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B pa6oTe
111

H3nD*eH MeTOA YonKBHCTa-3cTa6pyKa 12 •31,KoTop~H 
MO*eT 6~Tb HCnOnb30BaH An~ HCCneAOBaHH~ HenHHeHH~X 3BOn~~HOH
H~X ypaBHeHHH C ABYM~ He3aBHCHMYMH nepeMeHH~H X H t. HanoM
HHM BKPaT~e, B 4eM COCTOHT HAe~ MeTOAa. 

flo6oMy 3BO~~HOHHOMy ypaBHeHH~ C He3aBHCHM~MH nepeMeHH~MH 
x . H t conocTaan~eTc~ Ha6op 2-IJK>pM I a 1 1, 1 = 1 , 2, ••. , N , TaKHX, 

4TO HMeeT MeCTO B3aHMHO-OAH03Ha4HOe COOTBeTCTBHe Me*AY pewe
HH~MH ypaeHeHH~ H HHTerpanbH~MH MHOr006pa3H~MH CHCTeM~ $QpM 
laiJ. npeAnOnaraeTC~, 4TO Ha COOTBeTCTBy~eM MHOroo6pa3HH X 
CHCTeMa ~opM la 1 I anonHe HHTerpHpyeMa, T.e. HAean I, onpe
Aen~eM~H $QpMaMH I a

1
1, 3aMKHYT : 

diCI. /1/ 
~anee BBOAHTC~ CTPYKTypa npoAOn*eHH~, npeACTaen~~~a~ co60H 
Ha6op 1-~opM 6Jf3, f3=1,2, ... ,MHa XxY, Y=I(( 1,( 2, ... ,(M)I, 
TaKHX, 4TO 

d6J c IT*I + (IJ' 121 
r~ rr - !JPDeKqH~ XxY Ha X. B cHny ypaBHeHH~ /2/ CHCTeMa 
lrr*a 1 , cJ'I HHTerpHpyeMa Ha XxY H npoeK~tH~ n~6oro HHTer
panbHOro MHOroo6pa3HR 3TOH CHC!eM~ Ha X RBn~eTCR HHTerpanh
H~M MHoroo6pa3HeM AnSl CHCTeM~ IJK>pM Ia 

1 
1. EcnH 1-.popMw (IJ 

06pa3y~T OAHOnapaMeTpH4eCKOe CeMeHCTBO, 6Jf3=6Jf3~), TO ypaBHe
HH~ AnA nepeMeHH~X(, B~TeKa~He H3 ycnOBH~ paBeHCTBa Hyn~ 
1-$opM6Jf3, ~BnR~TCR ypaBHeHHRMH THna ycnOBHH HyneBOH KpHBH3Hbl 
/HK/ AnA HCXOAHOro AHCIM!lepeHqHanbHOrO ypaBHeHHR. 

HH*e H3no•eHa 0AHa H3 B03MO*HOCTeH o6o~eHHR 3TOrO MeTOAa 
Ha cny4aH ABYX npocTpaHCTBeHH~x nepeMeHH~x. CneAY~ HopHcy 14,6~ 
nonaraeM, 4TO BTOpa~ npocTpaHCTBeHHa~ nepeMeHHa~ y BXOAHT 
B ypaBHeHHe cneqHanbHbiM o6pa30M, TaK 4TO ypaeHeHHe He COAep
*HT npoH3BOAH~x ewwe nepeoH no nepeMeHHOH y. C$0pMynHpyeM 
HeKOTOp~e o6~He 3aMe4aHH~. nycTb CHCTeMa 2-$0pM Ia, I 3aAaeT 
CHCTeMy 3BOn~14HOHHbiX ypaBHeHHH C He3aBHCHM~H nepeMeHHYMH 
x,t H nycTb H3BeCTHa CTPYKTypa npoAon•eHHR 6Jf3,t =1 ,2, ... , N; 
f3=1,2, ••. ,M. noTpe6yeM, 4T06~/1/ 

6J f3 = d( f3 + (F !dx + a~ dt)(; a, /3/ 

rAe F f3, a f3 -~yHK(4HH Ha XxY. BBHAY ycnOBH~ /2/ 

&) =~{3\zi +'f1f3 I\6Jy ' .· -- /4/ 
y lrj· ".,_,. .. , I ,o·.: .; ·.i'.<(' •·~·1 1- ·. 

