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Regularized Trajectories of the Newton Type 
Approximation for Solving Non-Linear Equations 

·The continuous regularized processes of Newton-Kanto­
rovich and Gauss-Newton type are introduced for solving 
non-linear operator equations. The statements on the exis­
tence of solution~including the cases with the degeneracy 
point~are proved. The sufficient conditions for the addi­
tive regularization operators are found. 

The results are obtained by means of the non-linear 
differential equation stability theory. 
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llpa peweaaa aenaaeiawx onepaTopa~x ypaaaeaai ua 
ocuoae perynJipB3oaaaa~x BTepauaoaawx npoueccoa I 1-6/ 

npe>K,ne Bcero B03HBKaeT BODpOC 06 B3y'leHBH 06UUIX CBOBCTB 
DpBMeHJieMWX a,J:U~BTBBH~X onepaTOpOB peryn.llpB3aUBB. 

B cnyqae R -npoueccoa HLIOTOHOBCKoro Tuna MO:lKHO 
nony'IBTL J{OCTaTO'IH~e ycnOBBJI J{nJI ODepaTOpOB peryn.llpH-
3aUBH nyTeM pacwapeHBJI Cy{UeCTBYJOUUIX TeopeM 0 CXOJ{H­
MOCTB a cyiUeCTBoaaaaa peweua.11 /7,8/. Tax, aanpaMey, 
J{nJI R -npoueccoa HLroToaa- KaaTopoBB'Ia nonyqeu~ll ,5 
J{OCTaTO'IH~e ycnoaaJI ,l{nJI onepaTopoa perynJipB3auaa, co­
rnacoaaHH~e OJ{HOBpeMeHHO CO CXOJ{BMOCTLIO npouecca 
a cyiUecTaoaauaeM peweHB.Il. 3TH pe3ynLTaT~ 6~1Jf :r.eye­
aeceu~ ua cny'lai R -npoueccoa raycca-HLroToHa 2• •5 . 
)J;pyrae J{OCTaTO'IH~e ycnoBB.Il o npaMeH.IleMwx onepaTopax 
peryn.apB3aUBB J{n.a R -npoueccoa raycca- HLIOTOHa nonyqe­
H~ a pa6oTax 14 .6/. 

B aacTOJIIUei pa6oTe npo.I{om«aeTcJI B3y'leaae caoicTB 
onepaTopoa perynJipa3aUBB J{nJI npoueccoa HLIOToaoacxoro 
Tana aa ocaoae Teopaa aenpep~au~x auanoroa /9-I !1BMecTe 
C 3TBM nony'leHW YTBep)I(Jl;eHBJI 0 CXOJ{BMOCTB Henpep~BH~X 
R -npoueccoa a cy{UecTaoaaaaa peweuai uenaueia~x ypaa­
ueuaii. B 'laCTHOCTB, nony'leHLI YTBep)I(Jl;eHBJI o CYIUecTaoaa­
HBB peweuaii uenaaeiiu~x ypaaueuaii a cny'laJix, xor.I{a 
Tp&ei<TOpBJI DpH6nB)I(eHHJI npOXOJ{HT 'lepel TO'II<H B~pO>K,neHB.R 
/TeopeM~ 3 B 6, BX cne,I{CTBB.II/. 

llpB B~BOJ{e OCHOBH~X pelynLTaTOB B pa6oTe DpHMeH.a· 
IOTC.a Tai<Be MeTO,I{~ TeOpHB YCTOB'IBBOCTH uenaueBH~X 

uc)cbepeuuaanLHWX ypaaueuaii, I<&IC TeopeMa o6 YCTOB'IBBOC­
TH reuepan~auoro noJCa3aTenJI' 121 a J{p. 
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§1. HenpepbJ6HbJe aHaAozu R - npot~eccoe HbiOIIIOHoecKozo 
111una 

n.l. IIycTL X H Y - 6aHaxoBLI npocTpaHCTBa, f - He-
llHHeHHLIH onepaTop, OT06pa>KaiOUUIH BLinyxnyro DOA06nacTL 
Dr s; X B MHo>KeCTBo R r s; Y. 

IIpH JaAaHHOM 3neMeHTe y ~ Rr paccMaTpHBaeTcJI 
peweHHe HenHHeiiHoro ypaBHeHHJI 

fx = Y • /1/ 

liyAeM npeAnonaraTL, 'ITO B HeKoTopoM wape S(x 0 ,p) = 
=lx/llx-x 0 ll<p,p>Olc Dr onepaTop f AH«W!epeHU.Hpy­
eM no ~pewe H 'ITO B OKpeCTHOCTH Ka>KAOH TO'IKH H3 
S(xo, p) npoH3BOAHaJI f'(x) YAOBneTBopseT ycnoBHJO 

JIHDWHDU.a. 
qepe3 g{ 0 (f') 0603Ha'IHM MHO>KeCTBOnHHeHHLIXOne-

paTOpHLIX lilYHKU.Hii r(x),onpeAeneHHLIX Ha S(x 0 ,p) HAeiicT-
BYIO~Hx H3 S(xo,p) B Rr, TaKHX, 'ITO B S(xo, p): 
a/ onepaTopw f'(x) +r(x) o6naAaJOT orpaHH'IeHHLIMH/no 
HopMe/ o6paTHLIMH onepaTopaMa; 6/ perynspH3aTopw r(x) 
YAOBneTBopJIIOT noxanLHOMY ycnoBHIO JlanwHn:u.a. 

3aAa'la KowH. 

:: = -(f'(x) + r(x))-l (fx- y), /2/ 

x(t0 ) =XQ, /3/ 

rAe onepaTop r(x) g\, (f'), a peweHae x( t) E- S(x
0

, p) , 
onpeAeneHHoe AllJI Bcex t E- [ t 0 , oo), JIBnJieTCJI HenpepLJB­
HLIM aHanoroM R -npou.ecca HLIOTOHa-KaHTopoBH'Ia/9 / . 

EcnH CYIIJ.eCTByeT npeAen x =lim x(t), peweHHe x(t) 
oo t-+oo "' 

6yAeM Ha3LIBaTL pezyA.RpU3060HHOU lllpa€KIIIOpUeU npu6Au-
Jit€HUJI. 

BAOllL TpaeKTOpHH npH6nH>KeHHJI npou.ecca /2/-/3/ 
B AanLHeiiweM paccMaTpHBaeM H npucoeouHeHHYIO 3aoa~y 
o Hee.R3Ke D(t) = fx(t)- y ypaBHeHHJI /1/: 

d -1 
- D(t) = -f'(x(t)) {f'(x(t))+r(x(t))) D(t), /4/ 
dt 

4 

D(t 0 )=fx 0 -y (t 0 $t<oo). /5/ 

CBoiicTBO a/ B onpeAeneHHH peryn.llpH3Hpyro~ero MHO­
>KeCTBa g{( f ') JIBllJieTCJI OCHOBHLIM. YKa>KeM ABa Knac­
ca onepaTOpOB f, AllJI KOTOPLIX DOCTpOeHHe MHO>KeCTBa 
g{( f ') OC06eHHO npOCTO. 

KAacc pacUienAeHHozo cneKIIIpa. IIycTL B KOMnnexcHoii 
o6naCTH 3aAaHLI npJIMLie a l .H a 2, napannenLHLie MHHMOH OCH, 
KOTOpLie nepeceKaiOT peanLHYIO OCL, COOTBeTCTBeHHO, B 
TO'IKax a 1 a a 2, rAe a 1 <a 2 • IIycTL onepaTop f Taxoii, 
'ITO np.llMLie a1 H a2 pa36HBaiOT cneKTp a (f'(x)) /onepaTo­
pa f'(x) / Ha ABe 'laCTH a 1 H a 2 (a=a 1 u a 2 ) , AllJI 
KOTopLix npH nro6Lix x E- S(x 0 , p) HMeiOT MecTo Hepa­
BeHCTBa 

-oo <Rea
1 

(f'(x)) <a 1 , a 2 <Rea 2 (f'(x)) < oo. 

