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1. nPH6nH~EHHOE KBA3HPEWEHHE 
B Ka~.tecTee HeKoppeKTHO nocTaeneHHOH 3aAa411 11.2/ 6yAeM pac

cMaTp11BaTb 3aAa4y peweHI1R ypaeHeHI1R nepeoro POAa: 

!AX=f, /1.1/ 

rAe :A - BnOJlHe HenpepbiBHbiH onepaTop, AeHCTBY1011111H 113 rl111b6ep
TOBa npocTpaHCTBa X e rl111b6epToeo npocTpaHCTBo F. 

B 3TOM cny~.tae KBa311peweHI1e ypaaHeHI1R /l. 1/ MO*HO npeAcTa
BHTb B B11Ae PRAa no C06CTBeHHbiM 3JleMeHTaM onepaTopa :A*:A /t,2/, 
rAe ·A*- onepaTop, conpR*eHHbll1 onepaTopy :A • 

nycTb 

O.<A 1 ~ A2 .~ ••• ~ An·S: ••• 

- nonHaR CI1CTeMa C06CTBeHHbiX 3Ha4eHI1H CaMOCOnPR*eHHOrO nono
IKHTeJlbHOro, enonHe HenpepbiBHoro onepaTopa :A•A, AeHCTBYIOIIIero 
113 x e x,a 

¢1,¢2' ••••cPn •••• 
- COOTBeTCTBYO~aR nOJlHaR OpTOHOpMI1pOBaHHaR CI1CTeMa ero C06CT
BeHHbiX 311eMeHTOB. TorAa KBaa11peweH11e i ypaeHeHI1R /1.1/ Ha 

MHO*ecTee Sa: 
Sa=lxt;X, llxi!~RI, 

BblpaiKaeTCR <)lOpMyJlaMH /t,2/: 

"" b 
X = I 2¢ , I 1. 2/ 

n=l An n 

eCJ111 

H 

00 2 
I ~.<R2 

n=l A2 
n 

oo bn 
X= I --¢ 

n=l f3+An n 

ecm1 

00 b2 

I _.!!... > R2 
• 

n=l A~-

3AeCb {3 - KOpeHb ypaBHeHHR 

O~C&!IH Ht'""j;l t1h.CT~:T';:I 
M!lt,..,!b!x vccnr ~.Ob \r·j 

6M5nHOTE1<4 

/1.3/ 

/1.4/ 

/1.5/ 
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00 b2 2 
~ !. = R , /1.6/ 

n=t (-\+tn2 
a bn- K03~H~HeHTW pa3no*eHHR 3neMeHTa A~f no co6cTBeHHWM 
3neMeHTaM onepaTopa A *A': 

00 

~A *f"' ~ b c/J • 
nat n n /1.71 

3aMeTHM, 4TO KBa3HpeweHHe X ypa&HeHHR /1,1/ Ha MHO*eCTBe 
SR RBnReTCR peweHHeM ypaaHeHHR 

A*~A X .. !A*f , 

ecnH awnonHReTCR ycnoaHe /1.3/, H peweHHeM ypaaHeHHR 

A*:Ax+ f3x .. ~A*f, 

ecnH awnonHReTcR ycnoaHe 11.5/. 

/1.8/ 

/1.91 

nocTa8HM ~enb~ npH6nH3HTb K KBa3HpeweHHO X ypa8HeHHR 11.11 
peweHHR ypa8HeHHR 

:A*'.A x +ax .. :A*f, a a 11.10/ 

rAe a> 0 - HeKoTopwH nono*HTenbHWH napaMeTp, ecnH awnonHReTcR 
HepaBeHCT80 11.3/, HnH ypa8HeHHR 

:A*'.A xa + (f3+a) xa =:A* f, 11.11/ 

eenH 8WnonHReTCR ycno8He 11.51. 
HMeeT MecTo cneAy~aR 

TeopeMa 1. AnR perynRPH30BaHHoro peweHHR ypa8HeHHR /1.101 
HnH ypa8HeHHR 11.111 Cnpa8eAnH80 aCHMnTOTH4eCKOe pa3nO*eHHe: 

- m k 
Xa=X + ~ cka +cum' 

k=t 
11.12/ 

rAe ck - 3neMeHTW npocTpaHCT8a X, He 3a8HCfiUIHe OT napaMeTpa a, 
a 3neMeHT c:umf; X YAOBneT80pReT ycnoaH~ 

