMI1, j 

.z:4, .X.t t:X; 
.x<::X, 1-1 

.::t.G.X; 

1"6; ~j 

f (X.} ( U) ) = f (X) ft 1 
( U} .ll,JI.f! scex 1-1 .A: EX _ 11 u. 6 U, 

C.'Ie,u;yeT O'l'MeTI1Tb, l!To 6MJIMHei1H08 npeo6pa30BaHMe rrpe.u.cTaBnHeT 

Co6otl B.JII'e6pal1l!8Clt11i1 r'OMOMOp¢113M. 0TCIO.l:\a J.lM88M 

(2.8) l1pep.noJKeHMe 

06pa3 611JIHHellHoro npeo6pa3oBaHHH f: X- X' RBnHeTCH no,ll,npocT

paHcTBOM cocTORHMtl npocTpaHCTBa cocTOHH11ll X' , a rrpoM3BeAeHI1e ,ll.BYJC 

6MJIHHei-1Hb!X npeo6pa3oBaHMi.l eC'l'h CHona 6Mni1Het1Hoe npeo6pa3oBaHue. 0 
B ,IJ.B.JlhHellllleM Mbl 6y,11.eM l1CCJI8,IJ.OBaTb OTHOIII€HHH M8JK,Il.y 6ii.JII1Het1Hb!MH 

CI'ICT€MaMJ.l C O,IJ.HHM\1 H TeMJ.l JKe T, K 
1 
U, Y H </> , T. e. OH11 OTJIHtiaiOTCH 

,IJ.pyr OT ,11.pyra TOJihKO 11pOCTpaHCTBOM COCTORHMti X H OI!epat.\11HMH r;.(. M 

} Ha HeM, CJ!€,IJ.OBaTenbHO, AI!H COKpai1j8H.11.fl Mbl JCAOBI.-!MCR, l!TO B€pXHHtl 

11H)l,8KC j CHCT8Mbl .SJ BC8r',ll.a 03HaqaeT, liTO COOTB€'l'CTBYJOI1j88 npo

- cTpa.HcTso cocTOHH11ti H onepaL\11M Ha HeM, a TaRJKe nepexo,IJ,HM WYHKL\HR 

COCTORHJ.lfl 11M8IOT TOT JKe BepXHlitl 11H,li,€KC, T. e. .'J :r 0603HaqaeT 6Mni1-
:J cp J 3" 

HetiHYJO CI1CTeMy < r, K, X' u, Y, I o{ I .P > ) a* ee rre~eXO,I.IHM lPYHKL\J.lfl 

COCT~RHHH 0~03HaqaeTC.fl qepe3 )j; xs- X urx T - X ' KOI',Il.a Bee STO 

He l1pli!BO,IJ.I1T K ilY'l'aHML\8. 

(2.9) JieMMa 

ilycTb s--;; S ' - ABe 6MJII1HetiHble 'CHCTeMbl 1-1 f: X~ X 1 - 11x 6M
ni1HellHoe npeo6pa30Ba.HJ.le. TorAa ,ll.Jlfl JII06oro X E X' "l}e U7 H t ~ T 
Bbll10J!HH8TC.fl paB8HCTBO 

, :f 0 (x., V1-t[O,t)))=}. 1(:f(:x), .,./[O,t.)) 
)101ta3aT8JibCTBO: 

).\Jl.FI npoH3BOJibHoro .x t: X H tJ- E U T .1:\0KWKeM JieMMy 11H)JyKL\Metl 

no T. flpH t = 0 .f(A (:X.,!)"/ CO,o >J)=f(X) "'A '(fl:XJ, 17-t [O,O)) • ilpep,noJIOiKHM, qTo 

.1:\Jlfl HeKOToporo t € r j(.il.(x,1Tt[O,t>>>=-A.'(f.(.XJ,!J-t[O,t>) • Tor,~~.a 
f(A('t,.,./[O,t+O)) :.:f(),(.x,'IJ-/[O,t))O( +A(~,'I)-I[o,t))} (~Ct})), 

' =f(AC::t,,.I[O,t)))ol. 1
-1- J (;\cx,!J-{CO,t>)) } 1(1>-(tJ,), 

= ;t' (5-(;x.},IJ-/[O,t))ot..' +). 1(£-(::c),!J-/[O,t)) p'('t,.(tJ), 

= ;t' (-5 ex),,.., [ o,t +-1)). 
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0TCIO)J,a ITO l1H)J,Jl\I.J;l1!1 :f (<},(.x_
1 
?J/[0,~)))~)..' (f(.:C), fr/[0,-t)) 

)J,JIH ncex t.: T • 

(2.10) p~e8CTBl18 

q 

11ycTb f: X_.,. X' 
ciJcTeM S 11 S' M f ': 

