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1. BBE,llEHHE 

nonMc¢epOMAanbHWe nepMOAM4eCKMe ¢YHKLIMM BBeAeHW B pa6oTe 1 1~ 

OHM B03HMKa~T npM peweHMM ypaBHeHMR renbMronbt.1a B CMCTeMax 

KOOPAMHaT N-MepHblX / N 2: 4/ 3nnMnCOMAOB MnM rMnep6onOMAOB epa

~eHMR M RBnR~TCR orpaHM4eHHWMM npM ecex AeHCTBMTenbH~X z 

M nepMOAM4eCKMMM C nepMOAOM TT peweHMRMM ypaBHeHMR 

a2 2(p.-v + (v + µ + 1)cos2z) a 
[-- + -----~---- - 2q cos2z + az 2 sin2z az 

/1. 1/ 
+ ;,.._<v,µ) ( q)] ps (v,µ) (z, q) 0 , 

n n 

rAe eenM4MH~ v, /1, q npeAnonara~TCR AeHCTBMTenbH~MM, a Z Mo-

>KeT npMHMMaTb KaK AeHCTBMTenbH~e, TaK M MHMMWe 3Ha4eHMR. npM 

3TOM V > -1 , /1 ( -i , n =0, 1 , 2 ... 
¢yHKLIMM ps v,µ (z, q) RBnR~TCR t.1enblMM 4eTHblMM ¢YHKLIMRMM 

n 

nepeMeHHOH z, peanbHbl, MMe~T no n HyneH Ha MHTepeane 0 < z<!!_, He 
2 

paBHbl Hyn~ B T04Kax Z= p ; ' rAe p =0 '1 '2. . . 3TM ¢YHKLIMM o6paay~T 

nonHy~ opTOHOpMMPOBaHHY~ CMCTeMy B Knacce KBaApaTM4HQ-MHTerpM-

pyeMblX ¢YHKLIMH C BeCOBblM MHO>KMTeneM (cos z) 2v + 1 (sin z) 2µ + 1 Ha 

MHTepeanefo.;] M YAOBneTBOpR~T COOTHOWeHM~ OPTOrOHanbHOCTM 

TT / 2 
J (cosz) 2v +I (sinz) 2µ + 1 ps ~,µ) (z, q) ps (~µ) (z .q) dz = o nm ./ 1 . 2/ 

0 
(v,µ) 

AHanMTM4eCKOe npOAOn>KeHMe ps n (z, q) B o6naCTb 4MCTO MHM-

MblX 3Ha4eHMH z o603Ha4aeTCR 4epe3 Ps (~,µ) (z, q) M Ha3blBaeTCR MO-

AM¢MLIMPOBaHHOH nonMc¢epOMAanbHOH nepMOAM4eCKOH ¢yHKL1MeH. 
(11,µ) (v,µ) . 

Ps n (z,q) = ps n (1z, q) . / 1 • 3/ 

J (chz) 2v + 1 (shz)2/Hl Ps ~,µ\z,q) Ps(~,µ) (z,q) dz = 0, n f. m. /1. 4/ 

O (v,µ) ) , (v,µ)( 
npM 4aCTHblX 3Ha4eHMRX napaMeTpOB ps n (z,q , Ps n z,q) 

ewpa>Ka~TCR 4epe3 M3BeCTHWe cnet.1ManbHWe ¢YHKLIMM. 8 cny4ae 

V =±_1/2, fl =±_1/2 - 4epe3 ¢YHKL1MM MaTbe1 2•41, B cny4ae V =+1/2 

r- ----
'.t•~J f: r., \., r I 

.), 



HilH µ =+ 1 /2 - 4epe3 c<)lepOHAailbHble <l>YHKLIHH 
12•4"91 , B CI1y4ae-

µ =0 - 4epe3 r1-1nepc<)lepOHAaI1bHble /1,1111,1 o6o6ll{eHHble c<)lepOHAailbHble/ 

<l>YHKLIHH /10·13/, s c11y4ae µ =1, ,\(~,1) (q) = -4(v +1) + 2. q - 4epea. 

<l>YHKLIHH liecce11R 141, B c11y4ae q =0 - 4epea nOilHHOMbl HK06H 141 , 
s c11y4ae v = µ=m=0, 1 ,2 .•• - 4epea yr11os·y10 1-1 paA1-1aI1bHY10 so11Ho

