
r.H.Ha3HH 

C006Ul8HMR 
06118AMH8HHOrO 

MHCTMTYTB 
RABPHbiX 

MCCIBAOBBHMM 

AY6Ha 

P5-82-395 

KOBAPHAHTHOCTb YPABHEHHH BOrORIDBOBA 
~H fiPOH3BO~mErO ~YHKUHOHARA 

PABHOBECHYX KnACCHqECKHX CHCTEM 

1982 



PaBHOBeCH~e COCTORHHR CHCTeM~ T04e4H~X 4aCTHU B KnaCCH4ec
KOH CTaTHCTH4eCKOH ~H3HKe MOryT fi~Tb oxapaKTepH30B8H~ npOH3-
BOARII\HM ~yHKUHOHdnOM fl (t) /1/. ArJR KpaTKOCTH B AanbHeHWeM Mbl 
fiyAeM npOCTO rOBOpHTb 0 COCTORHHH fl(t). ~YHKUHOHanbH~e npOH3-
BOAH~e fl(t) B Hyne i)(x1 , ••• ,x

8
)fl(O) onpeAenRIOT Ha6op 4ac-

TH4H~x nnOTHOCTeH 

p(x 1 , ••• ,x
8
)=i)(x 1 , ••• ,x

8
)f(O), /1/ 

rAe Xi t;; Rv- Hafiop KOOPAHHaT i -oH 4aCTHU~. 
fl(t) onpeAeneH Ha npocTpaHCTBe L1 (Rv) KOMnneKcH03Ha4HbiX 

~YHKUHH t(x), aHanHTH4eH, H AnR CHCTeM C fiHHapH~M B3aHMOAeHcT
BHeM YAOBneTBOpReT ypaBHeHHIO ooron~fioea cneAYIOII\ero BHAa: 

i) (x) (j' (t) = z (x) (j' (t + (1 + t )f[x]), 121 

rAe z(x) 
f3 = 1/kT, 
MaHepa: 

z ell(> l-{3cJ> 1 (x) It;; L ""' (R v ), z - aKTHBHOCTb, 
ell 1 (x) - noTeHuHan BHewHero nonR, f(x) - II>YHKUHR 

f{x) = expl-f3cJ>2 (x)l-1 t;; L 1(Rv) n L""'(R v), /3/ 

cJ> 2 (x) - 6HHapH~i1 noTeHUHan, (j' (t) - aHanHTH4eCKHH Ha L 1(Rv) 
<!>YHKUHOHan, f[x](y) "'f(X-y), (z, f) - napaMeTp~ ypaBHeHHR 
ooronJOfioea. 

HopMHpoeaHH~e ( C1 (0) = 1) nonOIKHTenbH~e peweHHR 3Toro ypae
HeHHR onpeAenRIOT npOH3BOARII\He ~yHKUHOHan~ f(~ 121 • 

YpaBHeHHe /2/ RBnReTCR OCHOBH~M B paBHOBeCHOH KnaCCH4ec
KOH cTaTHCTH4ecKOH ~H3HKe. BcR HH~OpMaUHR o TepMOAHHaMH4ec
KOM noBeAeHHH CHCTeM~ AOniKHa H3BneKaTbCR H3 3TOrO ypaBHeHHR. 

B AaHHOH pa6oTe M~ paccMOTpHM npeo6paaoeaHHe ypaeHeHHR 
/2/ npH 3aMeHe He3aBHCHMOH ~YHKUHOHanbHOH nepeMeHHOH t(~ 

t(x) = (Tu)(x), /4/ 

u(x) t;; L 1(R"), T - aHanHTH4eCKHH onepaTop, AeHCTBYIOII\HH B 
L 1(Rv).lila ecex onepaTopoe T M~ B~AenHM Knacc onepaTopoe, 
ocTaBnRIOII\HX HeH3MeHH~M BHA ypaeHeHHR /2/. BeeAeM T04HOe 
onpeAeneHHe. 

M~ 6yAeM roeopHTb, 4TO ypaeHeHHe 6oron106oea c AaHH~MH 
(z, f) KOBapHaHTHO no OTHOWeHHIO K npeo6pa30BaHHIO /4/, ecnH 
~YHKUHOHan ClT(u) = (:((Tu), nOCTpOeHHbiH no nJOOOMy peweHHIO (1 
ypaeHeHHR /4/, YAOBneTBOpReT 3TOMY IKe ypaeHeHHIO paaee 4TO c 
H3MeHeHH~MH napaMeTpaMH (zT' f T ) f ~ ~ - ~=- ··· - ... · , - w··· ·. 

; ' t ~·. ;: ,. . 
•• t..i 

- ·- ·- ------- ........ -~ ... - .. """·-.......--,6 
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~(x){IT(u) = ZT(x)(IT(U+ (1+ U)f.r (x]). /5/ 

napaMeTpbl ZT ~ L 00 (Rl) "' rT (;; L 1(Rv) CTpORTCfl no onepaTOPY T. 
EcnH Anfl HeKoToporo onepaTopa Koeap~-taHTHOCTH T BblnonHfleTcfl 

AononHHTenbHO ycnoe~-te 

zT (x) = z(x), rT (x) .. r(x), /6/ 

TaKOH onepaTOp ecTeCTBeHHO Ha3biBaTb onepaTOpOM ltiHBap~-taHTHOCTH 
/HnH CHMMeTpHH/ ypaeHeHHfl 6oron~6oea. 