- Ol1JIMHei1Hoe rrpeo6pasonaHIJe 6IJJI!1He~Hb!X 

X'- Y - JIJ1H8~H08 Bb!XO,~HOe o'•ro6palK8Hl18 CMC-

T8Mbl S' . Tor,IJ,a ,IJ,JIH mo6oro x E: X Bb!ITOJIHII8TCH paB8HCTBO 

S.z,.. == Sf.<xJt ' I')J,e ? = ~' f 
CMCT8Mbl S • 

- mmei'iHoe Bb!XO)J,Hoe oTo6paJKerme 

,/.\OKa3aT8JibCTBO 

,/.\JIH ITpOii3BOJibHOI'O ~6 V lJ te.T ITO (2.9) l1M88M 

~'='!. (&)(-~l = ~ 0. { x ,lJ" I [0, t))) = 2'fCM.x,~ I UJ, t)))=?'A'{f(x), IJ/[O,t))) = 
s:fC:t.)"l' ('b")(t). 0TCIO,IJ,a S:;c~ = Sj.{xJ~I 0 

(2.II) Onpe,ll,eJieHHe 

B>~JIHHei'iHb!M 3KB!1BaJreHTHbiM rrpeo6pasosaHI1eM 611mme~Ho~ CMCT8Mbl ~ 

B 011JIY!H8t\Hyro CI1CTeMy S 
1 

Ha3b!Ba8TCH TaKoe O!JJIMH8MH08 rrpeo6pa30BaHI18 

:f: X_,... X ' , o6pas KOToporo o6pasyeT 6MJIMHei1Hyro ITO)J,CMCTeMy 

cMCTeMbl S' , IJHbiMM cJIOBaMI1, )J,JIR BOCbMepR11 S ''"' < T, K, X", U, Y, f/1 , o<-"7 

J>" > , r)J,e X"=JX,ot"=d'};JX 11 .f''CuJ=f''luJ/:fX 
)J,JIR scex u.. t U , CYI!1eCTByeT peaJIH3YIOIJ1M napa. 

( 2. I2) flpe8JIOlKeH!1e 

11ycTbf:X-X' 11 fX~X' -
JI8HTHb!X rrpeo6pa30BaHI1R 6MJil1H8HHb!X Cl1CT8M S,~ 

)J,Ba 6!1JII1H8~Hb!X 3KB!1Da

M S" • Ilp11 s·roM j 
ecTb oTo6pa~eHI1e Ha. Tor)J,a npo11sBe)J,eH!1e ~f RBJIJJeTCR 

3KBI1BaJI8HTHbiM rrpeo6pa30BaH!18M Cl1CT8Mbl S B CI1CTeMy S 
11

• 

6!1JI!1Het1Hb!M 

,/!oKa3aTeJibCTBO 

Hs (2.8) rrpo113Be)J,eHI1e 

KpoMe Toro, o6pas ~fX 

HO, )J,JIH ~.f X CYIJ1eCT syeT 

(2. I3) Ilpe8JIOllteHI1e 

~J ecTb 6HJI!1Het1Hoe rrpeo6pasoBaHHe. 

conrr~aeT c o6pasoM ~X' . CJie)J,oBaTeJib-

pea.JIH3YIOIJ1aR napa. 0 

IIycTb f: X- X' - ssai1MHO O)J,H03HaqHoe 611JI!1Hei1Hoe rrpeo6pa-

sosaHI1e 611JII1Hell:Hoi1 cHcTeMbl S B 611JI!1HeJ;!Hyro CI1CTeMy .S' • Tor.n.a .f 
flBJIH8TCH 6!1JII1H8i1Hb!M 3KBI1Ba.Jl8HTHbiM rrpeo6pa30BaHI18M. 

,AoKa3aTSJibCTBO 

lK11M 

IlyCTb (:X, 'l_) - HBKOTOpaH pea.JI!13YIQlJiaH napa CI1C'l'8Mbl S • IloJI0-

~1: JX- y: o:.'....-~(f-i<::x:'>) • Tor)J,a ITO (2.10) s,'l=S5(:>c)'l'. 

6 

~ 

-i 

:'It 
• 

TaR Ka!f 7= 7'5- • TaKuM o6pasoM ,(;5-C::r::>', '?'> 
rrapoi'i. )J,JIJl.l fX • 

(2.14! llpe8JI01KSHI1a 

HBJIHSTCJJ peaJI!13YIQ~et\ 

0 

ITycTb S. 11 S • - .r~se 6!1mmet1Hbre cMcTeMbr 11 :f : X- X' - 11x 

6!1JII1Hetlnoe rrpeo6pasOBaHl1e. TOP)J,a f JJBJIJJeTcJJ 6!1JII1Hei1Hh1M GRBIJBa.JieHT

Hb!M IIpeo6pa30BaHH8M TOL',IIa 11 TOJibRO TOI')J,a, !COI',IIa CY!l18CTBY!OT ,I\OITJCT!i

Mb!e JIHH8l1Hbl8 Bb!XO,ll;Hb!8 OT06pa:~teH11JJ ? Cl1CT8Mb! S 11 ~ 1 CHCT8Mbll: 

s I' TaKI18, qTo e"' I?' :5- • B qacTHOCTM, 8CJIH f- 0!1JII1Hei1Hoe 3K.-

BHBaJieHTHOe npeo6pa30BaHI18 .11 (;x. 
1
, {? 1) - p8a.JII13YKllJiaJJ napa Cl1CT8Mbl .S', 

TaRaR, qTo ::t' E f X , TO ( :f -1 { x 'J, ? ':f ) JJBJI!18TCR peaJI!13YIQlJietl 
rrapot\ Cl1CT8Mbl S • 