Bble <l>YHKLIHH BOAOPOAOnOA06Hor.o aTOMa C 3HeprHeH E =0 B c<)lepo1-1-

AaI1bHOH CHCTeMe KOOPAHHaT/1/. 0011ee nOAP06HO OCHOBHble CBOHCTBa, 

4aCTHble c11y4a1,1 H <)>H3Hl.leCKHe npHilO>KeHHR <l>YHKLIHH ps<i;;µ> (z, q), 
Ps <i;:µ> (z, q) paCCMOTPeHbl B pa6oTe 1 1.( ACHMnTOTH4eCKOe noBeAeHHe 

ps (v, µ) (z, q) , Ps <~,µ) (z, q) , ,\ <:;,µ) (q) np1-1 ci ➔ 0 1-1 q ➔ 00 

Hcc'heAOBaHO 8/ 14/ _ 

B AaHHOH pa6oTe 11a11omeH a11ropHTM Bbl4HCI1eHHR Ha 3BM <l>YHKLIHH 

ps~•µ) (z, q)' Ps~•µ) (z, q)' HX co6cTBeHHblX 3Ha4eHHH ,\(~,µ) (q) H 

npOH3BOAHblX _a_,\ (v,µ) (q) npH pa3I1H4HblX 3Ha4eHHRX napaMeTPOB 

aq n 2 (v µ) 
-_l<v µ< °"• O<q <00, lzl< 00 , n =0,1,2 ... <l>YHKL1HH PSn' (z,q), 
Pi~,µ} (z, q ) Bbl4HCI1RIOTCR C noMOll{blO pas11o>KeHHH no 30-

IlHHOMaM HK061-1 H <)lyHKLIHRM liecce11R. Co6CTBeHHble 3Ha4eHHR ~i;;µ (q) 
HaXOARTCR nocpeACTBOM MHHHMH3aL1HH COOTBeTCTBYIOll{HX 3THM paa110-

. 6 . .: a ,\(v,µ) (q}-
>KeHHRM n paa O epHyTblX 1.1enHblX AP06eH' a npOH3BOAHble aq"' n 

aHaI1HTH4eCKHM AH¢<)lepeHL1HPOBaHHeM TaKHX AP06eH. Bo H36e>KaHHe 

6011bWHx npoMe>KYT04HblX 4Hce11 1-1 Bbl4Hc111-1Te11bHblX norpewHocTeH 

npHMeHReTCR OCHOBHOe JO>KAeCTBeHHOe npeo6paaosaHHe 1.1enHblX AP0-

6ei1' a HX Bb14HCI1eHHe npOH3BOAHTCR peKyppeHTHblM o6pa30M' 4TO 

n03BOI1ReT no11y4aTb HCKOMble 1.1enHble AP06H C Ill060H 3aAaHHOH To4-

HOCTblO c'. PesyilbTaTbl Bbl4HCileHHH C nOMOll{blO paasHToro a11ropHTMa 

np1-1BeAeHbl B BHAe rpa<)>HKOB. 

2. AJlrOPHTM Bbl411.CJlEH11ti 

B pa6oTe / 
11 

no11y4eHbl CileAYIOll{He pa3IlO>KeHHR: 

·p/v,µ) (z, q) = i (-1/ A (v,µ) P (v,µ) (-cos 2z) 
n · . r= 0 • r, n r 

/2. 1/ 
K (v,µ) (q) 

n X 

ps(~,µ) (O,q) (c,coszt+µ+l 

x i B (v,µ) 
r=0 r,n Jv+µ+2r+l(c,cosz), 

p (v,µ) 
8 n (z, q) = 

2 

K (v,µ) (q) 
n 00 

(11 ) • ~ B (v,µ ~ 
ps ;µ (0,q)(c-chz) v+µ+l r=0 r,n v+µ+2r+l (c,chz). 

/2.2/ 

3Aecb 

c = 2Vq, A (v,µ) = A (v,µ) (q) ' . B(v,µt (-1) r A (v,µ) r (r + µ + 1) 
r,n r,n r,n r n ' r Ir(µ+ 1) 

ps(v,µ)(O,q) 0 ps(v,µ)(11/2, q) ,2v+µ+ 1 ,r(v+µ+2) 
K(v,µ) (q) = n n 

n A (v,µT' 
0,n 

P~'µ)(-cos2z) - no111-1HOMbl HK061-1, Jv+ µ+ 2r+l (c,cosz) - <l>YHK-

1.11-11-1 liecce11R nepsoro POAa, v > -1, µ > -1, q > 0, z 2 > 0. 

rAe 

Ko3¢¢1-11.11-1eHTbl A(v,µ) YAOBileTBOpRIOT peKyppeHTHblM COOTHOWeHHRM 
r, n 

a A (v,µ) + f3 A (v,µ) + y A (v,µ) 
r r+l,n ·. r r,n r r-1,n 

(v,µ) · 0 1 2. 
=0 A =0, r = • • • ... , • -1,n 

a 
r 

4q(r+v +l)(r + µ +1) 

(2r+ v + µ + 2)(2r + ~ + µ + 3) 

