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BBEJ!EHHE 

Xopowo H3BecTHo, KaKHe aaMe4aTenbHwe peaynbTaTw 6wnH nony-
4eHw nocne OTKpWTHA T8XHHKH o6paTHOH 38A84H pacceRHHII H KaKHe 
6onbWH8 HaAeJKAW aoanaraJOTCII Ha T80PHIO HenHHeHHWX AH<IlellepeH
~HanbHWX ypaBH8HHH H Ha TaK H83WB8eMWe COnHTOHHWe peweHHR. 
B CBII3H c 3THM paaBHB8nHCb H paaaHaaJOTCII o4eHb paaHwe no caoe
My MaTeMaTH48CKOMY ~pManHSMy MeTOAHKH. 8 pa60Te npHB8AeH 
KpaTKHH o6aop no OAHOH M3 HHX - T8K Ha3WB88MOH npo~eAYpe npo
AOn.eHHA YonKBHCTa-3cTa6pyKa. HHTepnpeTHPYR 3Ty CTPYKTYPY KaK 
C8113HOCTb, MO*HO nony~HTb H3B8CTHWe ycnOBHII HyneBOH KpHBH3HW 
/HK/ ADA MHoroKOMnoHeHTHOro HenHHeAHoro ypaaHeHHR WpeAHHrepa 
c U(p,Q) -cHMMeTpHeA 111, a TaK*e MR APYrHx ypaBHeHHH, BXOAl'llllHX 
B TaK HaswaaeMyiO CHCT8MY AKHC 12;191. nnaH pa6oTW TaKoa: B n. 1 
KpaTKO HanaraeTCII CYIIIHOCTb MeTOAa, nyHKT 2 nOCBIIUl8H HHTenpe
Ta~HH CTPYKTypw npoA0~8HHII KBK CBII3HOCTH. 

1. CTPYKTYPA nPOJ!OniEHH~ YOnKBHCTA-3CTA6PYKA 

C no~biO npHMepoa o6CYAHM HAeJO MeTOAa. TaKoA noAXOA none
aeH, HMeeTcll HHTepecHall pa6oTa Kayna131, KOTopaR nocTpoeHa Ta
KHM o6paaOM. 

Xopowo HaaecTHO, 4TO MO*HO nony4HTb noneaHYID HH¢opMa~HID 
o AaHHOM HenHHeAHOM A~peH~HanbHOM ypaaHeHHH, ecnH npeACTa
BHTb ero B BHA8 ycnoBHII HHT8rPHPY8MOCTH 41111 H8KOTOPOH CHCTeMW 
ypaaHeHHH. HanpHMep, ypaaHeHHe 61Dprepca 

MO*HO npeACTaBMTb 8 BHAe YCnDBHII HHTerPHpyeMOCTH CHCT8MW 

C~: • uC, Ct ·-<u~:+J >C, 
2 

CJ:t • { tJ: -> u, + u u+(U >~: • 0. 

/1/ 

121 

/3/ 

nocne 3TOrO 
clla/4,5/ 

npHXOAHM K H3BeCTH0A HenHHeHHOH saMeHe Kona-Xon-

'I: U• 7->C, + (u .o. 

BcnOMHHM TaK*e ypaaHeHMe KopTeaera-Ae-BpMaa /KAB/ 
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HMeHHO npeACTaeneHHe 3Toro ypaeHeHHR a BHAe ycnoeHR HHTerpH
pyeMOCTH CHCTeM~ 

2 2 1 
(x=.\-2u-(, (t =4[(u+.\)(2u+( -A)+2Uxx -2u:tl· 161 

noaeonHno paapa6oTaTb MeTOA o6paTHOH aaAaYH AnR peweHHR He
nHHeHH~x ypaBHeHHH /S/, 

MomHo noKaaaTb, 4TO TeM *e caM~M ycnoBHRM YAOBneTeopReT 
H ApyraR CHCTeMa: 

( 

0 .\-2u) ( -2ux . 4(u+.\)(2u-.\)+2uu) 

'X= '' 't = 
1 0 -4(U+A) 2u x 

rAe. (- eeKTop-cTon6el.l BHAa {~ )· 

171 

06e CHCTeM~ BKn~Ya~T B ce6R He3aBHCHM~H napaMeTp A, KOTOp~H 

HrpaeT ponb cneKTpanbHoro napaMeTpa AnR o6paTHOH aaAaYH. 0TMe
THM, 4TO CHCTeMa 171 yme nHHeHHa. 

803Bpa~aRCb K HAee HaXO*AeHHR CHCTeM, AnR KOTOP~X AaHHOe 
HenHHeHHOe ypaBHeHHe IHnH CHCTeMa ypaBHeHHHI RBnReTCR ycnOBHeM 
HHTerpHpyeMOCTH, npHXOAHM K B~BOAY 0 TOM, 4TO 3aAa4a MO*eT 
HMeTb He eAHHCTBeHHoe peweHHe. CneAOBaTenbHo, c caMoro HaYana 
cneAyeT HMeTb B BHAYo 4TO np01.1eAypa HaXO*AeHHR TaKHX CHCTeM 
RBnReTCR HeOAH03Ha4HOH. 

nepe~OpMynHpyeM CKa3aHHOe B~We Ha R3~Ke AH~~epeHI.IHanbH~X 
~OpM. 8 pa6on~ WHpOKO HCnOnb3yeTCR annapaT AH~~epeHLIHanbH~X 
~OpM, TeOpHR HHTerpHpyeM~X CHCTeM n~a$$a H TeOpHR CBR3HOCTeH 
KapTaHa-3pecMaHa. noAp06Hoe H3nomeHHe 3THX eonpocoe MOmHO HaH
TH a pa6oTax 17 •8 •9 •101 • 

HHme M~ cneAyeM H3BeCTHOH pa6oTe YonKBHCTa-3cTa6pyKa 1111• 

M~ TaKme coxpaH~M 4aCTH4HO o6oaHa4eHHR, HcnonbayeM~e a 3TOH 
Ill/ pa6oTe. KaK H a .cyTb MeTOAa Hnn~cTpHpyeTCR Ha npHMepe ypae-