0TMeTHM cneAY~~He 3aAa4H, npltiBOAfi~He K npo6neMe OTbiCKaHitlfl 
onepaTopoe Koeap~-taHTHOCTH ypaeHeHHfl 6oron~6oea: 1/ Ynpo~eHHe 
napaMeTpOB (zT,fT) H, COOTBeTCTBeHHO, ypaBHeHitlfl /2/ Bb160p0M 
noAXOAR~eA aaMeHbl nepeMeHHOA /4/, 2/. CoKpa~eHHOe on~-tcaHHe 
COCTORHHH CltiCTeMbl /B 3TOM CJ1y4ae L.leJleC006pa3HO fipaTb u(x) 
H3 6onee yaKoro, 4eM L1(Rv ), npocTpaHcTea/. 3/ ~3y4eHHe cHM
MeTpHH TepMOAHHaMH4eCKHX COCTOfiHHH CHCTeMbl, Ha nocneAHeH 
H3 3THX 3aAa4 Mbl cocpeAOT04HM CBOe BHHMaHHe. 

(OCTO~HHe CHCTeMbl B paBHOBeCHOH KJlaCCH4eCKOH CTaT$H3HKe 
MOmHO xapaKTepH30BaTb MepoA B npOCTpaHCTBe KOH$Hrypal.IHH, Ta
Kafl Mepa OAH03Ha4HO BOCCTaHaBJlHBaeTCfl no npOiti3BOAR~eMY $YHKL.IHO
Hany 121• T04HOe onpeAeneHHe CHMMeTpHH COCTOfiHHfl MOmeT 6b1Tb 
AaHO Ha OCHOBe nOHfiTHfl HHBapHaHTHOCTH Mepbl OTHOCHTeJlbHO npeo6-
pa30BaHHH B npocTpaHCTBe KOH$~-trypai..IHH/3/. (TOJlb o6~ee onpe
AeJleHHe TPYAHO HCnOJlb30BaTb Anfl aHaJ1H3a CBOHCTB KOHKpeTHbiX 
.:.;,;,:.7;;.;.;, ;;.:;;;,.:;;.;:,- ;,;;:;;;:;;;;..:;:,-:::7 ·..;:;;:7;:; 5:::::~~ :,·~:~:::~ :::~~e;.e.r:e:::~e 141. 

npeo6pa30BaHHe g H3 eBKnHAOBOH rpynnbl ABHmeHHH npocTpaH
CTBa ~ fiBnfleTCfl 3JleMeHTOM CltiMMeTpHH AaHHOrO COCTOfiHHfl 

f(t), ecnH 
Vs G z ' xi (;; Rv p(gx1, .. .,gxs) =p(x1, ... ,xs)' 171 

rAe p(x) s - 4aCTiti4Hble nJlOTHOCTitl COCTOfiHitlfl f(t). Ha6op BCeX 
aneMeHTOB cHMMeTPitiH g o6paayeT rpynny CltiMMeTpltiH Of AaHHOro 
COCTOfiHHfl f(Q. 3TOMY y3KOMY onpeAeJleHH~ CltiMMeTpltlltl COCTOfiHHfl Mbl 
npHAaAHM APYrY~ 3KBHBaneHTHY~ ~OpMy, KOTOpaR AOnycKaeT cy
~eCTBeHHOe pacw~ttpeHHe AaHHOro onpeAeneHitlfl. 

JleMMa 1 • 3neMeHT gG 0 npHHaAnemltiT rpynne (",.. TOrAa H TOJlb-
KO TOrAa, KOrAa Vt G L 1(RV) · -x 

f(T g t) = f (t), /8/ 

rAe T g AeikTeyeT no npaBHJlY vu G L
1 

(Rv), 

(T g u)(x) = u(g- 1 x). 
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/9/ 

/10/ 

nycTb BblnOnHeHO ycnOBHe /7/. YMHOmafl 3TH paeeHCTBa Ha 
(s!)-1llt(x

1
), ltiHTerp~-tpyR "' cyMMHPYR nos nony4eHHble 

ypaBHeHHfl, HMeeM 

/11/ 

B neeoA 4aCTH /11/ AenaeM aaMeHy 
paaoeaHitlfl paeeH 1/ 

y = gx I fiK06~ttaH 3TOro npeo6-

1 s 1 
I.- r p(y1, ••. ,y ) n t(g- Yt )dyt. 

s>O s! 8 1 = 1 

/12/ 

PaeeHCTBO /8/ AOKa3aHo. 06paTHo,/8/, /10-12/ eneKyT /7/. 
Ofiofi~eHitle nOHfiTitlfl CltiMMeTpltlltl Tenepb 04eBitiAHO: aHaJlltiTitl4eCKitiH 

onepaTop T: L 1(Rv)-. L 1(Rv) HaaoeeM onepaTopoM c~t~MMeTpltlltl 

COCTOfiHitlfl f(t), eCJlltl 

Vt G L 1(Rv) f ((Tt)) = i> (t). I 13/ 

OnepaTOpbl CltiMMeTpltlltl COCTOfiHitlfl l_> xapaKTepltl3yroT ero ltiHAitiBitiAY
anbH~e ceoAcTea. Boo6~e roeopR, OHitl MoryT He 6b1Tb onepaTopa
MH CltiMMeTpltlltl AaHHOrO ypaeHeHitlfl 6oronro6oea Itt it!X B TOM CJ1y4ae 
HeeoaMomHo HaHTitl 6e3 fiBHoro peweHHR ypaeHeHitiA. HanpoT~t~B, 
Te H3 HltiX, KOTOpble fiBnflroTCA onepaTopaMitl CltiMMeTpltlltl ypaBHeHitiA, 
MOryT 6b1Tb yCJlOBitiAMitl /6/ BbiAeneHbl ltl3 MHOmeCTBa onepaTOpOB 
Koeap~ttaHTHOCTH. AocTaT04HO m~ttpoKoe noAMHomecTBO onepaTopoe 
KOBap~ttaHTHOCTitl MOmeT 6b1Tb HaHAeHO 6e3 ABHOrO peWeHitlfl ypaeHe
HitiA 6oronn6oea. KoHe4HO, B03MO~Ha nocTaHOBKa aaAa4H cpaay 
Ha no~ttcK onepaTopoe CHMMeTpltlltl ypaeHeHitiA 6oronn6oea. 0AHaKo 
H~ttme Mbl noKameM, 4TO CTpaTerltiA nOitiCKa 3TitiX onepaTOpOB B ABa 

