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PasnHQHHe ~HauqecKHe uo~enH, Hcnonbayeuue B TeopHH aneueHTapHYX 
qacTH~/I-7/, npHBO~HT K uccne~oBaaHm aenHHelHYX ypaBaeau« B qacTHHX 
npOH8BO~YX 1 UOHCK TOQHOrO pemeHHfl KO!OpHX - npaK!HqeCKH 668H~6&Hafl 
a~aqa. O~aKo B HeKOTOPHX cnyqaax, ucno~aya onpe~eneHHHe ynpo~eHHH 
KaK ~HaHqecKoro, TaK H uaTeYaTHqecKoro xapaKTepa, y~aeTca nepe«TH OT 
ypaBHeHHI B qacTHHX npOHaBo~wx K 06HKHoBeHHHY uenHHelauu ~H~epea
~an•HHY ypaBHeHHau. Tor~a Bonpoc o cy~eCTBOBaHHH qacTH~eno~o6awx 
pemeHHI CBO~HTCH K paapemHYOCTH KPaeBHX a~aq ~na STHX ypaBHeHHI. 
TaK, aanpuuep, HeKoTopHe noneBue uo~enu/2- I npHBO~HT K paccuoTpe
HHD cy~eCTBOBaHHH qacTH~eno~06HHX pemeHHI cne~~ero HenHaelHoro 
~H~epeH~anbHoro ypaBHeHHa: 

npH rpaHHQHHX YCHOBHHX 

\f(o) = 'f (+oo) == 0, (2) 

r~e 

" (x> = e.(e+1l + ,z c..Ye xz l , {1= o, E! =O,J.,2, ... 

f' (lf''Z.rl,X)- H6KO!OpaH H6XHHelaaa ~YHK~fl. 

BY6Hpaa Ha lf)H8Jn6CKHX C006pU6HHI KOHKp6!HHI BH~ F ( 'f 2(x) ,X), 
nonyqaeu paanHQHHe uo~enH /2-7/. 

ITO~ qaCTHU8U0~06HYYH pemeHHHYH UOHHYaDTCfl XD6He H6!pHBH&naHY6 
pemeaua 4' {a:) KpaeBol a~aqH ( I)-(2). llonouTenaaoe ( 6eayanoBoe) 
qacTH~eno~06Hoe pemeaue - aTo HeTpHBHan•aoe qacTH~eno~o6Hoe pemeaHe, .. 
He o6pa.&~eeca B Hy~ HH B O~HOI !O~e, KPOYe .X eO H X.= oo. 

6f,15fn.-10TEK.4 
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B qaoTaou onyllae, Kor.zta senHseRsaa WYHK~H BYdepaeToH B BH.zte 

2 ("''(:g )k-1 
fi' ('I' (XJ,x) = :r. , ~>01 KpaeBaa auaqa (I)-(2) Hccne.ztoBanao:& 
YHOrHYH aBTOpaYH /S-II/. 

PaoouoTpeHBe APYroR WHaHqeoKoR uo.ztenK npKBeno aB!opoB /4,5,!3/ 
K Bccne.ztOBaHHm KpaeBoR auaqe (I)-(2), Kor.zta uenBHeRHaa WYHK~H Bu-
6HpaeTcH B BH,lt8 

{i' ( o/2
(X) >:X:)= 81 ( '1/c;> )f'.,- 82 ( ~) )Pz (3) 

7 

r.zte 81 >(), Bz > 0 , P1 > 0 , Pz >0 • 

B aTOM onyqae,npoBOAH Kali80!Beusoe Hocae.ztOBaHHe ypaBHeHHH (I) 
npH e =0 B waaOBOI IUIOCKOOTH H pemaa 8TO YP8BH8HH8 qeoneHHO Ha SBII, 
aBTopt/4,5/ npBmnB K BYBOAJ, liTO auaqa (I)-(2) npB onpe.zteJieHHYX or
paHHqeHBIIX Ha napaue!pu 81 , 82., P-t, Pa. H 2" Buee! qaoTH~teno.zto6Hue 
pemeHBH. 

B onyllae uo~enH ~PH.ztdepra-JlB-GBpnBHa/4/ ( P1 =Z, ~ = t, 
1 

81=1,, Bz "'3) 
B padoTax /I2-I3/ npHBe.zteHY AOO!&TOllHYe yonoBBft oy~eOTBOBaHHH li&OTH
uenoAo6HYX pemeHBR a~Uatm (I)-( 2) npB t = 0 . 

B padoTax/I4-I5/ npOB8A8HO Bccne,ztOBaHBe Kp88BOit 88Aaqe (I)-(2)
1 

KOrAa ~HK~ft ~{~.x} YAOBneTBOpHeT oneAY~Y yonoBHJIMZ 

{Iq.) fi(l,x.)- uenpepYBHa no l H ~ npH O:!:l<oo B O<x<oo 

(Is) F {i,x)">O AD z > o I x. >O. 

(!t,) }tJIJI \PHKOHpOBaHHOrO nonODIT8n:&HOrO .l: H 0::, 2!1 <i!2 < oo 

OYJ1180TBY8T 0 > 0 TaK08 I liTO 

-! G' 
i 2 F{lz,X)> i.~ F{l1 1 :X), 

([z) lim F {c2,x )=-0 
:x: •oo 

,ltJlft BC8X KOH811HYX C. 

(I~) J'"x!-e p(c2x,;x.)d:r.<oo AJIH Bcex KOHetmYX C , O<a<oo B 
o H~~~wo B~~ 

ilpH 8TH>.. orpauneHHIIX sa F {l,X) H AJIH f=o~ ~~1. B padoTax 
/I5,I67 .ztOK888HO oy~eOTBOBaHHe pemeHHI KpaeBOI 88,1t811H (I)-(2). nnft 
nmdYX H&Typan:&HYX 8H8lleHHit e H ~2 

>0 8Ta 88,1t8ll8 Hcone,ztOB8H8 B pa
dOTe /I6/. 