'f'.~~· , .. >"·· it ... , ' 

@ 06'hE!AHHeHHhlit ."HCTHTYT ~epllloiXI H~~~lf4UHI, _ ~f~-..1·9~2 
DiiTb I !V• .· t f\, ;~ 

. -------
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rAe rtl 1-i)lyHKLIHH Ha XxY,7]~- 1-(J>opMbl Ha XxY. 0TMeTHM, 4TO (J>OpMbl 
a 1 H3 HAeana 1 no-pa3HOMY Hcnonb3Y~TCA npH onpeAeneHHH ypaa
HeHHH ABHmeHHR. HeKOTOpble H3 HHX ABnA~TCA $0pMaMH nHHeapH3a
LIHH111H cnymaT AnR onpeAeneHHA OAHHX aenH4HH 4epe3 APYrHe, 
TOrAa KaK OCTanbHble 6onee TeCHO CBR3aHbl C ypaBHeHHRMH ABH*eHHA 
1-1 HX Ha3b1Ba~T AHHaMH4eCKHMH (J>OpMaMH. 

nycTb npH Ao6aeneHHH HOBOH npocTpaHCTBeHHO~ nepeMeHHOH 
HOBble (J>OpMbl nHHeapH3ai.IHH He BBOAATCA. 3TO KaK pa3 03Ha4aeT, 
4TO npH TaKOM paCCMOTpeHHH Henb3A nony4HTb ypaaHeHHA, 8 KO~ 

TOpble BXOAnT npOH3B0AHble BbiWe nepBOH no nepeMeHHOH 1• 6yAeM . 
HCKaTb o6o6t~~eHHe HAeana I, nonaraA 

ai=a~Ady, i = 1,2, .... k 

AnA (J>OpM nHHeapH3ai.IHH H 

ii 1=a 1Ady +flt, i=k+1,.,.,N 

/51 

/6/ 

AnR AHHaMH4eCKHX (J>opM, rAefJ 1 -Ha6op H3 3-(J>opM, 3aBHCAIIIHX 
nepeMeHHOH Y·AnA (J>opM npoAOn*eHHA noTpe6yeM, 4To6bl 

OT 

;;;tl = wfl "dy + H/(.Y dxA dt +(A~ dx + B~dt) Ad( Y, 171 

noKa He YAanocb nony4HTb YAOBneTBOpHTenbHbiX pe3ynbTaTOB 
AnA 6onee o6111ero cny4aR, KOrAa MaTPHLibl A H B 3aBHCAT OT ne-
peMeHHbiX t, x, y 1-1 z. ,llanee 6yAeM C4HTan,, 4TO A H B - nocTOAH
Hble MaTPHLibl• noTpe6yeM, 4T06bl 2-(J>opMbl 6J fJ 6blnH CBA3aHbl C $QpMaMH 
ii 1 TeMH me cooTHOWeHHAMH, 4TO 1-1 wf3 c at· TorAa H3 I 41 nony-
4HM: 

l ff3 1f3t =(d0,8Aa(.y-dF{3Ba(.Y)dxAdt, 
1=k+1 a y a-y /8/ 

f3 vf3 vf3 
Hy "' Oy Av - Fy 8 11 • /9/ 

Ha HHTerpanbHOM MHOroo6pa3HH AnA nepeMe~HbiX (. 1 nony4HM cneAY~
UIHe ypaBHeHHA B MaTpH4HOM BHAe: 

(. X .. - F(. - A(. y ' 

(. t = -G(. -B(.y, 

A(. t a- B(. X •-H(' 