HeHHR KAB. noHCK peweHHR 3BOn~I.IHOHHOro ypaBHeHHR nOA06Horo 
THna MOmHO paCCMaTpHBaTb KaK 3aAa4y HaXO*AeHHR HHTerpanbHOrO 
MHOroo6pa3HR AnR CHCTeM~ ~OpM a1 • 

nonomHM 

z = "x ' p =Zx 181 
H pacCMOTpHM MHOroo6pa3He X= I (x. t • u • z • p) I = R 6 

• nycTb 
82 eCTb nOAMHOroo6pa3He B X, KOTOpOe 3aAaAHM ypaBHeHHRMH 

Z=Ux , p =U XX , u .. u(X,t), 19/ 

rAe u ecTb peweHHe ypaeHeHHR KAB· 
RerKO npoeepHTb, 4TO S2 RBnReTCR HHTerpanbH~M MHOroo6pa3H-

eM AnR ~cTeM~ ~opM Ha X: 
a 1 .. duAdt -z dxA dt, 
a 2 = dZAdt - p dXAdt, /10/ 
a3 = -dUAdX + dpAdt +12uz dx Adt 

2 • 

,\ 

3AeCb du - BHeWHRR npOH3BOAHaR OT U H 1\ - BHeWHee npOH3Be-
AeHHe. 

aeHCTBHTenbHO, ecnH j npeACTaenReT co60H KaHOHH4eCKOe eno
meHHe 82 a X,To ycnoeHe 

j* a 1 = j* a 2 .. j * a 8 • 0 I 11 I 

3KBHBaneHTHO cneAY~~eMy: 

( dj*u)l\dt -(j*Z)dxl\dt.o, 

(dJ* z)l\dt -O*p)dxAdt .o. 112/ 

-(dj*u)l\ dx +(dj*p)l\dt +12j*(uz)dxl\ dt .. o. 

CneAoBaTenbHO, Ha s2 ~PM~ 1121 6YAYT HMeTb cneAY~~HH BHA: 

<fi--z)dxl\dt .. 0, 

az 
(-·-P)dxl\dt • 0, ax 
iJu . iJp 
(- +- + 12uz)dxA dt.o, 
iJt ax 

113/ 

4TO 3KBHBaneHTHO ypaaHeHH~ 151. CneAOBaTenbHO, aaAaYy Haxom
AeHHR peweHHR ypaBHeHHR 15/ MO*HO paCCMaTpHBaTb KaK 3aAa4y 
HaXO*AeHHR HHTerpanbHOrO MHOroo6pa3HR AnR CHCTeM~ 110/. RerKO 
naKa3aTb, 4TO CHCTeMa /101 HHTerpHpyeMa, TaK KaK 

da 1 =dXAa2 , da 2-dxl\a8 , das--12dXI\(Za 1 +Ua 2 ). 1141 

TeM caM~ o6ecneYHeaeTcR, no KP,HHeH Mepe noKanbHae, cy~ecT
eoaaHHe HHTerpanbHOro MHOroo6pa3HR 8 2 AnR n~6oH T04KH H3 X. 
8oo6~e fiyAeM paccMaTpHBaTb TOnbKO HHTerpHpyeM~e CHCTeMW ~OpM, 
TaK KaK HeHHTerpHpyeMWe MaryT 6WTb ycTpOeHW BeCbMa cnei.IHanb
H~M o6pa30M. 

Bee noHRTHR, cBR3aHHWe c 3Ban~I.IHOHHWMH ypaeHeHHRMH, MaryT 
6~Tb nepe~pMynHpOBaHW Ha R3WKe ~pM. 8 YaCTHOCTH, BBeAeM 
onpeAeneHHe HHTerpana ABH*eHHR. 

HHTerpan ABH*eHHR f3 ecTb 1-~pMa Ha X, KaTopaR aaMKHyTa 
Ha S2, T. e. j*d f3 • 0. HnH, 4TO TO *e caMoe, d f3 npHHaAnemHT 
HAeany anre6pw ~pM, onpeAenReMOMY ~opMaMH /10/. 

npaHnn~cTpHpyeM 3TO onpeAeneHHe Ha npHMepe ~OpM~ (3 = 
= udx-(6u2 +p)dt. RerKO y6eAHTbCR, 4TO j*df3a0 

'df3 .. -a8 • 
PfCCMOTPHM 3aMKHYTY~ KPHBY~ 

4HTb C naM~b~ OT06pa*eHHH 191 

TaK KaK 

y Ha 8~ KOTOpy~ MO*HO nony
IT.e. KapT~ s 2 I H3 aaMKHYTOH 
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KPHBOH ·Yo Ha R
2 -1 (.'x,t) I. nycTb KpHBa.R Yo Ha R 2 COeAHH.ReT T04-

KH, yKa3aHH~e Ha PHCYHKe 

C•-r t-All C•-r, t +At l 

(x+&t, t -1.\t) (X+6X, t+M) 

~3 TeopeM~ CTOKCa An.R KpHBOH Y Ha 2 
S nony1.1aeM: 

r Ji8 = r J* df3, 
Y Ys 1151 

rAe Ys eCTb o6naCTb B 8
2
, orpaHH4eHHa.R KpHBOH y, H jl npeACTaBn.R

eT co6o.:1 KaHOHH4ecKoe anolKeHHe y a X. TaK KaK j *dp=O, TO H3 
1151 cneAyeT, 4To fjif3• 0. MOlKHO noKa3aTb, 4TO 

y 
t+t\t 2 2 z+t\z 

Jj;f3--f [(6u+uu)l -'(6U+~x>l ]dt-,f(ui -ul )dx. 1161 
'Y t-At x+t\z z-Az x-1.\z t+At t-At 

EcnH npH x -+ oo u , Uz , Uzz -+ 0, 
1.\x ... oo, nony4HM 

+oo 
( (u(x,t+M)-u(x,t-At))dx =0, 

-oo 

T.e. aenH4HHa 

-too 
WO = ( u(x,t)dx 

-oo 
He 3a8HCHT OT t, 

TO, nepeXOAR K npeAeny 

117/ 

1181 

4TO IKe KacaeTC.R CHCTeM ypaBHeHHH, ycn08H.R HHTerpHpyeMOCTH 
KOTOp~X eCTb HCKOMOe ypaBHeHMe, TO HX peWeHHe Ol.leBHAH~M o6pa-
30M HHTepnpeTHpyeTC.R KaK HHTerpanbHOe MHOroo6pa3He An.R CHCTe
M~ 1-<J>opM w1, 3aAaHH~x Ha npocTpaHCTBe XxY I Y BKnK>~.~aeT ne
peMeHH~e ( 1. MolKHO a~6paTb nepeMeHH~e TaK, 4To6~ ypaeHeHHR 
HMenH 8HA 