0AHaKO peay~T8TY /I4-I6/, nonylleHHUe npB o6~X orpaHHli8HHRX 
(Ia.)- (I g), H8KJI8,1tYB88YYX Ha F (z, X) 1 H8 BOer.zta npHYeHHW .ztnH KOH
KpeTHYX llaOTHYX YOAenel. TaK, HanpHuep, KOrAa FCl,x) HueeT BHA (3), 

• 2 

f 

He Bee ycnoBHH ao.)- (I~) BYnonHHIOTCll H fl03TOYY TeopeYU 1 AOKa-
38HHYe B pa60T8X/I5-I6/, Henocpe.ztOTBeHHO He npKMeHHYY. 

B H8CTOHIJiel padoTe HCCneAyeu YOAeJI:& ~PHAdepra-JIH-CKpnHHa / 4/ 
npH JIIOC!YX HaTypan:&HYX aHalleHHIIX t . nns aToro, AeJiaH aaueHy nepe
YeHHoro X=tt H YliHTYBaH (3) 1 HCXO,ztHym KpaeByiO 38,1t&qy nepenHWeY B 

BH.zte 

~ (tJ- &e (tJ 'f{t) = -4'(tJ F (l/' 2
(tJ It), ( 4) 

If ( 0) = lf ( + oO) .. 0' ( 5) 

r.zte 

Q (t) = Ue H) + J fi' (lf'2(t.) t).:: " 'fz(t.) -3 r/ ~ e .J.e , I 7 t.z c t., 

nanee HOOJieAJeY CYIJieOTBOBaHHe peweHHll KpaeBO~ 88A811H (4)-(5). 
B a~eHHe sToro paaAena 6YAYT AOKaaaau .ztBe BcnouoraTeJI:&Hwe 

neYYW H OWOpYynHpOBaH8 OCHOBHaft Teopeua. 

Jleuwa I. ilpH aHaqeHHJIX napaueTpa 

n2> !:!. 
-l " .3 

88,1t8ll8 (4)-(5) He HYeeT li8CTHQeUOAo6HYX pemeHHit. 

noKaaaTeJI:&CTBO. B CaMOY AeJie 1 nepenHOaB ypaBHeHHe (4) B BHAe 

(6) 

.. f l(f yl "'v "' (1 -!.!Lz lpl(f> )2} lf' {t) = 'f {t.) ~ t t 1- .3 22 + 9 - 2 t • 

aaYellaeu, liTO npH BYflOnHeHHH ycnOBHll (6) BYp8&8HHe B WBrypHOI CKOdKe 
Bcer.zta nonouTenao. CneAOBaTen:&Ho, aHaK nopo~ npoHaBOAHOI lf (tJ 
coBn&AaeT co aHaKou cauol WYHKUHH 4' (t) . llpeAnOJIOllHY, liTO B oKpeoT
HOCTH TOllKH t =0 HYeeY lf' (t) >0 AnH t > 0 . TOrA8 1 npH t >0 o0li8-
BHAHO, flOJiyllaeY ~ (t.) > 0, T8K liTO 4J(t) - UOJIOUTeJI:&H8ll paCTYDt8H 
WYHKQHH. 3Ha11HT, npH BYUOJIHeHHH yonoBHH (6) aualla (4)-(5) li&CTHUe
no.ztodHYX pemeHHI He HueeT. 

3aueqaHKe. HeTPY.ztHO ~oKaaaT:& donee cHn:&Hoe yTBep&AeHHe/I2/, liTO aa
A&lla (4)-(5) He HueeT peweHHR npH I ~ 2 />1.. 0AHaKo OHO HaY cel

qac He noTpedyeTcH • 
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cneACTBMe Ma .newwu I. HtaK, ec.nH s~aqa (4)-(5) ~onycxaeT qactHQeno
~o6HHe pemeHKft 1 TO RX CXe~yeT HCKaT~ fipH 

22 <! . (?) 

Aanee npe~nonaraew, qfo YC.JIOBHe (?) BHDOXHfteTCH. 

Jiewwa 2. Ec.nl4 npH HeKOTOPIIIX axaqeHHJIX t ~o ~u WYHKQMH 'f'(t) :au
nonasercs yc.no:aHe 

lf(t)~ {f f .J{r Vi-¥,'t (8) 

TO oHa He woaer 6HT~ qactHQeno~o6HHY pemeHHew. 

noxaaaTe~cTBo. Yc.noBHe (8) osaaqaeT, qro npH aexoropux saaqeHHJIX t 
pemeBHe ~(t) non~aeT :a samTpRXOBaHHym o6.nacr~ I 
(ow. pHc.I) 

\f(t\ -"1. t/._/Jf rft .fi-~r" 't 

\1 

0 to i 
PHc .I 

PeweHHe lfl (t) woaeT nonacTJo :a oonacu I B oxpecTHOCTH TOIIKH t: =o, 
ec.nH nepBaa npoHaBO~HaH y~oB.neTBopseT yc.noBHm 

~ ( O) ~Jj'·1 ~ 1.. +.,/1- ~t' • (pHc. I, KPHBaH l.f'1 ) , 

HXH nepecexas npswyKI 'f(t) =Jf j ·V1 + ~-~ •, t 
B HeKOTOpOit TOqKe t =-to (pHc.I, KPHBaH lfz ) t 

npHqey onu& Lj; (t 0 ) ~ {f.~ . Vi +ft- ~·' . 
SHaqu, K~ paa, Kor~a non~aew B o6nacT~ I, npoHsBo~aa 

' .fl' 4 ~ -,j Jn'l.'
1 

lfl ~ v 3 · r 1. +1- ~ > o . 

- 4 

( 
i 

ilepenHCaB ypaBH6HI46 (4) B BH~e 

lfl (t.) = l.f(t) Q ('f(t.),t) > 

r~e 

Q (\f(t.J,t) = ere_;/1 -+ 1.. -F (\..f/z(tJ,t), 

• 
saweqaeu, qTo npH :aunonaeHHH yc.noBHH (8) Hweeu 

Q ( 'f, t.) > 0 ' 

T.e. 3HaK BTOpoll npOH3BO~HOI YJ (t) COBn~aeT CO 3H8KOY CaYOit rpyHK
QHH lf'(t) . TaK KaK H B nepBOY H BO BTOpOY c.nyqae ~(t.) >0, ~ (t)? 0 

H 4i (tho, TO lf'(tJ-no.noliHTe.JIDHaa pacTylllaa !JJYHKQHH. SHaqHT, npH 
:aunonaeHHH yc.noBHH (8) WYHKQHH o/(t) He woaeT 6HT~o qacTMQeno~o6HHY 

pemeHHew. 
HTaK, ec.nH s~aqa (4)-(5) ~onycxaeT qacTHQeno~o6aue pemeaMa, 

TO HX C.ll6~6T HCKaTlo B K.ll8CC6 IJJYHKQHit, Y~OB.ll8TBOpHKIJilHX YC.JIOBHm 

tp (t.) <Vf -¥ J1.. t Vi-~·. t . 

