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1. B CBR3H c npeAJlo~eHHWM e 111 eapHaHTOM TeopeMw 3.HeTep 
6wno BBeAeHO AeHCTBHe <l>(p,q, t) KaK <!>YHKUHR Ha npocTpaHCTBe 
COCTORHHH M~~: 1 MexaHH4eCKOH CHCTeMW c n CTeneHRMH ceo60AW. 
CneuHaflbHWH BHA TaKoro AeHCTBHR BCTpe4ancR B pa6oTe raMHflbTO
Ha 121, HO He nony4Hn AanbHe.:iwero pa3BHTHR. 0AHaKO HMeHHO TaKoe 
Ae.:icTBHe Heo6xOAHMO AJlR nocTpoeHHR 11AHHaMH4ecKo.:1 <l>YHKUHH 11 H 
H3y4eHHR CBOHCTB CHMMeTpHH MexaHH4eCKOH CHCTeMW 111. KaK 6yAeT 
noKa3aHO B nocneAYO~HX pa6oTax, 3TY <l>YHKUHO AeHCTBHR MOll<HO 
c ycnexoM npHMeHRTb AJlR H3y4eHHff <l>YHKUHOHanbHWX HHTerpanoe 
npH KBaHTOBaHHH MexaHH4eCKHX CHCTeM. 

Mw HaMepeHW H3Y4HTb CBOHCTBa cl>(p, q, t) H MeTOAW ero HaXO)l(
AeHHR, nOA4epKHBaR pa3nH4HR no cpaeHeHHO c o6w4HWM noAXOAOM 
K AeHCTBHO. 

HcTOPHR eeeAeHHR H npHMeHeHHR Ae.:icTBHR e KnaccH4ecKo.:1 Me
xaHHKe H3naraeTCR, HanpHMep, e 131 ~ B Kypcax TeopeTH4eCKOH 
MexaHHKH 14-101 • Mw HanOMHHM OCHOBHWe Cl>aKTW H BBeAeM o603Ha4eHHR. 

raMHflbTOH121 seen CBOO rnaBHYO Cl>YHKUHO AeHCTBHR S(q, t ;q 0
, t 0

) = 
= Sqo KaK Cl>YHKUHO Ha M0 +1 xM Db~ /rAe M n+l -n + 1 -MepHoe 

qt q t qt 
npocTpaHCTBO co6wTHH/. 3Ta Cl>YHKUHR nopo>KAaeT KaHOHH4eCKOe 
npeo6pa3oeaHHe (p 0

, q°)-+(p, q), KOTOpoe onpeAenReT 3BOflOUHO OT Ha-
4anbHOro COCTORHHff (p 0

, q0
, t 0

) AO KOHe4HOro (p, q, t). 3AeCb 
p =Ip 1 , ... ,p0 

I H q =I q1 , ... ,q n I - Ha6opw cooieeTcTeyo~HX 
o6o6~eHHWX HMnynbcoe H KOOPAHHaT. Ha R3WKe 1 -<t>opMw KapTaHa-

n . 
nyaHKape ~hpdq-J<dt, rAe pdq= I. p,dq1, J<(p, q, t) -raMHnb

i=1 l 

TOHHaH, TaKoe npeo6pa3oeaHHe 3aAaeTCR COOTHOWeHHeM 

/1. 1/ 

OTKYAa P= aq s, p0 =-aqo s. 3TH ypaeHeHHR onpeAenROT 3aMeHy (p0,<f)-+ 
-+ (p, q) flOKanbHO-OAH03Ha4HO. no no60MY Ha6opy (q, t) H (q°, t 0

) 

S YAOBneTeopReT HenHHeHHOMY ypaeHeHHO e 4aCTHWX npoH3BOAHWX 
nepeoro nopRAKa 12·41• 

3eonOUHO MOll<HO OnHCaTb H KaHOHH4eCKHMH ypaeHeHHRMH 

~ 

q=apJ( =Htq, 

i> =-aq J< = iit p, 
.~-s-·· ... ._ . , 

: ; / ..-'-." 
::--::--~--

/1.2/ 

I 



rAe T04KOH o6o3Ha4eHo AH¢>¢>epeH4HpoeaHHe no t, a Ht ecTb onepa
TOP 3BOfll04HH /raMHflbTOHOBO BeKTOPHOe none ~.o· /: 

Ht~ilt t[, HJ. /1. 31 

3AeCb l, I - CK06Ka nyacCOHa. c noMOl!lbl0/1 .3/ MO>KHO 3anHCaTb 
peweHHe I 1. 2/, YAOBneTeopR10U1ee Ha4anbHblM ycnoBHRM p(t'·) ~ p '' 
q(t'') -• q B BHAe 

q • q 
ex tr 

(t; p' ' q"' t'') " (' i 
exp (rl I , ) q ' r - t - t '' ' I - /1.4/ 

P - p (t·p" q' t 0
) = exp(rfl.) p" I " 

