
g113 

3113 

p L~tt., 1q1L1 . .,.ro 

3K3. 

B.r .MaxaHblCOB 

0 CT AQHOHAPHblX PEWEHHJIX YPABHEHHJI 

WPE.QHHrEPA C CAMOCOr IlACOBAHHblM 

DOTEHQHAilOM, Y.QOBilETBOPJIIOI.QHM YPABHEHHIO 

IiYCCHHECA 

u ~~u ~ u ~~\.Lil.I u ~~ 
I 3::::IUJ&IDl&ID-DW& CS <WWWL:JWF WW- ■ waw1 



PS-8113 

B.r .Maxau&1:oe 

0 CT Al.{HOHAPHLIX PEWEHH11X YPABHEHH11 

WPE.QHHrEPA C CAMOCOr nACOBAHHLIM 

DOTEHl.{HAnOM, Y .QOBnETBOP11I01QHM YPABHEHHIO 

liYCCHHECA 

llanp.w.1n•uo B Pb yBfrB L ellerB 



,1. B IlOCJie'AHee BpeMJI IlOJIBHJiaci. cepHJI aaaJIHTHKo-

. Bl,ll{H.CJIHTeJILHl,IX pa6oT, · IlOCBJlllleHHhlX HCCJie'AOBaHHIO 'AHHa­

MHKH o6pa3oBaHHJI R B3aHMO'AeHCTBHJI JieHrMIOPOBCKBX COJIB• 

TOHOB 11~ 31. IIocJie'AHBe, KaK H3BeCTHO, JIBJIJIIOTCJI CTaUBOHap­

HhlMB pemeHBJIMB ypaBHeHBJI llipe'ABHrepa 'AJIJI KOMilJieKCHOii 

aMnJIBTY'Ahl 3JieKTPB'lecKoro nonJI c caMocornacoeaau1,1M 

noTeauuanoM. O61,1qao ucnoJIL3YIOT .ztea BB'Aa ypaBHeHBJI 'AJIJI 

IlOTeauuana: KBa3BCTaTB'lecKoe H BOJIH0Boe. B nepBOM CJiyqae 

nonyqa10T ypaBHeHBe llipe'AHHrepa C •Ky6H'leCKOii HeJIBHeii.­

HOCTLIO / 4/ , K0Topoe HMeeT C'leTHOe MH0)KeCTBO BHTerpaJIOB 

'ABB:>tCeHHJI H OilHChlBaeT HeB3aHMO'AeiiCTBYIOlllBe C0JIBT0Hl,l. 

Bo BTOPOM IlO'AXO'Ae - 6onee IlOCJie'A0BaTeJILHOM C 4>B3B'leCKOH 

TO'IKB 3peHBJI - KapTBHa coeepmeHHO BHaJI. 3'AeCL COJIBTOHhl 

y)Ke B3aBMO'AeHCTBYIOT 'APYr C 'APYrOM B co 3BYKOBhlMH 

BOJIHaMB. ,l:{Ba COJIHTOHa MoryT, CJIBilaTLCJI, o6pa3yJI 0'ABH 

H H3JI}"laJI 3BYKOBhle uyru B T.'A. /IlO'AP06Hee CM./ l -3/ /. 
B pa6oTe /3/ 61,1no OTMe'leHo, 'ITO o6JiaCTL npBMeHBMOC· 

TH KBa3HCTaTH'leCK0ro npH6JIH)KeHHJI npH OilHCaHHH o6pa30Ba­

HHJI H B3aHMO'AeBCTBHJI COJIHT0H0B npaKTB'leCKH OTCYTCTByeT. 

TaM )Ke 61,mo Il0'A'lepKHyTo, 'IT·o ucnoJIL30Baaue BOJIH0Boro 

ypaBHeHBJI 'AJIJI noTeHUHaJia /BJIB, 'ITO TO )Ke caMoe, B03My­

(UeHBe IlJIOTHOCTH/ cnpaBe'AJIBBO 'AJIJI Me'AJieHHl,IX COJIHTOHOB, 

CKOPOCTL KOTOPLIX MeHi.me CKOpOCTH 3ByKa. 