Tenep~ c~opwy.nHpyew H ~oxaaew ocao:aayK~ reopeuy. 

Teopeua I. CyJileCTByeT no.no&HTe.n~oaoe qacTHQeno~o6aoe pemeHHe Kpae:aol 
3~8qltl (4)-(5), Y~OB.ll6TBOpflKIJil66 H6PaB6HCTBY 

lfl (t.) < fl1 t~. ( 9) 

AoKasaTe.n~ocTBO Teopewu I npoBe~eao B §I-5 c noYOIIlDK~ BapHaQHOHHoro 
no~xo~a. 

§ I. C!J]opwy.nHpyew Baplr!aUHOHHYKI a~aqy, COOTB6TCTBYK~JilYKI s~aqe (4)-(5), 
~Jil6TCH WHHHWYW iJJYHKUHOHa.na 

00 

J (~) = ~ [ ~ 2 (t) + Qe(i)'(1
1 (t>] dt: ( I.I) 

npH HOpWHpOBQqfiOW YC.JIOBI414 
00 

KC'cf):::.j & (~ 2 (-t),t.)dt: i 
0 (I .2) 
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r.zte 
~z l-t> 

~t~l-ct:>,t)=J F(e)t)al;. 
0 

( I.3) 

BapMa~OHHym aa.ztaqy (I.I)-(I.2) 6y.zteu paccuaTpMBBTb B Knacce 
il>YHKI.UI~ 'I ( o, oo) , onpe.ztenaeuwc ycJIOBMliUM: 

a)~ tt) HenpepHBHbl B npOU8llYTK8 (O,oo) H. MUemT B H6U KYCOIIHO-
HenpepHBHble nepBble npoMSBO.ztHble ~ (t:) ; 

6) ~(tl >0 npM 0 < t < oo; 

B) ~ (0) = ~ ( oo) = 0 ; 

r) .) ( ~) < oo . 

.zt) K ( ~) :: :1. • 

ilO.zt peweHMBU BapMa~OHHOl Sa.ztBqM (I.I)-(I.2) 6y.zteU fl0HMU8Tb 
WYHK~m ~ (t) E '{ (0, 00 ), .ztOCTBBnllmiiiYIO UMHMUYU il>YHK~OHMY (I .I) npM 
BblflOnHeHMM ycnOBMll (I.2). 

E .ztMbHeHweu 6y.zteT noKasaHo, qTo peweHMe BapMaUMOHHO~ aa.ztaqM 
(I.I)-(I.2) cy~eCTByeT M liBnliBTCll pemeHM8U Sa.ztaqM (4)-{5). 

Teopeua 2. Cy~ecTByeT pemeHMe BapMaUMOHHO~ sa.ztaqM (I.I)-(I.2), pac
cuaTpMBaeuo~ Ha Knacce il>YHKUM~ '{ (0

1
01'), 9To pemeHMe Y.ztOB

neTBopaeT ycnoBMm (9). 

noKasaTenbCTBO Teopeubl 2 liBnReTCR cne.ztCTBMeu YTBepa.zteHM~, .ztOK838HHbiX 
B cne,zty~ Tpex neuuax (§§2-5). 

§ 2. B BTOU naparpawe yCTaHOBMU H8KOTOpble OUBHKM .ztnll il>YHKUM~ ~(tJ 

Ms Knacca Y ( o, oo). 

~euua 3. B Knacce !l>YHKI.UI~ '{(o,~) ,y.ztoBneTBOpRIO~MX ycnoBMIO (9), cy
~ecTByeT nocne.ztOB8T8nbH OCU { 'J n (t) 1 , UMHMUMSMpyiO~aR 

WYHKUKOHan (I.I),TaKaR, qTo: 

I. ei-rn. ::J ( ~ "') = .A , ). > 0 • ( 2. I) 
n-+oo 

2. n.na nll6oro KOHeqaoro T KS nocJie.ztOB8T8JlbHOCTM { ~ ~ (t '} UOllHO 
Bb16pau paBHOUepHO CXO.ztliiiiYIOCR Ha OTpeaKe 0 ~t ~ T flOCJI6.ztOB8T8nb
HOCU [ ~"-m (tl ~ , Ta.K qTQ 

li.rrt ~ rJ. IYI ( t) : 'a ( t) > (2.2) ,.,., __ 
r.zte ~ (tl - HenpepHBH8R WYHKUMll Ha [ 0, T]. 

• 6 

i~, 
i 

~~-~ ,, 

,p•1 

' 

! 

'• 

j
,i, 

~ 

lfOK888T8nbCTBO paa06b8U Ha H6CKOJlbKO aTanOB. 

I. noK8ll8U nepBoe YTBepX,zteHMe .neUUbl I. 
BBe.zteu o6oaHaqeHMR 

1' 

::J.r (~) = J [ ~2{t.) + Qe(t) ~2{tJ] d.t, (2.3) 
0 

KT(~) = J' G- (~2-(t),t) dt. 
0 

(2.4) 

lllcnoJibsya (2.3) M ~(O)=O• npM o~t~r 6y.zteu Mueu 

T ~ Jt ~ 2(t)= (J~(s)ds) ~t ~2.(s)ds f:t.Jr(~l 
0 0 ' 

(2.5) 

M 
t 1: 

~2(t> = .2. J ~ (s) ~(s)ols ~ S [~tS) + ~z.(s)]ds!:.'J.,. ( ';j). 
0 ' 0 

(2.6) 

Y~TbiBaR ycnoBMe (9) M HepaBeHCTBO (2.6) .ztnll KT(~> , nonyqaeu oueHKY 

2 
K'l' < ~} ~ ere 9r l ~) , 

r.zte 

{

_lj_ 
se. ., ere+1> , 

1' I 

e::fo 

l=O 
• 

TaK KaK 

&.m. j'l' {~) = ~J(~) <. c:P ' 

'T'-.,. 