Pxtr ' ' ' t r- t- t ' 

rAe Ht' - one pa Top I 1 • 3/, 3anHcaHHblH e nepeMeHHblX (p . er , t ) • 
oonee npocToH eapHaHT I 1. 4/ H3naraeTcR, HanpHMep, e ·11 

.£lefiCTBHe Sq" MO>KHO HaHTH, Bbl4HCflRR 3Ha4eHHe Aextr cflYHK-
4HOHana AeHCTBHR /no faMHnbTOHy/ 

r :! t2 
A • I H 7 I (pdq - H dt l I 1. 51 

t I t 1 
Ha 3KCTpeMa1rnx /1.4/, BblfiHpaR t 1=t", t 2 ~t. EcnH Bb1pa3HM H3 
/1.4/ p' 4epe3 (q,t; l{', t") H nOACTaBHM B Aextr , Mbl nony4HM 
S,{', TaKaR npo4eAypa B03MO>KHa TOflbKO B TOM cny4ae,ecnH 3KCTpe

ManH I 1. 4/He npoxoART 4epe3 KaycTHKH /4,11,8, 12 1 B npoTHBHOM cny-
4ae HCflb3R OAH03Ha4HO Bblpa3HTb p 0 4epe3 (q,t; q", t'), H 3TO npH
BOAHT K pR,qy YCJlO>KHeHHH 'S, 16 /. 

CeoHcTea S a xopowo H3y4eHbl. 0Ha HrpaeT ea>KHYIO ponb npH 
q 6 -nocTpoeHHH KBa3HKJlaCcH4eCKOro npH JlHmeHHR B KBaHTOBOH MeXaHH-

Ke1W.', a TaK>Ke npH KBaHTOBaHHH MexaHH4eCKHX CHCTeM MeTO,QOM 4>YHK-
4HOHaJlbHOro HHTerpHpoeaHHR /13/. 

nKo6H 1111 3aKOH4Hll nocTpoeHHe MeTo,qa peweHHR /1.2/ npH no
MOUIH KaHOHH4eCKHX npeo6pa3oBaHHH, ,qoKa3ae, 4TO ,qocTaT04HO pac
CMOTpeTb s KaK 4>YHK4HIO Ha M ~~ 1 H noTpe6oeaTb. 4T06bl OHa 
y,qoeneTBOPRJla HeJlHHeHllOMy ypaeHeHHIO B 4aCTHblX npoH3BO,QHblX 
nepeoro nopR,qKa 

at s + H (J qs, q, t) = o. /1.6/ 

s qo RBJlReTCR nOJlHblM HHTerpanoM 3TOro ypaeHeHHR /lf>/ H y,qoeneT
BOpReT Ha4aJlbHOMy YCJlOBHIO So= 0 npH t =t 0

• nonHblH
0

HHTerpa11, 
,QllR KOTOporo S(q,t 0 )=S

0
(q), Mci>KHO 3anHCaTb a BH,qe S= S

0
(q 0 ) + 

+ So (q, t) 1121, OH 3a,qaeT 3aMeHy (P 0 ,Q 0 )-+(p,q) cornacHo paeeHCTBY 
pdq q_ Hdt = P 0 dQ0 + dS, r,qe (P0 ,.Q") - HOBble KOHCTaHTbl ,l'.IBH>KeHHR, 
onpe,qenReMble o,qH03Ha4HO ebl6opoM S. Bblpa>KeHHble 4epe3 (p, q,t), 

2 

I,·., 

\ t 

OHl!I 3a,qa10T nOJlHblH Ha6op KaHOHl!l4eCKl!I conpR>KeHHblX nepBblX l!IHTer
panoe /1.2/ H, cne,qoeaTellbHO, y,qoeneTeopRIOT ypaeHeH1t110 ,qnR nep
BblX 1t1HTerpa11oe * I = I (p, q, t) : 

Htl=O. /1. 71 

HeHyneeoe S (q) cooTBeTcTeyeT 3aMeHe (p 0
, q0 )-+ (P0 =p 0 +aqo S

0
, 

Q0 = q 0 ) e 1t1Mny.n°bcHoi1 4acT111 M 2g"t 1o , T.e. Ka111116poeo4HOMY 
p q t 

npeo6pa3oeaH11110. 
feOMeTpltl4eCKl!le np06JleMbl, CBR3aHHble C ypaBHeHl!leM /1.6/, RBJlR

IOTCR ,QOBOJlbHO CJlO>KHblMl!I 1113-3a ero HeJ11t1Hei1HOCTl!I 18·12·15· 171. ~13-
BeCTHO, 4TO 3a,qaH1tte So(q) COOTBeTCTByeT 0,QH03Ha4HOMy Bbl6opy n -
MepHoi1 narpaH>Keeoi1 noeepxHOCTl!I An e ¢>a3oeoM npocTpaHcTee M ~~ 
BMeCTe c Bb16paHHOi1 Cl!ICTeMoi1 KOOPAl!IHaT Ha 3TOi1 noeepXHOCTl!I. 