_ ,\(v,µ)(q) _ 2q(v- µ) 
f3 0 - n (v + µ +2) 

r = 0, 1, 2, ... , 

/2.3/ 

2q(v2-µ2) r=1,2, ... , 
/3 = }v,µ)(q) _ 4r(r+ v+ µ +1' - (v +µ + 

2
r) (v + µ + 2r + 2) r n 

. _ 
0 

_ 4q 4qr (r + v + µ) 
Yo - • Y 

1 
- - , Yr = - __ .:....; __ --=-----, r = 2,3 , ... , 

(v+µ+2) (2r+v+µ)(2r+v+µ-1) 

a TaK>Ke COOTHOWeHHIO 

00 (v,µ} 2 r(v + r+ 1) r(µ +r + 1) 
~ (A ) --------- =1, 

r=0 r,n 2(r!)r(v+µ+r+1),(v+µ+2r+1) 
/2.4/ 

KOTopoe cneAyeT 1,13 / 1 . 2/ np1-1 n = m • ; 
3HaK A(v,µ) Bb16paH TaK; 4TO {-1) n ps (v,µ) (E..., q) > 0, T. e. 

n,n n · 2 

3 



{-l)n A(v,µ) > 0. 
n,n /2.5/ 

Pa3110)1{eHHR /.2.1/-/2.2/ 
MeHbl q ➔ -q HMeeM /1/ 

CXOARTCR np1-1 scex q>O.B c11y4ae 3a-

>..(v,µ) (-q) = A (v,µ) (q), 
n n 

/2.£/ 

ps(v,µ)(z,-q) =(-l)n ps(µ,v)(-z+E:.,q)=(-l)n i (-l)r A{µ,v)p(µ,v)(cos2z)= 
n n 2 r= 0 r,n r 

(-1) n K (~,v) (q) oo 

( . I B (µ,v) J 
ps:,v)(O,q)(c.•sinz)v+µ+lr=O r,n v+µ+2r+l (c,sinz), /2.7/ 

Ps<;;•µ) (z,-q) = ps(~,µ) (iz, -q) = 

(-1) n K (~, v) (q) oo 

(µ. v) • I (-l)r ·B (µ,v) I 
psn' (O,q).(c,shz)v+µ+l r=O r,n v+µ+ 2r+l(c,shz), 

/2.8/ 

rAe I v+µ+ 2r+ 1 (c, shz) - ¢lyHK4HR 6ecce11R MHHMOro apryMeHTa. 

Ec111,1 z ➔ ""• TO 1,13 pa3110)l{eHHH /2. 2/' /2. 8/ 1,1 acHMnTOTH4eCKHX 
¢lOPMY11 A11R ¢>YHK4HH 6ecce11R:/4/ no11y4aeM 111 

Ps (v,µ) (z, q) 
n 

z ➔ 00 

K (v,µ) (q) 
n 2 

y V + µ+ 3/
2 

V-;• COS(y-(v+µ+ 1) ~ _ ~) 
2 4 ' 

(-l)n K (~,v) (q) 

Ps(~,µ\z, -q) = ------ • exp(y) • 
Z ➔ 00 1 v+µ+ 3/2 v"'i,;; 

3AeCb Y=yqexp(z), q>O. · ( ) . 
',llnR HaXO)l{,l:leHHR co6CTBeHHblX 3Ha4eHHH xv~µ (q) /1,1111,1 

np1,1 KOTOPblX PRAbl /2.1/-/2.2/ /1,1111,1 /2.]/-/2.8// 
ART CR' BBe,qeM 

M =-(A (v,µ) I A (v,µ) ) a 
r r,n r-1,n r-1 ' r = 1,2, •.•• 

C Y4eTOM /2.3/ HMeeM 

M +l =a y 
1 

/({3 
1 

-M 
2 

), n=0,1,2, ••• , 
n n n+ n+ n+ 

4 

/2.9/ 

/2. 10/ 

>.. (v,µ) (-q) /, 
n 

cxo-

/2. lla/ 

. Mn~l = f3n l 0, 

Yna n-1 

Mn ' 

ec111-1 n =0, 

ec111-1 n = 1,2 , ••••• 

Bbl4HTaR /2. 116/ 1,13 /2. 11 a/, no11y4aeM 

U = -f3n + an Yn-1 

f3n+l- an+l Yn+2 

f3n+2-an+2 Yn+3 

+ Yn an-1 

f3n-CYn-1 an-2 

0 

f3n-2 - Y n-2 an-3 

- 2'...!_::_Q_ 

f3o 

/2. 116/ · 

+ 

/2.12/ 

= 0.' 