CHCTeMa /10/ ABnAeTCR COBMeCTHOH 0 eCnH 

[A, B) .. 0, (0, A)+[B,F)• 0, 

/10/ 

/11/ 

CneAoaaTenbHO, ecnH HaHAeHbl MaTPHLibl A H B,yAoaneTaopA~He ypaa
HeHHAM /11/, To, Hcnonb3YA HX, MO*HO Ha~TH 3-$0PMW Pt H3 
COOTHOWeHHR /8/. TeM caMbiM Mbl CKOHCTpyHpyeM AH~peHI.IManbHOe 
ypaeHeHHe, 3aAaBaeMOe 3-~opMaMH (a 1J, H COOTBeTCT8~~ CTPYK-
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Typy npOAOn*eHHA ((;j f3 1. CneAyeT OTMeTHTb 6onbwy~ HeonpeAe
neHHOCTb MeTOAa, CBA3aHHY~ C npOH3BOnOM B Bb16ope MaTPHLI A 
1-1 B,a TaK*e c Y*e OTMe4aaweHcA a 111 HeOAH03Ha4HOCTb~ a onpeAe
neHHH CTPYKTYPbl npOAOn*eHHR • 

'AnA Hnn~CTpaLIHH MeTOAa npHBeAeM npHMep 1-13 pa60T 14•1il, 

PaccMoTpHM ypaaHeHHe 

3 1 3 
4utt + 4nxxxx + 2(uux>x= 0. /12/ 

3TO y~aBHeHHe OOHCbiBaeT rpaBHTai.IHOHHble BOnHbl Ha noaepXHOCTH 
BOAbl &~IlerKo' OOKa3aTb, 4TO OHO MOmeT 6b1Tb 3aAaHO ¢opMaMH 
BHAa 

a 1 .. du " dt - p dx l'dt , 

a 2 = dp " dt - r dx" dt, 

as = du "dx - ..idw" dt , 
8 

a 4 = dw " dx + .!. up dx " dt + .!. dr " dt • 2 4 
CTPYKTypa npoAonmeHHA HMeeT BHA /4,IV : 

w 1- d( 1 - '2dx + ((. 8 + .!.u(. 1) dt • 
4 

2 ..~ ... 2 . (. s Su 1 [ 1 ··-" 2 1 v 1] w .. ..., - t - - (. } dx- -..., + (w - A - -P}I, dt , 
4 2 4 

wB • ci(.S +[.!.u(.2+(w-A)(. 1 ]d:l + !.[r + ..Lu2(. 1 -
4 4 18 

1 2 1 8] - (w- A+ -p)(. + -u(. dt • 
4 4 

/13/ 

/14/ 

H3 /13/ 8MAHO, 4TO eAHHCTBeHH~ AMHaMH4eCKOH $0PMOH ABnAeTcR 
2-$0pMaa

4
.YpaaHeHMA /8/ MOryT 6wTb sanHCaH~ 8 cneAyOUieM BHAe: 

• 

(
0 0 0) 
0 0 0 {34 -

1 0 0 

...!.du A dx A dt 
4 

(...!.dp -dW) A dx Adt 
4 . 

, I 

0 

1 
- - du " dx " dt 

2 

0 

0 
I 

(..! dr + u..! du )" dx "dt 1 - ..1(dp + dw)" dxl\dt I .!. du" dx" dt 
4 8 , 4 I 4 

A '"' 
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I 

0 I 0 I 0 
I :) .. .!. duA dx " dt I 0 I /15/ 4 

I I 

!. du " dx " dt 
4 I 

3TH ypaBHeHHR XOpOWO Hnn~CTPHPY~T B03HHKa~~y~ HeOnpeAeneHHOCTb 
e Bb16ope MaTPHLI A H B. 