B 3TOM cnyqae MO>KHO DOCTpOHTL MHO>KeCTBO perynJipH-
3aTopoB g{(f'), HcnonL3YJI onepaTopLI r(x): S(x 0,p)-
- R r co CBOHCTBOM 

a 1 <Rea r(x) <a 2 ( Vx~ S(x 0,p)) • 

KAacc c ebmyKAou 3Hepzueu. IIycTL X H Y - Be-
~eCTBeHHLle rHnL6epTOBLI npOCTpaHCTBa, f - llOTeHU.HanL­
HLiii MOHOTOHHLiii onepaTop B Dr /HanpaMep, onepaTopLI 
THna HeMLIU.Koro 113 • CT P· 63 1 I. B 3TOM cnyqae on epa Top 
f HMeeT BLIDyKnyJO 3HeprHIO, T. e. llpOH3BOAHaJI f '( x) 

JIBllJieTCJI CaMOCODpJI>KeHHLIM HeOTpHU.aTellLHLIM onepaTo­
pOM. 

MHo>KeCTBOM perynJipaJaTopoB TenepL MO>KeT cny>KHTL 
MHO:lKeCTBO CaMOCODpJI>KeHHLIX paBHOMepHO DOllO>KHTellLHLIX 
onepaTopoB/l 2 ,cTp.S~/r(x): S(xo, p) .... Rr /o6o3Ha'laeMoe 
B AanLHeiiweM xax g{ ( f ') , I, AllJI KOTOPLIX, xpoMe Toro, 
BLinonHeHo ycnoBae 6/ B onpeAeneHHH. CaMLiii npocToii 
BHA B 3TO¥ cnyqae HMeeT MHO>KeCTBO CKanJipHLIX perynJipH-
3aTOpOB g{ a ( f ') = I a E x I 0 < a < oo l • 

n.2. IIycTL X H Y - rHnL6epTOBLI npocTpaHCTBa. 
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R -npou;eccbl raycca-HbiOTOHa/ 2 , 3 • 4 • 6 / 3aHB~aiOT 
Ba)KHOe MeCTO B Bbi'IBCJIBTeJibHOH npai<TBI<e Ha 3BM I 4 , I~/ 

llo,IJ, uenpepbiBHbiM auanoroM R -npou;ecca raycca-
HLroroua ,IJ,JIJI peweHBJI ypaaueHBJI I 11 noHBMaeM 3a,IJ,a'ly 
Kowu 

dx 
Tt -(f'*(x) f'(x) + r(x) )-I f'*(x) ( fx- y) , 161 

x(t0) = XO, 111 
" 

r,IJ,e oneparop peryJIJIPB3aUHB r(x) ~ :R(f'*f'), a rpaei<ro­
PBJI npu6nB>KeHBJI x(t) ~S(x 0 ,p) cyiD;ecrayer ,IJ,JIJI Bcex 
t~[t 0 ,oo) • 

B CBJI3H C peweHBeM ypaBHeHHJI 111 Ha OCHOBe 3a,IJ,a'IB 
121-/31 /3a,IJ,a'IH 161-11 I I B ,IJ,aJILHeilweM pa3rpaHB'IBM ,IJ,Ba 
BB,IJ,a TO'Iei< wapaS(xo,p)' TO'II<Y x~S(xo,p) Ha30BeM 
6blpoxi)eHHoii oruocurenLHO on epa ropa f '( x) I oruocurenL­
uo oneparopa f'*(x) f'(x) I, ecnu oneparop f'(X) lone­
parop f'*(x) f'(X) I ueo6parBM" B npoTBBHOM cJiyqae 
roBopuM, 'ITO x JIBJIJieTcJI npocmoii mo'IKoii oruocureJILHo 
oneparopa f'(x) loruocureJILHO oneparopa f'*(x) f'(x) 1. 

§2. 06ocHo6aHue Henpep&I6H&Jx R - npoijecco6 
H&IOJIOHa- KaH1lopo6u'la 6 cAy'lae omcy•cm6UJI 
MO'IeK 6bJpoxi)eHUJI 

n .1. ,LI;aJILHeii:weB: u;eJILIO pa6orbl JIBJIJieTcJI onpe,IJ,eJieuue 
CBOHCTB oneparopoB r( x) B YCJIOBBJIX CYID;eCTBOBaHBJI 
peweHBJI ypaBHeHBJI 111 B rJio6aJibHOH BHTerpBpyeMOCTB 
3a,IJ,a'IB 121-131. Kai< npaauno, BMecre c 3TBM noJiy'laercJI 
y'taep)I(,IJ,eHBJI o pa3pewBMOCTB ypaaueHBJI 111 B ycroii'IBBOH 
BHTerpBpyeMOCTB 3a,IJ,a'IB 121-131. 

llpe,IJ,BapBTeJibHO npBBe,IJ,eM BCllOMOraTeJibHble YTBep­
)I(,IJ, e HB Jl. 

JleMMa 1. Hycm&: 1/ aai)a'la /2/-/3/ UHIIIezpupyeMa 
6 UH111ep6aAe [ t 0• T) , zi)e t > t

0 
u x( t) ~ S(x 0 , p) npu 

t 0 .:S t < T ; 2/ 6 S(x 0 , p) npoua6oi)HaJI £'( x) u onepa­
•op pezyAJipU3QijUU r(x) ~ :R(f') C6JI30HbJ COOJIHOWe­
HUeM 

6 

llr(x) (f'(x) + r(x))-I II::; E < l. /8/ 

Tozi)a He6JI3Ka ypa6HeHuii /1/ D( t) 
HJieJICJI oqeHKe 

fx( t) - y noi).,u-

I!D(t)\I.:SI!£x
0

-y!! e-(I-c)(t-tol (t
0

.:s;t<T)./9/ 

.D. o I< a 3 aT e JI h c T B o . llepenHweM ypaaueuue I 41 B BH,IJ,e 

d~ D(t) = -D(t) + r(x) (f'(x) +r(x))-I D(t). 1101 

B BHTepaaJie [ t 0 , T) I c yqeroM ycnoBBJI 151 I, ,IJ,JIJI 
BeBJI3I<B ypaBHeBBJI 111 BMeeM 

1\D(t) II< e-(t-to)!\fx -yll +£ / e-(t-s)IID(s) !Ids. 
t 
0 

H 2 2 /I2, G'Tp. I55 I 
3 :noro BepaBeBCTBa Ha OCHOBe neMMbl • 

nonyqaeM rpe6yeMyro ou;eui<y 19 I. 

JleMMa 2. llycm& 6&rnoAHeHo yc11oeue 1/ AeMMbJ 1, 
a •aKxe ycA06UJI: 2 'I 6 wape S( x 0 , p} npoua6oi)HaJI 
f '( x) u onepa•op pezyAJipuaaquu r( x) ~ :R ( f ') C6JI3aH&J 
KQK COOJIHOUieHUeM /8/, JIOK U COOJIHOUieHUeM 

II E- f'(x) - dx) II .:S e II x - x 0 II' /11/ 

zi)e e - noAOJICUJleii&HaJI nocJIOJIHHaJI, JlaKaJI, 'IJIO e < lIp ; 
3/ i)AJI pai)uyca wapa s( x 0 , p) uMee• Mec•o Hepa6eHCJI60 

-(1-clto 
2

e llfxo-YII· P?. Po = 
l - ( 

Tozi)a i)AJI AI06bJX 'IUCell r' t ~ [ to ' T) ' 
t > t , cnpa6ei)AU60 COOJIHOUieHUe 

/12/ 

i)/I.R KOJIOpbiX 

f 
llx(t) -x(r}I!<.L(yl-a(l-e-(1-d(t-to)) 

e /13/ 

- y l - a (l - e- (l - E l ( r- 'o) ) ), 

zi)e a= e p 
0 

< 1. 
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)J, o K a 3 aTe n L c T B o . Ha ocHoBe HepaBeHCTB 19 I HI 111 
~nJI MHHhl TpaeKTOpHH x ( t) OT t

0 
~0 T HaXO~HM 

II X ( T) - xo II < / II ~ II d t < 
- dt -

to 
T -l 

.$ f II (f'(x( t)) + r(x( t))) II II D( t) II dts 
t 1141 
0 -(1-E)t 

.:5llfx 0 -yll / ell II dt. 
10 l - e x ( t) -x

0 

0TMeTHM, 'ITO B S(x 0 , p) cnpaue~nuuo HepaBeHCTBO 
l - e II x - x 0 II > 0 I TaK KaK no npe~nono)l(eHHIO e < l/ p I. 

llpHMeH'JI K 1141 JieMMLI · 06 HHTerpaJILHOM HepaBeHCTBe 
liuxapu 

17 I, Haxo~HM HepaBeHCTBo 

II l -( l -f ) ( T- to ) I 51 II x(r) - x < - 0- y l - a 0- e ) ) . 1 - e 

HcnonL3YJI o~eHKH ~JIB II x (r) - x0 11 H II x(t) - x 
0 

II IHe­
paBeHCTBO 1151 cnpaue~nuuo npu 3aMeHe r t I, nony'IHM 
Tpe6yeMLie COOTHOmeHHJII 131. 