HecKOJlbKO Henp1t1Bbl4Hbli1 ¢>opMa111t13M c111MnneKT1t14ecK111x CTPYKTYP 
'113JlO>KeH e 118~Mb1 orpaH~4HMCR np111MeHeH1tteM HeKOTOPblX pe3yJlbTaTOB 
"' TepMl!IHOB 1113 3TOi1 MOHorpa¢>111111. 

2 • .llei1CTBl!le <ll(p, q, t) 
weH111e ypaeHeHHR 

Ha M 2n+ 1 
pqt onpe,qenRnOcb a 111 KaK pe-

Ht <ll = ~, /2.1/ 

r,qe f =f(p,q,t)=PapH-H 

raMl!IJlbTOHOBblX nepeMeHHblX 

Ha 3KCTpeMaJlRX d<lld = f t 
t ex r 

dS coena,qaioT. 3To ,qaeT 
fil 

- narpaH>KltlaH Cl!ICTeMbl, Bblpa>KeHHbli1 B 
n 

(p,q,t),a pap= I p 1. ap. 
i= 1 I 

T.e. ¢>H31!14eCKl!le 3Ha4eHl!IR 

0TCIO,qa 
d<ll 
dt 

npaeo Ha3blBaTb <ll TaK>Ke ,qei1cTe1tteM, 

XOTR 3TO HOBaR 4>YHK4'11R 2n+1 nepeMeHHblX (p,q,t) co CBOHMH 
oco6b1MH CBOHCTBBMH. 

"' 

B OTJ11t141tte OT /1.6/ ypaeHeH111e /2.1/. RBJ1ReTCR 11111HeHHblM, Me~AY 
peweHl!IRMl!l<ll "'s 3Tl!IX ABYX ypaeHeH1tti1 l!IMeeTCR CBR3b, 4TO, Ha 
Haw B3r11RA, o6~RCHReT, no4eMy 4aCTO YAaeTCR peWl!ITb CJlO>KHOe He
JlHHei1Hoe ypaeHeH111e faM1t11lbTOHa-nK06111. 

0TMeTl!IM e111e ABa npOCTblX, HO ea>KHblX ¢>aKTa. 06111ee peweHl!le 
/2.1/ MO>KHO 3an111caTb KaK 

<ll = <llo + I' /2.2/ 

r,qe <11 0 - 4aCTHoe peweH111e Heo,qHopo,qHoro ypaeHeH1t1R /2.1/, a I -
npo1113eonbHbli1 nepebli1 1t1HTerpa11 /06111ee peweH1tte /1.7//. 3To RBnReT-

* Mbl paccMaTp111eaeM nepeble l!IHTerpanbl noKanbHO 111 ,qonycKaeM e 
Ka4eCTBe TaKOBblX Jll06ble peweHl!IR /1.7/, B TOM 4HCJ1e H MHOr03Ha4-
Hble 4>YHK4HH M2n+t. 

p~ 
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CR OTpameH11eM Toro, 4TO ¢113114eCKl1e 3Ha4eHl1R AeHCTBl1R onpeAe
neH~ c T04HOCTb~ AO cnaraeMoro, KOTOpoe ecTb KOHCTaHTa AB11-
meHl1R. 

3aAaH11e Ha4anbHoro ycnoe11R 

<1> (p, q, t) I o = w <P. q; t 0
) 

t= t 

Ha r11nepnnOCKOCTl1 noCTORHHOro epeMeH11: 

t = t 0 

12.31 

12.41 
onpeAenReT OAH03Ha4HblM o6pa30M peweH11e 12. 1 I. 0AHa 113 Haw11x 
4eneH - CBR3aTb e~6op w c e~6opOM ¢113114eCKl1X eenl1411H. 

Ha R3~Ke Al1¢$epeH411anbH~X ¢opM on11caHH~H e 1 11 nepexoA OT 
¢YHK41111 AeHCTBl1R 11.51K 11A11HaM114eCKOMY ¢yHK4110Hany11 03Ha4aeT 
3aMeHy ¢opM~ 8 Ha 1-¢opMy 