Be11H4HHa U npe,qcTaBnReT co6oi:in pa3 o6epHYTY~ 4enHy~ ,qpo6b. 
CXO,l:IHMOCTb 3TOH ,qpo6H ,1:10Kt3ara B pa6oTe/l~ • 

Heo6xo,qHMble 3Ha4eHHR A ~,µ (q) • YAOBJleTBOPR~IJlHe ypaBHeHH~ 
/2.12/, Hai:i,qeM, MHHHMH3HPYR ¢lYHK4HOHa11 

F(>..(v,µ) (q),q)=IUI /2.13/ 
n 

MeTO,l:IOM JlHH{ap1,13a41,11,1 /lS/• Tpe6yeMble np1,1 3TOM 
)l{eHHR ,l:IJlR Av,µ) (q) npr MaJlblX q < 1 nonaraeM 
TH4eCKHM 3Ha~eHHRM A(~,µ (q) np1,1 q ➔ 0 1141: 

_{v,µ) (q) _ d n dn dn 2 
"n - o+ 1q+ 2q 

q ➔ O 

r,qe 

dg = 4n(n + v + µ + 1) , n = 0,1, 2, ••• 

Ha4a11bHble np1-16111,1-
paBHblMH ac1-1MnTo-

/2. 14/ 

d
o _ 2(v-µ) _ 
1 - , 

n 
d1 = 

2 2) 
2(v -µ , n = 1,2, ••• , 

(v +µ +2) (v +µ + 2n)(v + µ + 2n+2) 

d~ =-D 1, d; =Dn- Dn+l' 

4n (n+v+µ) (n + v)( n + µ) 
D n = --------------, n = 1,2, ••. . 

(2n+v+µ) 3 ((2n+v+µ) 2 - 1) 
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np11 scex nocne&y~1q11x q= qi>qi_1> qi_ 2 s Ka4eCTBe Ha4aJlbHoro 
np1161111>KeHHR ,qilR ,\ ~,µ (q) HCnOJlb3YeM BeJlH411Hbl 

,\ (q.) = ,\(v,µ)(q , ) a.\ 
O 1 n i-1 + --

aql 
4i-1 

-{q, -q, 1) + 
1 1-

i < a.\ 
+ 2 aql 4 i-1 

a.\ 
aq I > • (q. -q . )2 

41-2 1 1-1 

(qi -qi-2) 

3,qecb 
a.\ a}';µ\q) 
aq aq . 
np11patqeH11e !1,\ j ,q11R Ka>K,qOH J -Ci 11Tepa41,11,1 Bbl4HCJ1ReM no ¢>op-

My~e ~ au ·J 
!1,\ · = - U /--- /2 15/ 

J a.\~,µ> };:,µ\q) = ,\ j _ 1 • • 

AnR nepBOH HTepae11~ ¢>YHK4110Ha11 /2.13/ 1,1 np11patqeH11e /2. 15/ 
Bt14:1)CJ1ReM B T04Ke ,\ ~,µ (q) =AO (q) , a AJlR (j + 1)-i:1 - B T04Ke 
,\ v,µ (q) = ,\ . (q) , r,qe 

n J 

,\j(q) =Aj_1 (q) +!1.\j, j =1,2, ••• /2. 16/ 

Aanee npo4ecc 11Tep11posaH11R npo,qon>KaeTCR ,qo Tex nop, noKa 
He 6y,qyT y,qosneTBOPRTbCR YCJlOBHR 

F(,\j,q),:SF(,\j-1'q), IMjl.:SEl.\jl• /2.17/ 

3,qecb E - Tpe6yeMaR OTHOCHTeJlbHaR T04HOCTb Bbl4HCJleHHR jv,µ) (q). 
Cxo,q11MoCTb TaKoro 11Tepa4110HHoro npo4ecca 3as11c11T OT le111,141,1-

Hb1 war a !iq = qi -q i-1. Ec1111 3TOT war Bb16paH CJlHWKOM 60JlbWHM, TO 
np11 HeKOTOPOM j MO>KeT 6b1Tb 

F(,\j, q) >:F(,\j-1, q) /2.18/ 

11 npo4ecc He COH,qeTCR. 8 3TOM CJly4ae aBTOMaTH4eCKOe YMeHbWeHHe 
!iq ,qo !iq' = tiq-k, r,qe k =2, 3 ••• , npHBOAl-1T K ,qocrn>KeHl-1IO Heo6-

XO,ql-1MOH cxo,q1-1MOCTl,1. 
Bo H36e>KaH1-1e 60JlbWHX n'poMe>KYT04HblX 41,1ce11 1,1 ow1160K OKpyrne

HHR np11 Bb141-1CJ1eH1-111 4enHOH ,qpo611 /2.12/ npeo6pa3yeM ee K s1,1,qy 

r,qe 

6 

al 
U= ho+ - a2 

b + -
1 b + 

2 
as 

bs+ 

= 0' 

/2. 19/ 

• 

.. ) 

ho=-/3n + Yna n-1 

f3n-t - Yn-;-1 a n-2 

f3 n - 2 - Y n -2 a n - 3 

an Y n+ 1 /3-n+ 1 
a 1 = 

8 n+1 
' b1= --

8 n+1 

an+r-1 Yn+r b? = 
/3n+ r 

a = - , 
r 8 8 

r 8 
n+r n+ r - 1 n+r 

8 n + r = 4(n + r + 2) {n + r + v + µ + 3) • 

, 

Y~o 

f3 0 

I= 2,3, ••• , 

Bse,qeH1-1e MHO>KHTeJlR Bn+r B /2. 19/ He MeHReT seJlH411Hbl u 1,1 COOT· 
seTCTByeT OCHOBHOMy TO>K,qeCTBeHHOMY npeo6pa30BaHl-1IO 3TOH 4enHOH 

·,qpo61,1116-171. 