HMeeT MecTo cne~YIDII.\ee yTBep~eHue o nocTpoeHHH 
TpaeKTopuu npu6nu)l(eHHJI ~nJI npo~ecca 121-131. 

2. 
TeopeMa 1. Ilycmb BblnOAHeHbl ycAoeu.R 2 I u 31 AeMMbl 

Tozoa: 11 npoijecc 121-131 UMeem peUleHue x(t) OAR 
ecex t 0 :S t < "" , Kolltopoe He Bblxooum U3 Ulapa S( x

0
, p) ; 

21 cyrqec•eyem npeoeA x oo = lim x( t) , .RBA.R10rqui'ic.R peUle-
t-> 00 

HUeM ypaeHeHU.R 111; 3/ Hee.R3Ka D(t) (to.:5t < "") y6bleaem 
no 3KCnOHeHijUQAbHOMy 3QKOHY 191; 41 OAJI CKOpOCIIIU npo­
t~ecca 121-131 cnpaeeoAuea OfleHKa 

----~-------------
llx(t) -xooll < .l.(yl-a(l-e-{1-d(t-to)) -y'l-a) 

- e 
(t 0 :S.t<oo), /171 

)J, o K a 3 a T e n L c T B o . H3 npeMoJio)l(eHHii o npOH3Bo~-
HOB f'(x) H onepaTope peryJIJIPH3a~H r(x) ~ :R ( f ') 
CJie~yiOT KaK OrpaHH'IeHHOCTL B S ( x O, p) npaBOH 'laCTH ~«)­
<)epeH~HaJILHOrO ypaBHeHHJI 121, TaK H BLillOJIHeHHe MJI JII06oii 
TO'IKH H3 S ( x 0 , p) JIOKaJILHoro ycnoBHJI Jlunmun~a. 0TciO-

8 
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~a, ~m1 ~ocTaTO'IHO Manoro T > t0 cne~yeT cyll\eCTBo­
BaHHe e.nHHCTBeHHoro pemeHHB x ( t) ~ S( x 0 , p) ( t 0 .::;; t < T ) 
3a~a'IH KoiUH 121-131. 3To 03Ha'laeT BLmonHeHHe ycnoBHJI 
11 JieMMLI 1. 

Ha OCHOBe JieMM 1 H 2 nonyqaeM HepaBeHCTBa 
l -{1-<)(t-tol 

llx(t)-x 0 11:S.e-0-y'l-a0-e ) )<p 0 

(t 0 .::;t<T). 

TaKHM o6pa3oM, TpaeKTOPHJI x ( t) npu t E [ t , T) ~enu­

KOM ne)I(HT BHYTPH mapa S ( x 0, p). Cne~oua TenLHO, pemeHHe 
x ( t) llpO~OJI)I(aeMO Ha BCeM HHTepBaJie [ t 0 , 00 ) , npH 
3TOM OHO He BLIXO~HT H3 mapa S ( x O , p ) IYTBep~eHHe 11. 

0'1eBH~HO, O~eHKa 191 HMeeT MeCTO ~JIJIBCeX t ~[to ,oo), 
T .e. cnpaue~nuuo yTuep~eHHe 31. 

lh ycnouuii 21 H 3 'I I cnpaue~nHBLIX ~JIB TeopeMLII, 
c y'leToM yTBep)l(~eHHB 11, cne~yeT, 'ITO HepaBeHcTBo 
I 131 BLinonHeHo ~nJI mo6Lix r, t ~ [ t 0 , oo ) • OTciD~a H3 YT­
Bep)l(~eHHB 31 TeOpeMLI BLITeKaeT cnpaBe~JIHBOCTL YTBep)l(­
~eHHH 21 H 41. 3THM TeopeMa ~OKa3aHa. 

HepaBeHCTBO 1111 6wno ucnonL30BaHo ~JIB nony'leHHB 
o~eHOK I 131 H I 17 I Ha ocHoBe neMMLI liuxapu. HcnonL30-
BaHHe 1111 DpHBO~HT K onpe~eneHHOH OC06eHHOCTH B npo­
~ecce 121-131, TaK KaK B Ha'laJILHOH TO 'IKe X O perynJipH-
3aTop ~OJI)I(eH HMeTL BH~ r( x ) = E- f'( x ). 3To 03Ha'laeT, 

0 0 

'ITO B ~OCTaTO'IHO MaJIOH OKpeCTHOCTH TO'IKH x
0 

npo~eCC 

121-131 BBnJieTCJI HenpepLIBHLIM aHanoroM MeTO~a HaH­
CKOpeiimero CDYCKa H TOJILKO BHe 3TOH OKpeCTHOCTH 121-131 
MO)I(eT npeupaTHTLCJI B npo~eCC HLIOTOHOBCKOrO THlla. Ta­
KOe CO'IeTaHHe )l(eJiaTeJILHO, TaK KaK 3TH ~Ba MeTO~a ~o­
DOJIHJIIOT ~pyr ~pyra B yKa3aHHOM DOpJI~Ke. 

llpuue~eM o~Ho o6o611\eHHe TeopeMw1 M.K.rauypuHa19 I 
~JIJI npo~ecca 121-131, B KOTOpOM HepaBeHCTBO 1111 
3aMeHeHo 6onee cna6wM. 

TeopeMa 2. Ilycru,: 2 "I e c(Jepe S( x 0 , p) npou3eooHa.R 
f '( x) u onepa•op pezyA.Rpu3at~uu r( x) ~ :R ( f ') ce.R3aHw 
COO.HOUleHUeM 181 U COOTflHOUleHUeM 

i!(f'(x) +r(x))-
1 ii:S.Y• 1191 

9 



ZOe 'IUCAO y < oo - 3000HHbiU ypoeeHb pezyAJipU30ijUU/51; 
3 'I OAJI paouyca c(Jep&l S ( x 

0
, p) cnpaeeOAueo HepaeeHc'lleo 

P?::Po=-
1

Y ilfxo-Y!I. 
- f 

Tozoa UMe10111 MeCJro Y'lleepxOeHUJI 1/-3/ meopeM&I 1, 
a maKxe CAeOy10111ee ymeepxOeHue: 4 'I cKopocm& Henpep&le­
Hozo npoijecca /2/-/3/ OijeHueaemcJI no 3aKoHy 

II x(t) - xo II :5 l~ f e-( l-E) (t-to l (t
0

:_::t<oo) ./20/ 

)]; 0 K a 3 aTe nbC T B 0. YTBep)l(,ll,eHHJI 1/-3/ ,li,OKa3bi­
BaiOTCJI auanoraquo, KaK a a cnyqae TeopeMbl 1. )J;nJI 3Toii 
n;ena BMeCTO HepaBeHCTBa /18/ HCTIOnb3YIOTCJI HepaBeHCTBa 

llx(t)- x0 11 :5 /II~ II dt.$ 
t dt 
0 

~ _Y- II fx - y II (l - e- ( 1- f) ( t - to ) ) < p 
l - f 0 

On;elKa /20/ nonyqaeTC.II H3 uepaaeucTsa II x( t) - ~II.::; 
.${"'II d; II dt ua ocuoae /8/ H /19/. 

to 

n.2. PaccMoTpHM Ba)I(Hoe orpauaqeuae, BMeiOII.I;ee MecTo 
npa npaMeHeHBH npon;ecca /1/-/2/ H TeopeM 1 ,2. 