IIpH OTHOCHTeJILHOB CKOpOCTH 'ABH)KeHHJI COJIHTOHa - 'IBC· 

nax Maxa - M =V~ /v5 ->1/y5 /3'Aeci. v ~-3k 0 v;/w pe· 
CKopocTL C0JIHTOHa, vs= y Te/ m 1 - CKOpOCTL 3ByKa/ OH 

npe'ACTaBJIJleT co6oii CKopee 3BYKOBOH HMilYJI.LC, Harpy)KeH­

Hhlii B.'I. Il0JieM, qeM JieHrMIOPOBCKHii COJIBTOH, TaK KaK 

OCH0BHaJI 'AOJIJI. ero 3HeprHH cocpe'AOTO'leHa B H.'I. CaMO· 

cornacoeaaa1,1x 'ABH)KeHBJIX nna3Mhl. qeM pe3qe pe3ouaac 
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M ➔ } , TeM2 6onLwa.11 .n~ml :rneprHH npHXO,IJ;HTC.11 Ha HHX, 
TaK KaK IE /an I .,;,1-M '• 3TO O3Ha'laeT, 'ITO npu CKOpOCT.IIX 

conHTOHOB, 6~~3KHX K 3BYKOBhlM, a7nHOBOe ypaBHeHHe, 
nony'leHHoe B 4 H HCilOilh3OBaHHOe a13 , CTaHOBHTC.11 Henpu­
MeHHMblM. 

HH:>Ke Mbl nony'IHM ypaBHeHHe .nn.11 IlOTeHUHana /B03My­
ll{eHH.ll nnoTHOCTH/, OilHCbIBaIOll{ee ,IJ;HHaMHKY OKOil03BYKOBhlX 
neHrMIOpOBCKHX conHTOHOB, H uccne.nyeM HeKOTOpble ero 
peweHH.11. 

2. ,ll;n.11 Haxo:>K,neHH.11 yp~BHeHH.11, OilHCblBaIOll{ero H~3Ko­
'laCTOTHble ,IJ;BH:>KeHH.11 ' nna3Mhl,' y,no6HO nepeiiTH K 4>ypbe -
npe,ncTaaneHHIO. Tor.na, ucnonL3Y.ll npe.u_nono)KeHue o. cna6oii 
HenHHeHHOCTH H .nucnepCHH HOHHO-3ByKOBhlX BOilH, npe,ncTa-

' . ' ' . ' ~ 

BHM ci>YHKUHIO nnOTHOCTH B BH,ne '. 

n = n
0 

+ an = n 0 + nO>+ n <2> /1/ 

H ypa,aHeHHe IIyaccoHa 

: . (I) (2) e ¢ - u 
k 2¢ = 4 7!. e (n_ + n - n 0 exp l . T l ) , /2/ 

e 
• (I) ~ ' (2) ~· 

r.ne n - nHHeHHaH,. a 11 - .HenHHeHHaH no nomo qacTL 
BO3Myll{eHHH nnoTHOCTH, <p - IlOTeHuHan. H • .'{. BO3Myll{eHHH, 
u -. IlOTeHUHan l;l.'I. CHilbl Munnepa •. 

• • .'I...),.., " 

4 

lfa /2/ HMee~ 

... (l) . e ¢. + n '_u_ ) 
2 · ( n-- OT k .· ¢ = 4 rr e n - 0 Te . e 

2 (2) 2 2 
e¢ u , u .n e <p 

- 2 . 2 + T2 2 - -
. Te . e no Te 

IIocTyna.11 CTaH,napTHblM o6pa3o~5/, Haii,neM 

e cp 
Te 

2 2 
(1) (l)' 