!\= e -d<I>, 12.51 
KOTOpy~ 6yAeM Ha3~BaTb ¢opMOH ~11paKa. ~CHO, 4TO peweHl1R 12.11 
onpeAenR~T no 3TOH ¢opMyne 4eny~ COBOKynHOCTb TaKl1X ¢opM.np11 
noM0~11 12.11 MOmHo 3an11caTb 

t\ =I[(p. -a. <l>)(dqi -a J<dt) -a <l>(dp.+a. J<dt)J. 
i I q I pi pi I ql 

12.61 

3. Yme OTMe4anocb, 4TO AeHCTBl1e s RBnReTCR npOl13BOAR~eH 
$YHK411el7! onpeAeneHHoro KaHoH114ecKoro npeo6pa3oeaH11R, CornacHo 
12.51 e 11 t\ OTn114a~TCR Ha nonH~H Al1¢¢epeH411an d<I>. CneAOBa
TenbHO, nepeXOA 8-> t\ MOmHO paCCMaTp11BaTb KaK KaHOHH4eCKOe 
np~paaoeaHHe, B KOTOPOM <I> 11rpaeT ponb npOl13BOAR~eH ¢YHK41111. 
H3 12.51 cneAyeT, 4TO cy~ecTBY~T Hge~e KaHOH114ecK11e nepeMeH
H~e (P,Q) 11 HOB~H raM11nbTOHl1aH }{ ' TaK11e, 4TO 

t\ = P dQ - J<0 dt. 13. 11 

0TC~Aa 11 113 12. 51 nony4aeM CBR3b Me*AY p ,Q 11 <I>: 

IP a iGm=P. -a.<1> 
m m q 1 ql 

(a) ' 

IP a 
m m P1 

Qm = - a pi <I> (b) ' 13.21 
I P a Qm 

m t 
= J{o_J<_a t <I> (c) . 

m 

H3y4eH11e 6onee npOCTOH Cl1CTeM~ ypaeHeHl1H TaKoro Tl1na l6e3 
13.2 ell np11 npo113eonbHOH <l>(p,q,t) npoBOAl1TCR e 1 1 9~C411TaR, 
4To <I> 3aAaHo, HciHAeM P,C 11 ~ 113 13.21. Ycnoe11e coeMeCT11-

4 

MOCTl1 3TOH CHCTeM~ npo~e ecero HaHTl1 BHeWHl1M Al1©¢epeH411poea
Hl1eM 12. 51, 4TO np11BOAl1T K di'\ = dEl. Pacn11c~eaR ero noKoMno
HeHTHo, nony411M ABa T11na ycnOBl1H COBMeCTl1MOCT11: 

al 3KBl1BaneHTH~e ycnOBH~ KaHOHl14HOCTl1 p 11 Q 

[Q 1 ,Qi]=0, [Pi ,Pi]=O, [Qi,Pi ]=o~, 13.31 

61 3KBl1BaneHTH~e Tpe6oeaH11~ 

I l[ B, P ] a Q m + a P [ Q m, B]I = l B, }{ 0 
- }{ ] 

m m t t m 
13.41 

AnR npo11aeonbHOH een11411Hbl B(p, q, t) • MomHo AOKaaaTb 
YTeepmAeH11e 1. B peaynbTaTe l1HBap11aHTHOCTl1 CK060K nyaccoHa 

11 onepaTopa 3eon~41111 Ht np11 KaHOHl14eCKl1X npeo6paaoeaH11Rx ycno
e11e 13.41 e~nonHReTCR ~omAeCTBeHHo, ecn11 e~nonHeHo 13.31. 

CneAOBaTenbHO, ycnoe11R COBMeCTl1MOCTl1 13.21 CBOARTCR K Tpe6o
eaHl1~ KaHOHl14HOCTl1 (P, Q) 13.31. TorAa P 11 Q YAOBneTeopR~T Ka
HOHl14eCKl1M ypaBHeHl1RM T11na 11.21: 

Q =apJ< 0 =H~Q, 

r = - a QJ< 0 = tt ~ P , 
13.51 

rAe H0 nony4aeTcR e nepeMeHH~x P,Q cornacHo 11.31 np11 noMo
~11 J<o. t 

YTeepmAeH11e 2. 6naroAaPR ypaeHeH11~ 12.11 HOB~H raM11nbTOH11aH 
J{o 113 73.21 OKa3~BaeTCR OAHOPOAHOH ¢YHK411eH nepBOH CTeneHl1 11M
nynbCOB P. 

B caMoM Aene, HeTPYAHO nony411Tb 3KB11eaneHTHOe 13.2cl paeeH
CTBO 

IP Ht(;m= }(' -J<+pd J<- Ht<I> 
m m P 

11, Y411T~BaR Ht Q = H ~Q 11 13. 51, aan11caTb ero e Bl1Ae 

; p maPj<o-J<o =papJ<- J<- Ht <I>. 

Ha 12.11 RCHO, 4TO npaeaR 4aCTb paeHa Hyn~" CneAOBaTenbHO, 

IP a J{ 0 _J{ 0 

m m pm - ' 
13.61 

4TO AOKa3~eaeT yTeepmAeH11e 2 11 no3eonReT aan11caTb J<0 e B11Ae 

J< 0 =Ila( p (I) , Q(i) , t), 
II 

13.71 
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rAe TI(P) - HeKaR 3a~11Kc11poeaHHaR OAHOPOAHaR ~YHK4HR nepeoH 
CTeneHH HMnynbCOB, a a - npOH3BOnbHaff ~YHK4Hff 2n+l nepeMeHHblX. 