TO KS (2.5) K (2.6) MUeeu 

~L(tl ~ t j(~), 

~.L (t) ~ .~)( ~) . 

(2.?) 

(2.8) 

(2.9) 

(2.10) 

ilepCXO.ztR K npe.zteny B (2.?) npM r-oo M YqMTbiB8ll (I.2), nonyqMU 

1 ~ <>e ~ 2 ('A) • (2.II) 

7 



r 
~a (2.II) cne~eT, qfo TO~aa HHIHHH rpaa~ ~YHKqHOHana (I.I) 

npH BYflOnH6HHH yCJIOBHH (Io2) H (9) HBXR6TOR flOJIOXH!6JI.HORo 

iAt.J :J c ~ J = ,.\ ~ o. 
~ € 'V ( 01 oo) • 

Tor,11a cylllecuyeT TaKaa nocne,liOBaTen•aocu ~YHKqHR { ~,_J e Y ( o,ao), 
MHHHMH3HPY~IIIaH nocne,liOBaTenDHOCT., qfo 

&.rn ~ ( ~ ,..) =A , A > o . 
11. ... 00 

9To H .liOKaaHBaeT nepBoe YTBep&,lleHHe neuuy I. 

2. noK~eu BTOpoe YTBep~eHHe neuuy I. 
Ha (2.I) cne,11yeT, qTo qwcnoBaa nocne,liOBaTen•aocTD {~(~~>j orpa

HHqeaa, T.e. CYDI6CTByeT fiOJIOllHT6JIDHaa flOCTORHHaH C , He 3aBHCRIIIaH 

Of n 1 TaKaS, qTQ 

~(~n.) ~ c2. 

~a (2.IO) H (2.I2) Kueeu 

~,._(tJ~C 

n = 1, z , ... 

n:::,1,2., ... , 

T.e. nocne,lloBaTenDHocn f~.,_(-t>J paBHouepao orpaaHqeaa. 

Kpoue Toro, ,liJIH 0!: t 1 <tz<.00 HMeeu 

(2.I2) 

(2.!3) 

z J.tz z J+.z l~ ... (t-z.)-~n.(t1)/ = ( ~n.(s)ds)~(t2 -t,) C/(s)ds~ 
t, t 1an. (2.I4) 

~ (t:z.-t1) .')(~ ... ) ~c2 (tz.-t1). 

9To ycTaaaBnHBaeT paBaocTeneaay~ aenpepHBHOCTD noone,lloBaTenDHocTH 

{ ~tt ~ • 

~a nocne,liOBaTenDHOCTH {~,_~t>1, paccuaTpHBaeuoR aa nDdou Koaeq

aou OTpeaKe 0 ~ t ~ T , cornacao Teopeue Apl.\ena MOJEHO BYCipan paBHo

uepao CXO,liRDIY~CR fiO,llfiOCJ16,liOBaT6JI~HOCTD f ~rr,., (i) j , KOTOpaH CXO,liHTCH 

K aenpepYBHOR ~YHKqHH ~ lt > a a [ o, T] , qfo H .ztOKaaHBaeT no poe yT-

Bepa.zteHHe neMYY I. 
B cne~~~x .liBYX naparpa~ax Hccne~eTca Bonpoc o aenpepYBHOCTH 

npe.zt6JIDHOR ~YHKqHH ~ (t) H ee npOH8BO.ztHOI Ha Cl6CKOH6~0M HHTepBane 
(O,oo). 

§ 3. Cne~a HexapH/9/, paccuoTpHu JIHHeRHoe HeO,liHOPO.liHOe .zt~rt~epeaqH
anDHoe ypaBaeaHe 

• 8 

-, 
. . 
~ 
~~ 
~ 

itA I 

\ . 

'. . 
L 
,·-; 

l 

l:wt'tl 

·~ 
! #rn. 

ll!l; 

i ,, 
Jl 

::,,J;. 
·:~ 
·,~h 

f;/~ 

I
I~ 

' 
I 

i~: 
·;, .~·~ 

>j 

1.'·::'. 

~' 

~ 

;a 
'1.~ 

Un.(t)- Qt(t) /L,_(t)=-oln'Jn.(t) F r~;,_(tJ,t) (3 .I) 
n. =1,2, '" 

npH rpaHH~YX ycnOBHRX 

f.Ltt., (0)= u ... (oOJ"" o, (3.2) 

• 
r,lle o( n.- H6KOTOpaR U01!0lKHT6nDHaR fiOCTOSHHaR, KOTOpaR Ciy,lleT BYCipa-

Ha HHll6, a 'in. ( t.) - paaee BYCipaHHaH paBHOM6pHO CXO,liRDiaRCR fiO].UlO

CJI6,liOBQT6JIDHOCTD { ~tl.m(tJ} (.ztJIR KpaTKOCTH HH,li6KC m OfiY1116H) • 

Jieuua 4. EcnH ~YHKI.\HH ~"'{tJ Y.liOBneTBOpR~T ycnoBH~ (9), TO CYIII6CT-

ByeT 6,liHHCTB6HH06 pemeHH6 ~rt.£~) 3a,llaqH (3.I)-(3.2). 
9TO peweHH6 ,oeina,llaeT CJI6.liY~HUH CBORCTBaYH: 

-lim. Un. (t) Un_tt) =0 I tun U.n. (tJ ti..I'L(t)=<O, (3.3) 
t~o ~~~ 

AoKaaaTenDCTBO. QqeBH~Ho, qTo O,liHOPO.liHoe ypaBHeHHe 

iP (t)- fie_ {t) </J[t);:: 0, (3.4) 

COOU6!CTBY~III66 ypaBH6HH~ (3 .I) , npH rpaHH~YX YCJIOBHRX '/>(o)= flf«>)=rO 

HM66T TOJIDKO TpHBHanDH06 peweHH6o 

PemeHH6 KpaeBOR aa,~~aq~rt (3.I)-(3.2) npe,liCTaBHU B BH,ll6 HHTerpana 

I',ll6 

.... 
Un ("t> =<X r1.- J 9;) (t,s) ~n.(S) F ( ~l(s), s) ds , (3.5) 

1 3)(t,s) = fi { 
¢_, (S) C/>2. (t) , 

¢1 (t;) cf>,z (S} 
1 

04s::.t , 
(3.6) 

t~S<oo, 

3.zt6CD cp1 (t) 1rt 4>z (t) - COOTB6TCTB6HHO perynRpHOe H Heperynlip-

H06 B TOIIK6 t =0 JIHneRHO-H63aBHCHUY6 peW6HHR ypaBH6HHH (3.4), npH

qeu [ ¢, <Pz - q> 1 £B]=N. :Una tPYHKI.\HR <f> 1 H 'f>2 npH 0!:-1: <00 HU6~T U6CTO 

Ol.\6HKH 
t lt1 t. 