IlycTb X = Y - ranb6epToao npocTpaucTao; onepaTop 
f npaua.IJ.ne)I(BT Knaccy c BblnyKnoii 3Hepraeii, T. e. .D.nJI 

BCeX X .S S(x 0 , p)BMeeT MeCTO COOTHOWeHHe 

inf { (f' ( x) y. y) I II y II = l l = m (f'( x) ) > 0 • 

.... 
IlycTb onepaTop perynJipH3an;aa r( x) ~ :R ( f') KOMMYTHpyeT 
C onepaTOPOM f'(x)/B 'laCTHOCTH, TaKHM .IIBnJieTCJI peryna-
PH3aTop r~ ~a /. , 

B 3TOM cnyqae .D.nJI TO'IKH Bblpo)l(,ll,eHB.II ;( ,; S ( x 
0

, p) 
/npOCTOH TO'IKH/ HMeeT MeCTO COOTHOWeHHe m ( f'(x)) = 

= o (mf'(x) > 0) • HanoMHHM, 'ITO no onpe.IJ.eneuaro 
m ( r ( ~) ) > o . Cnpaae.D.naao cne.D.YIDII.I;ee YTBep)l(,ll,eHae. 

10 
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JleMMa 3. Ilycm& x ~ S ( xo, p) JIBAJieTftcJI IIO'IKou Bblpox­
OeHUJI /npoc•ou 1/IO'IKou/ OAJI onepamopa f '( x) , mozoa 
OAJI cneK'IIpaA&Hozo paouyca p ( p (X) ) onepa'llopa P ( x) 
= r(x) (f'(x) +r(x))- 1 UMeeiiiMecmo COO'IIHOWeHue 

p(P(~)) = l (p~(p(;)) < l) ' 

)]; 0 K a 3 aTe nbC T B 0. BBe,ll,eM B npOCTpaHCTBe X 3K­
BHBaneHTHYIO HOPMY ( y' z) * = ( u ( x) y' u (X) z) ( y' z ~X) ,r,ll,e 
U( x) = (f'( x) + r( x) ) ( r ( x) )- 1 • /06o3uaqeuae 3aBHCHMOCTH 
onepaTopoa f' , r , P a U OT TO'IKB x a .D.am.ueiiweM 
onycKaeTcJI/. 

On epa rop P JIBnJieTCJI caMoconpJI)I(eHHbiM KaK a npo­
CTpaHCTBe X, TaK a a npocTpaucTae X* • ,D,n.11 ero cneKT­
panbuoro pa.IJ,ayca BMeeM 

p ( P) = sup 1[1 P y II * I II y II * = l l = sup V ( P y , Py) * I ( Y' y) * = 
y~~ 

=sup V (y, y) I (Uy, Uy) = l /} l + inf ~(y) 
y~X y~X 

r.D.e 

~ ( y) = ( £' r- 1 ( f' r - 1 + 2 E) y, y) I ( y, y) 

Y'IHTbiBa.R, 'ITO H3 COOTHOWeHHJI m ( f ') = 0 ( m ( f ') > 0 ) cne­
.IJ.YeT COOTHOWeHHe m ( ~) = 0 ( m ( ~) > 0 ) , ,ll,enaeM BbiBO,ll, 0 

cnpaBe,ll,nHBOCTH neMMbl 3. 
H3 .D.OKa3aHuoii neMMbl cne.D.yeT, 'ITO npa HanB'IHH xoT.R 

6bl O,li,HOi TO'IKH BblpO)I(,ll,eHBJI B Wape S ( x O , p) ycnOBHe 
/8/ uapy~aeTc.R I .D.nJI nro6oii uopMw a npocTpaHcTBe one­
pa Topoa [ X ] . I H TaKHM o6pa3oM TeopeMw 1 H 2 uenpaMe­
HHMbl. 

§3. 06ocHoeaHue Henpep&IBHbiX R - npoijeccoe 
H&101IIOHa- KaHmopoeu'ta npu HaAU'IUU mo'leK 
BblpoxOeHUJI 

D.l. 0Ka3biBaeTCJI, 'ITO HepaBeHCTBO /8/ MO)I(HO 3aMe­
HHTb 6onee o61IJ;HM ycnoaaeM /a qacTHOM cnyqae - HHTe­
rpanbHbiM uepaaeHCTBoM/, KOTopoe o6ecneqaaaeT nocTpoe­
BHe TpaeKTOpHH OpH6nH)I(eHHJI H DpH HanB'IHB B S ( x

0
, p) TO­

'leK BblpO)I(,ll,eHBJI. 

II 



llpe,D;BapHTenLHO npHBe,D;eM BCDOMOraTellLHOe YTBep)K,ll;e­
HHe. 

JleMMa 4. llyc1fl& npot~ecc 121-131 UMee• perueHue 
x ( t) ( t O :S t < 00 ) , He 6biXOO.RU4ee U3 crjjepbl S ( x O, p). 
Tozoa OA.R perueHU.R 3aOatlu o HeB.R3Ke 141- lSI cnpaeeoAuea 
OijeHKa 

II D( t) II :S II f X 0 - y II 
e- q ( t) 

zoe q ( t) = t - t 0 - J p ( s) d s , 
t 
0 

( to..::; 

-1 
p(t) =II r(x(t)) (f'(x(t)) + r(x(t))) II 

< 00) ,/211 

)1; o K a 3 a T e n L c T B o • IIpoBO,D;HTCJI aHanorH'IHO ,D;O-
Ka3aTenLCTBY TeopeMbl 3.11 12 • cTp. 414 / o6 ycTOB'IHBOCTH 
reHepanLHoro noKa3aTenJI. BMecTo ,D;H~epe~uHanLHoro7 u u 

31 
/l2,CTp.413 ypaBHeHHJI C Bhl,D;eneHHOH rnaBHOH 'laCTLIO • 

pewaeTcJI ypaaHeHHe o HeBJI3Ke B BH,D;e 1101. ,ll;nJI 3Toro 

ypaBHeHHJI HMeeM N = l ' 1/ e l. . Ha OCHOBe neMMLI 
2.2 /l 2 ,CTp.lSS/ H3 HepaBeHCTBa 

II D ( t ) II ~ II fx - y II e -· ( t - t 0 ) + / e- ( t -
8 ~ ( s ) II D ( s ) II d s 

to 

cne,D;yeT oueHKal21l laMecTo oueHKH BH,D;a 3. 7/12 ' CT P 415 I 1. 

TeopeMa 3. llyc1fl&: 1 'I npot~ecc 121-131 o6Aaoaen pe-
rueHueM x ( t) OA.R ecex t ~ [ t 0 , oo ) , He e&JxoO.RIJ4UM U3 
ruapa S ( x o , p ) [ npot~ecc 121-131 o6Aaoaen OA.R ecex 
t ~ [ t 0 , oo) perueHueM x ( t) E- S ( x 0 , p) u OA.R Hezo cy1J4ec•­
eyem npeoeA xoo =lim x(t)] ; 2III I a S(x 0 ,p) npo-

t-. 00 

U3600Ha.R f '( x) U pe 2YA.RpU3UIIIOp r ( x) ~ ~ ( f ') C6.R3UHbl 
KUK COOIIIHOIUeHUeM 1191, 1fiUK U COOIIIHOIUeHUeM 

lim q ( t) = + oo , 1211 
t ... 00 

oo -q( s) 
f e ds<+oo, 1221 
t 

12 

' l 

I 

zoe t > t 0 - OOCIIIUifO'lHO 60AbiUU.R nOCifO.RHHa.R, 1flaKa.R, 
'liiiO HepaeeHcmeo q ( t) > o e&moAHeHo OA.R ecex t > t 
[ OA.R ecex xE-S( x 0 , p) cnpaeeoAueo HepaeeHclfeo 1191, 
a maKJKe BblnOAHeHo C001fiHorueHue 1211] ; 3 'I paouyc 
ruapa S ( x 0 , p) noO'lUHeH HepaeeHcmey 

-q(t-to) 00 -q(s) 
P ?. p :il = Y e II f x

0 
- y llj e d s 

t 

zc)e q = max I q ( t) I t0 S t :S t I . 