( z= A(u,z,p, (), ( t .. B(u,z,p, (), 1191 

rAe A , B -MaTpH~~-cTon6~~. ~nR nony4eHHR 3THX ypaeHeHHH AO
cTaT04HO noTpe6o8aTb, 4T06~ <J>opM~ w1 HMenH 8HA 

. i i i 
w1=d( + F (u,z,p, ()dx +0 (u,z,p, ()dt, , t .. 1,2, ... ,M. /201 

3TH <J>OpM~ Ha3~Ba~TC.R <J>opMaMH n~OAOnlKeHH.R, a HX HaXOlKAeHHe -
npo~eAypo.:i YonKBHCTa-3cTa6pyKa 711, 2.t37. 

. CaMoe aalKHO ycnoaHe, KOTopoMy AOnlKH~ YAOBneTaop.RTb <J>opM~ 
1 • 

w, COCTOHT B cneAy~~eM: He06XOAHMO, 4T06~ ycnOBH.R HHTerpHpye-

4 
• 

~-------------------------------------------------------------

I( 

. 

MOCTH An.R CHCTeM~ 1191 IHnH BflR <J>OpM 12011 COBnaAanH C Hal.lanb
H~M~ ypaBHeHH.RMH lypaaHeHH.RMH ABHlKeHHRI HnH 6~nH 6~ HX cneACT
BH.RMH. C yl.leTOM ycnOBH.R <J>po6eHHyca/13/AnR COBMeCTHOCTH CHCTeM 
1101, 1201 AOCTaT04HO nOTpe6oaaTb, 4T06~ <J>opM~ dwi HaXOAHnHCb 
B HAeane, onpeAen.ReMOM CHCTeMaMH 1101, 1201: 

i ij i s . 
dw =f aj + 71

8 
1\ w , J = 1,2, ... ,N; i,S= 1,2 , ... ,M 1211 

I ' ij i 
AnR KAB N-3 I. 3AeCb r eCTb <I>YHK~HH Ha XxY H 71j -1-<J>op-

M~ Ha XxY I8C~AY npeAnonaraeTc.R cyMMHpo8aHHe no noaTop.R~~HMCR 
HHAeKCaMI. npH HanH4HH 3Toro ycn08H.R CHCTeM~ /101, 1201 HMe~T 
o6~ee HHTerpanbHoe MHoroo6pa3He S 2 e X x Y. TaK KaK 8 /101 He 
BXOART nepeMeHH~e (, TO npoeK~HR S2' Ha X 6yAeT HHTerpanbH~M 
MHoroo6pa3HeM AnR 1101. lro8opR, 4TO <J>opMbl 3aAaH~ Ha XxY , 
M~, B006~e roeop~, AOnyCKaeM HeKOTOpy~ HeT04HOCTb: HMe~TCR 
e BHAY <J>opM~ 1T*ai, rAe 77 ecTb npoeK~HR XxY Ha X, HO TaK 
KaK H X, H Y 3aAaH~ OAHOH KapTOH, TO He B03HHKaeT HHKaKHX 
ocnOlKHeHHH. 

YcnoaHe 1201 onpeAen.ReT TaK Ha3~aaeMy~ cTpyKTYPY npOAOnlKe
~ PS (PROLONGATION STRUCTURE). nepeMeHH~e ' Ha3~8a~TCR nce8AO
noTeH4HanaMH. Mo~eT c~y4HTbCR, 4To AnR KaKoro-HH6YAb it K03<1l
<I>H~HeHT~ <J>opM F •t , G t He 3aBHC.RT oT nepeMeHJ'l~X (; TOrAa, 
Y4HT~8a.R, 4TO w1t AOnlKHa paBHRTbCR Hyn~ Ha s2 • nonyi.IHM: 

a'it it - ... F (u(x,t), z(x,t), p(x,t)), ax a( 1t it /221 
- a-0 (u(x,t), z(x,t), p(x,t)). az 

it 
TaKHe nepe~eHH~~ ( Ha3~aa~TCR noTeH~HanaMH. B 3TOM cny1.1ae 
pa3HOCTb w

1
t- d( lt R8nReTC.R HHierpanoM A8H>KeHHR. HHOrAa HMe-

eT CM~Cn pa3nH4aTb <J>opM~ H3 1107. HanpHMep, H3 1131 8HAHO, 
4TO at H a 2 HCnOnb3Y~TCR TOnbKO AnR TOro, 4T06~ onpeAenHTb 
npOH3BOAH~e no X, TOrAa KaK fls, AeHCT8HTenbHO, onpeAenReT ypa8-
HeHHe KAB. B TaKoM cny1.1ae ro8opRT, 4TO at H a 2 ecTb <J>opM~ 
nHHeapH3a~HH, a a 3 - AHHaMHI.IeCKaR <J>opMa. 

~nR Toro 4To6~ o6ner4HTb npHMeHeHHe MeTOAa PS, npoAenaeM 
HeKOTOp~e B~KnaAKH, pe3ynbTaT~ KOTOP~X nerKO MOryT 6~Tb HC
nonb308aH~ 8 KOHKpeTH~x cnyl.la.Rx. 

nycTb AH<Il<J>epeH~HanbHOe ypaBHeHHe IHnH CHCTeMy ypaaHeHHHI 
MOIKHO 3aAaTb C nOMO~b~ HHTerpHpyeMOH CHCTeM~ 2-<J>opM: 

k k 
a 1 •At (r/J)dr/JkAdX +Bi (r/J)dr/JkAdt + C1 (r/J)dx Adt , 

i-1,2, ... ,N, k·1,2, ..• S, X .. l(x,t,tftt,tft
2

, ... ,r/J
8

)}. 
/231 

Mo>KHO noKa3aTb, 4To ycno8HR 1211 3KBHBaneHTH~ cneAY~~e.:i 
CHCTJMe ypaBHeHHH: 
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arj j 
8 

k a a j j 8 k _,,. f 11.
8 

, __ ,.,f B , 
ay,k ay,k 8 

/24/ 

8 i aoj i a F J J 
rJ c

8 
·-(F --:;-;r·-,0 -;r) .. -[F ,G]. 

a( a( 
/25/ 

Bwpa*eHHe a cKo6Kax ecT~ cKo6Ka nH aeKTOpHwx noneH, 3aaH
CR~Hx TOnbKO OT (. 