aTana oKaableaeTcR 6onee r~tt6KoA. 
OnepaTopbl Tg- npeAcTaeneH~tte rpynnbl G,AenAroTcA, o4eBHAHO, 

onepaTopaMitl Koeap~-taHTHOCTitl ypaeHeHitiA /2/. Ycnoe~ttfl /6/ AnA 
HltiX CBOAATCA K o6b14HOMY Tpe6oBaHitl~ ltiHBapltlaHTHOCTitl raMitlnb
TOHitlaHa c~ttcTeMbl 131• TaKitiM o6paaoM, OHitl oTpamaKH A~t~HaM~tt4eCKyro 
CltiMMeTp~ttn peweH~t~A ypaeHeHHA 6oron~6oea. HaxomAeH~tte 6onee 
WltlpOKOrO KJlacca onepaTOpOB KOBap~ttaHTHOCTitl npeACTaBJlAeT TaKitiM 
o6paaoM ltiHTepecHeAwyn aaAa4y, nocKOnbKY cpeAitl HltiX MoryT 
OKa3aTbCA onepaTOpbl CltiMMeTpltlltl coeepweHHO ltiHOH npltiPOAbl, OTpa
man~He cneL.IItl$1t14eCKitle TepMOA1t1HaMH4eCKitle CBOHCTBa peweHitiH ypae-

HeHHA 6oronn6oea. 
nony41t1M ypaBHeHitle AJlfl onepaTOPOB KoeapltlaHTHOCTitl. AnA 

3TOrO HaAAeM AH$~epeHL.IItlaJ1 $yHKL.IItiOHana (IT (u) 
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8(} T(u) = f~(x)(t('fu) (T1 Su)(x)dx = 

= f(Tii:(.){t(Tu))(x)8u(x)dx, 1141 

rAe T1 - nepeafl npo~3BOAHafl <l>pewe e T04Ke u(·) oTo6pa>KeH~fl 
T IT 1 - n~He~H~~ orpaH~4eHH~~ e Ll (It') onepaTopl, Ti -
COnpfl>KeHH~~ K T1 OTHOC~TenbHO ecTeCTBeHHO~ ABO~CTBeHHOCT~ 
Me>KAY L 1(Rv) ~ L 00 (Rv). I Ti- n~He~H~~ orpaH~4eHH~~ e 
L oo(R v) onepaTopl. OnepaTop Tt OAH03Ha4HO onpeAenfleTcfl 
~3 TO>KAeCTBa /li/ va'" L 00 (R y ) ~ v 1/J '" L l(RY) 

fa(x)(T1 1/J}(x)dx = f(Ti aXx)f/J(x)dx. 

H3 1141 ~ 121 nony4aeM B~pa>KeH~e Anfl <I>YHK~~oHanbHO~ npOH3-
BOAHO~ (IT (u) 

~(x)d T (u) = (T 1 ~ ( . ) d('IU))(x) = T i ~(x)d('IU) "" 

""Ti_ z(x) (j (Tu + (1 + '1\1) f[xl). 
1151 

3AeCb enepe~e BMeCTO o6o3Ha4eH~fl THna (T* aXx) ~cnonb3o
eaHO o603Ha4eH~e Tia(~. KOTOP~M 6yAeM nonb30BaTbCfl B Aanb
He~WeM TaM, rAe 3TO He B~3~eaeT HeAOpa3yMeH~~. 

TeopeMa 1. Anfl Koeap~aHTHOCT~ ypaeHeHHfl 6oron106oea 121 
np~ <!>~KC~pOBaHH~X (z,f) OTHOC~TenbHO npeo6pa30BaH~fl 141 
He06XOAHMO H A0CTaT04HO B~nonHeHHe TO~AeCTBa 

T; z(x) (t ('1\1 + (1 + '1\1) f[x]) = 

= z 1 (x) (t (T(u + (1 + u) fT [x] )) . 

1 * vu G L (R ) H Ka>KAOro peweH~fl (t ypaeHeHHfl 121. 

1161 

Ae~cTB~TenbHO, e~pa3~B (t T e npaeo~ 4acT~ 151 4epe3 (t 
H noAcTaBHB B neey10 4aCTb i:(~ (t ~u) H3 I 151, np~XOAHM K 
I 161. 06paTHO, e c~ny 121 ~ I 151 neeafl 4aCTb I 161 ecTb 
i:(x) (IT (u) • OcTaeTcfl 3aMeH~Tb e I 161 (t Ha Clr, 4To6~ nony-
4HTb 151. 

1161 - OCHOBHOe ypaBHeH~e Anfl onepaTOPOB KOBap~aHTHOCT~. 
EcnH MHO>KecTBO peweHH~ ypaBHeH~fl 6oron106oea np~ AaHH~X 
(z, f) HeOAHOMepHO, TO B 1161 cneAyeT nOACTaBHTb BCe nHHe~
HO He3aB~CHM~e peweHHfl (t . Anfl onepaTOpOB KOBapHaHTHOCTH B a 
3TOM cny4ae nony4aeM c~cTeMy ypaeHeHH~. 

B n106oM cny4ae ypaeHeHHe 1161 ~MeeT CYI.lleCTBeHH~~ HeAocTa
TOK - ero B~A onpeAenfleTCR KOHKpeTH~M~ peweHHflM~ ypaBHeH~fl 
6oron106oea ~ AO HaxO>KAeH~fl 3THX peweH~~ ypaeHeHHe 1161 <t>aKTH-

4 

B~XOA ~X 3TOrO Kpyra COCTO~T B pacCMOTpeH~~ 1161 KaK 
TO>KAeCTBa OTHOC~TenbHO (z, f, (j) , MeHfliOIII~XCfl B HeKOTOpOM 
MHOmecTee K, e~6~paeMOM ~3 AOnonH~TenbH~x coo6pa>KeH~~. 4eM 
w~pe MHO>KecTeo K, TeM c~nbHee orpaH~4eH~fl, HanaraeM~e ypae
HeH~eM 1161 Ha onepaTop~ T, cneAOBaTenbHO, y>Ke ~x Knacc, HO 
TeM ner4e ~3 1161 ~X Ha~T~. np~ e~6ope MHO>KeCTBa K Heo6xo
A~M~ KOMnpOM~CC~. 