1231 

Tozoa: 21 cy14ec•eyem npeoeA lim x ( t) = x oo ~ S ( x 0 , p r) , 
.RBA.RIOIJ4UUC.R perueHueM ypaeHeHb1.ool11 [ npeoeA x oo .RB-
A.Relllc.R perueHueM ypaeHeHU.R 111] ; 3 'I OA.R ecex t > t 
HeB.R3Ka D( t) ypaeHeHu.R 111 y6&1eae111 no 3aKoHy 1211. 

3aMe'laHue. IIpe,ll;llono)l(eHHe B npJIMLIX CK06Kax 1' I, 
2 III; H YTBep)l(,li;CHHe 21 B npJIMbiX CK06Kax, BMeCTe C yT­
Bep)I(,D;eHHCM 3 'I npe,D;cTaBnJIIOT BTopyro qacTL TeopeMLI 3. 

,lJ;OKa3aTCllLCTBO 11-oii 'laCTHI. 
Ha ocHoae neMMLI 4, ycnoBHJI 3 'I TeopeMLI H HepaaeH­

CTBa 1191 ,ll;nHHa TpaeKTOPHH 3&,D;a'IH 121-131 OUCHHB&CTCJI 
t -q(s) 

llx(t)-x 0 II~YII£x 0 -yll f e ds,$. 
t 

- q(t- t ) t __o q ( s ) 1241 
:S Yllfxo- y II e 1 e <Is::; Po· 

t 

YTaep)K,ll;eHHe 3 'I TeopeMLI cne,D;yeT H3 npe,D;nono)l(eHHJI 
1 'I H COOTHOWeHHB 1211 H 1221. H3 OUCHKHI24I H YTBCp)l(­
,li;CHHJI 3 'I cne,D;yeT cnpaae,D;nHBoe yTBep)K,ll;eHHe 21 TeopeMLI. 

)1;oKa3aTenLCTBO 2- OB 'laCTH TeopeMLI 3 Henocpe,D;CTBCH­
HO Clle,D;yeT H3 llCMMLI 4. 

n.2. llpOHlllliOCTpHpyey Ha npOCTOM HellHHCBHOM npHMepe 
H,D;eiO perynJipH3aUHH H BMeCTe C 3THM npHMCHCHHe OCHOBHOB 
TeopeMLI 3. 

IIycTL Tpe6yeTCJI pewHTL ypaaHeHHe 

COX X + l = 0 (O:S:x:S:TT). 1251 
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TeopeMw/
9 

'IO I, o6ocHoswsaroUUie npHMeHeHHe Hepery­

JIJIPH30BaHHoro nponecca 121-131 ( r ( x) = 0 ) , HCKJIIO'IaiOT 

cnyqaii pemeHHJI 1251, TaK KaK B pemeHHB x = rr ~JI 
npOH3BO.l{HOH HMeeM f '( TT) =- sinrr=O ·YpaBHeHHe 1251 MO)I(HO 

peWBTL, npHMeHJIJI B 121-131 peryJIJipH3al\HIO If, B 'laCTHOC­

TH, Ha ocHose cJie.l{yroll\ero npouecca: 

dx ( -d = COS X + l l < t < oo ) , 
t -

x(l)=;, 1261 

nonyqaeMoro H3 121-131 MJI r( x) = 1 - sin x • .D.eiicTBH-

TeJILHO, .IIJIJI TpaeKTOpHH npH6JIB:>KeHHJI HMeeM 

l - t2 I 
..::._--"2- (l S t < oo, 3 x"" = rr) • HepaseHCTBO 191 
1 + t 

x = arc cos 

swnoJIBeHo .l{JIJI ypoBHJI perynJipH3aUHH y = 1. C .l{pyroii 

1 + t2 
CTOpOHLI, q( t) = fn --- --> oo 

00 2 t->OO 

f -q(s)d 7T 
e s = 2, 

I 

t=l, q=1, 

'taK 'ITO YCJIOBHe 21 lnepBOB qacTH TeopeMLI 31 BWllOJIBeHO. 

II pose pas ycnosae 3/, Haxo,l{HM p 0 = T . YTsep)l(.l{eHae 

3 'I TeopeMLI 3 .l{aeT Ol\eHKy ,l{JIJI CKOpOCTH YOLIBaHHJI HeBJI3KH 

II cos X +Ills _2 
1 + t2 

(t>l). 

Ilo.l{cTaBHB B nesyro qacTL 121 I pemeHHe x = 

1271 

1 - t 2 
arc cos ---, 

1 + t 2 

BH.l{HM, 'ITO B Ol\eHKe 1211 HMeeT MeCTO 3HaK paBeHCTBa. 

§4. CAeoc•euJI •eopeMw 3 

CAeoc•eue 1 ·in. 1. 

Dye•~> ebmOAHeHo ycAoeue 1 '/ 1- oil 'lac•u •eope.41fw 3, 
a •a~rxe e~>mOAHeHbl ycAoeuJI: 2 ( IVl; e wape S ( x 0 , p ) , 

npOU3600HaJI f '(x) U onepalfop pezyAJIPU3a&IUU r( x) ~ ~ ( f') 
C6J13aHbl KaK COOifHOWeHUeM /19/, lfaK U COOifHOWeHUeM 

14 

j 
... 

I 
ll 

} 

1 t + To 
-J p(s)ds:S< <1, 
10 t 

/28/ 

ZOe TO > 0 • H€KOIIIOpaJI noCIIIOJIHHaJI; II 
3 I OAJI paouyca wapa S ( x 0 , p) e•moAHeHo HepaeeHcmeo 

p > p 0 = _Y_ e• To II f x 
0 

- Y II · 
- 1- E 

Tozoa cnpaeeoAueo y•eepxoeHue2J•eopeM~>I 3/1-aJI 'lac•~>/, 
a ma~rxe UMe10111 Mecmo cAeoyiOJIIUe ymeepxoeHUJI: ~I I He-
6JI3Ka ypaeHeHUJI /1/ y61>1eaem no 3aKoHy 

Er. -(I-<l(t-t0 ) 
I ! D( t) II .:s; e ' 

0 II f x 0 - y II e ( t > t 
0 

) • /29/ 

4 II; OAJI cKopocmu npo&~ecca /2/-/3/ cnpaeeoAuea OfleHKa 

. Y f r0 - ( I - f ) ( t -t 
0 

) 
ilx(t) -xooii:S ---e llfxo-rl!e /30/ 

1 - f ( t > to ) • 

.D. o K a 3 aTe n L c T B o. H3 HepaseHCTBa 1281 .l{JIJI<ilYHK­
UHH q(t) CJie.l{yeT HepaBeHCTBO 

0-t) {t-t 0 ) -Er
0

.:S: q(t) npa t > t 
0

• 1311 

Ha ocHose 1311 lxax H a cnyqae HepaseHCTB 1241 I .l{JIJI 

.l{JIHHLI TpaeKTOpHH 121-131 HaXO,l{HM Ol\eHKy 

II x ( t) - x o II ::; _Y_ II f x 
0 

- y II e f To 
1- f 

-0-El (t-t01 
(1-e J<p

0
• 

1321 

YTsep)l(,l{eHHe 3II I CJie,l{yeT H3 HepaBeHCTB 1211 H 1311. 
Cnpase.l{JIHBOCTL yTsep:>K.l{eHHJI 4II I cne.l{yeT H3 HepaseHCTsa 

1291, ecJIB oneHHTL BeJIH'IHHy II x ( t) - x0 II , aHanorH'IHO 

llOJiy'leHHIO HepaBeHCTBa 1321. 
n.2. TeopeMa 3 H ·ee cJie.l{cTBHe 1 .l{aroT B03MO:>KHOCTL 

npBMeHJITL R -nponecc 121-131 .l{JIJI pemeHHJI ypasHeHHJI 111 
B B Tex CJiy'laJIX, KOr,l{a TpaeKTOpHJI npH6JIB)I(eHHJI 

x ( t) ( tO :S t < oo ) npOXO.l{HT 'lepe 3 TO'IKH BLipO)I(,l{eHHJI 

HJIH CTpeMHTCJI K TO'IKe BLipO)I(.l{eHHJI. 