,£lOI{a3a T8Jlb .2!.l!Q 

Ec;m f - 6!1Jil1Hei1Hoe SKBl1Ba.JieTHoe npeo6pasosaHMe, To CY!l1SCTByeT 

peaJIHsyro~aH napa (::t ', 'Z') ,I\JIR o6pasa :f X • llycTb .x. - npoo6-

pas COCTOJJHHH :x:' , T.e. jC:x); oc.' • Tor,JJ;a no (2.10) Sxl'=Sl.:·'l' _, 

I')J,e ~ =- ~'5- • C;re.r~osaTeJibHo, ( Ct:, '2 ) HBJIReTcJJ pea.JI11syro~etl> na-

potl CI1CT8Mbl S . Hao6opoT, ecJIM CY!IISCTBJIDT )J,orrycTMMhle JIHHel1HNe Bbi-

XO)J,Hble OTo6pa~KeHH.ff ~ 11 rz' CI1CTeM S 11 S', COOTBeTcTBeHHo TaRHe, 

qTo ~:::: 'l-
1 

~ , TO no ( 2. I 0) ,I\JIJJ pea.JIHsyro~eJ;I rraph! ( ::k, 1: ) CI1CT8Mbl 

s 11M88M' s ~'l ~ s.f(:X) '2' • KpoMe TOI'O. ITO ( 2. 5) R j (x) ~ 5 X 
0Tcro.r~a )J,JIR BacbMepKM S"=<T,K,X'',u;Y,Cfr,ot.';j!/'>(r,IJ,e X''=:.fX, 

ol"=oC'/fX.,f'ruJ'}'IuJ•/fX ,IJ;JIJ!o. scex UEU ) 11 'l_"~r'/5-X HMe-
"" - S' - c C r· SM .::. ,tC"<I'?_" - 5(XJ'('- "'-:c't • JI8)J,OBaTeJibHO 

1 
:r HBJIH8TCJJ 3KB!1Ba-

JI8HTHb!M rrpeo6pasoBaHI1eM. 0 

ill. Jl,oc·riD!'(HMOCTb 6HJIHHel1HbiX Ali!CKpeTHb!X AHHaMMqecKHX CHCTeM 

B STOM naparpa¢e M~ 6y.r~eM 11CcJie)J,oBaTb o6JiaCTb 11 rrpocTpaHCTBO 

,IWCTHl!tliMOCTH 11p0113BOJibHOrO HaqaJibHOI'O COCTORHHH 6HJIHH8tlHOl1 Cl1CT8Mbl 

11 ycTaHOBHM Heo6xo,n;HMoe H ,ll,OCTaToqf!oe ycJIOBHe MR Taro, qTo6bl npo

CTpancTBO COCTORH!1!1 6!1JII1Hel1HO~ Cl1CT8Mbl 6b!JIO ,I\OCTI1l!tl1Mb!M !13 3~8HHOI'O 
Haqa.JibHOro COCTORHHH. 

(3.1) Qg~88Jl8HH8 

IIpocTpaHc•rso ,IIOCTI1l!U!MOCTH COCTORHHR .::C EX 6HJI11Hel1Hott CJ.1CTeMbl! 

S HasnrsaeTcR no.r~npocTpaHCTBOM cocTOJJHHl1 npocTpaHC'l'Ba X , nopol!t-

,IU18MI:IM o6JiacTb!O )J,OCT!il!tHMOCTH R. :x: COCTORHHJJ x . 
(3.2). fu?e.wrol!teHHe 

llo,Il,npoc:r~HCTBO X' npoc•rpaHc'I'Ba X 6HJIHHel1Hotl CHCTSMbl S RB-

JIReTcH rrpocTpaHCTBOM! ,I\OCTHiKHMocTH COC'IJOHHIIJH ::x: € X TOI')J,a w 

7 

'I 
I• 

'I 
l 
I 

,,, 



TOJibKO TOI',lla, KOI',lla X 1 COBITa,I~aeT C nO,llilpOCTpaHCTBOM, ITOp01K,JJ;aeMbiM 

COC'rOHHH~M X , 

Jl.oKa3aT6JlbCTB.Q 

0603HaqHM -qepe3 ( R.:x:) rrpOCTpaHCTBO )l.OCTHJKHMOCTH COCTOflHHil 0: 

11 -qepes ( .X ) -IIpOCTpaHC'rBO, IIOp01K,JJ;aeM08 COCTOilHHSM X • QqeBiii.IJ.HO, 

qTo (X) f; ( Rx) • C .rr,pyroti cTopoHbl, 110 (2,5) R.x S (.X) , cJie-

.rr,oaa·reJibHo-; ( R :>c) <; C .:x:) • 0TciO.o;a ( R ;;.c) "' ( ~~> . 0 

(3.3) ilpe8JIOJK8HI1~ 
, I 

!1ycTh j: X- X - 6HJIJI!HetiHoe npeo6pasoamme OHJIHHetiHb!X CHCTeM 

S Jll S' • Tor,11a .rr,JIH JIIo6oro .x E X o6pas o6JiaCTH .n,ocTH1Kl1MOCTI1 ~:e 
np11 npeo6pasonaHMH § coana.rr,aeT c ooJiaCTbiD .rr,ocTHJKHMOCTH R5 cK) coc

