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1. BBE.QEHHE 

Pa6oTa noCBR~eHa peweH~RM ypaBHeH~R renbMrOnb~a 

(~ + k 2)W"" 0 /1.1/ 
e non~c¢epo~AanbH~X c~cTeMax KOOPA~HaT, ·caoTeeTCTBY~~~x N -
MepHbiM /N,? 4/ BbiTRHYT~M ~n~ C>KaTbiM 3nn~ncO~AaM ~n~ r~nep6ono
~AaM epa~eH~R. 

HeofiXOA~MOCTb ~3y4eH~R TaK~X peWeH~H B03H~Kna B CBR3~ C 
npeAnO>KeHHOH A. T .c!l~n~nnoebiM penRT~B~CTCKOH MOAenb~ cocTaBHbiX 
Me3oHoe 11 • 2~ 0Kaaanocb, 4TO A~¢¢epeH~~anbHoe ypaeHeH~e, pewa
eMoe e 3TOH MOAen~, coenaAaeT c 4aCTHbiM cny4aeM ypaeHeH~R, 
KOTOpoe MO>KHO nony4~Tb np~ pa3AeneH~~ nepeMeHHbiX B /1:1/ B 
c~cTeMax KOOPA~HaT 4eTblpexMepH~x 3nn~nco~AOB ~n~ r~nep6ono~

AOB Bpa~eH~R. 
BMecTe c TeM paan~4H~e 4aCTH~e cny4a~ peweH~H /1.1/ e ynoMR

HYTbrx BbiWe N -MepH~X C~CTeMaX KOOPA~HaT np~MeH~Mbl np~ peweH~~ 
3aAa4~ ABYX ~eHTPOB KBaHTOBOH MeXaH~K~ IS·5 I, 3aAa4~ Tpex Ten 
c KynoHOBCK~~ eaa~MOAei1cTe~eM 15~1 • aaAa4 pacceRH~R ~ A~¢paK
~~~ CKanRpH~X ~ 3neKTPOMarH~THbiX BOnH Ha BbiTRHYTbiX ~n~ C>KaT~X 
3nn~nco~Aax epa~eH~R 18•10 ~ 3aAa4 Ha co6cTeeHH~e Kone6aH~R 
~cnonbayeMbiX e naaepax OTKpbiT~x peaoHaTopoe15• 11 ~ 131 ~ PRAa APY
r~x /5,14·16/. 

Bee 3To·np~BOA~T K. Heo6xoA~MOCT~ ececTopoHHero·~ccneAOBaH~R 
~ Knacc~¢~Ka~~~ pewe~~i1 ypaeHeH~R /1 . 1/ e N -MepHbiX nom1c¢e
po~AanbHbrx C~CTeMaX KOOPA~HaT. 

8 pafioTe nony4eHbl HenpepbiBH~e ~ OAH03Ha4H~e·e COOTBeTCTBy~
~~X ofinaCTRX peweH~R /1.1/ B TaK~X C~CTeMaX KOOPA~HaT. np~ 
3TOM noKa3aHo, 4To ece ypaeHeH~R, B03H~Ka~~~e np~ pa3AeneH~~ 
nepeMeHHbiX B /1 ·. 1/ B Ha3BaHH~X C~CTeMaX KOOPA~HaT, CBOARTCR 
K ypaeHeH~RM AnR y>Ke ~aeecTHbiX cne~~anbH~X ¢YHK~~i1, a TaK>Ke 
K ypaBHeH~RM B~Aa: 

[ a2 2{Jt-v +(v +p +1)cos2v) a 2q 2v '] v - 0 -- + -- - cos + 1\ - • av 2 Sin2v av . /1.2a/ 

[ ~+ 2{Jt-v+(v+p+1) ch2u) 
au 2 . . sh2u . 