CornacHo o6iqei:1 Teop111,1 116 ,171 

U=limUk, 

r,qe Uk ~no,qxo,qRtqaR ,qpo6b 4enHOH ,qpo611 /2.19/. 

Uk=-¾ /Bk•• k = 1,2, ••• , 

A - 1 = 1 , A O = b O ' A k = b k A k-1 + a k A k -2 , 

B_1 =0, Bo= 1, 

Bse,qeM 

Bk=bkBk_1 +akBk_2, k=l,2, ••• 

/2.20/ 

/2.21/ 

/2.22a/ 

/2.226/ 

(i) O)j. (i) ' 1 2 . (1) A (2) B k 1 2 
vk =-Wk wk-1' 1 =. ,wk= k'wk = k' = •••·•• 

HcnOJlb3YR /2.22/, HMeeM 

v(i)-a /v(i) =-b , k=l,2,... /2.23/ 
k k k-1 k 

Ec1111 k ➔ ""• TO 

y(i) +l /(16k4 ' v (i) ) ➔ 1 • 
k k-1 

/2.24/ 

C~e,qosaTeJlbHo, o,qHo 1,13 peweHHH ypasHeHHR /2.23/ np11 k ➔ oo 
CTpeMHTCR K HYJllO, ,qpyroe - K e,q1-1H114e. TaK KaK U -cxo,qRiqaRCR 
4enHaR ,qpo6b, TO Ml-1HHMaJlbHOe peweHHe COOTBeTCTBYeT v\f>, a MaK
CHMaJlbHOe - v~2). TaKl-1M o6pa30M, 113 /2.24/ HMeeM 
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IA k+/Akl ➔ q 2 /16k 4 , IBk+/Bk I ➔ 1. /2.25t 
k ➔ oo k ➔ oo 

C y4eTOM 3THX aeHMnTOTHK B eooTBeTeTBHH e 1181 nony4aeM, 4TO 
Bbl4HeneHHe A k e noMOlllblO ypasHeHHR t2. 22at, np1-1MeHeHHOro a npR
MOM HanpasneHHH, eBR3aHO e orpOMHblMH Bbl4HenHTenbHblMH norpew
HOeTRMH. HanpOTHS, Sbl4HeneHHe Bk MeTOAOM npRMOH peKypeHH "13 
ypasHeHHR t2.226t 3<l><l>eKTHSHO H npH k➔ oo K ysenH4eHHIO Bbl4Hen11-
TenbHblX norpeWHOeTeH He npHSOAHT. 

np1-1 npaKTH4eeKOM Sbl4HeneHHH Uk Ha 3BH 1-1enonb3YeM peKyppeHT-
. HYIO (!lopMyny 116•171 . 

k-1 
Uk =Uk-1 +(-1) a1•a2 •••• ak, k =1,2, ••• ; Uo=ho. 

t2.26t 
Bk-1 Bk 

Bbl4HenReM noeneAOSaTenbHO S npRMOM HanpasneHHH see Bk e no
MOlllblO t2.226t H see Uk e noMOl!lblO t2.26t, Ha411HaR e k =0 HAO 
TaKoro k=k', npH KOTOPOM 

\Uk, - Uk,-11::: f'IUk, 1- t2.27t 

3Aeeb f' - Tpe6yeMaR OTHOeHTenbHaR T04HOeTb Sbl4HeneHHR 4enHOH 

AP06H U. . (v,µ) 
npoH3SOAHble aU ta>.. n (q), aU/aq npH seex v, µ, Il, q Haxo-

AHM e nOMOl!lblO aHanHTH4eeKoro AH<!>(!lepeH4Hpo~a~HR eOOTHOWeHHH 
t2. 20t, t2. 226t, t2. 26t, a npoH3SOAHYIO a>.. v,µ (q) taq - no <t>op-n 
Myne (v,µ) 

a>.. n (q) au au 
---= - (-)t(-r----T") . 