06cyA~M B03MO>KH~e cTpaTer~~ e~6opa MHO>KecTea K. Ecn~ o6o3-
Ha4~Tb Hz, r MHO>KecTBO peweH~~ ypaeHeH~~ 6oron106oea Anfl AaHH~x 
(z, f), TO M~H~ManbHOe MHO>KeCTBO K"" Kz,f = I z I x lfl x H z,r • 
8 3TO~ CTpaTer~~ MHO>KeCTBO onepaTOPOB KOeap~aHTHOCT~ OnpeAe
nfleTCfl nonHOCTbiO. CneAYIOIII~e TP~ cTpaTer~~ no3eonRIOT Ha~T~ n~Wb 
ero nOAMHO>KeCTBa. 

Bee 3T~ cTpaTer~~ OCHOBaH~ Ha e~6ope K e B~Ae PxH, rAe 
P - HeKoTopoe MHo>KecTeo napaMeTpos (z, f), H - npocTpaHCTBO 
aHan~T~4eCK~x Ha L1(Rv) <I>YHK~~oHanoe. TaK KaK ece OH~ onpe
AenfliOTCfl MHO>KeCTBOM !J', TO Mbl ~X COOTBeTCTBeHHO ~ 6yAeM 000-
3Ha4aTb 

1 I p1 = L 
00 

(R y) X (L 1 (R y ) (\ L 00 (R y)) • 

31 !1'3 =lzlx {fl. 

OnepaTOp~ KOBapHaHTHOCTH B CTpaTerHH !J' 1 .y4~T~BaiOT 06111YIO 
cTpyKTYPY ypaeHeHHfl 6oron10noea, e CTpaTer~H P2 - AOnonHHTenbHO 
ceo~cTea <I>YHK~H~ f, P3 - nap~ (z, f). 

Y MHO>KecTe K1 = P1 x H It =1 ,2,31 aHoManbHO WHPOKafl o6-
nacTb H3MeHeHHfl (t,3TO np~BOA~T K HHBenHpoeaH~IO MHOr~X CBO~CTB 
cHMMeTP~~ peweH~~ ypaeHeH~fl 121. TeM He MeHee caMan rpy6afl 
cTpaTerHfl K3 onpeAenReT ece onepaTop~ Tg. 

6onee TOHKHe CTpaTerHH nO~CKa onepaTOpOB KOBapHaHTHOCTH 
MOryT 6~Tb OCHOBaH~ Ha TOM, 4TO npH <!>HKC~pOBaHHO~ <I>YHK~~H f 

z(x)= zA(x) :zv(x)xA(x), 

rAe z > 0, v(x) = expl-1'1> 1 (~I, x A - HHA~KaTop orpaHH4eHHoro 
H3Mep~Moro MHO>KecTea Ac Rv, H3eecTHO peweHHe (!A ypaeHeHHR 
121121• TeM caM~M Anfl ~(~ onpeAeneHO ypaeHeH~e 1161 

T; zA (x)(tA(Tu+(1 + 'IU)f[x]) =Z~ (x)(tA (T(u+(1+u) f~ [x])). 117 I 

3To ypaBHeHHe MO>KHO paccMaTp~eaTb KaK TO>KAeCTBO no zA, e~6H
paeMOM H3 pa3nH4HbiX MHO>KeCTB, 

41 pr = lzA=zvxA: vG L 00 (Rv ), AG O(R )I, 
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V- $HKCHpOBaHO, 

6 I p ~ I ZA ... z vx A: f, z 
z, r - $HKcHpoaaHbl Ar;;. P(R11 )1, 

rAe O(R11
) - CHCTeMa orpaHH4eHHbiX H3MepHMbiX MHO>KeCTB a R11

• 

OnepaTOPbl T, Ha~AeHHble a cTpaTerHRX K4 -Ke , onHCbiBaiOT caot:icT
ea KOBapHaHTHOCTH ypaBHeHHR 6oron106oea Anll KOHe4HbiX CHCTeM. 
Ho a Ka>KAOM H3 3THX cTpaTerHt:i MHO>KecTao zA Bb16paHo TaK, 4TO 
B03MOlKeH npeAenbHblt:i nepeXOA K 6eCKOHe4HbiM CHCTeMaM, 

Bb16epeM a L"" (R 11 
) • - cna6y10 TononorHIO, a a L 1 (R11

) -

HOPMHPOBaHHYIO, H BBeAeM B p1 TOnonorHIO npOH3BeAeHH1l, nycTb 
aoapacTaiOIJtaR nocneAOBaTenbHOCTb A0 TaKoea, 4TO An= R11

• EcnH 
AnR HeKoToporo T nocneAOBaTenbHOCTb nap (z~n, r~n) cxoAHT
CR B 9' 1 (zT,fT ), TO B /17/ MOlKHO CAenaTb npeAenbHblt:i nepe
XOA no cxeMe TepMOAHHaMH4ecKoro npeAenbHoro nepexoAa, pac
CMOTpeHHOro a 12< H y6eAHTbCR, 4TO TaKot:i onepaTOp YAOBneTBOpR
eT ypaaHeHHIO /16/. MO>KHO HaAeRTbCR, 4TO TaKHM o6paaoM onpe
AenHTCR AOCTaT04HO 6oraTOe MHOlKeCTBO onepaTOpOB KOBapHaHTHOC
TH. 3aMeTHM Tenepb, 4TO a cTpaTerHRX K4 -Ke Heao3MO>KHO 
C CaMOrO Ha4ana HCKaTb OnepaTOpbl CHMMeTpHH ypaaHeHHR, TaK 
KaK HX AnR KOHe4HbiX CHCTeM MOlKeT He 6b1Tb B006~e. 