B 6onbWHHCTae cny4aea YAaeTCR HCKn04HTb H3 CHCTeMW /24/, 
/25/ ~YHK~HH rJ 8

• OcTaawHeCR ypaaHeHHR aKn04aOT TOnbKO F
1

,G
1

• 
B cny4ae ypaaHeHHR KAB nony4HM: 

aFj aFj aFJ aoj _,.o, --o. -,+-, ... o, J--t.2 •••• ,M .. dtmY. 
az ap au ap 

aoJ aoj aoj j 
z -+P-,-12uz-+[G,F] -o. au az ap 

PeweHHe /26/ HMeeT cneAY~HH aHA: 
2 

F -2X1(()+2uX2(()+3u X8 (,), 

G •-2(P+6U 2 )X
2
(()+3(z2 -Su 

8 
-2up)X8 (() + 8uX 5(()+ 

2 
+ 4u X6 (()+4ZJC, {(). 

/26/ 

1271 

/28/ 

B /28/ F H G-cTon6~w H X- M -MepHwe aeKTopw, 3aaHCR~He TOnb
Ko oT (, T.e. aeKTOPHWe nonR HaY. KaK cneAyeT H3 /27/, Heo6-
XOAHMO, 4T06W awnonHRnHCb cneAY~He COOTHOWeHHR AnR noneH: 

[X
1

,X
8

]=[X
2

,X
8

] .. [X
1

,X4 ] .. [X2 , X6 ].o, 

[~ .x~ ,._,x7 , [~ ,x4 1 .x6 , [~ ,x7 1 = x6 , /29/ 

[X
1

,X
6

]+ [X
2 

,X
4

] .. 0, {X
8

,X4 )+ [X1 ,X 6]+X 7.o. 

0TMeTHM, 4TO npHaeAeHHWH Ha6op KOMMyTa~HOHHWX COOTHOWeHHH 
He RanReTCR nonHwM. Hcnonb3YR TO*AeCTao HKo6H, MO*HO nony4HTb 
e~e Aaa ypaaHeHHR: 

[X2 ,X5 ] = [X1 ,X6 ], [X6 ,X7 ]•X6 • /30/ 

0AHaKo a•AanbHeHweM nony4aeM ace 6onee H 6onee cno*Hwe KOMMy
Ta~HOHHwe COOTHOWeHHR. 

6 

AonycTHM, 4TO 
[X3 ,X4 ]""Xs, [Xl'X 6]•~, 

• 

/31/ 

,'"''i) . .,. 
~·1 

I 

' 
f,k,_ 
·•·.~ 

'1: 

,. 
\li 

f,:' 

~&: 

·I· : ·, 

.·:: 

~1. I~ 
~w 

\.';· 

lc 

T. e. aaeAeM Hoawe nonR X8 H X 9 . Mo*HO noKa3aTb, 4TO H a 3TOM 
cny4ae Ha6op KOMMyTa~HOHHWX COOTHOWeHHH He RanReTCR nonHWM. 
3aAa4a me COCTOHT a TOM, 4T06W nony4HTb HeKOTOpyO KOHe4HyO 
anre6py nH aeKTOpHwx noneH H c noMO~bO /28/ HaHTH PS. 

TPYAHOCTb COCTOHT a HaXO*AeHHH cnoco6a 3aMWKaHHR anre6pw. 
3Ta npo~eAypa RanReTCR HeOAH03Ha4HOH. C APYrOH CTOpOHW, Aa*e 
ecnH MW 3aMKHynH anrefipy, TO a03HHKaeT HeOAHO~Ha4HOCTb 3a C4eT 
aw6opa npeACTaaneHHR. B 3TOM nyHKTe - OCHOaHaR TPYAHOCTb npH
MeHeHHR MeTOAa YonKBHCTa-3cTa6pyKa 1201• 

KOrAa npeACTaaneHHe HaHAeHO H ecnH OHO RanReTCR OAHOnapa
MeTpH4eCKHM, TO CTPYKTypa npOAOn*eHHR onpeAenReT ypaaHeHHR 
nHHeHHOH 3aAa4H. 0TMeTHM, 4TO MeTOA no3~0nReT HaHTH COOTaeT
CTay~He ypaaHeHHR o6paTHOH 3aAa4H a cny4ae, ecnH OHH cy~ecT
ayoT, HO He OTBe4aeT Ha aonpoc 0 CaMOM Cy~ecTaoaaHHH 3THX 
ypaaHeHHH. 

BepHeMCR cHoaa K ypaaHeHHO KAB. AnR Toro, 4T06bl 3aMKHYTb 
anre6py, 3cTa6pyK H YonKaHcT nono*HnH 

m 
Xg •. c xm • m-1,2 •••• ,8, /32/ 

m . 
rAe C - KOHCTaHTW, T. e. noTpe6oaanH, 4T06W He3aaHCHMWe aeK-
TOpHWe nonR Aanee He reHepHpoaanHCb. Mo*HO noKa3aTb, 4TO ecnH 
nonOIICHTb nonR X1, •.• ,X 8 nHHeHHO He3aaHCHMWMH, TO H3 KOMMyTa~HOH
HWX COOTHOWeHHH cneAyeT, 4TO 

m 7 8 C .o, m,l7,8, C =-C •.\. /33/ 

npH BWnOnHeHHH 3THX ycnoaHH anrefipa OKaawaaeTCR 3aMKHYTOH. 
KoHKpeTHWH aHA aeKTOPHWX nbneH npHaeAeH a pa6oTe111 ~ ~opMw 
npOAOn*eHHR HMeOT cne,qyO~HH aHA:. 