3AeCb BHAHa cy~eCTBeHHaff pa3HH4a MelKAY <)J H s, RBnRIOlllMMMCff 
nopomAaID~HMH KaHOHH4ecKHe npeo6pa3oeaHMR ~YHK4MRMH. B TO epe
MR KaK s onpeAenReT 0AH03Ha4HO HOBblH raMHnbTOHl1aH: J(s ""const, 
3aAaBaR ¢,Mb! MOIKeM onpeAenHTb J(o TOnbKO B B11Ae /3.7/. KaK 113-
eecTHO, TaKOH raMHnbTOHHaH RBnReTCff reHepaTOPOM OAHOPOAHYX 
KaHOHH4eCK"1X npeo6pa3oeaHHH M ~i "13 rpynnY MaTbe 14 ·161 • 

3a~1-1Kc11pyeM J( 0 T1>1na /3.7/. 0Ka3b1BaeTcR, 4TO ece e~e Henb-
3R onpeAenHTb OAH03Ha4HblM o6pa3oM P 11 Q. B caMoM Aene, AnR 3To
ro HMelOTCff TOnbKO ypaeHeH"1ff /3.2a,b~ TaK KaK 11a-aa /3.3/ RK0-

611aH npeo6pa3oeaH11R (p,q) 4(P,Q) paeeH eA1>1HH4e, MOIKHO nony-
4HTb 3KBHBaneHTHYIO /3.2a,b/ C"1CTeMy pac~enneHHblX ypaeHeHMH AJ'lff 
p H Q; 

piJPQ i + [Qi, <1>) ~. 0, 

/3.8/ 
pilpPi+ [Pi,<t>l~Pi. 

0AHaKO 3TH ypaeHeHHR He onpeAenRIOT p H Q 0AH03Ha4HO. 

YTBePIKAeHHe 3. np1-1 3aAaHHOM peweHHH ypaeHeHHff /2. 1 I¢ H ra
MHnbTOHHaHe J( 0 nepeMeHHble (P, Q) onpeAenRIOTCff H3 /3. 8/ c T04-
HOCTblO AO npeo6pa3oeaHHR "13 rpynnb1 MaTbe e npocTpaHcTee M :Q. 

AoKa3aTehbCTBO CBOAHTCR K Ha6n10AeHH10, 4TO ecnH ABa Ha6opa, 
(P,Q) H (P',Q'), COOTBeTCTBYIOT OAHHM H TeM >Ke <)J H J< 0 ,cornaCHO 
/J....1/ H /2 .• 5/ PdQ = P'dQ'. 

0AHOPOAHble KaHOHH4eCKHe npeo6pa3oeaHHR H3y4an1-1cb MaTbe/ 20 '. 
OH noKa3an, 4TO TaKHe npeo6pa3oeaHHR 06pa3y10T noArpynnbl Ka

HOH114eCKHX npeo6pa30BaHHH H HX reHepaTOPbl RBnRIOTCff ~YHK4HRMH 
rnna /3, 71 /4,10,16/. 

YTeep>KAeHHR 2 H 3 noKa3b1ea10T, no4eMy Aei1cTe11e ¢ (p, q, t) Ma
no npHBneKano BHHMaHHR. C T04KH 3peHHff MeTOAa raMHnbTOHa-ffK06H 
OHO coeepweHHO HenpHrOAHO Anff onpeAeneHMff 3BOnl04HH MeXaHM4e
CKOH CHCTeMbl 1-13-3a HeOAH03Ha4HOrO onpeAeneHHff P, Q 11 J( 0

• no3-
TOMY ero Henb3ff Ha3b1BaTb clJyHK4HeH, nopO>KAalOW,eH KaHOHH4eCKOe 
npeo6pa30BaHHe. 3aHMCTBYff "13 1181 TepMHH reoMeTpH4eCKOro npo11c
XOIKAeHHR' 6b1no 6bl ny4we Ha3BaTb <)J "cof'icTBeHHOH ~YHK4wei111 Ka
HOHH4eCKOro npeo6pa3oeaHHR. CyTb 3aKnl04aeTCR e xopowo 113eecT
HOM ~aKTe, 4TO AnR OAH03Ha4Horo onpeAeneHHff npeo6pa3oBaHHR 
HYIKHO 3aAaTb nopO>KAalO~IO ero ~YHK4H~ KaK $YHK4HIO onpeAeneHHblX 
nepeMeHHblX: nonOBHHbl CTapblx H nonOB11Hbl HOBblX, B TO epe
Mff KaK <)J RBnReTCR ~YHKL1Hei1 TOnbKO 11cTaPYX11 nepeMeHHblX • .Qonon
HHTenbHOe Tpe6oeaHHe, 4T06bl <)J YAOBneTBOPRno ypaeHeHl10 /2.1/, 
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npMBOAMT K TOMY cne411$M4eCKOMY Bl1AY HeOAH03Ha4HOCTeH, KOTOPYH 
paccMOTpeH BYBe. B 4aCTHOCTM, cornacHO yTeepJKAeHMo 2 Mexa
HM4ecKaR 3BOJ1104MR p M Q He BWBOAMT 3TMX eenH411H 113 Toro MHO
IKeCTBa, c T04HOCTbO AO KOTOporo MX onpeAenReT ~. cornaCHO yT
eepJKAeHMO 3. 