Mbl He 6yAeM HccneAoaaTb cTpaTerHH K4 -Ke,a orpaHH4HMCR 6o
nee npocTbiMH K1-K8 • Ho Aa>Ke H a 3THX AOCTaT04HO npoCTbiX cny-
4aRx B03HHKaiOT cy~eCTBeHHble MaTeMaTH4eCKHe TPYAHOCTH, B CTpa
TerHH is YAaeTCR nHWb CBeCTH 3aAa4y K OAHOMy HenHHe~HOMY AH~
$epeH~HanbHOMY ypaaHeHHIO AnR T. nonHOe HCcneAOBaHHe 3Toro 
ypaBHeHHR e~e npeACTOHT BblnOnHHTb, 

B cTpaTerHH K2 3aAa4a pewaeTcR nonHOCTbiO AnR peweT4aTbiX 
CHCTeM H HeKOTOpble AeTanH OCTaiOTCR HeRCHbiMH AnR HenpepbiBHbiX 
cHcTeM. B Ks nony4eHo peweHHe H AnR HenpepbiBHbiX CHCTeM, 
HO 3TO peWeHHe TPHBHanbHO, 

4T06bl CKOH~eHTPHPOBaTb HH$opMa~HIO o6 onepaTopax T, Heo6-
XOAHMO H3fiaBHTbCR OT BCeX npOH3BOnbHbiX napaMeTpOB B /16/ H 
nony4HTb ypaBHeHHe, COAep>Ka~ee TOnbKO ~HKCHPOBaHHble /B KalKAOH 
cTpaTerHH caoH/ napaMeTpbl H onepaTopbl T. HaHMeHbwee 4Hcno 
napaMeTpoa ypaaHeHHR /16/ COAeP>KHTCR a cTpaTerHH K3, c Hee Mbl 
H Ha4HeM. 

8 3TOH CTpaTerHH (~f) - ~HKCHpOBaHbl, H HYlKHO H3 /16/ HCKni0-
4HTb npoH3BOnbHbiH ~YHK~HOHan a. 

6 

BaeAeM o6o3Ha4eHHR 

P*• Tt z(•), p,. z(.)T , 
1 

F(x, ~- (1 + Tu(y))f(x-y). 

/18/ 

/19/ 

F T(x, y) = T(u + (1+ u>£r [x]) (y) - Tu(y). /20/ 

Bee BBeAeHHble 3AeCb 06"beKTbl 3aBHCRT e111e H OT U(•), Mbl He 
OTMeTHnH 3TO B 0603Ha4eHHRX, TaK KaK Ha AaHHOM 3Tane 3TO RBHO 
Hcnonb30BaTbCR He 6yAeT. TaK KaK Tu(y) KOHe4Ha AnR no4TH 
ecex y, TO F(x,y) KaK ~YHK~HR x npHHaAne>KHT L 00 (R11

) AnR 
no4TH ecex y. 

JleMMa 2. B CTpaTerHH Ks ypaeHeHHe /16/ 3KBHeaneHTHO cH
CTeMe 

/21/ 

/22/ 

PaeeHCTBa OTHOCHTenbHO X H Xi nOHHMaiOTCR n04TH BCIOAY no Mepe 
Jle6era a R 11 

• 

~HKCHpyeM u(x), H, nonb3YRCb aHanHTH4HOCTb10<lr;;. H, paano>KHM 
o6e 4aCTH ypaaHeHHR /16/ a PRA Tet:inopa a T04Ke Tu: 

/23/ 

a(x ...... xn)"' il(xl ..... xn) (j (Tu). 

OnepaTop P*e neeot:i 4aCTH /23/ MO>KHO nepecTaanRTb c onepa
~HeH I.. Aet:icTBHTenbHO, P*, KaK conpR>KeHHblt:i K orpaHH4eHHOMY 
a L 1 (R 11

) onepaTopy P, rAe • - cna6o HenpepbiBeH a L
00

(R 11 
)

1111
, 

a PRA cneaa a /23/ onpeAenReT ~YHK~HIO H3 L 00(R 11
) H • - cna-

6o CXOAHTCR, 
B CHny npOH3BOnbHOCTH a, ~YHK~HH (j (x 1•""' X D) -npOH3BOnb-

Hbl. nonaraR Hx ace, KpoMe OAHOH, paeHbiMH HyniO, nony4aeM cH
CTeMy (D.,? 0), 3KBHBaneHTHyiO ypaaHeHHIO /16/ 

* ~ D D P fu(x1, ... ,x0
) II ~x.x 1)~ ~zT(x)(a(x1, ... ,x) II FT(x,x.)dx

1
• /24/ 

1= 1 D t .. 1 -~ 

B Ka>KAOM paaeHcTae /24/ npH n~l onepaTop P* MO>KHO nepecTa
BHTb C onepa~HeH HHTerpHpOBaHHR, PaCCMOTpHM AnR npOCTOTbl cny-
4aH n = 1 • YMHO>KaR neey10 4aCTb /24/ Ha !{! r;;_ L ~If) H HHTerpHPYR, 
nony4aeM 
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f!fr(x) P* ( (<1 (x, x
1
)dx = fP!fr(x)((ff (x 1) F(x, x 1)dx 1) dx = 

= (<1. (x 
1

Xf(P!fr)(x)F(x ,x
1
)dx)dx 1 = ( <1 (x1)((!fr (x)P*F(x,x 1) dx)dx 1 = 

/25/ 

B t.~eno4Ke paseHCTB /25/ Mbl ABa>KAbl socnoilb30Baili-Kb cs.R3bl0 Me>K
AY onepaTopaM~ P* ~ P /eM. /15//, a T~K>KS TeopeMO~ ~y6~H~. 