1 
w 1 • d( + dx - 4,\ dt , 

» 

w2 • d(2 + exp (2 (~ -4exp(2 ( 3)(u+.\)dt, 

2 ..a 8 
w8 -d( + '- dx +[2z-4( (U+.\)]dt, 

w4 ad( 4 + 4 ,\dt, 
/34/ 

6 6 7 6 
w ad( + ( dX+(Z-6 ( )dt, 

6 6 2 2 8 
w .d( + u ilx-(z -su -2up)dt, 

w 1 • d(+udx-(p +6u2 )dt, 

w 8• d'8 + (2u+(t)
2 -A.)dx -4 [(u+ .\X2u+(,

8
) 2 - .\)+ 

1 8 +2P- z( ]dt. 
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• 
OTMeTHM, 4To caMOH npHMe4aTenbHOH H3 3THX ~opM RBnReTCR 

~opMa w 8 . BHAHO, 4TO w 1•4 TPHBHanbHbl, a ~PMbl w 6 •7 cyTb H3-
eecTHble noTeH~Hanbl. ~3 ycnoBHR o6pa~eHHR B Hynb ~opMbl w8 Ha 
HHTerpanbHOM MHoroo6paaHH.H nonaraR ~- ( 8 , nony4HM: 

' =-(2u+ (2-,\), X . 

/35/ 
(t =4[(U+..\)(2u+( 2 -A) + ~ p-z(]. 

TeM caMbiM Mbl npHwnH K ypaeHeHHRM nHHeHHOH aaAa4H pacceRHHR /6/. 
Mbl He 06CYAHnH e~e 04eHb Ba*HbiH eonpoc 0 TOM, KaK Ha 3TOM 
R3b1Ke c~pMynHpoeaTb npeo6paaoeaHHe 6eKnYHAa H KaK ero HaHTH. 
0TeeT Ha 3TOT eonpoc AaH e pa6oTax 3cTa6pyKa H YonKBI-1cTa111 · 1 ~· 131 
TaM *e nplo1BeAeHbl npeo6paaoeaHio1R 6eKnYHAa AnA ypaeHeHHR KAB 
1o1 Henlo1HeHHoro OAHOMepHoro ypaBHeHio1R WpeAio1Hrepa. 

nycTb h eCTb npeo6paaoeaHHe B npocTpaHCTBe X xY, nplo14eM Ta
Koe, 4TO: 

I) h *X= X , h*t = t, T. e. X lo1 t OCTaiOTCR HenOABH*HbiMI-1; 
II) npeo6paaoeaHHble.~opMbl h*~ ocTaiOTCR e HAeane I, onpe

AenReMOM ~opMaMI-1 ai .wl • 

TorAa h RBnReTCR npeo6paaoBaHio1eM 6eKnYHAa. AeHCTBio1TenbHO, 

h * a
1 

= du '(u,z,p, () 1\ dt - z '(u,z,p, () dx A dt, 

h*a 
2 

= dz '(u,z,p, () A dt- p '(u,z,p, ( )dxA dt, 

h*a --du'(u,z,p,()Adx +dp'(u,z,p,()Adt + 
3 

+ 12u 'z'(u,z,p, ()dXAdt , 

/36/ 

rAe 

u'=h*u, z' =h*z, p'·•h*p. 

B c1o1ny ycnoBHR II Ha HHTerpanbHOM MHoroo6pa3HH s2' ~opMbl h*ai 
AOn*Hbl paeHRTbCR HyniO. CneAOBaTenbHO, ~YHK~HR u' AOn*Ha 6b1Tb 
peweHHeM ypaeHeHHR KAB e cny4ae, ecnH peweHHeM RBnReTcR ~YHK
~HR U. 

TeXHHKa HaXO*AeHHR ycnuBHH, npH BblnonHeHHH KOTOpblx h*ai oc
TaiOTCR B HAeane I, CXOAHa C OnHCaHHOH BbiWe /eM. /23/-/25//. 
0TMeTHM TOnbKO HHTepeCHbiH peaynbTaT, nony4eHHbiH YonKBHCTOM H 
3CTa6pyKOM 11 1.12/, 

EcnH u RBnReTCR peweHHeM ypaeHeHHR KAB, TO ~yHK~HR 
• 2 

U'=-( +A-U /37/ 

TaK*e RBnReTCR peweHHeM. 3TO, KaK Mbl YBHAHM, n03BOnReT nony-
4HTb Ha6op conHTOHHbiX peweHHH. AeHCTBHTenbHO, TaK KaK u =0 

8 • 

I ' ' 
' 

' 

'}t; ' 

''j 
~ 

Jl 
<Y 

/ 
.~. I 

u::·, 
~~L ' 

{1\i 

~~i. 
'I 

~ 
l 
,j 

1:, 

,,\ 

eCTb peweHHe, TO APYrOe peweHHe MO*HO nony4HTb H3 ypaBHeHHR 
/37/: 

2 
u 1--' + ,\. /38/ 

C y4eTOM TOrO, 4TO Ha HHTerpanbHOM MHOroo6pa3HH COOTBeTCT
ByiO~ee 3TOMy peWeHHIO ( AOn*HO YAOBneTBOPRTb COOTHOWeHHRM /35/, 
npH4eM U a p = Z '" Q, nony4HM: 

' = ,\_J'2 X ':o ' 

2 
( t •4..\(( -A)=-4..\(x· /39/ 

0TC10Aa nerKO HaHTH, 4TO 

1/2 1/2 
( • ,\ tanh[,\ (x-4.\t -x0 )] . , /40/ 

rAe x 0 - nocTORHHaR IAHTerpHpoeaHHR. Aanee, H3 ypaeHeHHR /38/ 
MO*HO nony4HTb 

2 1/2 u
1 

.. ,\ sech [..\ (x-4,\t-x0 )], /41/ 

T.e. xopowo IA3BeCTHO peweHHe ypaeHeHHA KgB. 
3aMeTIAM 1 4TO ypaBHeHIAR /39/ onpeAenRIOT OAHOnapaMeTpiA4eCKOe 

ceMeHCTBO nceeAonoTeH~Hanoe. Y41ATb1BaR 3To, nonbiTaeMcR nony41ATb 
APYrHe peweHHR, Hcnonb3YR npeo6paaoeaHHR cneAYIO~ero BHAa: 

u '•u'(u,z,p,(, ,( ,\ ), 
"1 2 

z' .. z '(u,z,p, (, , ( ,\ ), 
"1 2 

p' =P'(u,z,p,(,\ ,(,\ ). 
1 2 

/42/ 

• 

AHanorH4HO MO*HO noKaaaTb, 4TO ecnH U RBnAeTCR peweHIAeM, TO 
2 2 

u ~u + ~~~_:-~1)~~~~ ->.2 -((,\ 1~)] 
((,\ - ',\ )2 2 1 

/43/ 

TaK*e RBnReTCR peweHIAeM. C y4eTOM /37/ IAMeeM: 