Ilepe.l{ TeM KaK npHBeCTH CJie,l{CTBHJI TeopeMLI ,l{JIJI 3THX 

CJiyqaeB, YTO'IHHM HeKOTOpble BCllOMOraTeJILHhle llOHJITHJI. 

IS 



ToqKy BblpO)I()J;eHHJI x ~ S ( x 0 , p) ua3LIBaeM u3oAupo­
eaHHorl, ecnu cy~eCTByeT qacno p > 0 TaKoe, qTo MHo­
)l(eCTBO (S(~, p) /l"il) () S(x0,p) COCTOHTTOllLKOH3DpOCTbiX 
ToqeK. _ 

IIycTL )J.llJI HeKOTOporo BHYTpeuuero qacna t E- [ to' oo) 

TOqKa TpaeKTOpHH DpH6llH)I(eHHJI x(i) JIBllJieTCJI BblpO)I()J;eHHOB. 
ToqKy X ( t) Ha3oBeM oeyc•wpoHHe- U30AUpoeaHHOU /npaeo­
U30AUpoeaHHorl/, ecnH cy~eCTBYIOT TaKHe qacna T e , T r > 0 
( 3 T r > 0 ) , qTO MHO)I(eCTBO ToqeK TpaeKTOpHH_ DpH6nH-
)I(eHHJIIx(t)/t-r ::; t<t<t+ r ,t>r +t

0
1<1x(t)/t<t:;t+rrl) 

e - r e 
COCTOHT TOllLKO H3 npOCTbiX ToqeK. 

KycoK TpaeKTopHH I x( t) /t
0

.:::t ~~.::; t < oo I , cocToJI~ii 
e r 

TOllLKO H3 DpOCTbiX ToqeK H BHyTpeHHHX •BYCTOpOHHe-
H30llHpOBaHHbiX ToqeK BblpO)I()J.eHHJI Ha3biBaeM H€8bJpOJICO€H­
HbJM KYCKOM. 

KycoK TpaeKTOpHH I x( t) 1t0 ~ t 1 .:::; t .:S t 2 <~I, _cocTo~~Hii 
TOllLKO H3 BHyTpeHHHX BblpO)I()J;eHHbiX ToqeK x ( t) ( t I < t < t 2 ) , 

Ha3b1BaeM 8bJpOJICO€HHbJM KYCKOM. 
n.3. B cne)J.yro~x .D.BYX yTBeP*.D.eHHJIX 6y.D.eM npe.D.nona­

raTL, qTo BbiDOnHeHbl npe)J.DOllO)I(eHHJI DYHKTa 2; naparpaclJa 
2 o npocTpaucTBax X , Y H o6 on epa To pax f '( x) H r( x) . 

H3 cne.D.CTBHJI 1 H neMMbl 3 BbiTeKaeT 

Cne.D.CTBHe 2. llyc•b 1 II I 3aoa11a /2/-/3/ u.Meem pe-
aueHue x(t) E S(xo ,p) <toSt <oo), OAJI Ko•opozo x(to) 
npaeou3oAupoeaHHaJI •o'lKa BbJPOJICOeHUJi u cyJ11eC1116yem 
eHy•peHHurl KYCOK 6bJPOJICOeHUJi l x ( t) I to .:::;ti s t st 2 < "" I 
CYUiec•6ye• •aKJICe npeoeA xoo = lim x( t) , Ji6AJIIOUIUrlcJi 
U30AUp06aHHOU npoc•orl •o'lKOU j/i _,oc•aAbHbJe 'laCIIIU •paeK-
•opuu I x( t) Ito < t .:S t I I u I x( t) /t 2 < t < oo I JiBAJIIO.,CJi 
HeewpoJICoeHHbiMU KYCKaMu; 2 vI 6 ctjej)e S( x

0
, p) 6bJnOAHe­

Hbl ycAo6UJi /19/ u /28/, zoe 6 /28/ noc•oJIHHaJI ycpeoHeH­
HaJi noo'lUHeHa HepaeeHc•6Y 

- -
ro > t2 - ti 

llyc•b •aKJICe 6bJnOAHeHo ycAoeue 3 II I cAeoc•6uJI 1. Tozoa 
cnpa6eoAueo yc•eepJICOeHue 2/ •eopeMbl 3 /1-aJI 'lac•b/, 
a •aKJICe UMeiO• Mec•o y•eepJICOeHUJi 3 IIj u 4 II I cAeoc•6UA 1. 

Ha OCHOBe BTOpoii qacTH TeopeMbl 3 H neMMbl 3 )J.OKa3 bi­

BaeTCJI cne.D.yro~ee 

16 

Cne.D.CTBHe 3. llycmb: 1 III; 3aoa11a /2/-/3/ UMeempeaue­
Hue x( t) (to ~ t < 00

) , u OAJi Hezo CYUiec•eyem npeoeA 
x = lim x( t) , Ji6AJIIOUIUUCJi U30AUpoeaHHOii 1/IO'lJWU 
ab7poJICbe'HuJI, a AI06aJI 'laC111b llpaeKmopuu I x( t) I t

0 
~ t::; tr l 

/OAJi AI06ozo (fiuKcupoeaHHozo tr E- [to, oo ) I- HeabJPOJIC­
oeHHbJU KycoK; 2 VI I OAJI 6cex x E- X npou3600HaJi f'(x) u 

A 

onepamop P€ZYAJiPU3afiUU r( x) E :R (f') nOO'lUH€HbJ yc-
A06UIO /19/, KPOMe mozo, OAJi 6cex t;::: t It> t

0 
-

H€KOIIIOpaJi tPUKCUpoeaHHaJI nOC1110JiHHaJI/ cnpaeedAUaa Ofi€HKa 
p(t) .$ __ a_t __ _ 

at + [3 
z()e a, {3 > 0 - nOCIIIOJIHHbJe. 

Tozoa: 2/ npeoeA x 00 JiaA.RemcJI peaueHueM ypa6HeHuJI; 
:}IIj H€6Ji3Ka ypaeHeHUJi /1/ y6bJeaem npu t > t COZAaCHO 
3aKOHy {3 

IID(t) 11..::: II fx
0

- r II e--q<;--to l <at+ f3)--;;-, 
at + [3 

zoe 'lUCAO q II onpeoeAeHo 6 ycAoeuu 3 I 111eopeMbJ 3. 

§5. 06ocHoeaHue HenpepbJ6HbJX R- npofleccoe 
raycca- Hb101110Ha 

B naparpaclJe npHBO.D.HTCJI uecKonLKO YTBep)I()J;euuii o 
DpHMeHHMOCTH nponecca /6/-/7/ )J.llJI peWeHHJI ypaBHeHHJI 
/1/. Ilpe.D.nonaraeTcJI, qTo X= Y- rHnL6epToBo npocTpaucT­
Bo. 

JleMMa 5. llyclllb: 1/ 3ada'la /6/-/7/ UHIIIezpupyeMa 
e UHIIIepeaAe f to, T),zae T> to u x(t) ~ S(x{), p) npu 
t 0 ~ t < T; ; 2/ 61Uape S(x 0 ,p)..,npoU360dHaJi f'(x) 

u onepa11op pezyAJIPU3afluu r( x) ~ g; (£'*I') C6Ji3aHbJ co-
o•HoiUeHUeM 

2 (C£x-y), v(x)(fx-y))::::fLJifx-yiJ, 

zoe v(x) = f'(x) (f'*(x) f'(x) + r(x) )-I f'*(x), 

a fL > 0 - nOCIIIOJIHHaJi . 