Ha /25/ a c~IlY npo~3BOilbHOCT~ 1/1 G L (R ) cneAyeT BbiCKa-

aaHHOe yTBep>KAeH~e 

P* (<1 (x
1
)F(x,x

1
)dx 1 = fd(x 1)P*F(x,x 1 )dx 1 • 

BHOC.R onepaTop P* nOA 3HaK ~HTerpana B /24/ ~ nonb3Y.RCb 
npo~3BOJ1bHOCTbiO <1. (x 

1
, ••• ,x

0 
), nony4aeM np~ n ~ 1 c~cTeMy 

/22/. AoKa3aTeilbCTBO OKOH4eHo. 
c~cTeMa /27/, /22/- onpeAeJl.RIO~a.R Ailfl onepaTOpOB T B 

cTpaTer~~ K
1
-K

3
• B cTpaTer~~ K3 oHa He coAep>K~T 6onbwe napa

MeTpOB ~ ee aHa11~3 s TaKOM cny4ae Ha~6onee TPYAeH. B 3TO~ 
cTpaTerHH ypasHeH~e /21/ HrpaeT pOilb HeKoToporo ycnosH.R 

HOPM~poBK~ Ail.R onepaTopa T 
/26/ 

(P* l)(x) = (Tt z)(x) = z T(x) • 

B /26/ aaperHcTp~posaHo, 4TO aasHC.R~~~ OT U(~ onepaTOP 
Ti "nocTO.RHeH" Ha AaHHOM seKTope z(.). nocne HaXO>KAeHH.R T~ 
3TO ypaBHeH~e onpeAeJlHT Z T • 

6eCKOHe4Ha.R CHCTeMa /22/ HMeeT A0CTaT04HO npOCTYIO anre6pa-
~4eCKYIO CTpyKTYPYt 4TO n03BOJ1.ReT ee cy~eCTBeHHO ynpOCT~Tb. 

PaccMOTPHM sc10 3TY c~cTeMy np~ ~HKCHposaHHOR ~yHKI.I~H u(~. 
He 6yAeM noKa o6pal!\aTb BH~MaHH.R Ha TO, 4TO F H F T aasHC.RT 
oT T. TaK KaK P* - IlHHe~Hbl~ orpaHH4eHHblr1 I* - cna6o HenpepbiB
HbiR/ onepaTop, TO c~cTeMa /21/ ~ /22/ npocTO onpeAeil.ReT ero 
Ha * - cna6o aaMKHYTO~ anre6pe ~ c L oo(Rv ), nopO>KAeHHO~ 1 
H ~YHKI.I~.RMH F(x, x 

1 
). T 3Ha4e.H~.R 3Toro onep~To~a ne>KaT B IlHHe~

HOM npoCTpaHCTBe E z =Z l) ~ T , rAe ~ T C L (R ) , * - cna6o 
aaMKHyTa.R anre6pa, nopo>KAeHHa.R 1 H ~yHKI.IHfiMH FT (x, x 1) I xi 
~rpaiOT ponb HHAeKcos/. KpoMe Toro, Ha anre6pe ~ P* o6naAaeT 
A0CTaT04HO npOCTbiM~ CBO~CTBaMH. 

HocHTeJ1H ~yHKI.IH~ H3 E ~. o4eBHAHO, 
supp ZT(x), n03TOMY C~CTeMa /22/ 

1271 

8 

m n 
=P*

1
ll F(x,x 1)P* ll F(x,x 1) 
= 1 i=m+1 

B c~ny Il~He~HOCT~ ~ HenpepbiBHOCTH P* CHCTeMa /28/ 3KB~BaneHT
Ha OAHOMY ypasHeHHIO 

zT (x)P* (bc)(x) = (P*b)(x)(P*o)(x) Vo,b G~. /29/ 

HTaK, Mbl AOKaaan~ neMMy. 
fleMMa 3. B cTpaTerHH Ks np~ ~HKC~posaHHO~ <)lyHKI.I~H 

u G L l(Rv) GecKOHe4Ha.R c~cTeMa /21 I, /22/ 3KBHBaJleHTHa c~
cTeMe Tpex ypasHeH~H /21/, /27/, /29/. 

YpaBHeH~IO /29/ MO>KHO np~AaTb ~HO~ BHA. npeAnOJlO>K~M Ailfl 
npTocTOTbl, 4TO 1/zT( x) cy~ecTseHHO orpaH~4eHa Ha A'!' /~Ha4e 
A z MOY.<HO 6blno 6bl HeCKOilbKO cy3HTb, a aaTeM npeAeJlbHbiM nepe
XOAOM pacwHp.RTb/. BBeAeM onepaTop 

P* "'z - 1 (.) P* = z-T1 (.) T* z(.). 
z T 1 

/30/ 

no nocTpoeH~IO Pi: ~ .. ~ T - Il~HeHHbl~ HenpepbiBHbl~ onepaTop. 
AJl.R Hero ypaBHeHHe /30/ nepeXOAHT B COOTHOWeH~e 

(Pz* bc)(x) =(P* b)(x)(P*c(x) b,cGS:, /31/ 
z z 

KOTOpOe nOKa3b1BaeT, 4TO ~; eCTb HenpepbiBHbl~ 3HAOMOP~H3M noA
aJlre6pbl j C L 00 (Rv) B anre6py L 00 (R v) :) jT . 

np~ <)l~KC~pOBaHHOH <)lyHKI.I~~ U(•) o6pa3yiO~~M~ anre6pbl ~ 
.RBil.RIOTC.R npocTo CAB~rH ~yHKI.I~~ f. Ycno>KH.RIOT CHTYai.IHIO TOilbKO 
orpaH~4eHH.R Ha H~X, B03H~KaiO~He H3 yCJlOB~.R 

l+Tu(y)=O. 