)' 2 2 
u1 =- ... ,\1 + ,\1 -u ' u2 ·-(,\ 2+ ,\2- u • /44/ 

npH 3TOM H3 /43/ nony4HM cneAYIO~IAH Ha6op peweHHH: 

u , = _J!.~!-_!)~~~L ____ "'1'ibl + u • I 4 5/ 
[(,\2- u2-u)1/2_(,\1-u ru)1/,.J 

~O~yny /45/ MO*HO eCTeCTBeHHbiM o6pa30M o6o6~HTb Ha cny4aH 
npOH3BOnbHOrO 4HCna peWeHHH u1 , U 2 , ••. ,U n • 

9 



• 
HH*e onHCaH cnoco6 HHTepnpeTa~HH CTPYKTYP~ npOAOn*eHHR Ha 

R3~Ke ~OpM CBR3HOCTH. 0TMeTHM, 4TO pa3BHTHe MeTOAa 3cTa6pyKa
YonKBHCTa MO*HO npocneAHTb no pa6oTaM/to-19/ 

2. CTPYKTYPA nPOAOniEHH~ H EE fEOMETPH4ECK~ HHTEPnPETAUH~ 
C nOMO~b~ ~OPM CB~3HOCTH 

B 1976 r. XepMaHoM 1211 6~na npeAno*eHa HHTepecHaR HHTepnpe
Ta~HR cTpyKTyp~ npoAOn*eHHR Ha npHMepe ypaaHeHHR KgB. OH no
Kaaan, 4TO CTpyKTypa npOAOn*eHHR COBnaAaeT C H3BeCTH~M KnaccH-
4eCKHM 06DeKTOM - CBR3HOCTb0 KapTaHa-3peCMaHa Ha MHOroo6pa3HH 
XxY co CTPYKTYPHO~ rpynno~ SL(2. R ). nocne :noro nORBHnOcb 
HeCKOnbKO pa6oT /20,14,19/, B KOTOp~X 3TH HAeH nony4HnH AanbHe~
wee paaaHTHe. HH*e M~ onHweM CBR3HOCTb, Ha~AeHHYO MopHCOM AnR 
o6o~eHHO~ CHCTeM~ A6noaH~a-Kayna-Hbo3na H Ceropa /AKHC/, 
a TaK*e CBR3HOCTb, KOTOpaR nHHe~Ha no nepeMeHH~M npOAOn*eHHR. 
HH*e AOKa3aHo, 4TO nHHe~HaR CBR3HOCTb 6~cTpee BeAeT K ycnoeH
RM Hyneeo~ KPHBH3H~ /HK/. nony4eHH~~ peaynbTaT npOAeMOHCTpHpo
BaH Ha npHMepe HenHHe~Horo MHoroKoMnoHeHTHoro ypaeHeHHR Wpe
AHHrepa c U(p,q) -cHMMeTpHe.:i. 

CBR3b ypaBHeHH~, HMeo~Hx conHTOHH~e peweHHR, co CBR3HOCTR
MH H ~pMaMH KpHBH3H~ OTMe4anacb H ApyrHMH aBTOpaMH, HanpHMep 
a122 ~ HO OHH He CBR3~BanH ee C TeOpHe~ npOAOn*eHHR YonKBHCTa-
3cTa6pyKa. 

B pa6oTe 12 1 6~no noKaaaHo, 4TO CHCTeMa AH~~epeH~HanbH~x 
ypaeHeHHH 

A:r. .qC-rB, 

D:r.·rB-qC, 

/46/ 
qt • B:r.+ (A-D)q +2i .\B, 

rt • C:r. + (D-A)r -21.\C 

npH COOTBeTCTBy~eM onpeAeneHHH ~YHK~H~, BXOAR~HX B Hee, nopo*
AaeT MHOrHe H3 H3BeCTH~X HenHHe~H~X ypaBHeHHH, HHTerpHpyeM~X 

MeTOAOM 03P, e TOM 4HCne 1o1 ypaeHeHHe KAB. HAeR MopHca 1191 co
CTORna B cneAy~eM: non~TaeMCR Ha~TH CTPYKTypy npOAOn*eHHR He
nocpeACTBeHHO AnR CHcTeM~ /46/. AnR 3Toro aanHweM CHCTeMy ~pM, 
3KBHBaneHTHY~ CHCTeMe /46/: 

10 

a 1 -dA/\dt+ (rB-qC)dxl\dt, 

a 2 • dB/\dt + dq/\dx + [2.\1 B+(A-D)q)dxl\dt, 

" 3 • dCI\dt + dr "dx - [ 2.\ 1 C +(A-D )r 1 dx"dt , 

a 4 • dDI\dt + (qC-rB)dXI\dt 

• 

/47/ 

He o6CY*AaR AeTanH noHcKa cTpyKTYP~ npoAOn*eHHR, npHBeAeM nHWb 
peweHHe, Ha.:iAeHHOe MopHCOM: 

F .x
1

(<:)+X2 ({)q+ X 3(()r, /48/ 

0 • X
6 

(()+X2(()B+CX3 (()+X6 (()0, 

rAe BeKTOPH~e nonR X1,X2 , ... ,X 6 AOn*H~ YAOBneTBOpRTb cneAYO~HM 
KOMMyTa~HOHH~M COOTHOWeHHRM! 