Ileum ll5 Ca m+t , C .. const. 11.131 

AoKa3aTenbCT8o. nycTb 8wnonHeHo ycno8He 11.3/. TorAa 8 Ka-
4eCT8e npH6nH*eHHWX K8a3HpeweHHH ypa8HeHHR /1.1/ MO*HO 83RTb 
peweHHR 11.101, KOTOpWe 6yAeM HCKaTb 8 8HAe PRAa 
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Hcnonb3YR pa3no*eHHe 11.71, HeTPYAHO noKa3atb, 4TO K03~H~H
eHTW PRAa /1.14/ MOryT 6~Tb 8W4HCneHW no ¢QpMyne 

bn 
an•-,\-, n-1,2,.... 11.151 

D+a 

PaccMOTPHM ~YHK~H~ 

•y(a)• _L_, a~ O • 
.\+a 

0Ha 6ecKoHe4Ho AH~~epeH~HpyeMa a oKpecTHOCTH a•O, ecnH .\>0. 
H pa3naraeTcR a PRA TeHnopa: 

1 m l-1'k _k 
y(a)•- + ~ ~+p (11), 11.16/ 

,\ k•t ,\ k+t m 

rAe OCTaTOK p (a) HMeeT 8HA m 
p (a)• O(am), 

m 

TaKHM o6pa3oM, K03~H4HeHTW a 0 PRAa 11.141 MO*HO npeACTa
BHTb B 8HAe 

m (-1\k _k 
an.bn[..l + ~ ~ + p (a)), 

,\n k•t ,\ k+t m 
n 

H, cneAOBaTenbHO, 
npeACTa8neHHe 

AnR peweHHii X a ypa8HeH.HR I 1 . 101 cnpa8eAnHBO 

00 b 
x ... ~ 2¢ 

a nat ,\n n 

m k oo bn m k 
+ ~ (-1) ak ~ -k ¢ D + CU (a) = X+ ~ Ck a + 

k=t nat ,\ +t m k=1 

rAe 

- ~ bn 
x .. ""' -c/J 

D•l ,\n n 

n 

- KBa3HPeWeHHe ypaBHeHHR /1.11, 
Jt 00 b 

Ck•(-1) ~ __!l_k m0
, k=1,2, ... ,m, 

n•t ,\ +F 
n ' 

cu m(a)= 0 (am), 

+ cum (a), 

f 

Pa3no*eHHe 11.12/ H HepaaeHCTBO 11.131 AOKa3aHw 8 cny4ae, 
KOrAa 8wnonHeHo ycnoaHe 11.31. 

AHanorH4HO MO*HO AOKa3aTb cnpa8eAnHBOCTb pa3nomeHHR 11.12/ 
H HepaaeHcTaa 11.131 a cny4ae, KOrAa 8WnonHeHo ycnoaHe 11.5/. 
TeopeMa AOKa3aHa. 

H3 pa3no*eHHR /1.12/ HeTPYAHO BHAeTb, 4To perynRPH308aHHoe 
peweHHe Xa OTnH4aeTCR OT KBa3HpeWeHHR i Ha 8enH4HHY nopRAKa a: 

ll'i -X11 II~ Ca, C .. const. 
nycTb 3aAaHW 4HCna 
at.;> a 2 ~ ... ~ am> 0 
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M Afl~ Ka*Aoro napaMeTpa at peweHa 3aAa~a HaxomAeHMR xat' TorAa 
C OOMOJitbiO pa3J10IKeHHR /1.12/ MOIKHO OOCTpOHTb peweHMe X,OTJ1M~aiO

~eeCR OT KBa3HpeweHHR YIKe Ha BeJ1M~HHY OOP~AKa am. 
HMeeT MeCTO CJ1eAYIOIJiaR 

TeopeMa 2. nycTb ~MCJ1a Ill ,112''''•1/m TaKOBhl, ~TO 

m m k /1 17/ 
I v

1 
• 1, I v

1 
a. • 0, k .. 1 , ... , m -1. · 

i= 1 i.oo 1 1 

TorAa AJ1R 3KCTpanon~otpoaaHHoro peweHHR 

m 
x .. I v 1 xa

1 i-1 
cnpa&eAflHBa o~eHKa 

11"1-x\l .$ C ! lv
1 

I am
1 

, C • const. 
i=l 

aoKa3aTeJ1bCTBO 3TOH TeopeMW O~eBHAHO. 