4. npoM3BOn B onpeAeneHMH p 11 Q MOIKHO HeCKOnbKO orpaHH4HTb, 
HMeR B BMAY, 4TO nOpoJKAaeMble S KaHOHH4eCKHe npeo6pa3oeaHHR 
npMBOA.AT K HOBOMy raMMnbTOHHaHy }{ s""' coost' MOIKHO Tpe6oeaTb' 
4To6bl M ff 0=CODSt, OAHaKo ylKe TOnbKO B Ka4eCTBe AOnOnHHTenb
Horo ycnoBMR. npM 3TOM M3 /3.7/ cneAyeT, 4TO KOHCTaHTa AOruK
Ha paBHRTbCA Hyno: 

J(o = 0. 
/4. l I 

H3 /3.5/ BMAHO, 4TO TOrAa p H ~ 6yAYT nepBblMH HHTerpanaMH 
/1.2/, T.e. KpoMe /3.3/ OHl1 6YAYT YAOBneTBOPRTb 11 /t.7/. ¢op
Ma /3.1/ npMMeT 6onee -npOCTOH BHA: 

!\ = PdQ. /4.2/ 

c T04KM 3peHMA reoMeTpH4eCKOro nOAXOAa K MexaHHKe 1
8,9.' Mbl 

n0Ka3an11, 4TO B M~':it 1 CYll\€CTlfylOT noKanbHble KOOPAHHaTbl (P, Q), 

B KOTopwx!\ MMeeT BHA /4.2/, a ycnoeHe /4. 1/ $HKCHpyeT 3TH 
KOOPAMHaTw. KaK cneACTBHe nony4aeM: 

I. 2n+1 YTeepJKACHMe "'· PaHr (l)opM AHpaKa /3.1/ nocTORHeH Ha Mpqt 

H paBHReTCR D. 

AoKalKeM cneAYIOlqee: 

YTeepJKACHHe 5. JllD6oti nonHbli1 Ha6op KaHOHH4eCKH conpR>KeHHblX 
nepeblx HHTerpanoe (P,Q) onpeAem1eT peweHHe <l>Q(p,q,t) ypae-. 
HeHHR /2.t/ cornacHo 

dell Q= pdp - Jf dt - PdQ. /11. 3/ 

HeH.AR eceeo3MOXOfblMH cnoco6aMH Hafiop (P, Q), Mbl nony4HM no 
3TOH CIK>PMyne Bee pemeHHR /2. 1/. 

0TMeTHM cpaay, 4TO onpeAeneHHOe I 4. 31 <li Q MO)l{eT 6b1Tb MHOro-
3Ha4HOH $yHK4HCK, ewfiop eeTBH KOTOPOH He onpeAenReTCff Ha6opOM 
(P,Q). B 3TOH pa6oTe Mbl He 6yAeM H3y4aTb rno6anbHb1e caoi1cTaa 
¢g,H3noweHHNe e HeM peaynbTaTbl HMe~T noKanbHblH xapaKTep. 

npoeeAeM AOKa3aTenbCTBO 8 TPH 3Tana: 
1/ 1 - CllOJ>Ma ~41Q=pdq- H dt - PdG ecTb no11Hb11'.1 AH$$epew 

4Man. B caMOM Aene, yCJJOBHe 3aMKHYTOCTH d(il<J> Q) = 0 CBOAHTCR 
K /J.3/ H /3.4/ npM ){" = 0. nepeoe "13 HHX YAOBileTBOpReTCR co
rnaCHO ycnoBMID YT&ePJll!AeHHR. KaK lltbl y1<a3an1-1 a YTBeP>KAeHHH 1, 
OHO o6ecne4MBaeT awnonHettMe /3. 4/ .Qal'(e npH J( 0 =I 0. 

2/ B peaynbTaTe 3aMKHYTOCTH l-¢OJ>MM /l+.31 OHa onpe,l!tenReT 
aHeutHMi1 AMCIM!JepeHq11an $y'HK1'MH ¢ g I ~e iroeopR, . KHO·roa~41-
Hoi1 nPM HanM4MM TononorM4eCKMX oco6eHHOCTeii:1< M ~:n"' 1 I. 3ira 
$YHK4MR AanAeTCR PelmeHMeM /2.1/. 
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I 

neHCTBMTeJlbHO, nOKOMnOHeHTHaA aanMCb /4.3/ AaeT CMCTeMy 
/3.2/ npM H0 -0. Hbl noKaaanM, 4TO M3 Hee cneAyeT paeeHCTBO 
pcJPff-ff-Ht<I> = Papff 0