{X
1

,X
2
)·-2A1X2 , {X 1,X3] .. 2A.1 X3 , [X 1,X4 ]=0, 

[X1'X5] .. 0, [~.Xa1·X4-X6 , lXa,X6 ]=-X3 , 

{X2,X6 ]-~, [X3
,X

4
] .. X3 , {X4,X 6 ].0, /49/ 

[ X
6
, X1 ] • 0, V i • 1,2 , ... ,6. 

EcnH Tenepb nono*HTb 

Yo ·-\<X 4 -X6 ), Y2 ·t<x4 +X&), 

y1 ... ~' 
Y

3 
= X

1
-i A (X 6 -X 4 ), /50/ 

Y =Xs, 
-1 

y4 .. x&. 
TO,KaK nerKO npoeepHTb, KOMMyTaTOp~ CHCTeM~ /50/ MOryT 6~Tb 
aanHcaH~ e BHAe 

• {Y
0

,Y
1

] .. Y
1

, [Y0 ,Y_ 1 1=-Y_1, [Y1 ,Y_1 1=2Y0 , 

/51/ 

(Ya ,Y
1 
].0, a=2,3,4, i,. ±1,0. 

TaK KaK anre6pa, nopo*AaeMaR nonRMH Y0 , Y 1 , Y _ 1 , ecTb anre6-
pa rpynn~ SL(2,R), TO MO*Ho nono*HTb 

y
0

• r 1... y
1 

= r 2 4-,., y =-~ /52/ "' a(· "' a~ · -1 ac, · 
3TH nonR RBnROTCR ~YHAaMeHTanbH~MH nonRMH npH TaK Ha3~BaeMOM 
AP06Ho-nHHeHHOM Ae.:icTBHH SL(2, R) cnpaea Ha OAHOMepHoe npocT
paHCTBO Y=l,l. Apo6Ho-nHHe~Hoe AeHCTBHe aaAaeTcR ~pMyno.:i 

a .C+ b 
(g =---·, 

C(+d 

/53/ 

11 
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rAe (a b) 
g. c d '!,SL(2, R ). 

npeACTaBJleHHe I 52/ BMeCTe c TpHBHaJlbHbiM npeACTaBJleHHeM y a= 0, 
a .. 2,3,4 noaBOJlReT onpeAeJlHTb noJlR Xi c Tpe6yeMbiMH ceot:1cTBaMH: 

x 1 = -2IA (, f-t: , x2 = (, 
2 

; t; • 
a a 

Xa=- n, X 4=-X6 = (,a('• X 5 • 0. 
/54/ 

CooTBeTCTBYIOutaR cTpyKTypa npoAOJl>KeHHR npH D =-A HMeeT CJle
AYIOutHH BHA: 

w = d (,- [ r + 2L\ (, - q (, 
21 dx- [ C-2 A(, - ,8~21 dt, 

2 
w .. d (, - w0 - w 1 (, - w 2 (, • 

rAe 

w0 .. rdx +Cdt, 

w 1 .. 2(i>.dx-Adt), 

w
2
•-(qdx +B dt) 

/55/ 

/56/ 

cyTb 1-CI>OPMbl Ha X:{(x,t,q,r,A,B,C)I. PaccMaTpHBaR XxY KaK pac
CJlOeHHe CO CJlOeM Y, MOlKHO HHTepnpeTHpOBaTb 1-CI>OpMy w Ha X x Y 
KaK CI>OpMy CBR3HOCTH KapTaHa-3peCMaHa /10,23/ CO CTpyKTypHOH 
rpynnot:1 SL (2, R ). 

BBeAeM CJleAYIOutee onpeAeJleHHe:1211 

CBR3HOCTb w, 3aAaHHaR Ha paCCJlOeHHH X X Y Ha3b1BaeTCR acco-
LIHHpOBaHHOH c AaHHbiM AHCI>CilepeHI.IHaJlbHbiM ypae,HeHHeM, eCJlH CllopMbl 
KPHBH3Hb10 npHHaAJle>KaT HAea11y CI>OPM I, aaAaiOutHX ypaeHeHHe. 
B HaweM CJly4ae 3TO CHCTeMa /47/ c D .. -A. 

Bb14HCJlRR CI>OPMbl KPHBH3Hbl, HaHAeM: 

01=dwt+2WQ/\W2 •-2a1' 

n2 .. dw2 +w1/\WQ •-~, /57/ 

n0 .. dw0 +woAw 1 ·aa· 
04eBHAHO, 4TO CBR3HOCTb w aCCOLIHHPOBaHa C AH$$epeHLIHaJlbHbiMH 
ypasUeH11RMH I 46/ npH D =-A. .RcHo, 4TO CBR3HOCTb H CTPYKTypa 
npOAOJllKeHHR 1-4AeHTH4Hbl H eCJlH 3aAaHbl CI>OPMbl CBR3HOCTH w0 , w 1 , 

w2 • c noMOIJtbiO 1551 JlerKo onpeAeJlHTb CllopMy npOAOJl>KeHHR. Mo
pHc1191o6o6utHP 3TOT pe3yJlbTaT, paCCMOTpeB KBaApaTH4HyiO CBR3-
HOCTb BHAa 

12 
• 

a ~a a a'"fj a ,f3~y 
w • d., -w0 -w 113., - w 2 f3y., ., • 

!58! 
a a a 

w 0 • r dx +C dt, 

a a a a 
IU 1/3. 21A8fjd.K +(A 8 fj- Dfj)dt. 

a 1{( a a a a 
cu2fjy·--; qfj8y +Qy8fj)dz +(BfjBy + ByBfj)dt]. /59/ 

a, fj, y • 1, 2 , ••• ,n. 

C nOMOIJtbiO npOCTbiX Bb14HCJleHHH MOlKHO y6eAHTbCR, 4TO $OpMbl KpH
BH3Hbl onpeAeJlRIOT HAeaJl 1, KOTOPbiH coanaAaeT C HAeaJlOM, onpe• 
AeJlReMbiM CJleAYIOuteH CHCTeMOH 2-CI>OpM: 

a a 
a 1.dAAdt +(r Ba -qaC )dx/\dt, 

a .dB Adt+ dqaAdx+[2iAB .... +(A8fj -Dfj)qQ]dx "dt, 
2a a .. a afJ 

/60/ 
a a a . a a aB. 

a
3 

.. de "dt+dr Adx-[2l>.C +(A8fj _,o13 )r·-J d.KAdt, 

a a a ·· 
a~adDp"dt +(C qfj -r B&dx/\dt. 