2. YCTOA4HBOCTb 

/1. 18/ 

M3aecTHo, ~To KBa3HpeweH~ote ypaeHeHHR /1.1/ ycToiA~Heo no 
HCXOAHWM AaHHWM :A M f, nycTb onepaTOp :A M npaeaR ~aCTb f 3a
AaiOTCR HeTO~HO, TO eCTb BMeCTO ypaBHeHHR /1,1/ paCCMaTpHBaeT
Cfl ypasHeH~ote 

~Ahv.t8 • /2.1/ 

3AeCb ~Ah - BOOJ1He HenpepWBHWH J1MHeHHWH onepaTop, AeHCTBYIOIJIHH 
H3 rrpocTpaHCTBa X B npocTpaHCTBO F' a f l) - 3J1eMeHT npocTpaHCT
aa F. nycTb 

II•Ah-lAil.s: h. II r 8-rll.s: 8. O.Sh.Sh 0 • o,s8 -~ 80 • 

H3eecTHo, ~To /2.1/, KaK H HCXOAHOe ypaBHeHHe /1.1/, 
HMeeT eAHHCTBeHHOe KBa3HpeWeHHe, KOTOpoe MOIKeT 6WTb 
npHHRTO 3a npH6J1~otiKeHHOe KBa3HpeweHHe ypaBHeHHR /1. 1/. AnR Ha
XO*AeHMR npH6J1HIKeHHOrO KBa3~otpeWeHMR ypaeHeHHR /2.1/ paCCMaTpH
eaeTCR 3a.Aa~a peweHHR ypaeHeHHR 

~Ah :Ab v a + a v a • :A h f 8 • /2.2/ 

eCJ1M BWOOJ1HReTCR YCJ10BHe /1.3/, HJ1M ypaeHeHHR 

~At:~ va +(a+ tl) v4 .:Ah f 8 , /2.3/ 

eCJ1M HMeeT MeCTO YCJ10BHe /1.5/. 3AeCb :Ah- onepaTop, conpR
IKeHHWH onepaTopy :Ah , a - OOJ101KHTeJ1bHWH napaMeTp, 
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B caMOM Aene, a Ka~ecTee npH6J1H~eHHoro peweHHR ypaeHeHHR 
/1.1/ 6epeTCR He KBa3MpeweHHe annpoKCHMMpy~ero ypasHeHH~ 
/2.1/, a peWeHHe ypa&HeHHR /2.2/ MJ1M /2.3/ npH AOCTa
T04HO ManoM 3Ha~eHHH napaMeTpa a. CneAo&aTeJ1bHO, TO~HOCTb 

np~6J1HIKeHHOrO KBa3MpeweHHR ypa&HeHHR /1.1/ onpeAeJ1AeTCR He 
TOJ1bKO OWH6KaMM annpOKCHMa~HM h M 8, HO H norpewHOCTbiO pery
J1fiPH3a~HM - CIIYHK~~oteii OT a • 

fleMMa 1, nyCTb Xa- peryJ1RpM30BaHHOe peWeHHe ypaBHeHH~/1.1/, 
a va- peryn~pH3oeaHHoe peweHHe ypaaHeHHR /2.1/. TorAa cnpa
BeAilHBa o~eHKa 

II II C1•hC2h · v -x .s 
a a Ca+a 

rAe cl 'C2, Ca- He 3aBHCR~He OT8,h,a KOHCTaHTW. 

AoKa3aTeJ1bCTBO. nycTb BhiOOJ1HeHo YCJ10BHe /1.3/. nycTb Ya = 
= va-Xa. TorAa HeTPYAHO BMAeTb, ~To 3J1eMeHT Ya .;X YAOBneTeopReT 
ypa&HeHHIO BTOporo poAa: 

A*Ay +aY • F, /2.4/ 
a a 

rAe 

F .. :A*f-:Abft;+•Ab:Ahva- :A*:Ava • /2.5/ 

TaK KaK :A*!A - caMoconpRIKeHHYH nonoiKHTenbHO onpeAeneHHYIA one
paTop, cyiJieCTeyeT TaKaA KOHCTaHTa C8>0, ~To 

11 y l1 s ..1l.!lL . 
a Cs+a 

H3 swpaiKeHHR /2.5/ cneAyeT, ~To cyuteCTBYIOT KOHCTaHTbl c 1 , 
C2,He 3a&HCAIJIHe OT 8 , h , H TaKHe, ~TO 

IIFH .s c1 h + c28. 
0TCIOAa 

Jly II-:S C1h+C2 8. 
a Ca +« 

8TOPOH CJ1y~aiA, KOrAa BbiOOJ1HAeTCR YCJ10BHe /1.5/, AOKa3WBaeTCA 
~HanorH~HO. neMMa AOKa3aHa. 