TOHHI1fl f(::Je) CJIICTeMbl S', T.e. f{R:JI.::R~(oc) • 

.!J,oKa3aTeJibCTBO 

ilyCTb ::x:' ~ R'JC. ' . TOI'):\a CYII\SCTByKlT 1?'" € v li t € r Ta-

IU!e, 'ITO 0: 1
:; A (:x:,"" I [O,t>) • 0TCIO.rr,a no (2.9) s(~-:.'L::f(A(.x,~>'/CO,t))):: 

== .\.' ( f( x>, \9' 1 r.o, t )) € R.~(x> 
06paTHO, ecJIH :x"·E R;c;;c> 
= fO.(:x:, ..,-I[O,t))) 

, TO 110 (2.9) :x''=')..'(5(x),'IJ"/[O,t))= 

.IJ.JIH HeKoToporo ~ e V • H t e T. 
0 

0TCio.rr,a :r. 11 
E :1- I R -x • 

( 3. 4) Orrpe,lleJier-me 

BMJII1HeilHa.FI ·dtcTeMa S HasbrBaeTcfl .n,ocTHlK>'!MOti lis cocTOflHHR .x eX 
TOI',II,a 11 TOJibKO TOI'):\a, KOI',lla IIpOCTpaHCTBO .IJ.OCTI1JK11MOCTli COCTOflHlifl ~ 

coana.n,aeT c X . 
l1s (3.2) !1MeeM: 

(3,5) ilpe,!IJIOJK8HH8 

BHJIHHetiHafl CHCTeMa S 
Jll TOJiblto TOI',IJ,a, KOI',lla ~ 

- (3.6)~~ 

,!IOCTJIIJKHMa Jlls cocTOflHJilfl x e X 
rropoJKAaeT X • 

Tor.rr,a 

0 

)J,rrfl KaJKAOii OKJU!HetiHOii Cl1CT8Mbl $ = < r, K, X, v, Y, ¢, ol.,, '> BOCb

MepKa §=<T.J.K,X,U,Y,4>,J.,J> (rAe X:K"m 0/,:X...-X: G,.......AG-, 
]> (u): X-..- X: &.-- &(uJ & .IT.JIR acex U E U ) flBJifleTCfl OJIIJIJI!HeiiHoii 

Cl1CT8MOii, KOTOpafl OOJI~aeT CJI6,II,yKlll\11MJil CBOiiCTBaMM: 

(I) )J,rrR JII06oro cocToRHHR ~ eX oToopalKeHHe F:c :X ~x: &-.....,.. ft)( 
RBJIReTcR 6];!JIHHet1HbiM n12..eoopasoaaHHeM cHcTew s a cHcTeMy S lf 

R to: = F::c I R1 , r.n.~ R I - ooJiacTb AOCTHJKHMOCTJII cocToRHlfll e.rr,rurni.T,a 

I npocTpaHCTBa X 

8 

\} 

t 
I 
( 

l 
·t./. 

J•' ,, 

• ( 2) )J,rrR KaJK,I\Otl peaJU!3JIOI!18H rrapbl (.:>t, ~ ) CJIICTSMhl S F:;c RBJIR-

eTCR 6HJilfHSMHblM 3KBJI!BaJieHTHbiM npeo6pa30BaHJ18M ClfC'reMbl S B Cl1CTeMy 

s ' npli 3TOM Sr~:lt = s~ ' I',I\8 ~:>t =- p F:x: • 
Mbl HasoneM CJIIC'reMy S orrepa'I'Opnot1 CMCTeMotl OlfJIHHetiHoti CJIICTe

Mb! S, 
,[\Olta3aTeJibCTBO 

OtreBlf,!IHO, qTo X c onepal..\HflMH d 11 f y.rr,oaJieTBOpReT cnotlcT

Ba.M npOCTpaHCTBa COCTOflHI1M 0HJIHH8iiHOtl CJIICT8Mbl. J1pOBepHeM OT06paJKe

Hlfe i='oc. Fx (G- +G- 1
) == (G- +G-').x == G-x -1- ~':x:=F:x:{i!T)'t"Fx (G'), 

F:x. (rG-) = rG-~ =ri='::x: (G-) (r.n,e re K), F:JJZ(G-,;j)=AG-~=Fx{6')ot, 
F:x-. (G} (u))=B(u}tr:x.""F~(G-)}M.OTcro.n,a _Fac flBJ!fleTCfl OlfJIHHetlHbiM 

npeoopasoaan11eM. Tor.rr,a no (3.3) R:x:.= F;;:/ Rz , TaK KaK f:-;;/'IY•X:;c:;:c., 
B qacTHOCTI1' eCJilf (.:;1!.' e) - peaJI!13yKJII\afl napa CHCT6Mbl s ' 

TO no (2.10) ~-- "'S~'l • CJie.n,oBaTeJ!bHO, (I, ~.x.) flBJifleTCH 
-r~=c -

peaJII13JIOI!1el1 napon cMcTeMbl S • KpoMe Taro, no (2.14) Fx RBJIReTcR 

3KBHBaJieHTHYM npeo6pasoaaH!feM. 0 
(:JTo npe,!IJIOJK6HJII8 noKa3b!BaeT CYII\8CTB8HH08 CBOtlCTBO onepaTOpHOt\ 