n u n u· 
- k de (-- + - ) + - + -

no Te no Te 

/3/ 

/4/ 

\l 
\ 
I 

•!I 

:~ 

(1)= - no 2 
n w mi 

k 2 e ¢ 
n (2) = (1)' ' 2 

n . ( n / n ) . • . /5/ ·o o · 

3THX COOTHOWeHHii .nocTaTO'IHO, 'IT06bI nony'IHTb HCKOMOe 

ypaaHeHue; .neiiCTBHTenbHO, 

w2 an 2 ( (1) ) 2 = w n 0 n, 1/n 0 + 

2 2 e ¢ 
+ k Vs 

Te 

OTKy,na, HCKilIO'la.11 e¢ 'C IlOMOll{blO nepaoii H3 cl>opMyn /5/ 
H nepexo,n,i: K Koop,nuHaTHOMy · npe,ncTaaneHHIO, nony'IHM 

a2 2. 4 . . 2 
2 a 2 2 a an a an 2 

(---V•---V d -}'-·-·---(-)= 
2 s 2 se 4 2 at ax ax no at no 

2 a2 u 2 a2 u 
/6/ Vs • -- ( -- + de -- --- ) ' a x2 T ax 2 T e e 

r.ne v.s ;= ../ T .. e / m i ' de= v e / wpe' v e = ../Te / me , 
lfcnonL3YH H3Be CTHoe Bhlpa)KeHHe ~n,i: cunLI Munnepa / 4 / · 

H 3aMe HH.11 B HemiHeHHOM 'Ille He ( a 2 j at ) . qepe 3(. ( V 2 a2 / ,a x 2), 
' ' •· ' s 

3anuuieM /6/ a 6e3pa3MepHoM au.ne: 
_ _ i_ 2..!:..: _. 2~··2)·. 

U u uxx 3 µ (V + 3 uxx> xx-< 1¢ I + 9 µ I 1/' lxx xx' /7 / 

3,necL 6e3pa3MepHhle t , x , UH 1/f onpe.rien,i:10TcH 4>opMyna­
MH 

t - 2 - -w 3 pe µt ' 

3 

X = .3._ 
2 3 

E 1/12 
64 µ TT no Te 

,· 

yµ.x 
de 

µ 

3 an u =- --' 4 µ no 
m 

= 
__ e· 

mi 
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YpaBHeHHe /7/ cnpaBeAJillBO npH CKOPOCTH ABIDKeHHJI 
COJIHTOHa, 6JIH3KOH .K 3BYKOBOH j 1 - M21 <<1,n03TOMY B npaBOH 
qacTH /7 / MO)KHO npeue6pe'IL BTOpLIM 'IJieHOM. 

TenepL IlOJIHaJI CHCTeMa BLirJIJl'AffT TaK: 

-i¢ + ·'· · + A¢•= U ¢ ,·.·., t 'l'xx 
. ' . 2· ·' ' 

u - u - f < u 2 > - _f u - < I ·'· I > lt XX XX · 3 X XX X - 'I' XX 

. 4 .. · · /8/ 
f = - /1 • 

3 

3. HccJieAyeM BJIHJIHHe Ma~LIX 'IJieHOB, nponopUHOHaJIL­
HLIX f , B YCJIOBH.IIX 

... ' 2 , m 
1 ·>> 11 - M .I >> _e_, 

. • mi /9/ 

B 3TOH o6nacTH CBepX3BYKOBoro COJIHTOHa He cymecTay­

eT. ,lJ.JI.11 A03BYKOBOrO, M < 1 , COJIHTOHa B CHCTeMe e =X-Mt 
IlOJIY'IHM AJIJI 

¢ (f ,t) 
-i Mx 

=e -2-

I/Jee +A¢ = u¢ 

y -2u + f u 2 + ~ u ee 

1/J(x,t) 

( y2 = . ) /10/ 
1 -M 2 

¢ 2 • 

CHcTeMy /10/ MO)KHO peWHTL MeTOAOM nocneAOBaTeJIL­
HLIX npH6JIH)KeHHii,. npeACTaBJIJUI «l>YHKUHH tf;_ H U a BH,[(e ¢ = 
=¢0 + Y u u;, u<04-u<0 ,rAe y u u0Lf,TorAaauy:ne·­

aoM npu6JIH)KeHHH no t: noiiy'IHM 1f313ecTuoe peweuue 

. 'Po = 
1/J mO y2 

yip ~ 
, . A = . - -· -- .¢ 2 

2 mO /11/ 
ch( m g ) 