/33/ 
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Tozoa 6 UHIIep6aAe [ t 0 , T) He6.113Ka D( t) = f x ( t) - y ypa6-
HeHUJI 111 noO"'UHJieJICJI Ol#eHKe 

II D < t) II :S II fx 
0 

- r II e- 11 ( t - to l • 1341 

,lJ;oKa3aTenLCTBo. BHHTepsane [ t 0 , T)paccMaTpH­
saeM peweHHe npHcoe~HeHHoii 3a~a'IH KowH o HOpMe He­
BJI3KH 

..L f I D( t) II 2 
= -2 (f '*(X) ( fx- y) ' dd X ) ' 

d t t 

II D < t0 ) II = II fx 0 - r 11 2 
• 

/35/ 

/36/ 

IlpHMeHJIJI K npaBOH 'laCTH /35/ HepaBeHCTBO /33/, 
nonyqaeM 

ddt II D( t) 11 2 
= - 2 ( ( f X - y ) ' v ( X) ( f X - y} ) :5 - 2 fL II D ( t) II 2

• 

Ha OCHOBe 3TOrO HepaBeHCTBa H Ha'lanLHOrO ycnoBHJI 
/36/ nonyqaeTCJI Tpe6yeMaJI o~eHKa /34/. AHanorH'IHO 
TeopeMe 2 ~oKa3WBaeTCJI cne~yromee yTsep:>tmeHHe. 

TeopeMa 4. Ilyc11r.: 2 'I 6 wape S ( XO• p),. npoU3600HaJI 
f '( x) u onepa11op pezyA.Rpu3al#UU r( x) <e- :R( f'*f') C6.113a-
Hbl KaK COOIIHOUieHUeM 1331, llaK U COOIIHOUieHUeM 

II (f ';I<{ x) f '( x) + r ( x ) ) - I f '* ( x) II ::;. y < oo , 1371 

ZOe y - HeKOIIOpaJI nOCIIOJIHHaJI. 31 0.11.11 paouyca Ulapa 
6blnOAHeHO Hepa6eHCII60 

P ~ Po = : II fx o - r II · 1381 

Tozoa: 1 I npo11ecc 161-17 I u.wee• peweHue x ( t) 0.11.11 
6Cex to ::; t < oo , rcoaopoe He 6Wxooua U3 S ( x 0 , p 0 ) ; 
21 cyflleca6yeal npeoe.11 x.,., = fim x ( t) , .116AJ110f11Uilc.11 pe-

. t -+"" 
weHue.w ypa6HeHwr 111; 31 He6.113Ka D(t) <to~t<oo ),onpeoe-
AJieMaJJ 3aOa"'eu 1351-1361, y6w6aea no 3KcnoHeHl#UaAuo.wy 
3aKOHY 1341; 41 OAJI crcopocaeu npo11ecca 161-171 u.weea 
.wecao OlleHrca 
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!I x( t) - x"" II-:;. .1::. II fxo- rll e -,d t- to l 
fl. 

(t :St<oo}. 

IlpH paccMoTpeHHH HenpepLIBHLIX R -npou.eccos HLJOTo­
HOBCKoro THna MO~Ho socnonL3oBaTLCJI o6utHM ~H~eyeH­
U.HanLHLIM ypasHeHHeM, npe~no~eHHLIM R.H.An~o6epoM 11 1. 
B 'laCTHOCTH, BMecTo ypasHeHHJI /6/ paccMaTpHBaeM · cne­
~yroLQee ypasHeHHe 

~~ = g(x)(f'*(x) f'(x) + r(x))-If'*(x)(fx-y),/39/ 
A 

r~er(x)E-:1\(f'*f') H 

2 
g(x) = _ llfx-yJ[ 

( ( f X - y ) , V ( x) ( f X - y ) ) 

Ilpe~nono~M, 'ITO npasaJI qacTL ypasHeHHJI /39/ Ta­
KOBa, 'ITO R-npo~ecc /39/-/7 I HMeeT peweHHe "B ManoM", 
Tor~a B cHne cne~yromee cne~CTBHe o6meii TeopeMw 1/12/. 

TeopeMa 5. Ilycmr.: 2 1
} npou3600HaJI f'( x) u onepamop 

pezyA.Rpu3aliUU r( x) yooeAe11160p.1110111 0.11.11 ecex x E- S ( x 
0

• p) 
HepaeeHCII6Y 

II (f'*(x) f'(x) + r(x) )-I 11::: Clll fx- rllal < 

~C2 I(( fx-y), v(x) {fx-y)) Ia; 

1401 

zoe C I , C2 > 0 - HeK01110Pble nOCIIIOJIHHble, a al >- l 

a 2 > ~ - nooxoo.11111e 6t.l6paHHt.le caeneHHt.le norca3a­
a1+ 3 

111e.11u; 

31 paouyc utapa S ( x 0 , p ) noo"'uHeH Hepa6eHC1116Y 

a2 -I 
-. 

P~Po = 1\fxo-rll,B C a2 Ca2 
yp 

zoe (3 = a 1 + 3 -

nocao.RHHaJI. 

al 
a2 

, a y <=- (O,l) - HeKOIIOpaJI 
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Tozoa: 1 'I npo1.1ecc /39/-/7 I UMeem peweHue x( t) ~ S ( x
0 
.~ 

OA.R ecex t ~ [ to , oo ) ; 2 '/ cyfllecmeyem npeOeA x oo = 

= lim x ( t) , Komopbu'l .R6A.Remc.R peweHueM ypaeHeHu.R 
t--> 00 

/1/; 3 1
/ HOpMa Hee.R3KU D( t) = fx( t) - y y6bzeaem npu 

t > tO no 30KOHY 

II D ( t) II .::; II f x 
0 

- y II e- ( t - to ) ; 

4 '/ OA.R cKopocmu npoijecca /39/-/7/ cnpaeeOAuea Of.leHKa 
-{3(t- t 0 ) 

ilx(t) -xooll < YPo e (t>to) • 

YcnoBB.Il /40/ TeopeMbl 5 ,11;a10T ueKoTopyiO B03MO)KHOCTb 
,D;n.ll npaMeHeHB.Il R-npoQecca /39/-/7/ B cnyqae, KOr,D;a 
B npe,D;enbHOB TO'IKe X00 Cyll{eCTByeT HeorpaHB'IeHHbiB DO 
uopMe onepaTop 

( f '*(X ) f '(X ) + r( X ) ) -l • 
00 00 00 

IlpaBe,D;eM ell.\e O,D;HO YTBep)K,IJ;eHae o npaMeHBMOCTB 6onee 
npocToro npoQecca /6/-/7/ ,D;n.ll peweua.11 ypaaueHB.Il /1/, 
KOTOpoe OXBaTblBaeT B cnyqaii HanB'IBJI B S ( x O, p ) TO'IeK 
BhlpO)K,IJ;eHB.Il. 

Ilpe,D;BapaTenLHO OTMeTBM, 'ITO ueB.Il3Ka D( t) = f x ( t) - y, 

paccMaTpaaaeMa.ll B,D;Onb TpaeKTopaa npoQecca /6/-/7 I, 
.IIBn.lleTCJI peweuaeM cne,D;YIOII.\eii npacoe,D;BHeuuoii 3a,D;aqa: 

d 
-D(t) =- D(t)- (E-v(x)) D(t), D(t0 hfx 0 - y. 

dt /41/ 
AuanorB'IHO neMMe 4 o 3a,D;a'le /41/ ,D;OKa3blBaeTc.ll 

BCUOMOraTenbHOe YTBep)K,IJ;eHBe. 

JleMMa 6. BeAu 3aOat~a uMeell peweHue x ( t) OA.R 
ecex t c=- [ t 0 , oo ) , KOJtopoe He ebzxoou• U3 wapa S ( x 

0 
, p), 

110 OA.R Hee.R3KU D ( t) ypaeHeHu.R /1/ cnpaeeOAuea Of.leHKa 

- q ( t) 
IID(t) ll<llfx 0 -yl\e 

t 

(t>t
0
), 

zoe q ( t) = t - t 
0 

- f II E- v(x(s)) II ds. 
to 
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/42/ 

HMeeJt Mec11o cAeOyiOfllee yJteepxOeHue. 