CHCT6Mbl,TaKOe, qTO JllCCR6,IIOBaH!f6 ,ll,OCTHJKID~OCTI1 JII06oro COCTOflHHfl 6Jil

JilfH8MHOt1 Cl1CT8Mbl S CBO,II,lfTCfl K HCCJI6,ll,OBaHHID ,II,OCTlfJKlfMOCTH COCTOffHHfl 

e~a onepaTo_pHol . CHCTeMbl S . CJie.nyeT on.ieTJI!Tb, qTo npocTpan

CTBo cocToRHJilti X onepaTopnot1 CHCTeMbi ·.'3 RBJIReTcR K-aJireopol1 lf 

.n,eticTBlfe onepal..\Hti 0<: lf fi RBJIHeTCR yMHOJKeHHeM a K-aJireope. HmKe 

Mbl IIOCTpOJIIM SII\8 ,II, pyryro OHJIHHetiHyKJ CHCTeMy C npOCTpaHCTBOM COCTOflH11t1, 

flBJifllOII\lfMCfl 1\-aJireopoti, IWTOpa.FI Hrpae'I' pOJib CB060,!IHOtl aJII'eOpbl B KJiaC

ce OlfJIHHet!Hb!X ,IJ,IIlCKpeTHb!X AHHa.Mlf4ecKli!X CHCTeM. 

(3.7) 011peAeJieH!fe 

ilo.n, CB060,!IHbiM rrpOCTpaHCTBOM COCTOllHHM 611JIJi!H6t1HbiX ClfCT6M C p
BXO,llaMH Mbl 6y,lleM no,11pasY,YeBaTb TaKoe rrpocTpaHCTBO cocTOflHJiltl X 
( aeKTopnoe npocTpaHCTBO X Ha.n, noJieM K c coOTBeTCTBJIOII1lfMM onepa-

l..\lfflMH ;). 11 ~ ') , q•ro ,1\Jlfl npOH3BOJibHOt1 011Jil1H6t1HOti ClllCT6Mbl 

S=<T,K,x.u.v,~c~.p> ·c \pmcop;a.MK Boc:oMap:&a S=<T,K,X,u,v,4>,d,}> Ra
JifleTcfl OHJII1HetlHoti cHcTeMoti 11 CYII\ecTnyeT OMJIHHetiHoe sKBHBaJieHTHoe upe

oopasoaaHHe ClfCTSMbl S B CI1CTeMy S , 
l1yCTb 1!: - HSKOTOpblM KOHeqHb!ti aJirflaBHT 11 r*- CBOOO,Il,HbiD MOHOM,ll 

KOHS'!HbiX IIOCJI6,ll,OBaT8JibHOCTet1 3JI6M6HTOB 113 c ( S,ll,lfHHL\a e flBJiflSTCfl 

nycToti J!JocJie.n,onaTeJibHOCTb!O). Tor.n,a rflopMBJibH!:IM noJIHHOMOM S c Kosrfl

rPHL\MSHTaMI1 Jll3 noJIR K 11 acCOL\MaTHBHbiMJil nepeMeHHbiMH Jll3 Z! nasbiBaeTCfl 

~OpMaJibHaR CyMMa 

s = L. (s, 9)G 
ee.z 11 

9 
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TaKaH, qTo (S,G>=O ~JIH rroqTM Bcex Bel~, KpoMe KOHeqHoro q!fcJia 

113 z * . Ha MHOlll:ec~·se ljlopMa.JibHhiX rroJIMHOMOB orrpe,n;eJIMM orrepa!.1MM c.Jio

lll:eHMH 11 JMHOlli:6HMH C.JI6~~11M o6pa30M: 

(.S 1 r$2 ) = (L_. (S~ ,O)f)) + (:L_ CSz,fJ>6)::: L (CS
1
,fJ)+f9z,f)))8, 

6£Z" 6ii.l* 6el." 

S1 Sz=(L. (s,,B>B)(L.. (S1 ,8)()\::: L_ (z= (s~,B1)(Sz,Bz))8, 
6EZ:" eq... J ee.'t!' e,e.=~~> J 

Tor~a MHOlll:eCTBO scex rpopMa.JibHhiX ITOJIMHOMOB c Kos<IxfJm-1MeHTaMH 113 

ITOJIH K M accoi.1MaTMBHhlMM rrepeMeHHh~M 113 2 BMecTe c 3TI1M11 onepa!.111R-

MM o6pa3yeT K-a.Jire6py, KOTOPYJO Mhl o6osHaqHM qepe3 K < ;! >. 