06~H~ BHA HenpepbiBHbiX /no HOpMe/ aBTOMOp<)l~3MOB anrefipbl 
L 00 (R v) ~3BecTeH 

/32/ 

(P ~ a)(x) .. x (x), /33/ 

rAe x - HHA~KaTop HeKoToporo H3MepHMoro MHO>KecTea A, g: 
A ... Rv - ~3Mep~Moe OTo6pa>KeH~e TaKoe, 4TO Mepa I' 1 (B) "'"' (g-

1 
B) 

a6COJliOTHO HenpepbiBHa OTHOC~TeJlbHO Mepbl fle6era I'· 
ECTb Bee OCHOBaHH.R HaAe.RTbC.R Ha TO, 4TO, no KpaHHeH Mepe, 

B paCCMaTp~BaeMOM Cily4ae 3TO 6yAeT ~ 06~~H B~A HenpepbiBHOrO 
3HAOMOp<)l~3Ma. 

B 3TOM cny4ae ypasHeH~e /31/ onpeAeJl.ReT o6~H~ B~A onepaTo-

pa T* · 1 . 

(T~ za)(x) "'z T(x)xu (x)a(g ux) 
/34/ 
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Ha 111-!Hei1HOM npocTpaHCTBe E =z(.)S:, ar;;; S: , g u - aHani-ITI-14ec-
KOe OT06pameHI-Ie L 1 (RV) BO MH~meCTBO BeKTOpH03Ha4H~X $yHKU!-111: 
g u= Au .. Rv, Au C R v • Ycnoa1-1e 1341 TeM CI-IIlbHee, 1.1eM w1-1pe noA
npocTpaHCTBOEz.YpaaHeHI-Ie 1341 oTo6pamaeT anre6pa!-14eCKI-Ie cao11-

CTBa CI-ICTeM~ 1281. 
WTaK, 6ecKOHe4Hafl cl-lcTeMa 1211, 1211 3KBI-!BaneHTHa cneAy~-

~e11 CI-ICTeMe Tpex ypaaHeHI-111: 

(T t z )(x) = z T(x). 13 51 

(1 + Tu(y))(T{zf[y])(x) = zT(x)(T(U+ (1 +U)f T [x]) (y)-Tu(y)), 1361 

(Ti za)(x) = z T(x)x u (x)a(g ux). 137 I 

Co6cTBeHHO ypaaHeH!-IeM flBilfleTCfl 1361 Ia paaaepHyTOM BI-!Ae aa
nl-lcaHHOe ypaaHeHHe 127 I I. 3To He11HHe11Hoe AH<l><!lepeHL\Ha11bHOe 
ypaeHeHHe eecbMa 3K30TH4ecKoro BHAa. Ero cneAoaano 6~ Haa
eaTb OCHOBH~M ypaBHeHHeM AJlfl onepaTOpOB KOBapHaHTHOCTI-1 BCTpa
TerHI-1 K

8
,1371 aaAaeT BI-IA onepaTopa Ti,1351 - ycnoe1-1e Hop

MHPOBKH. W3y4eHHe 3TOI1 CHCTeMbl M~ OTJ10mHM Ha 6YAY1.Uee, 
3Ta me CHCTeMa 1351-1371 cnpaeeAI1HBa 1-1 a cTpaTerHH K2 ,Te

nepb Z npOH3B011bHO, 4TO cy~eCTBeHHO ynpo~aeT 1-!CCileAOBaHHe. 
B ypaaHeHHH 1351 npaaafl ~.~acTb He aaBHCHT OT u(·) npH 

"z r;;; L ""(R v ). CneAoeaTeilbHO, T* , a c HHM 1-1 T OT u(.) He 
aaBHCflT. 3To cpaay onpeAenfleT ofi~HI1 BHA onepaTopa '.L': 

t(x) .. (Tu)(x) = t 0 (x) + (T 1 u)(x). 

T
1

- 11HHe11H~I1 orpaHH4eHH~I1 onepaTop. 
YpaeHeHHfl 1361 1-1 1371 ynpo~a~TCfl 

(1 + t
0 

(y) + T 
1 

u(y)) <Ti zf[y ])(x) .. z T(x)('I 1 (l+u)f 1 [ x]) (y). 

3AeCb a r;;;S:
0

, S:
0

- cna6o aaMKHyTafl anre6pa, nopomAeHHafl 
raMI-If, KpOMe TeX, AI1fl KOTOp~X B~nonHeHO yCI10BHe 

1381 

1391 

1401 
1+t

0
(y) + T

1 
u(y) .. o, uG L 

1
(Rv ). 

Ha4HHafl c 3Toro MOMeHTa, AI1fl npocToT~ M~ 6yAeM paccMaTpHeaTb 
peweT4aT~e CHCTeM~. 8 3TOM CJ1y4ae X G% v, COOTBeTCTBeHHO 
t(x)G L 1 (Zv), S:oc;; L""(Zv ). nonb3yflCb TeOpeMo11 ... CT~Ha- Be11ep
wpacca, nerKo onHcaTb cTpoeHHe noAanre6p a L (Z ). KalKAafl 
TaKafl noAanre6pa xapaKTepH3yeTCfl Ha6opoM noAMHOlKeCTB "cmmwHx
cfl" T04eK,KOTOp~e $YHKUHH 1-13 noAanref'ip~ He pa3Ae11fl~TIT04KH,BXO-
Afl~He B pa3111-14H~e T04KH MHOmeCTBa, pa3Ae11fl~TCfll. 06~1-111 BHA 
3HAOMOpMH3Ma noAanre6p L""(ZY) AaeTCfl $opMynol1 1331. 
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nycTb 0 - MHOmeCTBO 3anpe~eHH~X CABHrOB, onpeAeJlfleMOe 
ycnoaHeMI401, 0-=>0T={y:Tu(y) .. Q ur;;;L

1
(Zv)l, X~-

HHAHKaTop OT • .. v 0 
fleMMa 4. V a c;; L (Z ) (Tt axT )(x) .. 0. 
Jlel1cTBHTe11bHO, a CHI1Y onpeAeneHHfl OT 1-1 onepaTopa Ti HMeeM 

<ax~, T
1 

u> .. < Ti ax~· u> = 0, u t;; L 1( Z v). 