TeopeMa 6. IlycJtb: 1 '; 3aOat~a /6/-/7/ UMeem peweHue 
x(t) ~S(x 0 , p) OA.R ecex t~[t 0 ,oo) ; 2"7 OA.R 
ecex x ~ S ( x 0 , p ) npou3eoOHa.R f '( x) u onepa111op pezy­
A.Rpu3af.luu C6.R3QHbl HepaeeHCJI60M /37/, a IIIQKJICe 6blnOAHeHbl 
COOIIHOWeHU.R 

lim q{t)·= +oo, 
oo -q (s) j e ·ds<+oo, 

t->00 t 

zoe t > t 0 - oocmallot~Ho 6oAbWa.R nociiiO.RHHa.R .. maKa.R, 
'IIIlO HepaeeHcmeo q ( t) > 0 ebznOAHeHo OA.R ecex t > t ; 
3 'I paouyc wapa S ( x 0 , p) noot~uHeH HepaeeHcmey 

-Ci<t"-tol II I 00 
-Ci<sl p ~ p 0 = y e f x 0 - y I J e d s , 

t 

/zoe q = max I q ( t) /t 0 S t 2::: f ! /. 
Tozoa: 2 "j CYflleCIIIeye111 npeOeA l~oox{t) = xoo~S(x0 , p), 
KOIIIOPbiU .R6A.ReiiiC.R peweHUeM ypaeHeHU.R /1/; 3 II/ HOpMa 
Hee.R3KU D ( t)y6bzeae111 npu t > t no 3aKOHY /42/. 

,noKa3aTenLCTBO TeopeMhl 6 npoBO,D;BTC.Il auanorB'IHO 
,D;OKa3aTenLCTBY nepaoii qacTB TeopeMbl 3. B TO )Ke apeM.Il, 
KaK B B TeopeMe 3, MO)KHO ccllopMynBpOBaTb BTOpyiO 'laCTb 
TeopeMbl 6. 

0TMeTBM B KOHQe, 'ITO ,D;n.ll R-npoQecca raycca-HLIO­
TOHa /6/-/7/ BMeiOT MeCTO cne,D;CTBBJI TeopeMbl 6, auano­
rB'IHble cne,D;CTBBJIM 1- 3 83 §4 . 

JluJtepaJtypa 

1. JI.AAeKcaHOpoe. Coo6111eHue 
1970. j)J(BM u Mtl>, 111. 11, 

2. JI.AAeKcaHOpoe. Coo6UieHue 
1970. 

OHJIH, P 5- 5136, ,l(y6Ha, 
1, 1971/. 
OH.JIH, P5- 5137, ,l(y6Ha, 

3. JI.AAeKcaHOpoe. Coo6flleHue OH.JIH, P5- 5515, ,l(y6Ha, 
1970. 

4. B.E.HlaMaHcKuil. YKp.Maiii.JIC., 111.22, 1970, c111p. 514-526. 
/CM. IIIQM JICe, II. 23, 1971, Clip. 138/. 

5. JI.AAeKcaHOpoe. Coo6UieHue OHJIH, P5- 7258, ,l(y6Ha, 
1973. 

6. H. Sdrwet/ick. )J(BM u Mtl>, 111. 13, 6, 1973. 
7. JI.B.KaHIIIOP06U'I, F.Il.AKUA06. tl>yHKf.IUOHaAbHbiU QHQAU3 

21 



6 HOpMupo6aHHbiX npoclllpaHC1116ax. M., <f>u3MU1112U3, 
1959. 

8. Jl.KO.IIAUIIIij. <f>yHKI#UOHUAbHbiU aHUAU3 U Bbi'IUCilUIIIeAbHUJI 
MallleMallluKa. M., Mup, 1969. 

9. M.K.Fa6ypuH. H3a. ey3o6, cep. MaReM. 5/6/, 1968, 
Clllp. 18-31. 

10. E.ll.)J(uoK06, H.B.lly3biHUH. ,ll,AH CCCP, 180, 1, 
1968, C'llp. 18-21. 

11. Jl.H.AIIb6ep. ,4utfojepeHijUUAbHble ypa6HeHUA, II. 7, 1971. 
12. JO.J1.,4aAet~Kuil, M.K.KpeilH. Ycwoilt~U60C111b peweHuil 

OUtfojepeHijUUAbHbiX ypa6HeHUU 6 6aHaX060M npOCIIpaHC111-
6e. M., <f>U3MU'IIZU3, 1970. 

13. M. M. BailH6epz. Bapuat~uoHHbui Me'lloo u Me moo MOHOIIIOH­
HbiX onepawopo6. M., <f>U3MaliiZU3, 1972. 

14. V. Borel. SIAM j. (Numer. Anal.) v. 7, ]{! 1 , 1970 . · 
15. JI.AAeKcaHopo6. Coo6JqeHue OHJIH, PS- 6862, ,4y6Ha, 

1972. 
16. 3.lieKKeH6ax, P.l>eAMaH. Hepa6eHC1116a, M., Mup, 1965. 

22 

PyxonscL nocrynsna B B3,narenLcxsii oT,nen 
6 asrycra 1974 ro,na. 

HeT ~H rrpo6e~oa a BarneH 6H6~HoTeKe? 
8bl MOJKeTe OOJIY'DfTb 00 noqTe nepe'DfCJieHHble HKJKe KHKrK, 

ecJIK OHK He 6biJIK 3aKa:laHbl paHee .. 

16-4888 _no3BMeTpBll B3ny'leHBi B 4JB3HKa 38" 250 CTp. 
UIIITW ycKOpBTenei 38PlllKeHHWX 'laC-
THI(. _ny6Ha, 1969. 

k6004 liBHapHWe peakl(HB a,llpOHOB npH BWCO" 768 CTp. 
KHX 3HeprHIIX. )ly6Ha, 1971. 

,ll,13-6210 Tpy.llbl VI MelKJ(yHapO,llHOrO CHMno· 372 CTp. 
3HyMa no ll,llepHoi :meKTPOHHKe. Bap-

,ll,10-6142 

wa:sa, 1971. 

Tpy.llbl MelK,llyHapo,llHOro CHMn03HyMa 564 CTp. 
no sonpocaM aBTOMaTH3al(HH o6pa6oT-
KH Jl&HHWX C ny3WpbKOBWX H HCKpOBWX 
KaMep. ,lly6Ha, 1971. 

2 p. 64 K. 

7 p. 60 K. 

3 p. 67 K. 

6 p. 14 K. 

,lJ,-6465 MelK,llyHapO,llHall WKOna no CTpyKType 525 CTp. 5 p. 85 K. 

,ll,-6840 

,ll,2-7161 

liApa. AnywTa, 1972. 

MaTepuanw II MeJKAyHapo,llHoro cuM· 398 CTp. 
n03HYM& no 4JH3BKe BWCOKHX 3HeprHi 
H :JneMeHTapHwx qacTBI(. WTp6cKe 
nne co, qccP, 1972. 

HenoKanbHWe, HenuHeiHwe H HepeHop- 280 CTp. 
MBpyeMwe Teopau non11. AnywTa, 
1973. 

rny60KOHeynpyrae H MHOJKeCTBeHHWe 507 CTp. 
npol(eccw. )ly6Ha, 1973. 

3 p. 96 K. 

2 p. 75 K. 

5 p. 66 K. 

P1,2-7642 MeJKAYHapOJlH&ll wKona MonoJ(blxyqe- 623 cTp. 7 p. 15 K. 
HWX no 4JH3HKe BWCOKHX 3Hepr&i. ro­
Menb, 1973. 

,ll,13-76}6 Tpy,llw VII MelK.llYHBPOAHOro CHMno· 372 CTp. 3 p. 65 K. 
3HyMa no ll,llepuoi :JneKTPOHBKe. 6yAa· 
newT, 1973. 