(3.8) llpeAJIOlll:eHMe 

K-a.Jire6pa ipopMa.JibHb!X nommoMoB K < ~ > c Kos<IxfJMI.1116HTaMI1 113 K 

11 aCCOI..IMaTMBHhlMif nepeMeHHb~lf M3 :l"' f ii!o, ~ -t, • .. , e p} BM6CT6 C one-

pa'-IMHMMd: 8~ ~oS If pC14):S~.LU£liS RBJ!RBTCR CB060~HhlM npo-
L•-t,-.p 

CTpaHCTBOM COCTOHHifit C p BXO~, ll MJi JIJJ6oit 6llJillHBifHOit CHCT6MH 

S "'< 'T. K, X, U, Y, cp ,o<, f> ) crrpaBB,IVIHBo CJie.eyuqee: ~ 
(I) ,Ll,rrR K~oro cocTORH11R x e X OTo6pa.JKeHI1e lf' ~ : X-- X: 

S ,___ L. ( s, e) It ( (;) > :x: ( r ~e IL : ~ *- K "'"' - roMOMOp¢11sM 9e~• . 
MOHOI1~0B, liOJiyqeHHblil: 3aMeHoti e Ha I • :i!o Ha A 11 ~. (L:~, ... ,p) Ha 

B i..) HBJilleTcll 611JII1HetiHb~ rrpeo6pasosaHI1eM CHCTeMbl S B CHCTeMy S 
H 'P x IRe = R""" ; 

(2) ).i,rrll K~Oti peaJII13JfOili6H napu (.X,~) . CHCT8Mhl $ lf'::l:. RBJ!ll6T-

Cll 3KBHBaJI6HTHblM npeo6pa30BaHHeM CI1CT6Mbl S B CI1CT6MJ S , Hpl1 3'I'OM 

Sen = S.:;,;:'! • r~e e :X"' e t/l:x:. • . ,.., ~ 

Mbl Ha30B6M CI1CT6MJ $ CB060,IJ;HOti CI1CT6MOH 611JIHH6tiHOti CI1CT9Mbl 

$ , a npeo6pa30BaH116 'f :r..- ,ll;OCTHli\11MbiM npeo6pa30BaHH6M COCTOllH11Fi .:;e. 

,!!OKa3aT6JibCTBO 

QqeBHroiO, qTO /( < ~ > C 0(. 11 fo o6pasyroT npOCTpaHCTBO COCTOH-
- nx., HHil: 6HJI11Heil:Hoil: CI1CT6MI:ol. PaccMOTpHM . OT06pa.l!terme If' : X- K : 

S,__. L._ (S,&>h. l9}, If' (S, +Sz) = 'f(L_ ((S,,e}T(S
2 

9))$)=::2_ ((s, 8)f(S
2 

B))h(B): 
8£.i." 9Ei!* ' -•i.if • • -

"" L. (s1,e)Al9) + L, (9z/lJ~ ({})=if cs,) + lf'cst) ; 
Gei!.* eer."" 

Y'rrsJ= 4'("2:, l"rs,e)G)= L. r(s,e)h{BJ:::r L. .Js,BJideJ:r\fm; 
9Cl..f' 6'6i!.¥ 9Ei 

10 

,.. 

' .I 

L 

\f'{sd,)"' 'f(z..s)=lf'() (S,6Ji!o9)= L._ (S,8JAit(e>=A 2=. (S,O)"((}J::: m.. (}E, •:-'' ot.z" 

=A 'f' (SJ = 't' (S)QC , 'fl ( S} (l..f)) = Y' (?,.. Ui i!.;S) == l.fl ( ~ W (L._ r;.B)iz()J)z 
L" {, ... , p L=1, ... ,p (}E i! 

= ."L.u, (L. (S,B) Bi.h(Bl)"'" L_ Ul{?,; ( L. (S,fJJ ~(BJ)= 'Z,.U;.8il/'cs; ::.lf'm }cuJ. 
L•~ •• ,, 0£. ii• Ld,-,, 9E i" •=f, . ..,, 

0TCIO,IJ,a \f FIBJ!ll6'!'CFI 6HJII1!-16MHhlM rrpeo6pa30BB.H116M CHC'rBMbl S B OITepaTop

HYJO CMCTeMy S . Ot;eBM,l.\HO, q•ro '-1'-x = F.x If . Tor,IJ,a rro (3.6) 11 (2.8) 
4':x:. RBJIH6TCll 611JII1HetiHhlM rrpeo6pa3oBaHI1eM, a no (3.3) 'f'.x / Re"' R-:c., 

TaR KaK lf':x(€J::.I:¥:=X. B qacTHOCTH, ecJIH (:;c,'{) - peaJII13YJO~aR na-

pa CI1CT6Mhl S , TO no (2.IU) Se~x = Sxrz • TaKMM o6pa3oM (e, (!tX) 
~ . 

llBJill6TCll peaJII13YJOUj6M napoil: CMCT8Mbl 5 • KpoMe TOI'O, no ( 2. 14) If' a: 
llBJIFI6TCR 3KBI1BaJI6HTHbiM npeo6pa30BaHI16M. 0 

Cso60~Hb!H MOHOH,Il, ~# llBJ!ll6TCFI 6a311COM B6KTOpHOI'O npOCTpaHCTBa 

X , cJie~oBaTeJibHo, ~JIR Ra~oro cocTOflHI1ll ~ t X MaTpM~a ,IJ,OCTI1-

JKI1Moro npeo6pa3DBaHl1ll l.jJ x. HM68T Bl1).\ 

[lf'x]= [.t,Ax, B,x, ... , s,x,A~,AI3{a:, ... , A8,.7:, 81 Ax, tlz, B1 B.t.x, .• .J, 