..;T 

lloACTaBJIJIJI /11/ :a /10/, nonyqHM ypaBH~HHe AJIJI no­
npaBKH 

6 

I 

dy . 
-~ · :... a Ct) y = b ( g) 

d J; . •. "::I' .• •• 

. . 1/f, . .• " . . 
~ ( t) = y2 o ( ¢ 2 o - 2 ¢02· ) , b( 0 

2 I/Jog m 
/12/ .. 

4 

= _f_ Y 6 V'o ( ¢ 2 _ 2 ¢ 2 ) • 
3 2 'Pog mO 0 

IlpJI nony11eHHH /12/ npHWJIOCL µoJIO)KIITL. 

( 4 . 3. 

Ymax = - 3Y ¢mo ' /13/ 

'IT06LI HCKJIIO'IHTL paCXOA.IID.tHeCJI npH X ➔ ± 00 peweHH.11; 

KpoMe Toro, Tenepb . 2 • . 
y 2 2 4 2 

A = -'- 2 -1/'mO ( 1 + 3 ,y 'Pmo) • . /14/ 

Pe~euue ypaBHeHH~ /12/ HMeifr BHA ' -.. ,._ l .... 
= Y max· . ( ,3 _ 2 . . ) . _ y . . . . . 2 . 

. . ch Ke chKt 
/15/ 

oo HcnonL3YB • HHTerpan· ABH)KeHH.iI /11ucna nJia3MOHOB/ S1 = 
= f ¢ 2 d x : . . _uaiiAeM 0Ko1111a Ten&Ho: · 
- 00 

¢ y si1v 2 ( 1:+ Ly6 S 2 + _!:__y6s? / ch 2 Ke) /l6/ 
c h K e -. . 1s • 1 '" 3 . 1 

U . = - ( y 4 Sf / 2ch 2 K x )( 1 - 1__ c y 6 S f + t, y 6 S i2 / ch 
2 Kt ) 

9 /17/ 

1 2 5 6s2 > 
K = - y Si ( 1 + - t: y 1 • 

2 9 
/18/ 

H3 BLipa)KeHHii /16/-/18/ CJieAyeT: ao-nepBLIX, 'ITO 
nonpaBKa K B03MyD.teHHIO IlJIOTHOCTH B COJIHTOHe npu6JIH3H­
TeJILHO B ABa pa3a 60JibWe, 'leM K 3HeprHH B.'I. KOJie6aHHH 
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tp 2 , BO·BTOPLIX, y11eT HeJIHHeiiHOCTH H ,nucnepCHH B ypaB· 
HeHHH ,nnJI u npHBO'AffT K o6y:>KeHmo conHTOHa H-yBenu11eHHIO 
ero aMnnHTy.I(LI KaK ,nnJI «i>YHK~HH u, TaK H ,nnJI ¢ 2, npH TOH 
:>Ke nonHoii B.11. 3HeprHH S1 • 

BLiwenpl!ae,neHHLre peweHHJI /16/-/18/ cnpaae,nnHBLI 
B ycnoBHHX, Kor.na 

2 
1 - M >> I/3S 2/3 

c I • /19/ 

K CO:>KaneHHIO, nony'IHTL aHanHTH'leCKHe peweHHJI CHC·· 

TeMLI /8/ B Hau6onee HHTepecHoii o6nacTH I 1-M21 -c 1/3s2/ 3 
I 

~OKa He y,naeTCJI, Il03TOMY B HaCTOJIU\ee BpeMJI npe,nnpHHH· 
MalOTCJI IlOilLITKH HaHTH TaKHe peweHHJI 'IHcneHHLIMH Me· 
TO,naMH. 
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