- ff 0
, 4TO npM ff 0 = 0 AOKa3bleaeT 3TY 

4aCTb yTeepmAeHMA. 
3/ nycTb (P,Q) M (P', Q') - ABa Ha6opa nepBblX MHTerpanoe, 

YAOBneTeopRIOLllMX ycnoBMIO yTeep>KAeHMA. TorAa Ms-sa /3.3/ nepe
XOA (P,Q) ... (P',Q') eCTb KaHOHM4eCKOe npeo6paaoeaHMe, nopO>KAae
MOe HeKoTopoH 4>YHK~Mei1 ¢(!J,Q',t) cornacHo PdQ-P'dQ'=d¢, 
OTKYAa a¢ =0, T.e. ¢eCTb TO>Ke nepBbli1 MHTerpan/1.2/.RcHO, 
4TO, MeH~A npOM3BOJlbHblM o6pa30M (P',Q') npM ~MKCMpoeaHHOM 
Ha6ope (P,Q), Mbl nony4MM JllOOOH nepBblH MHTerpan ¢.Ha /4.3/ 
nony4aeM, 4TO d<l>Q·-d<I> Q=d¢, OTKYAa JlOKaJlbHO «l>Q ·=<l>Q+ ¢· 
CornacHo /2. 2/ M cMblCJlY <I> Q M ¢ 3TO ecTb 061!.lee peweHMe /2. 1 I. 

YTeep>KAeHMe 5 AaeT Me TOA peweHHR /2. 1 I npH noMOl'(M I 4. 3/ 
M yKa3b1BaeT Ha MHTepeCHYIO CBR3b Me>KAY peweHMRMM <l>Q M CMMMeT
PMRMM AMHaMM4eCKMX ypaeHeHMH. 

5. YTeep>KAeHMe 5 noKaableaeT TaK>Ke, 4TO M3MeHeHMe Ha4aJlbHo
ro ycnOBHR /2.3/ 3KBMBaneHTHO KaHOHM4eCKOMY npeo6pasoeaHHIO 
e M ~~ • PaccMOTPMM noApooHee CBA3b Me>KAY (P ,Q) H3 I 4. 3/ M W 
M3 /2.3/. 

YTeep>KAeHMe 6_. nycTb peweHMe /2. 1 I <I> 0 (p, q, t; t 0
) YAOBJleTeo-

pReT YCJlOBMIO <l>o (p, q, t 0
' t 0

) =0, a tl>Q (p, q·, t) COOTBeTCTByeT Ha6opy 
(P,Q) B CMblCJle /4.3/ H, KPOMe Toro, YAOBJleTBOpAeT Ha4aJlbHOMY 
ycnoeMIO /2.3/. TorAa 

<l>Q(p,q,t) =<l>o(p,q,t;to)+ W(po, qo; to), /5.1/ 

..... 
rAe p 0 =p 0 (p,q,t;t 0

) M q0= q0 (p,q,t;t 0
) - Ha4aJlbHWe YCJlOBMR 

AJlA /1.2/, paccMaTpMeaeMble KaK nepeble MHTerpanbl. Ha6op (P,Q) 
H w (p, q; t 0 ) CBA3aHbl ypaeHeHHRMM 

pcJPQo+[Qo, W]= 0, 

pa P 0 +[P 0 ,W]-P 0
, 

p 

/al 

/b/ 

rAe Q 0 (p,q)=Q(p,q,t 0 )M P 0 (p,q) =P(p,q,t 0
). 

/5.2/ 

AeHCTBMTeJlbHo, TaK KaK <1> 0 ecTb peweHMe /2.1/, MO>KHO nono
>KMTb <l>Q-<1> o+ IQ, rAe I Q(p,q,t) - HeKMll nepBblH MHTerpan /1.2/. 
Ha4aJlbHble YCJlOBHn (p 0 ,q 0

) 3aAalOT nonHylO CMCTeMy nepBblX MHTer-
panoe, TaK 4TO IQ=IQ[p 0 (p,q,t;t 0

), q0 (p,q,t;t 0
)]. HMeR 

e BMAY, 4TO P 0 (p,q,t 0
; t 0 )=p M q 0 (p,q,t 0

; t 0 )= q, M Ha4aJlbHble 
ycnoeMR Ha <1>

0 
M <l>Q, BMAMM, 4TO l(p,q,t 0

): W(p,q; t 0
). TorAa 

·I (p, q, t) = W[p 0 (p, q, t; t 0 ); q0 (p, q, t; t 0
)], 4TO AOKa3bleaeT /5. 1 I. 