3AeCb 

<a,u> =I .a(x)u(x). /41/ 
xc;;.zv 

fleMMa AOKa3aHa. 
TpHBHailbHO AOKa3~eaeTCfl, 4TO noAanre6paS:0 pa3AenfleT T04KH 

~ Zv'\.0 1-1, CI1eAOBaTe11bHO, COAepmHT $YHKUHH BI-!Aa a4, rAe 
x~= 1-x~. BMecTe c neMMOH 4 3TO onpeAenfleT onepaTOP Ti 

(Tiz)(x) = (T
1 
zx~) (x) + (Tt zx~) (x) =cPo (x)z(gx), 1421 

rAe 
c/J0 (x)=(Tix~)(x)x(x), g:zv_. zv"\..o 

4epe3 ABOHCTBeHHOCTb 1411 onpeAenfleTcfl onepaTOP T 1 

(T1r/f)(y) • I c/J
0

(r)r/f(r). !431 
rt;;g-ly 

3AeCb g-1 y - nonHbiH npoo6pa3 y, I =0, ec111-1 g -
1 

y .. ,S -
IIY '- I Uc MnViiu=:C I av. 

YpaeHeHHe 138/ e CHI1Y npoi-13BOI1bHOCTI-I u(.) 3KBHBaneHTHO c!-1-

cTeMe ABYX ypaeHeHHH 

(1+t
0
(y))Ti (zr[y])(x) =Ti z(x)(T1 fT[x])(y), 

<Ti zf[y]) (x)T 
1 

u(y) = Ti z(x)T 1 (ufT [x]) (y). 

noACTaBJlflfl B I 441 Ti 1-1 T1 ,nonyl.!aeM 

cPo (x)z(gx)f(g&-y) I c/J0 (r)u(r) = 
rt;; g-1y 

= c/J
0

(g&)z(gx) I cfJ 0 (r)u(r)f 1 (r- x). 
rt;;g-ly 

1441 

1451 

8bl6epeM u(•) paBHOH HHAHKaTOPY X r OAHOH 1-13 T04eK rt;;A. 3TO CHI-1-
MaeT cyMMHpoaaHHe nor 1-1M~ nony1.1aeM a~palKeHI-Ifl AJlfl fT: 

fT (r-x) = f(gr-gx) r, xGA. 146/ 

W3 /461 BI-IAHO, 4TO, aoo6~e roaopfl, fT He flBnfleTCfl $yHKU!-Iel1 
pa3HOCTI-I r-x. Ho a npHHUHne AOCTaT04HO Tpe6oeaTb, 4T06~ 
f T(r, x) 6blna cHMMeTpH4ecKol1 $yHKUI-Ie11. Tpe6oaaHI-Ie 3aBHCHMOCTI-I 
OT pa3HOCTH apryMeHTOB cymaeT KJlaCC AOnyCTHM~X g. 
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Ha /44/ Tenepb ~MeeM 

1 + t o (y) "" ~1 ¢ o (r) r" g y 
~, OKOH4aTenbHO, B~A onepaTOpa T: 

('IU)(x) = t 0 (x)+ I. ¢ 0 (r)u(r). 
'" ,-ly 

/47/ 

/48/ 

B cy~HOCT~, 3TO ecTb cynepnoa~~~R npeo6paaoeaH~R ~3MeHeH~R 
BHeWHero nonR 171 ~ npeo6paaoeaH~R KOOPA~HaT, eoo6~e roeopR, 
6onee o6~ero, 4eM 3neMeHT~ rpynn~ AB~~eH~H. 

B cTpaTer~~ K 1 3TOT peaynbTaT coxpaHReTcR Aa~e AnR Henpe-
p~BHbiX c~cTeM. 
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PyKon~cb nocTyn~na e ~3AaTenbcK~H OTAen 
28 MaR 1982 rOAa. 

Ha3MH r .H. KoaaPMBHTHOCT~ ypaaHeHMA 6orono6oaa PS-82-395 
AnA npoM3BO~ero tYHK~MOHBna paaHOBeCHWX KnaCCM~eCKMX CMCTeM 

3aMeHa He38BMCMM0A tYHK~MOHBn~HOA nepeMeHHoA B ypaaHeHMM 6orono6oaa AnA 
npoM380~rO tYHK~MOHanB pBCCMBTPM&aeTCA KaK onepaTOp, Ae~CTB~~ B npo
CTpaHCT&e &eConDTHO MHTerPMPYeMWX tYMK~~. noAKnBCC TaKMX onepaTOpoa, He 
MeHA~X toPMYn ypa&H8HhA 6orono6oaa, BWAenAeTCA HeKOTO~ CMCTeMOH ypa&He
HM~. AnA ~T~aTWX CMCTeM 3TOT nQAKnaCC KOHCTPYKTMBHO onMCaH. 

Pa&Ta awnonHeHa a J1a&paTOPMM TeopeTM~ecKoA tMSMKM OHJIH. 

Nazln G. I. The Covariance of the Bogolubov Equation PS-82-395 
for the Generating Functional for Equll lbrlum Classical Systems 

The change of the independent functional variable In the Bogolubov equa
tion for the generating functional Is described In terms of operators 
acting In the space of absolutely Integrable functions. The subclass of such 
operators which do not change the form of the Bogolubov equations is charac
terized by a system of equations. For lattice systems, this subclass Is 
constructively described: 

The Investigation has been performed at the Laboratory of the Theoretical 
Physics, JINR. 
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