a l . -+~ch2u->.. U"" 0. 
au /1.26/ 

np~ 4aCTH~x 3Ha4eH~Rx napaMeTpoe /1.2/ nepexofERT e ypae
HeH~R MaTbe/17,181, e ypaeHe~~R AnR c¢epo~Aa11bH~x 5,8,18·22/ 

bE£l!t1HCWibl~1 YIHCfi.;flJ 

rlQEPHbiX ~1CCn.f.£:0a;\ht1l·. 
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H rHnepc¢epOHAallbHbiX /HilH o6o6~qeHHbiX c¢epoHBallbHbiX/111,13,23,.24/ 
¢YHK4HH, B rHnepreoMeTpH4eCKOe 'ypaBHeHHe/1S, B ypaBHeHHR AllR 
yrllOBbiX H paAHallbHbiX BOilHOBbiX ¢YHK4HH BOAOPOAOnOA06Horo aTOMa 
C 3HeprHeH E =0 B c<)lepOHAallbHOH CHCTeMe KOOPAHHaT,H B HeKOTO
pble APYrHe. npH npOH3BOI1bHblX 3Ha4eHHRX napaMeTpoe /1.'2/ He 
CBOARTCR HH K KaKHM H3BeCTHbiM aBTOpy ypaBHeHHRM. 

· ,liJJR Clly4aR v, IL > -1 e pa6oTe HaHAeHbl orpaHH4eHHble n'pH ecex 
AeHCTBHTellbHbiX v H nepHOAH4eCKHe c nepHOAOM " peweHHR ypae
HeHHR /1.2a/,a TaKme RBilR~LqHeCR HX aHai1HTH4eCKHM npOAOilmeHHeM 
B 0611aCTb 4HCTO MHHMbiX 3Ha4eHHH V (V=i u) peweHHR ypaBHeHHR 
/1.26/, KOTOpble Ha3BaHbl COOTBeTCTBeHHO nOilHC<)lepOHAallbHbiMH 
nepHOAH4eC.KHMH ¢YHK4HRMH H MOAH¢H4HPOBaHHbiMH nOilHC<)lepOHAallb
HbiMH nepHOAH4eCKHMH ¢YHK4HRMH. ,liJJR 3THX ¢YHK~HH nolly4eHbl paa
llOmeHHR e B~Ae PRAOB no nOilHHOMaM RKo6H H ¢YHK~HRM 6ecce11R 
H paCCMOTpeHbl HX OCHOBHble CBOHCTBa H 4aCTHble Clly4aH. 

2. PA3AEnEHHE nEPEMEHHWX H nonY4EHHE YPABHEHH~ 

BeeAeM e (N+M) -MepHoM /N,M =1 ,2,3 ••• / eBKilHAOBOM npocTpaH
cTee E N+M ClleAYIOLqHe nOilHC<)lepOHAallbHble CHCTeMbl KOOPAHHaT: 

2/ 

x1 = fchucosvcosa N-1 , 

x 2 = fchucosv·sinaN_1cosaN_2 , 

xN_1 =f chucosvsinaN_1 ••• ·sina 2cosa 1 , 

XN= fchucosv·sinaN_1 ... ·sina 2·sina1 , 

xN+l =f shusinvcos,BM_ 1 , 

xN+2 =f·shusinvsin,BM_1 cos,BM_2 
:·· 

x N+M-1 = r·shusinvsin,BM_1 ... ·sin,82 cos,B1 , 

XN+M = f·shu·smvsin,BM-t"' sin,82 ·sin,81 • 

nepeMeHHble U,~ak,,B£ H3MeHRIOTCR B. npeAellax: 

ao = .Bo = 0; o::;v<21T, eCilH N=M=l; 

O_,Sv<11, ec11H N = 1, M> 1; 

-.!L< v < !!.... 
.2 - 2 ' 

eCilH N>1,M=1; 

0< v<!!..., eCilH N >1, M > 1; 
- 2 

/2.1/ 

0< u< oo; o.~a1<21T, 

0 :s fJ1< 21T, . 