<P1Ct)f~1e(i+t.) e • 
( 

t )-e -t. 
<Pz {t) f Y>ze T+T e ' 

9 
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,_ 

r.ne 

J1e ' P4 e - no.nouTe.nl>ilHe nocroHHHHe 14 N = 2 .f31t. f.> 2 e · 
Haazteu noBe,neHI4e IPYHKIUt14 Urt.. (tJ np14 t .- o 14 t + oo • zt.nH aT oro 

COOTHOm6HI46 {3.5) nepenl4meu B Bl4,ne 

r,ne 

Un. (t) = ol.Nn. { 4>z {t) 'f'1 (t) + q:>1 (tJ 'fz (t)] , 

t 

lf'-1 (t) = l </Y1{S) 'Jn. (S) fi ( ~';._ (S), S) dS , 
0 

... 
lf'z (t) = J ¢2 (s) ~n..(S) F('!~ (s), s) ds. 

t 

{3.8) 

{3.9) 

(3.10) 

Hcno.nl>sYH HepaseHCTBa {2.10) 14 {3.?), no.nyqaeu c.ne,ny~~e o~eHKH 

,lt.lll'l l¥1 14 % : 

a) npl4 t - 0 

.312 ( t e1-1 t lf'-1 ( t > ~ fo 1 e ot J ('<In.) """.fi"t) e , (3.II) 

J;2 ( t )-e -t l/'2 (t) 6 ~ze 6""e !1· r~,..) Ttt e ; 
6) npl4 t _. oo 

3f2 t e. 
lfl.,(t) ~ 411 Cta)t J1e6i ~ (~~t-)(:;+t) N1(t,to), 

(3 .12) 

IV 3/2 (. t: )-l -t 1 •z. £t> ~ f3:z.t G"e :J ( ~ ,_) ~ 1+t. e p , 

r.ne t 

t - s. e5 ~ • .L J.s M1 (t I 0)- to 1+S sa. , O<to<.t. 

YQHfliBaR 0~6HKH (3.11) H (3.12) 1 HS paBeHCTBa (3.8) no.nyqaeu 
0~6HKK ,n.lll'l U 11.. ( t) : 

a) npK t-o 
3/2 

U. n.(t) !: ci ,.,_ Qi J ('In) t , 
(3.13) 
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1f ·k·? 
.;'~ 
)\ 
,··1'\·1 

>~ 

'! 

'' 

~ 
l 
I 

' ':·~ . 
... }.'......__ 

6) npH t-oo 

3/2 1 tt:. )-(. -t 
Un.(t) .f ot. n. Oe_::l (~f"t.JM(t:,i.o)+a .... 'f'.,(t0 )ep

1
e.'t+t. e , 

(3 .14) 

r,~te -t t 1 M (t ,t..o) = e M1 {t, to) +-;;;:e te 

HeTpy,nHo y6e,nHTl>OH 1 qro 

Um M ( t, to ) __.,.. 0. (3 .15) 
t;-oo 

ll0Ka&6U 1 QfO BlifiO.IIHH~Cft npe,Jt6.1ll>Hii6 COOTHomeHHft (3.3). Jt.nH STO
ro Hait,JteU nOB6,lt6HI46 npOHSBO~IiiX U n. (f.) npH t _,. 0 H f ~oo. JtHIMJepeH
lUtPYH paBeHcno (3.8) no t , no.nyqaeu 

Un. (t:)"' «;; [ (Pz 'f1 (t) + ¢1 (t) lfz (t)}. (3.16) 

HcnO.Ill>SYft o~eHKH (3.11) 14 (3.12) 1 HS (3ol6) no.nyqaeu O~eHKH 
,lt.lll'l Ltn. (t): 

a) npH t-o 

• -¥2 
t-L, (t) ~ an. ve J <V><-J M2 (3.17) 

6) np14 t --oa 

U.n. (-tJ ~ o<:. 6t a~z(/f'-J H3 ) ( 3 .IS) 

r,~te 

AJ = 2e + Arc-1J (" +t) r ft~ lt-1) t (i_) 
11 2 }\e. }~l (+t , 

-t · ( .fo2.£t-11 t +- .i...)-t A ce--o_ 1 + l . 
H~ = e M,(t.,t..) Pze T;t t J 1e P. t 1{1tt) 

u 



~ 
~S (3.I3)-(3.I8) cne~y~T npe~en~H~e COOTHOW6H~fl (3.3). ~YHKUHR 

(3.5) RBnfleTCfl e~~HCTB6HH~Y peweH~eU KpaeBOlt sanaqM (3.I)-(3.2). 
neuua 4 ~oKasaaa nonaocT»~. 

B s~eHHe aToro pas~ena OTUeT~u, qTo np~ B~nonaea~~ aepaBeH-
CTBa 

-% {f1 
otn. <it :J (';/H.) ~ v J p 

( 3 .I9) 

nocne~oBaTen~aocu ! unJ peweHHlt KpaeBolt aanaqJr1 ( 3. I)-( 3 .2) TaKlle 
Y~OBn6TBOpfl6T ycnOBH~(9). 

§ 4. B 3TOY naparpa~e ycTaHOBHU H6KOTOpYe CBOliCTBa peweHHlt KpaeBOlt 
aanaqJr1 (3.I)-(3.2). 

JliUYa 5. EcnH ~YHK~H {~It (t) J Y~OBJ16TBOPIIJOT ycnOBHIO ( 9) 1 TO HY6JOT 
uecTo cne~JO~e yTBepll~eHHR: 

I. Yol!Uio TaK B~CSpau cin B ypaBH6HHHX (3.I), qTo peweHHH { U.rt.(t>j 
KpaeBolt a ana q1r1 ( 3. I)-( 3 .2) ~eza.T KJiaocy ~YHKUHlt Y ( o, 00). 