nycTb 3aAaHa nocneAoBaTeJ1bHOCTb napaMeTpos a: 

a 1~ a 2 ::!:. ... ~ am> 0. 
nycTb 

va ,va , ... ,va 
1 2 m 

- COOTBeTCTBy~aA OOCJ1eAOBaTeJ1bHOCTb peryJ1APH30BaHHbiX KBa3H-
peweHHH ypaaHeHHR /2.1/. AnA HaXOIKAeHHA 3TOH OOCJ1eAOBaTeJ1bHO
CTH npH6J1HIKeHHWX KBa3HpeweHHH MOIKeT 6WTb HCOOJ1b30BaH anropHTM, 

s 
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npeA"O*eHH~~ 8 pa60Te/S/ AflR perynRpH308aHH~X peweHHH C~CTeM~ 
anre6paH4eCKHX ypaaHeHHH c nnoxo o6ycnoaneHHO.:f MaTpHI..Ie.:f. 

n.ycTb HaHAeHO peweHHe Val • B Ka4eCT8e Ha4aJ1bHOro npH6J1H*e-

HHR K peWeHHIO Va 2 MO*HO B3RTb peweHHe Val : 

vi • v • 
a2 al 

nycTb Ha.:fAeH~ 

v ' v ,.. •• , v 
al a2 ak k~ 1. 

TorAa a Ka4eCT8e Ha4aJ1bHoro npH6J1H*eHHR AJ1R peweHHR va 
6epeTCR 3J1eMeHT k+l 

Q k 
v. • I v va , 
ak+1 h=l i i /2.6/ 

rAe K03CIXIIH1..1HeHT~ vi , i •1 , ... , k , B~4HCJ1RIOTCR no Cll<>PMYJ1e 
,k a k+[a j . 

vi - n ' 1=1,2, ... , k. 
j•l a i- aj 
j.,li 

~pMyJ1a /2,6/ onpeAeJ1ReTCR CJ1eAYIO~HM YTBeP*AeHHeM. 

neMMa 2. Cnpa8eAJ1HBa Ol..leHKa 

II vak+l -v~k+ 1 II -~ Ca~ , 

rAe C- KOHCTaHTa '· He 3aBHCR~aR OT napaMeTpOB a 1 , ... ,a k ,a k+l • 

~OKa3aTeJ1bCT80 3TOH J1eMM~ aHaJ10rH4HO CJ1Y4al0 CHCTeM~ anre6-
paH4eCKHX ypaaHeHHH C nnoxo o6yCJ10BJ1eHHOH MaTpHI..IeH, KOTOp~H 
paccMaTpHBaeTCR a/3/, n03TOMy M~ ero He npHBOAHM, 
~. nocne OT~CKaHHR peweHHR vam npeA"O*eHH~M a~we anropHTMOM 
OKOH4aTeJ1bHOe npH6J1H*eHHOe KBa3HpeweHHe ypaBHeHHR /1.1/ CTpOHT- • 
cR no Cll<>pMyne • 

m 
v. I ~ va , 

k•1 k /2.7/ 

rAe K03!M>H1..1HeHT~ ak,k•1, •• ,m, 8~4HCJ1RIOTCR no Cl)opMyJ1e 

m ·-ai 
ak- ·n , k-1, ... ,m. 

· i., 1 a -a 
iofk k i 

Cnpa8eA"HBa cneAYIO~aR 

TeopeMa 3. AnR 3KCTpanonHpoaaHHoro peweHHR v, nocTpoeHHoro 
no CllOPMYne /2.7/, cnpaaeA"HBa Ol..leHKa 

. . m C18+C2h .. 
llv-x\IS I I ak I + w (a 1.-a 2 , .... ,am)' /2.8/ 

k•1 Cs+ ak m 

rAe w m(a 1' ... ,am)=O(atm). 

6 

~oKa3aTenbcTao. HepaaeHCTao /2.8/ nerKo cneAYeT H3 Teope
M~ 2 H J1eM~ 2: 

m 
II v-xll• II I akv -xll S. 

k•t aJt 
m m 

s. II I ~<vak 
k•t 

-xak )l\ + II~~~ X 4 k -xll.:s; 

~ Ct8+C2h : . m 
.:s;"" lakl +C"'- l~lak; 

Jt.,t C3 + ak k•t 

a 1 ::! a2 2: ... ~ am 

TeopeMa AOKa3aHa. 
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