06ak<11, 

0$,8£<", 

·k=2,3, .... ;N-1; 

£ =2,3, ... , M-1. /2.2/ 

noeepXHOCTI-1, Ha KOTOPbiX U HllH v· nOCTORHHbl, RBilR~TCR B Clly-
4ae N+M,? 3 KOH<)lOKallb.HbiMH .3MHnCOHAaMH HllH rHnep60ilOHAaMH epa
LqeHHR: . 

(xr+. .. x~) (x~+t+ ... x~+M) (x[+ ... x~) (x~+t+ ... x~+M>' _::..;__...:.;...._ + "' 11 . . - -1 • 
r2 ch 2u . r 2sh2u . · r%os 2v f2sin 2v 12 • 31 · 

8 Clly4ae N=M =1 3TH noeepXHOCTH BblpOmAa~TCR COOTBeTCTBeHHO 
a KOH<)loKallbHble 31111Hncbl HllH rHnep6ollbl. 

¢oKallbHbiMH noeepXHOCTRMH KOH<)lOKallbHbiX CHCTeM /2.3/ npH 
N::: 3 RBilR~TCR c¢epbl 

X~+ ... X~ =f2,. XN+ 1 = XN+2 = ... XN+M= 0. /2.4/ 

npH N =2 3TH c¢epbl BblpOmAaiOTCR B OKpymHOCTH' a npH N =1 -
B T04KH. • 

AH¢¢epeH4Han AllHHbl AYrH ds2 e cHcTeMax KOOPAHHaT. /2. 1 I HMe
eT BHA! 

ds 2 =f2(ch2u-cos2v)(du2 + dv2) + f2ch2ucos2vda2 · + 
. • N-1 

f 2 h2 2 . 2 d 2 r2 h2 2 . 2 . 2 . d 2 + c ucos v·sm aN_1 aN_2+ ... + c ucos vsm ~-1 ... Sl~ a 2 111 + 

+ f 2sh2usin 2 vd{J~-l + f 2sh2usin2vsin2,8 M-1d{3~_2 +· .. , 

f 2 h2 . 2 . 2,a' .. 2,8 iiQ.2 + s u·sm v·sm M-1 ... sm 2 • ..,.... 1 • /2.5/ 

TaKHM o6pa30M, CHCTeMbl /2.1/ RBilRIOTCR OPTOrOHallbHbiMH CH
CTeMaMH KOOPAHHaT, H, ClleAOBaTellbHO, npH pa3AelleHHH nepeMeHHbiX 
B ypaBHeHHH /1.1/ MOmHO nOI1b30BaTbCR K03¢<)lH4HeHTaMH naM3. 8bi-
4HCI1RR 3TH K03<)l¢H4HeHTbl H nOACTaBilRR HX B ypaBHeHHe /1.1/, no-
11y4a~M 

I 1 1 
( 

2 [ --:::--7"---- a N-t· a 
ch u-cos2v) chN-1u shM-1 auch u·shM-1u-+ u au 

+ 1 a 
cosN-1 v sinM-1 a;-cosN-1v·sinM-1 v _a_] v . av + 
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1 [ a ( Ha ) a a H a + -- -- --+ ... (-- --=- ] + 
ch2ucos2vH . aa 1 H~ aal aa N-1 H2 

a 1 aN-1 

1 · a H{J a a H {3 a 2 
+ (-)- + ... ( ) ]+f IC]W=O, 
·s~u·sin2 vHtl a{Jl HE a{31 a{JM-t Hlb a{JM-1 

P P1 PM-1 
/2.6/ 

. N-1 · N-1 M-t M-1 
Ha ·,.,II ·sina1 , k=1, ... ,N-2;Ha"" II Ha ;Ht~=- II Ht~ ,Ht~ =II ·stn{J., 

• k i=k+1 · k=1 k p f=t Pf Pf i=f+1 1 

f = 1, ••• , M-2. 

npeACTa8HM peweHHe W=W{u, v,al , .••• , aN-1' {31 , ... ,{JM-t; r2k 2 ) 
8 8HAe . 