Mo*HO noKa3aTb, 4TO ecnH 

A=3(: 
0 

0 

0 D· 8 -(~ 
0 

0 

1 

0) 
0 ' 
0 

/16/ 

TO ypaBHeHHR /11/ YAOBneTBOpR~TCR. ~33 /15/ cneAyeT, 4TO 3-
C!IOpMy {3 4 MO*HO 3anHCaTb B BHAe - du 1\ dX 1\ dt, 
Ha6op 3-«!!IpM 4 

a1 = du "dt Ady - p dx "dt A dy , 

a2 = dp 1\ dt 1\ dy - r dx A dt " dy , /17/ 

= du A dx A dy 4 
as - -dw Adt "dy, 

3 

a 4 = dw A dx A dy + .! up dx 1\ dt 1\ dy + ..!. dr 1\ dt 1\ dy + 
4 4 

3 +-dUAdxAdt 
4 

3aAaeT ypaBHeHHe KaAOMLieea-neTBHaweHnH 111. 
nepeMeHHble ( 1 Ha HHTerpanbHOM MHOroo6pa3HH YAOBneTBOpR~T 

cneAY~~HM ypaBHeHHRM: 

(1=(;2, 
:1 

<:i=<:8-!u(;1, 

(: =-: u(2-(w-.\)(1-3(;, 

<:;=-(8 -!u(;1' 
2 1 )"2 1 J"1'1 ( y = 2u"' + (w-.\- '4p)., - 1 , 

8 1 9,1 1 )"2 
( t =--(r+-) +(w-.\+-p)., -

4 16 4 

1 s 2 
--.ru( -( Y. 

HcKnl04aR H3 3THX ypaeHeHHH nepeMeHHble ( 2 H( 8, nony4HM: 

4 -

I ' .. 

r· 
:1.~, 

':;\! 
'I fj,r 
~~ 
ij~~ 
~~' ' '~~ 
':~t~; 
~:{i 
\~, 
\ 

l 
.,(' 

';:~: 

!II 

!lfl 
·it: 

OJ" 1 )" 1 3 ,,)" 1 3 ,,)" 1 ( 3 ) )" 1 ~ )" 1 
..... y + ... :1:1:1 + 2 ..... :1 + 2 ..... :1 + 4 u :1 + w ... = """ ' 

/19/ 
(1+(1 +u(1=0. 

t :1:1 

CHCTeMa /19/ npeACTaBnReT co60H CHCTeMy ypaBHeHHH nHHeHHOH 
3aAa4H pacceRHHR AnR ypaeHeHHR KaAOMLieea-neTeHaweHnH: 

3 1 -:r<uu+ uxy) + 4 (u xu+ 6uu x) x= 0. /20/ 

B 3aKn~4eHHe OTMeTHM, 4TO MeTOA YonKBHCTa-3Ta6pyKa MO*eT 
OKa3aTbCR none3HbiM npH HCCneAOBaHHH HenHHeHHbiX 3BOn~I.IHOHHbiX 

ypaeHeHHH. 0AHaKO OH He nHWeH HeAOCTaTKOBj KaK H MeTOA naKca, 
3TOT MeTOA Tpe6yeT AOBOnbHO rpOM03AKHX Bbi4HCneHHH H HHTYHLIHH 
npH noHCKe cTpyKTYPbl npOAOn*eHHR. 

ABTOPbl Bblpa*a~T rny6oKy~ 6naroAapHOCTb npo4leccopy 
B.r.MaxaHbKOBY H O.K.nawaeey 3a CTHMynHpy~~He AHCKYCCHH. 

nHTEPATYPA 

1. Wea4Ka A.6., RHOBCKH A.6. OHRH, P5-82-239, Ay6Ha, 1982. 
2. Estabrook F., Wahlquist H. J.Math.Phys., 1975, 16, p.l. 
3. Wahlquist H., Estabrook F. J.Math.Phys., 1976, 17, p.1293. 
4. Morris H.C. J.Math.Phys., 1976, 17.; p. 1870. 
5. Morris H.C. J.Math.Phys., 1977, 18, p. 285. 
6. Ursell F. Proc.Camb.Philos. Soc., 1953,49, p. 658. 
7. KaAOMI.IeB 6.6., neTBHaWBHnH B.~. AAH CCCP, 1970, 192, c. 753. 

.. 

PyKonHCb nocTynHna a H3AaTenbCKHH OTAen 
31 MapTa 1982 roAa. 
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