2 • lila nocne~OBaTen»HOOTH [ Un.(tJ} UOliHO B~CSpau paBHOY8PHO CXO~fllliY
JOCII no~ocne~oBaTenuocn ! Un'"ltJj , npHqeu npe~en~aaa ~YHKI.Ulll 
U {t).,.ti.mtJnm(tJ flB.Jlfl6TCfl HenpepYBHOit npH 0' t < 00 • 

m-+ .. 
3. lip Me~ nocne~oBaTe.n~aocTelt [ Un,.., (t.J J H [ Y"n, {t) J coBnanaJOT, 

T.e. 

U (tJ =lim lin (t)== /!.,;m '/n (t) = u (tJ 
m+oo "' ,..,..., m <1 

· npH 0 ~ t < oo • 

4 • !lpOHSBO~Hall U (t} npe~en~HOlt ~yHKUHH u(t.J 

0 ~ t < c:;:~ , npHqeu 
' 

lim Unrn (t) =- U (t). 
1'1"'"*""' 

noKasaTen~CTBO neYY~ npoBe~eu B H6CKOn~KO 3T8il0Bo 

( 4.I) 

aenpepYBHa npH 

(4.2) 

I. YKalKeu cnoco6 B~CSopa o1." , LL., ( t) E Y ( o, "") . 
IloKB.llteY, qTo ~yHKUHH Un (t.> y~oB.JI6TBOpHIOT ycnoBHHY a) - r), 
onpe~emm~u KJiacc if:JYHKUHH '{ ( o, e<>) • 

B cauou ~e.ne: 
a) TaK KaK if:JYHKUHR Un (-t) HBnHeTCH peweaHeu ypaBaea1r1a BToporo no-

• 12 

pii~Ka (3oi) 1 TO OHa Henpep~BHa Ha [O, oo) H HY0e:.C Henpep~BHYJO 
npoHaBO~HY~ U,(t) aa CO,oo); 

CS) TaK KaK ci,._>o, ';!,.(tJ 1r1 9J(t,s> - nonouTe.n~a~e if:JYHKUHH npH 
O<..t <. oo, ~11 (t) y~oBneuop.ReT ycnoBHJO (9), TO Ha (3.5) cne~eT, 
qTO lr1 Un {t.) - fiO.JIOUTe.JI~Hall if:JYHKI.Ulll npH 0 < t < oo . 

B) TBK KaK Un {t) - pemeHHe KpaeBOi aanaqJr1 (3.I)-(3.2) 1 T0 1 oqeBH.zt-
H01 U.,._(O)=U.n.(oo)=Oj 

r) noKalleu, qTo HHTerpa.n [J(Un) (cu.(I.I)) cyll{ecuyeT. Ywoxa11 ypaB
aeaHe (3.I) Ha U.,_(t), HHTerpHpy.fl OCSe qQCTH no -t OT 0 ~0 T 

H.JIH 

1r1 yq.1r1T~Ba.R (2.3) H (3.3), nonyqJr1y 

T' 

:JT ( U,..,) =o(n J U n (S) ~ n (S) fi ( {rsJ,S) ds + 1,/,trJUn('rJ, ( 4.3) 
0 

f # 
:lr(Un) 6ot

11
:J.,.(Un)O'i :lr ('fn)+U,..,('rJUn('l'). (4.4) 

llepexo~fl K npe~eny B (4.3) npH r-oe lr1 YqJr1TYBa.fl (3.3), HYeeu 

:Ji(lin) ~cin<Je J 1ry,) 

T.e. j(u,..,) <oo. 

TaK KaK npH BYnonaeHHH yc.noBHfl (3.I9) nocne~oBaTen~HOCT~ 
f lJ n (t) j TaKllt6 Y~OBJ16TBOpfl6T yc.JitBHJO ( 9) 1 TO HepaBeHCTBO ( 2 • 7) cnpa
B6~HBO ~Jill WYHKUHH u,., (t} : 

2 
Kr (UnJ ~<if :J.,. (u,J. ( 4.5) 

llepexo,II.II B ( 4. 5) K rrpe,D;e.ny rrp.a T .... -, llC>JIY'Il4M 

cs~ 

~e 

KlU.,)<ex>. (4.6) 

Tenep~ y6e~Huca, qTo nocTOHHH~e eX" YOliHO no~oCSpau TaK, qTo
K(Un)=l.YqHT~BaH (3.5),ycnOBH6 HOpuHpOBKH (I.2) nepenHmey B BH-

- 'f 
o(_ n) ~~ An (tJ dt = 1. , 

0 
(4.7) 
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r 
I 

I r.ne Ot' 

'f'n = J 'JJ(i,s)Yn,CS)F(Y~(S)1 S) cis, 
0 

uz 
An (-t) = [ Z- 22 tJ J , 

npHqeu npH B~nonHeHHH ycnoBHH (3.19) cnpaBe.ztnHBO 

~ 1i; An (t.) ~ Z • 
Tor.zta IllS (4.7) BH,ItHO, qTo BCer.zta· YOlltHO nO.ztOClpaT:& dn.. TaK, qTOCl~ 
B~nonHHHOC:& ycnOBHe K ( u n) = i . 

WTaK, .ztOKaaaao, qTo IJ.n(t) £ Yto,oo), 
iloKallteu Tenep:r., liTO nocne,noBaTen:r.HOCT:& fct.,J , no.ztoClpaHHaH Ha 

ycnoBHH HopuHpOBKH K (Urr)={, HBnaeTCH orpaHHiieHHol H cymecTByeT 

limo(., = oL. ,., ... _ 
Mia (4.3) npH T.-oo Hueeu 

00 

:J(Un) =dnJ llnJS)'Jn(SJF(Y~ (S) ,s) cis. (4.8) 
0 

TaK KaK il!YHKIUiH ~,(t) H Un(t) y,noBneTBOpHIOT ycnoB!t110 (9), 
TO q,yHKUMH &(~,t) (CY. (1.3)) HBHR8TCH B~nyKHO~ no nepeYSHHO~ ~ 
1t1 u~ 1t1ueeu 

G(U~,t) :::- G(Y~,t)t-(U~-lj:)F{!:I~,t). ( 4.9) 