BHAHO, 4TO CHCTeMa /60/ RBJlReTCR o6o6uteHHeM CHcTeMw AKHC 1-1 

1-CI>OpMW CTPYKTYPbl npOAOJllKeHHR AJ1R Hee aaAaiOTCR CHCTeMOH /58/. 
B Ka4ecTae npHMepa paccMOTpHM ~HoroKoMnOHeHTHoe HeJlHHeHHOe 
ypaaHeHHe WpeAHHrepa. noJlOlKHM 

2 1 a A •21.\. _,_q r , 
2i a 

1 B • _,q -;.\.q , 
a 2i ax a /61/ 

a 1 a a 
C • -(2[ r x + >. r ), 

a 1 a 
D = -·r qQ 

fj 2i fJ 

YpaBHeHHR, COOTBeTCTBYIOutHe CHCTeMe $OpM /60/, HMeiOT BHA: 

'.a 1 13 
lq t • 2 q a xx- qa q ff ' 

13 



• 
a 1 a a f3 

1rt • 2 rxx+r r qf3. 162! 

nonaraR Aanee ra=-Q*, nony4HM MHOrOKOMnOHeHTHOe HenHH8HHOe 
a 

ypaeHeHHe WpeAHHrepa: 

1qat=·Lq -,q lql 2• lql 2 
•Q Q *. 2 a:u: a · a a 

/63/ 

CneAyeT OTMeTHTb, 4TO ycnoBHR HK, cneAY~He H3 /58/, KBaApa
TH4Hbl no nepeMeHHbiM {a . 4T06bl CAenaTb HX nHHeHHbiMH, He06xo
AHMO nepeHTH K npoeKTHBHbiM KOOPAHHaTaM. 

noKa*eM, 4To o6o6~eHHY~ CHCTeMy AKHC MO*Ho nony4HTb H3 
APYrOH CBR3HOCTH ,c 6onee WHPOKOH CTPYKTypHOH rpynnoH GL(n+l, R). 
3Ta CBR3HOCTb nHH8HHa no nepeMeHHbiM ( 

1
H, HCnOnb3YR ee, MO*HO 

nony4HTb pe3ynbTaT MopHca. ~eHCTBHTenbHo, nono*HM 

0 Wo • -illdx +A dt, 

a ad a w
0 

"'r x +C dt, /64/ 

w~ .. \dx +Badt, 

a a a 
w 13 .:~ (2,\-~ )~ll dx + D {fJt. 

PaccMOTPHM w} , 1,j -0 ,1, 2, ... , n, KaK noKanbHble CllopMbl CBA3HOCTH 
An.R CBR3HOCTH, 3aAaHHOH Ha paccnoeHHH X x Y CllopMynoH 

. i i j 
w 1 •d( -wj (, /65/ 

rAe 
y .. t((O,(! ... ,(n)l. 

EcnH Ha anre6pe rpynnw GL(n+1, R) 3aAarb 6a3HC, cocTo.R~HH H3 
MaT pH~ e1j C KOMnOH8HTaMH (e f )mn • 8 im 8~ , TO An.R COOTBeTCT
eyiO~HX neBOHHBapHaHTHbiX CIIOPM w11 Ha rpynne GL(n+1, R ) cnpaaeA
nHBbl ypaaHeHH.R Haypepa-KapTaHa 181

· 

d-i -1 -s 
w1 •w 8 1\wj. /66/ 

CneAOBaTenbHO, CIIOPMbl KpH8H3Hbl An.R CBA3HOCTH /65/ AOn*Hbl HMeTb 
8HA 

I i i s 
0 j "'dcu j _, w 

8 
1\ w j /67/ 

npoCTbiM Bb14HCneHH8M nony4aeM: 

0~ • a 1 , 

If. .. 

oa •aa 
0 3 • 

00 • a 2a ' a 
a 

oaf3 .. a 4{3 • 

/68/ 

CneA08aTenbHO, 3Ta CBR3HOCTb TaK*e acCO~HHp08aHa C CHCTeMOH 
AKHC H cooT8eTCTBY~~a.R cTpyKTypa npoAonmeHHR 3aAaeTc.R CllopMynoH 
/65/. 

~.R Hnn~cTpa~HH nono*HM 8 /62/ 

ra,._'Yavq*, 
II 

y = k2(:p 0 

-Iq 
) . 2 

P+Q=n, k "'const. 

/69/ 

/70/ 

TorAa ypa8HeHH.R /62/ 3aAa~T MHoroKOMnoHeHTHoe 
HeHHe WpeAHHrepa c U (p,q)-cHMMeTpHeH: 

HenHHeHHoe ypa8-

. 1 f3v* 
1qat •2Qaxx +Qaqff qll 

Ycno8HR HK, KOTOpble cneAY~T H3 /65/, HMe~T BHA 
I T 
I Q 
I 

~-\ - _,_:-·-- _, 

-'Yq* I 1(2,\-IL)I0 I 

'. 't . 
I T 

21,\ +.!.:. q Tyq* I .1.:- q T- ,\q 
21 I 21 X 

- _,_,_, __ ,_,_,_,_ -·-
1 
21)4*+ ,\yq* ' 1 I- 2f1< )4*) T 

. (~') rAe q -8eKTop-cTon6el.l BHAa ~n • 

/71/ 

'· 1721 

0TMeTHM, 4TO nony4eHHble ypa8HeHHR RBnR~TCA ABYXnapaMeTpH4e
CKHMH. nonaraR 8 HHX y=ln , 1L •A, nony4HM ycnOBHA HK, HaH
AeHHble MopHCOM /19(Ycno8HR HK AnA ypa8HeHHR WpeAHHrepa c U(p,q)
CHMMeTpHeH HeCy~eCTBeHHbiM o6pa30M OTnH4a~TCA OT HaHAeHHbiX B 
pa6oTe 111• 

ABTOPbl Bblpa*a~T rny6oKy~ 6naroAapHOCTb npoelleccopy B.r.Ma
xaHbKOBy H O.K.nawaeey 3a CTHMYnHpy~~He AHCKyCCHH. 
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