C~cTeMy /5.2/ nony4aeM H3 /3.8/ npH t-t 0
, MMeR B BMAY /2.3/ 

M MeHRR o603Ha4eHHR (p 0 ' q0
) Ha (p, q). 
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noeTOPRR B o6paTHOM nopRAKe paccy>KAeHMR, KOTOPble npMeenM 
OT /3.1/ K /3.8/, Mbl MO>KeM 3anMCaTb npH t=t° CBR3b Me>KAY w 
M (P, Q) B BMAe 

P 0 dQ 0 = pdq - dW. /5.3/ 

CaMoe npMMe4aTeJlbHOe CBOHCTBO COOTHOWeHMH /5.2/ M /5.3/ - B 
TOM, 4TO OHM He 3aBMCRT OT ff(p,q,t)' T.e. OT AMHaMMKM CMCTeMbl. 
B 3TOM CMblCJle npM 3aAaHHOM w MOlKHO Bbl6MpaTb P 0

• H Q 0 eAMHblM, 
YHMBepcaJlbHblM o6pa30M AJlR ecex MeXaHM4eCKMX CMCTeM /c AaHHblM 
4MCJlOM cTeneHeH ceo6oAbl/. KoHe4HO, AJlR pa3HblX ff (p, q, t) caMM 
<l>YHK~MH P(p, q,t) = P0 (p0

, q 0
) M Q(p, q, t)=G 0 (p0

, q 0
) 6YAYT 

pa3HblMIA 1Aa-aa pa3JlM4HOH 3aBIACMMOCTM p0 M q0 OT (p, q' t) . 
Ma>'<HO cTaBMTb M o6paTHYIO aaAa4y: nplA aaAaHHblX P0 M Q0 HaH

TIA w M3 /5.2/. HMeR B BMAY AaJlbHeHwMe npHJlO>KeHMR, none3HO MC
KaTb peweHMe B ABa 3Tan-a. 

YTeep>KAeHMe 7. a/ npM 3aAaHHblX Q 0 (p,q) MO~HO onpeAeJlMTb M3 
/5.2a/ W(p.q;t 0

) B BMAe 
(q) 

W = J p(q; C) dqj + f[Q 0 (p, q), t 0
], /5.4/ 

C=Qo(p, q) 

rAe p(q;C) HY~HO HaHTM M3 CMCTeMbl ypaeHeHMH 

Q 0 (p,q)=C. /5.5/ 

c - n npOM3BOJlbHblX KOHCTaHT H3 o6nacTM 3Ha4eHHH Q0
, a f(Q 0

, t 0
)

npOM3BOJlbHaR ©YHK~MR. B /5.4/ MHTerpan 6epeTcR no npoMaeonb
HOMY nyTM Ha narpaH~eBOH noeepXHOCTIA /5.5/, KOTOpblH 3aKaH4M
eaeTCR e T04Ke (p ( q; C), q). 

6/ EcnM M3BeCTHbl M P0 (p,q), MOIKHO onpeAeJlMTb c noMOLllbl0/5.2b/ 
w c T04HOCTblO AO HeCyL11eCTBeHHOro cnaraeMoro f(t 0

). 

Mbl nponycTHM AOKa3aTeJlbCTBO, OCHOBaHHOe Ha /5.3/ M Ha CBOH-
CTBax narpaH>KeBblX noeepxHOCTeH e M ~~ 112

•
16

•
171

• 0TMeTMM 
TOJlbKO, 4TO aaAaHIAeM G0 caMM P0 onpeAeJl.RllJTCR M3 /3.3/ e BMAe 
po= P0 -J Qo f, rAe f(Q 0

' t 0
) - Ta >Ke caMaR <)lyHK~IAR' 4TO IA B 

/5.4/. 0TMeTMM TaK>Ke, 4TO WQ=W[p(q 0 ;Q 0 ),q0
; t 0

] ecTb 
npoM3BOARLllaR C!>YHK~MR npeo6paaoeaHMR (p 0 ' q 0 ) ... (P 0 ' (; 

0 
), B TO 

epeMR KaK w (p, q; t 0
) eCTb ero co6cTBeHHaR t!JyHK~MR. 

YTeepmAeHMe 7 AaeT eL11e OAMH cnoco6 HaHTM <l>Q, ecn1A aaAaHbl 
Q 0 MJlM (P0 ,Q 0

) M M3BeCTHO <l>o(p,q,t;t 0
). 

ABTOP rny60KO npM3HaTeJleH 5.M.5ap6awoey 3a BHMMaHMe K pano
Te, CTIAMYJllAPYIOl!.llAe o6cy>KAeHMR, none3Hble COBeTbl IA aa np04TeH1Ae 
PYKOnlACIA. ABTOP finaroAapeH TaK>Ke H.C.3naTeey, r.B.E~IAMOBY, 
H.T.TOAOPOBy, n.A.HMKOJlOBy, B.B.HecTepeHKO, A.A.AoHKOBy, 
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M.K.3axapHeey, n.A.CeeToropcKOMy H P.n.na30BY 3a ~eHHble AHC
KYCCHH H coeeTbl Ha pa3H~X 3Tanax H3Y4,HHR paCCMOTpeHHblX B pa-
6oTe eonpocoe. 
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