aq aq a>.. w, µ, 
n 

TaKOH enoeo6 Sbl4HeneHHR 4enHOH AP06H u aHanorH4eH anropHTMY 
2,. H3nO)l{eHHOMY s 1191 H npHMeHeHHOMY s 1201 npH Sbl4HeneHHH eo
OTBeTeTSYIOlllHX 4enHblX AP06e11 s TeOpHH e<1>epOHAanbHblX <l>YHK41111, 
OH nerKo pean1,13yeM Ha 3BH 11 no3sonReT nony4aTb HeKOMYIO sen1141,1-
HY u e n106011 HanepeA 3aAaHHOl1 OTHOeHTenbHOH T04HOeTblO(: Henonb-
3yeMaR 3Aeeb s OTnH4He OT 119,201 peKyppeHTHaR (!lOpMyna t2. 2~t 
y,qo6Ha npH Sbl4HeneHHH, Uk H oco6eHHO npH Bbl4HeneHHH auk ta>..~,µ), 
aUk/aq, TaK KaK 

ak ➔ 0, 
k ➔ oo 

aa k aa k 2 · 
a>..(v,µ) =0, -a-q-=qak, k=l,2, ••• , 

n 
·Bk ➔ canst ,l oo • 

k ➔ oo 

Ht1AR co6eTSeHHble 3Ha4eHHR 1:,µ) (q)' Sbl4HenReM K03(!l<l>H4HeHTbl 
A(v,µ (q)' KOTOpbre eOOTBeTeTSYIOT MHHHManbHOMy exOARl!leMyeR npH r,n 
r ➔.00 peweHHIO KOHel.lHo-pa3HOCTHOro ypasHeHHR t2. 3/. 

np1-1 r = n 3TO ypasHeHHe HMeeT oeo6eHHOeTb. EenH q ➔ o. TO 11..: 

8 

·~ 1J 
r i} 

,;, 

i 

. 

;~ 
\i ,J 

.. ( ) 2(nl)(v+µ+2n+1)r(v+µ+ n + 1) )½ ( ) . v,µ ( ~~~.:.::::~~_;_~-- • IA;,;;(q)l ➔ O, r;ln; lAn,n(q)l ➔ f'(v+n+l)f'(µ+n+1) t2.28t 

TaK KaK npH r ➔ oo 111 

(v,µ) (v,µ) I 2 
Vr = I A r+l,n (q) I Ar,n (q) ➔ qt4r ' /2.29/ 

TO eornaeHo1181 SblLtHeneHHe A(v,µ) MeTOAOM npRM011 peKype111-1 "13 
/2. 3t npH r> n npHBOAHT K 6oni·rll1-1M Bb14Hen11TenbHblM norpeWHOeTRM. 
no3TOMY; npHMeHRR ypaBHeHHe /2. 3/ s npRMOM HanpasneHHH, Bbl4He-
nReM eHa4ana nHWb OTHOUJeHHR Vo' V 1' .... V n • 3aTeM, nonaraR 
V r' + 1 =0 H Henonb3YR It. 3/ s o6paT,tiOM HanpasnettHH, Sbll.lHenReM 
see v r, v r-l , ••• , vn+ 1 , Ha4HHaR. e HeKoToporo ,qo.eTaT04HO 6onbworo 
r =r'.no,qeTaSnReM Ha·11,1:1eHt-1ble .senH4HHbl VO' V1···;•Vr s /2.4/ H e y4e-

TOM /2. 5/ nony4aeM Atv
0

,fi.J , Al
1
v,µ) , ••• ,i"

1
'nµ) • 

,n ,n • 
Bbr6op 4Hena r' 3as1-1e11T OT Tpe6Y,eM3ril OTHOeHTen~HOH(vT~4HOeTH 

Sbl4HeneHHR Koa<1><1>1-141-1eHTOS A <
0
v,µ), ••• , lv,µ H <l>YHK4HH ps n ,µ (z, q) , 

) ,n r, n 
Ps t;;· µ (z, q) , EenH 3Ta TQ4HOeTb He xy)l{e, 4eM T04HOeTb Sbl4He
neHHR >,_(~,µ) (q), TO r'> k'+n. 41-1eneHHble 3KenepHMeHTbl no1<a3blSalOT, 
4TO seneAeTSHe (2:29/ A~R ,qoeT~)l{~HHR OTHOeHTenbHOl1 T04HOeTH 

Afv,µ A(v,µJ Alv,µJ 10 -12 Sbll.lHeneHHR ·O,n , ••• , Jl,n , ••• , n + £, n He xy)l{e 4eM 
,qoeTaT04HO Sbl6p3Tb r = ~+ £ + 10. 

<l>yHK411"1 psi;;µ (z,±q), Ps ::,µ) (z, ±q) Sbl4HenReM, CYMMHPYR 
C Heo6xo,qHM011 T04HOeTblO PRAbl /2.1/-/2.2/, /2.7/-/2.8/. <l>yHK-
41-11-1 6eeeenR np11 3TOM Sbll.lHenReM cornaeHO anropHTMY Jl)I{. H. n .H1-1n
nepa121~ a nonHHOMbl RK061-1 - no <1>opMyne 141 

rAe 

(v,µ) -r r r+v r+µ ) r _£ £ 0 . P (x} = 2 I .( o ) ( o (x -1) (x+ 1) , r= ,1,2, ... /2. 30/ 
r £ =0 L r-{. 