T. e. CTO.Il6J-1b! 11~6RC11pYJOTCFI 3Jl6M6HTm.ill CB060~HOI'O MOHOH,IJ;a r"' , a 

3HaqeHJ1e Ka.JK~oro CToJI6'-Ia paBHO A ( (}) .:t • 

(3.9) TeopeMa 

llycTb s~aHa 611JIJo!HetiHaR CI1CTeMa S = < T, K,X, U, Y, ¢,Dl, j3 >. 
Tor,IJ,a npocTpaHCTBO ,n;ocTHlll:l1MOCTI1 JII06oro cocTOllHHR X€ X cosn~aeT 

c o6pasoM ero ~OCTI1lli:HMoro rrpeo6pa3oBaHI1R l.flx, T.e. pasMepHOCTh 

ero npocTpaHCTBa ,n;oCTI1lli:I1MOCTI1 pasHa paHry MaTpMI-\hl [ 4':x] . CJie~o-
BaTeJibHO, CMCTeMa S ,IJ,OCTI1lli:I1Ma 113 COCTOllHI1FI X TOI',IJ,a 11 TOJibRO 

TOI'~a, KOI',IJ,a 'f':x llBJIH6TCll npeo6pll.30BaHH8M Ha,I1JII1 ranK[l/':.,}:dimX =n . 

,I\oKasaTeJibCTBO 

Mb! 0603Haqi1M npOCTpaHCTBO ~OCTI1l!tHMOCTI1 COCTOllHHll e B npOC'l'

paHCTBe X qepe3 lRe) • ,I\oKalll:eM, qTo (Re)= X . ,lJ,rrll sToro ~ocTa-
ToqHo noKa3aTb, qTo 2 * ~ ( Re > , TaK RaK i!. If ecTb 6as11c rrpo-

~ ~ 

CTpaHCTBa X • IloKa.JKeM sTo 11~YRI.11fetl no ,IJ,JI!1He fJ € l . IlycTb {8/=i., 
T.e. 8•zj ,IJ;JIH HeKoToporo j=o,1, ... , p • EcJIH j=o , TO ed=:toe= 

== :lo E ( Re ) • EcJIH j :f. 0 , TO npH Bbl6ope Uj "'-1 11 Ui.. "'0 ~JIR scex 

~ "# J 11M66M e ';>; { u) =. L. lLi. t.i :: ~j € ( Qe) • IlyCTb (J € ( Re) 
r * 1.=-t, .•. ,p 

~Jill scex TaKI1X (} € 1!: • qTo ( e I ~ m ' r,n;e m - HeKOTOpoe 

rroJIOJKHTeJibHoe J-1BJIOe qHcJio. Tor,IJ,a aHa.JIOrl1qH!,JM o6pa30M noJiyqHM 

rjtJ € U?.e) ~JIR scex j=~1, ... ,p . 'I'aKI1M o6pasoM, ee {Re) 
~Jill Bcex TaKI1X 8 € e. II , qTo I et = m + 1 • 0TCIO~a no 11H-

II 

1: 



,IzyK~lUl :;,.* s; ( Re). llTaR, (Re)= X . no (3.2) npOCTpaHCTBO 

~OCTM~MMOCTM COCTORHMR X COBITa~aeT C ITpOCTpaHCTBOM, nopo~aeMhlM 

OOCTO.fiHI16M X. • CJie,ItOBaTeJibHO, corJiaCHO CBO~CTBY aJire0pa.R'I6CROrO rOMO

MOlxiJHSMa OHO COBII~aeT C 00pa30M rrpeo6paSOB8Ji1i.!JI l.fl:& , TaR KaR 

lf'x (e) =-X • 0TCIO~a pasMepHOCTb I1pOCTpaHC'rBa ~OCTMlKMMOCTM COCTOF!HMR 

X paaHa paHry 'i'aTpM~hl [ IJl~] • TaKMM o6pasoM ,cMcTeMa S ~OCTM~l1-
Ma !13 COCTOF!Hl1R ;x:. TOI'~a l1 TOJibKO TOP.JJ;a, 1\0I',IJ,a lJ.l::re F!BJIF!8TCF! rrpe-

o6pa30BaH!16M Ha, T.e. ranK ['f:z:J ""dim X= n.. 0 

(3.1U) CJieACTBMe 

llycTb ~JIFI cocTOFIHl1FI x e X [ 1./'xl rn ecTb MaTpM~a, ITOJiyt!eHHaFI 

!13 MaTpl1~hi ,JJ,OCTl11KMMOI'O rrpeo6pasoaamu:1 [\fix] OT6pacb!BaHMeM acex 

3JI8M8HTOB, ~JIMHa l1H,lJ,8KCa CTOJI6~a Ka~OI'O M3 lWTOphlX 60Jibill8 m. • 
Tor,rr,a ecJIM ~JIFI HeKOToporo t<l1CJia m rank[l.f.xlm::rank[l.f'.:r.lmH, TO 

rank ['fx] m 8CTb pasMepHOCTb rrpOCTpaHCTBa ,1J,OCTl1~l1MOCTJ.i COCTOF!Hl1R 

X, T.e.rank['f'xlm=rank['fx]. Bonee TOI'o, cpe~t<l1CeJI OJ, ... , 
t1 -1. CJ'll18CTByeT TaKOe til1CJIO tTl • 