WHTerpHpya oCle li8CTH (4.9) no t OT 0 .ItO oo H lllCnOJI:&SyH (1.2), 
nonyqHu 

00 J u~ (S) F (y~ {S),S)ds ~ J y;rsJF(Y~ (S),S) cis • 
0 0 

( 4.10) 

ilpHY8HHH HepaB8HCTBO ren:r.,nepa K HHTerpany, CTOH1118Yy B npaBO~ qaCTH 
(4.8), H y~T~BaH (4.10), lllY88Y 

(JO 

~ru .. )6o(nS~~(s)F(Y~Cs),s)ds. (4.II) 
D 

YYHOlltaH ypaBH8HH8 ( 3 .I) Ha !J 11 ( t) 
1 

HHTerpHpyH oCle li8CTH no t; OT 
0 ,ItO aJ H HCnOJI:&aya ( 3 .3) , nonyqHy .., 

.') ( U 11 ) -t- J (y.,.)- J (U n- !J .. )=2ot,] ~~ (s>F(':J~(S),s)ds, ( 4.12) 
0 
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Ha (4.II) H (4.12) nonyqaeu sepaBeHCTBa 

J(U,._) ~ !1{!/n,). ( 4.13) 

TaK KaK nocne.ztoBaTe.n:r.aocu WYHKUMl f U,.(t)j TaKxe HBnaeTCH .no
nycTHYOl .ztHH BapH8UHOHHOl 8a,It8~ (I.I)-(1.2), TO HHZHH~ npe.zteJI 

&m !J (u,._) ~ .,\. (4.14) 
n ... "" 

Tor.zta Ha (2.1), (4.13) H (4.14) nony~u 

li,m :J ( u ,.J = l!i.m. Y ( Y "'-) -= ) . ( 4.15) 
lt.-.00 l1+011t 

Y~T~BaH (1.2), (2.12) H (4.13),H8 (4.12) He TPY.ztHO nony~T:&, qTo 
nocne.ztoBaTen:r.aocT:r. [ci~J orpaaHqeaa, T.e. 

z d>t- 6: c , n=1,Z,3, ... ( 4.16) 

0TCIO.zt8 CH8.ztY8T, qTQ HS nocne.ztOB8T8H:&HOCTH [ ol.,. J YOlltHO BbiClpaT:& 
CXO.ztHIQYIOCH nO.ztnOCH8,ItOB8T8H:&HOCT:& oin.m, T .e • 

lim. ol.. n = o(,. 
m-+oo m • 

2. ~oKaseu YTBepS.zteHHe nyHKTa 2°neuu~ 5. 
Y~T~aH (4.16), oueHKH (3.13) H (3.14), nepenHweu B cne.ztYIOIIIeY 
BH.zte: 

a) npH t- 0 

Un(t.) ~csa;t, ( 4.17) 

6) npH i.-- oo 

s z 1 t )-e _t;; 

U,JtJ 6: C Ue M {t, to) t-C 'f1 (io)2j!J1e (""i+t e • ( 4.18) 

ilp8B8H qacT:& H6paB8HCTB (4.17) H (4.18) He 38BMCHT OT HH.zt8KCa n. 
113 (2.13) H (4.13) CH8.ztY6T 

Un. (t) ~C. , n..::: f,2,.3, .. . , ( 4.19) 

T.e. nocne.ztoBaTen:r.Hocn {Un(t)J paBHouepao orpaHHqeaa. 

Kpoue Toro, ;z~;na Ot:t 1 ~tz<..oo Hueeu (cu.(2.I4)) 

/ Un. (t.z)- U.n. (tf>/ 2
!: c2. {tz -"t 1). ( 4.20) 
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,_ 

9To ycTaHaBXHBaeT paBHOCTeneaay~ aenpep~HOCTb nocne~oBaTenbHOCTH 
I u ... J. 

Tor~a, ytmT~aH (4.!7)-(4.20), y6el!Qtaeuca, liTO nocne~oBaTeJib
HOCTb ~HKUHlt ( U, ltJ J YMBJI8TBOpli8T BCeY YCJIOBHIIY T80p8YI:l 0 KOYfiBKT
HOCTH KJiacca WYHK~A aa 6ecKoHe'IHOY HHTepBane /I?/. Cne~oBaTeJibHO, 
HS f U .._J YOliHO BJ:l6pan paBHOYepHO CXO~fil!lY~Oll nO~fiOCJ18~0BBT8JibHOCTb 
fUn,. (-t) J: 

Um. Un.m (t) = U (t) , 
m .... co ( 4.2!) 

npHlleY U{t) HBnaeTOH aenpepuBaolt WYHKUHelt npH O~t.:. oo • lloKaaaa 
nyHKT 2°JI8YYI:l 5. 

3. lloKa~eu yTBep~eHHe nyHKTa 3° neuuu 5. 
TaK KaK wopuynu (4.II) H (4.!2) onpaBe~JIHBI:l H ~Jill no~nocne~oBa
TeJibHOCTH { Un,.,(t)j H { 'fnm(t) J , TO HS ( 4.!!) H ( 4.!2) HY88Y 

&m!J(Unm- ~nm)=O. (4.22) 
m~ao 

Tor~a Ha (2.!0) H (4.22) nonytmu 

li-m. /Unm(t)-Vnm(tJ/=0, 
m-"" 

(4.23) 

OTKy~a C Yli8TOY (4.2!) Bl:lT8K&8T COOTHDm8HH8 (4.!), liTO H Tpe60BaJIOCb 
~OKBSBTbo 

4. lloKaxeu yTBep~eHHe nyHKTa 4° neYYI:l 5. 
llnH STOrO paB8HCTBO (3.5) nepenHmeY B BH~e 

/ ~n,., -d-nm j9J {t,s) Yn,., F {~!,.,, s)cls {= / ~n,., {t)- Un,., {t) / 
0 

H nepeH~eY K npe~eny npH m-+oo. YtmTiiBaH ( 4.!) 1t1 ( 4.23), nonytmY -~(tJ=olJ~(t,s)~(s)F(!J.:l.(s),s) ds. ( 4.24) 
0 

llH~epeHUHPYll ( 4.24) no t 1 aaYeHHll 'J (t.) HB () (t), 6y~ey HYeTI. 
t 

U(t)=~[¢2 (t.Jf4>1 (s)U(SJF(u2(sJ,s)ds + 
0 

t <A (i} 1"" ¢zCSJ U(sJF(t.ltsJ, s) ds]. 
t 

( 4 .25) 