( p) 
e 

r(p+l) 

e1rcp-£+1> 

3 
. w p (v,µ) ( ) 

aMeTHM, 4TO AnR Bbl4HeneHHR (!lyHK4HJ.1 S n z, q none3HO 

npHMeHRTb TaK)l{e pa3nO)l{eHHe 111 

p (v,µ)( K(v,µ) (q) 
Sn z,q) = n ------

ps<~,µ) (11/2, q),(cshz) v+ µ + 1 x 
/2.31/ 

x i A (v,µ) r (r + v + 1) 
r=O r,n r!f'(v+ l) Jv+µ+2r+1 (c,shz) 

11 pa3no)l{eHHe 

9 



(v,IL) 00 1 (v,IL) (v,IL) 
Ps n (z, q) = I (-lJA 1 n P r (-ch2z) , /2. 32/ 

r=O ' 
KOTOpOe MOlKHg ~011Y411Tb 113 /2. 1 / C nOMOlllblO 3aMeHbl Z ➔ iz. 

¢>yHK4HR P r•IL (-ch2z) npe,qcTaenReT C060H aHanHTH4eCKOe 
npo,qonmeHHe no1111H0Ma /2.30/ e o6nacTb x=-ch2z<1. Ha /2.29/ 
11 /Z. 30/ cneru,,eT i 4TO npH r ➔ "" 

(v,IL) (v,1L) ( I I 
Ar+l,n Pl'"+l.-ch2z) jq[.e2z 

A~• P(v,1L)(-ch2z)I ➔ 4r 2 
r, n r 

TaKH~ o6pa3oM, pR,q /2.32/ a6C011IOTHO CXO,QHTCR npH n106~x Ko

He4Hb1X lql. fzl. 
AHanorH4HO, 3aMeHRR z Ha iz B /2.7/, nony4aeM PRA 

( ) 00 r (µ,11) (µ,v) . 
Ps v,IL ( z,-q) =(-l)n I (-1) A r n P r (ch 2z), /2. 33/ 

n r= 0 • 

KOTOp~H, KaK H /2. 32/' a6co1110THO CXO,QHTCR B o6nacnf I z I < 00, rql < 00• 
nonaraR z=iz e /2.31/, .nony4aeM 

IO 

(v, IL)(q) 
(v,IL) ( q) K n 

ps n z, = --,---,------------ x 
ps(~,IL) (1r/2,q)•(c•sinz) v+1L+ 1 

/2.34/ 

x i (-1) r A (v,IL) r<r+v + 1) 
r= O r,n -----1 . r I f(v+l) 11+ IL+ 2r+ 1 (C• sm z) 

3aMeHa q ➔ -q e /2.31/, /2.34/ c y4eTOM /2.7/-/2.8/ ,qaeT 

(-l) n /11,1L) (q) 
Ps~•IL) (z,-q) = n 

1 
x 

ps<::•v)(77/2, q) (C•Ch z) II+ IL+ 

/2.35/ 

x 'i (-1) r A (IL,11) 
r= O r,n 

r (r +IL+ 1) I r!f(IL + 1) 11 + µ+ 2r+1<c• chz), 

ps~•IL)(z,-q) = (-1)n K(~,11) (q) 

ps (IL,V) (77/2, q) (C•COS z) V + IL+ 1 X 

~ ( 1)rA(IL,v)r(r+µ+1) I 1(C•COSZ). 
x "'- - r n 11 + 1L+2r+ 

r=O • rlf(IL+ 1) 
/2 .. 36/ 

Pa3110lKeHHR /2.31/, /2.34/-/2.36/ a6conlOTHO CXO,QRTCR npH ecex 
KOHet-1HblX lql, Jzl, TaK KaK 

A (v,IL) 
I _r+1,n 

A rv;µr- • 
r, n 

(r+v +1) 

(r+ 1) 

Jv+IL+ 2r+ 3 (y) I ➔ 

J 11 +1L+2r+1 (y) 

lql IY 2 1 
4r 2 • 16 r 2 • 

Bcne,qCTBHe 6~CTpOH CXO,QHMOCTH 3Tl1 paanolKeHHR np11MeHHMbl 
np11 4HcneHHblX pac4eTax e w1-1poKoH o6nacTH I q I < 00 , I z I < 00 • 

np11MeHeH11e /2. 32/-/2. 33/ np11 e~411cneHHH Ps(v,ILiz, ±q) noneaHo 
e cny4ae 0 ~-I q I~ 20, chz ~10. Ec1111 I qi> 20, chz ~ 10, TO ,qnR · 

nony4eHHR pg.~•IL1(z, ± q) C OTHOCHTeflbHOH T04HOCTblO £ =10-8 ± 10-12 

Tpe6yeTCR ,qoeonbHO 3Ha4HTenbHOe .f11cno 411eHOB 3THX paanolKeHHH 
(r > 70). 