J\OKasaTeJibCTBO 

llycTb ra_nk [lf:zJrn =raf/K {!fx) m+ .f 

* ,JJ,JIR JII06otl l10CJI6,II,OBaTeJibHOCTl1 0 € i!! , 
• 8TO 03HatiaeT, tiTO 

TaKOll, tiTO Jf} { "' m 1- <f • l1M8-

eT M8CTO pasJI0~8Hl18 

lt.(8)x = L. )ift(B,) :x. , r,rr,e Ar: E K. 
01rte1 r~m - * -06osHatiHM Bo"'A • Tor,rr,a ,JJ,JIR nro6ot! 8€ l. , TaKotl, tiTO te/=mt.:~, 

MMeeM B=t.jO (r,rr,e je[o,f, ... ,pJ 11 /6/= m+1) 11 ' 

k (0):x:.:: B,j L. At h (()i,):x:. = Bi L. ),h (6()::C + B- '2: A\"'((),) X 

Ofo/9;tt.m lihl-=m d0§(6il~ m-1 

= LA< h (lj lh) X + 2:.. A< h ('l; ()c) X 

/9il==m Otl~il~ m-1 

::: L.~'th(O;):r. + L>.J.(.ijO;);;c 
I 

).i €. K , Of./9i I f. m 0~19<1~ m-~ r,11,e 

0Tcro,rr,a noJiytiMM rank['f:r.]m- rank [.l#';~:]m+~ 
l1H,JJ,yK~Ml1 rank ['f:~t] m = rank ( 1./'-x.],.,' 

Cne,II,oBaTeJibHo,rro 

,II,JIR acex m'~ m, 
T. e. l"'a.nk ['I' "JC] m = Y'a.nk ['I',%!]. 

llyCTb m - Ml1HMMaJibHOe tiMCJIO, TaKoe, tiTO r>a.nK [ l/l;;c} m =l"ttnfr[l/l:z)117 t--t. 

Ilpe,rr,noJIOJKMM, tiTO tr:1 ~ n . Tor,IJ,a ·no nepBotl tiacTM ,rr,oKasaTeJihCTBa CJ'll1e-

CTByeT no' KpatiHetl Mepe m +-1 Jll1H8tlHO H63aBMCl1Mb!X B8KTOpOB X, /l((}1)X
1 

.•. ,/;.(Bm)l:., TaKMX,tiTO IB,J,..f, ... ,/Oml=tn. OTO rrpOTMBOpetiMT TOMy, tiTO ,JJ,JIR 
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MH0~8CTBa 11. -MepHb!X B8KTOpOB MaKCVIMaJibHOe tiM.CJIO J!l1H8HHO H63UBl1-

Cl1Mh!X aeKTopoa paaHo n. . Cne~oBaTeJibHO, m ~ n-1. 

Ha~toHe~, !13 (3.9) BbiT8!(aeT crrpaae,rr,JIMBOCTb cne,rr,QTBMFI. D 
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By CyaH MHHb. 

3KBHaaneHTHWe npeo6pa30BaHHA H AOCTH*HMOCTb 6HnHHe~HWX AHCKpeTHWX 
AHHaMH4eCKHX CHCTeM. 

PS-82-643 

Paapa6oTaHw aneMeHTW anre6paH4ecKo~ TeOpHH 3KBHaaneHTHWX npeo6paaoaaHH~ 
6HnHHeHHWX AHCKpeTHWX AHHaMH4eCKHX CHCTeM, onepaTOpHoH H CB060AHOH 6HnHHeH
HO~ CHCTeM . C ee OOM~b~ nony4eHO He06XOAHMOe H AOCTaT04HOe ycnOBHe AOCTH
*HMOCTH 6HnHHeHHWX AHCKpeTHWX AHHaMH4eCKHX CHCTeM C npOH3BOnbHWMH MHOrOMep
HWMH BXOAHWM H BWXOAHWM npOCTpaHCTBaMH . 

Pa6oTa awnonHeHa a na6opaTOpHH BW4HcnHTenbHoH TeXHHKH H asTOMaTHaa~HH 
OHRH . 

C~eHHe 06~eAHHeHHoro HHCTHTyTa AAePHWX HccneAOBaHH~. AY6Ha 1982 

Vu Xuan Minh . PS-82-643 
Equivalent Transformations and Achievement of Bilinear Discrete-Time 
Dynamical Systems 

The elements of the algebraic theory of equivalent transformations of 
belinear discrete-time dynamical systems, operating and free belinear 
systems are elaborated. The necessary and suffic ient condition of achieve
ment of beli~ear discrete-time dynamicaT systems with any multidimens ional 
input and output spaces is obtained with the use of the elaborated theory. 

The investigation has been performed at the laboratory of Computing 
Techniques an Automation, JiNR. 

Communication of the Joint Institute for Nuclear Research. Dubna 1982 

nepeBOA aBTopa. 