0Tc~~a cne~yeT, l.lTO U (i) aenpephiBHa npH 0 < t < o0 • 
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Tenepb pepenHmeu (3.!6) B BH~e 

"t 

Un (t) = o<.Nn.., [cP2(i;J J "/>_,(s)!fnm(sJF(Y; (s), S) cis + 
m o "' 

• 00 

+- ¢
1 

{t) j ¢2 (5) Ynm{S) F {Y~ rs), s) cis) 
t "' • 

CpaBHBBBR (4.25) H (4.26), nony'IHY 

tim Unm (t:) = iut>, 
m+oo 

liTO 1tl ~OK&8HBB8T (4.2). 

JeYYa 5 ~OK&SaHa UOJIHOOTbm. 

HeKoTopue one~cTBHH Ha neuuu 5. 

Ha (4.I), (4.2) H (4.25) cne~eT 

( 4,26) 

( 4.2?) 

lim ':J{lln,.,)=JIU-)=A. (4.28) 
m .. oo (. z 2 . 

TaK KBK d.= K(l;f) :.J~ (s)f(!l '(SJ,S)ds, TO HS (4.8),yllHT~aH (4.!) H 
( 4.28), nony'IHY 

~ 6). . ( 4.29) 

ITepenHmeY (1.2) B BH~e 
- 00 

J 2 J [. Y
2
{t) 'I 1. = K ( Y) = G ( IJ (·t;) I t-)dt :: 4/l (t) z --v - f~ :c.I.$l] dt 

0 0 t 

= fz j~2(tJ{1- (1- ?2[/f)dt < f jr/dt ~ 2(~> • 
0 0 2 

O!om~a HYeeY 
22 < ~ • 

Hepaaeao!'BO (3.!9) nepenHweu B BH~e 

eX. Ue >....J!t < Jf f 
HJIH 

~z o<'z )/' 2z < i . 

17 
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J./Ja ( 4.29) I ( 4.30) 11 ( 4.31) noJiylii1Y orpa.HI11l6HI16 Ha napaueTp r~- I 

a l1Y6HHO: 
I 

1.- ( z )' ? < .3 ul · ( 4.32) 

TaKI1» o6paaou, 11a Jieuu 3,4,5 cJie~eT, llTO ~JIH 3H81leHI1~ napaueT
p8 te , y,noBJieTBOPHJO!lli1X ycJIOBI110 ( 4 .32), npe~eJI:&H8H rpyHK~H 'J (-t) 
y,nOBJieTBopaeT ycJIOBHJO (9) 11 6y,neT pewea11eu p8ccuaTpi1B8euo~ B8pl1a~oa
HO~ a~a1111 (1.!)-(1.2). 

Teopeu8 2 ,noK8aSHa noJIHOCT:&JO. 

§ 5. iloKa.eu, H8KOH6U 1 llTO 113 CY!ll6CTBOBSHI1H peW6HI1H Bapl1a~OHHO~ 38-
~81111 (I.I)-(!.2) CJie,nyeT CY!ll6CTBOBSHI16 peweHI1H KP86BO~ 3~81111 
(4)-(5). 

n11rprpepea~pya (4.24) ~Ba&~~ no t , flOJIY1ll1Y 

q (tJ- Ge_ (tJ ~ (tJ = -olif(t:J [t.t !I~~' - -'?z !J;($J J , 
np1111eu ~ (t J y,noBJieTBOpHeT rpa.H111lH~Y ycJIOBHHU 

lj(O)"' 'J(ot:>)= 0. 

( 5 .I) 

( 5.2) 

YpaBH6Hir!6 (5.!) OTJllr!1l86TCH OT ypaBH6HI1H (4) HSJII111116Y UHOBHT6JIH ~. 
ilocpe~CTBOU Jllr!H6~HO~ aaueH~ 

~(-t) = 'f~) 
ypaBHeHHe (5.!) npi1BO,ni1TCH K Bl1~ (4), T.e. 

.. l 

tp(-tJ-GeJtJ'f(tJ=-'PCtJ{ttlf~~~ -32 2 r;~'), ( 5 .3) 

lf(O)= lp(oo)=' 0 , ( 5 .4) 

r~e " 2z=!J!_ 
o(. ( 5.5} 

Y1li1T~aa (5.5), aepaBeHCTBO (4.30) nepen11meu B_BI1~e 

1\l ~ ). 
2 = o{ ~-z· 

( 5.6) 
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T8K KaK lr!B (4.29) 14118811 1~ j , TO ,ltJIH BC6X 
"2 2 ~ i. 

H6paB6HCTBO (5.6) BKOOJIHH8TCH. 

( 5. 7) 

TaKir!u o6p8aou, Ha cy!lleCTBOBaHHH p8m8HHa BapHa~oaaol a~aq14 
{!.!)-(I.2) CJI6~6T CY!ll6CTBOBaHHe pem8Hir!H KP86BOA 8~81llr! (I)-(2). 
Ilapa.u8Tp i2 y;~~oBneuopaeT ycnoBHil (5.7) H pe118HHH o/(t) Y.ltOBJieT
BOPHilT lr!HTerpan:&HOIIY COOTHom8Hir!ll (cu. 4.8) 

J [tf 2
(t) + QeJtJ'f'

2
{tJ] dt = 

= J o/ 2(-t)[ 't lJI~(i) -J2 2 l(l~~} 1 dJ; 
(5.8) 

Teopeua I ;IIOKaaaaa nonHoct:&m. 

B 89.KJlll1l8HH8 O!U8THU, qTQ BC8 paocy&;~~eHI1H IIO&HO npOB6CTir! ,ltJlH 
IIO.lt6118A, KOr,tta H81lHH8AHyKl rpyHKU111l F('4' 2(t),t) BW6Hpall! B Bl1.lt8 (3). 

ABTOPW B~SESilT 6JiarO,ttapHOCT1> r.~.YaKapeHKO aa IIHOr01lHCJ16HHW8 
noxeaawe o6cyx,tteHHa. 
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