3·. 3AKJll04EHHE 

H3110lKeHHblH anropHTM pea1111aoea~ B BH,qe nriorfaMMbl Ha R3b1Ke 
CIJopTpaH /CDC-6500/. Cl>y~K4111 ps::•IL (z,± q), Ps:;,/l (z, ± i>, HX 
co6cTBeHHble 3Ha4eHHR A ~•IL (± q) H npoH3BOAHble a>.. ':{IL) (q) ;a~ 
Bbl4HCflRIOTCR C aa,qaHHOH OTHOCHTellbHOH T04HOCTblO ( =1 o-8 -:-1 o- 2 

npH paanH4HblX aHa4eHHRX napaMeTpoe -1<v, IL < 00 , Jq I <00 , I zl < 00, 
n =O, 1 , 2 ••• 4acTb nony4eHHblX TaKHM cnoco6oM peaynbTaToe npe,q

cTaeneHa Ha p11c. 1-8. 
KaK noKa3blBaeT onblT Bbl4HC11eHHH' HcnonbayeMblH cnoco6 MHHH

MH3a41111 e cny4ae ~q =O, 1 .,. 0, 2 TRe6yeT 2 -;- 3 HTepa41111 ,qnR nony-
4eHHR co6CTBeHHblX 3Ha4eHHH >..<11,1LJ (q) C OTHOCHTenbHOH T04HOCTblO 

12 n -8 
(=10- .H 1-;-2 HTepa41111 - C ( =10 • 

411c11ok~ paeHoe 411cny aeeHbee 4enHoH ,qpo611 /2.19/, Heo6xo,q11-
Mb1X AflR ee Bbl4HCneHHR C Tpe6yeMOH OTHOCHTeflbHOH T04HOCTblO (: 
npH ,qaHHblX v, IL, n, l 'yeenH4HBaeTCR C yee11114eH11eM q. HanpHMep, npH 
V =1' IL =3' n =1. €' =1 o-144HC110 k' H3MeHReTCR OT 5 ,qo 12 npH 
H3MeHeHHH q OT 0,4 ,qo 14 H ,qanee yeen11411eaeTCR ,qo 17 np11· yee
n114eHHH q AO 50. npa1<TH4ecK11 e 6onbWHHCTBe cny4aee k: KaK npa-
011110, He npeebrwaeT 20 np11 £' =10-8 -;- 10-14 • 

CpaeHeHHe 4HC11eHHblX peaynb TaTOB C COOTBeTCTBYIOLIIHMH eenH4H
HaMH, nony4eHHblMH C noMOlllblO aCHMnTOTH4eCKHX Cl>OPMY/1 pri6~Tbl /14/, 
noriaafreaeT' 4TO ~ei) Heo6xo,qHMOCTH Bbl4HC11RTb Ha 3BM >.. ~•IL ( ±q) , 
ps V,IL (z, ±q)' Ps V,1L (z, ± q) . npH CllHWKOM Mamrx HllH CllHWKOM 

n n ( ) · 
6onbWHX q. HanpHMep' 3Ha4eHHR >.. t•IL (q), Bbl4HC/1eHHble no aCHMnTo-
TH4eCKHM CIJOPMYllaM/14/ c T04HOCTblO ,qo O (q 5 ), coena,qalOT c COOT
BeTCTBYIOLIIHMH 3Ha4eHHRMH '. nony4eHHblMH npH ( =10-12 Ha 3BM' B cny-
4ae q =0,01 C T04HOCTblO ,qo 9 3HaKOB, B cny4ae q =0,25 C T04-
HOCTblO AO 5 3HaKOB, B cny4ae q =0,5 C T04HOCTblO AO 3 .,.4 3Ha
KOB. C yee11H4eHHeM ll npH ,qaHHOM q T04HOCTb 3THX aCHMnTOTHK 3Ha-
4HTellbHO yny4waeTCR. 
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ACHMnTOTJ.14eCKJ.1e l)JOPMYJlbl AJ1R ,\ ~,µ) (q) np1,1 q ... 00 , npe,qcTaaneHHble 
B / 141 C T04HOCTblO ,qo 0(1/q 2 ) , Ha4J.1HalOT BblnOJlHRTbCR B CJ1y4a~ 
n =0 yme np1,1 q =9 -;- 10 J.1 ,qalOT a,qecb npaaHJlbHble 3Ha4eHHR ,\ (v,µ (q) . n 
C T04HOCTblO ,qo npoqeHTa. 

AaTop 611aro,qapJ.1T SI .A. CMopo,qHHCKoro Ill A. T.<l>1,1111,1nnoaa aa BHJ.1-
MattHe K pa6oTe H qeHHble o6cym,qeHHR. 
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