W =X (v) Y (u) <I> (at • ... , '1f-1).F_({Jl ' .... ,{3 M-1)', 

rAe 

·x{v) "'X(v,f2k2), Y(u) = Y(u,f2k2), 
M-1 

.F({J1 , .... ,{JM-1) = II .Ff ({Jf ). 
fo:1 

N-1 
<l>(al'"''aN-t)= II •<I>k(ak), 

k=1 

/2.71 

. nepeMeHHble U, V, ak, {3 f B ypa8HeHHH /2.6/ pa3Ae11RIOTCR, 1-1 Mbl 
npHXOAHM K He06XOAHMOCTH pewaTb 8 o6nacTH /2.2/ CileAYIO~ytO CH-
CTeMy ypa8HeHHH: 

[ . 1 
COSN-tv·sinM-1 V 

a . . < 
a;-cosN-1 v ·sin M-tv..!... _ "'N-1 "'N-1 +N-2) 

av cos2v 

1LM-1(1LM-1 + M- 2). 2 c 
·sin2v - 2cos2v+ K]x(v) = 0 , 

[ 1 a chN-1u ·shM-1 u a;-chN-tu·shM-1u_a_+ "'N-l"'N-1+ N -2) 
au h2 c u 

,.... IL M-tiLM-1+ M- 2) 

·sh2u 

a2 

c2 
+ - ch2u-K]Y(u) = 0, 

2 • 

(- + v2 )<I> ( ) 0 a 2 t 1 at"" ' 
at 

(J 

/2.8a/ 

/2.86/ 

/2.S8/ 

r ·1 _a_ . . k-1 a "'k-1<"'k-1+k- 2) 
·sink-1ak aak sm .akaak- ·sin2ak +vk(vk+k-1)]<1>k(aJ=0, 

k = 2;3, .... ,N-1; /2.8r/ 

4/ 

i 
. c 

iJ2 . 
( iJtl z ·+I'~).F.1 ({J ) = 0 

p t 1 ' 

2._.sinf-1 p £ ...E_ - 1-'f ,...1 ~f-1 +f -2) . . /2. 8A/ ·1 [-
- . f-t tl

11 
iJf3t iJfJ f ·sin2 fJ.£: + l'£<fle+f ..;.t>JFe<fJe)..O, 

·sm P[. 

0 2= r2t.2; £ = 2,3, ... ,M -1 :'/2.8e/ 

rAe K, v 1 ,v 2 , ... , "'N-1,!L 1 •IL2• .... , p. M- 1 - KOHCTaHTbl, 803HIAKaiOUVote 
npH pa3AeneHIAH nepeMeHHbiX. Ecn1-1N =1, TO ypa8HeHHR /2.8e/~ 
/2.8r/ OTCYTCTBYIOT lA v0~0. AHanoriA4HO, eCiliA M=l, TO ypaeHeHIAR 
/2. BAI ~ 12. Be! oTcyTCTBYIOT 11 P.o · =0. 

KoHcTaHTbl 

·AN =-vN-'1("'N-1 + N -2) • B y=-ILM-fP.M-1+M -2). /2.9/ 
npeACTaBilRIOT C060H COOTBeTCTBeHHO C06CT8eHHble 3Ha4eHIAR onepa
TOpa nannaca Ha eAHHIA4HbiX ccl>epax sN-1 11 sM-1fnpH N,M > 2/ IAill-1 
Ha eAHHH4HbiX OKPYIKHOCTRX /np~;~ N, M =2/. Ecnl-i vt>"'' "'N- 1 · 
!L 1 , ... , !L M- 1· - 14e11ble HeOTPI114aTellbHble 41AC1la 11 v1 ,:i; v 2$ ; .. "'N -1 , 
1L1S !L2 ~ oo•IL M-1 , TO peweHI1fl ypaBHeHI1H /2.8e/.-/2.8e/ Henpepbie
Hbl 11 OAH03Ha4Hbl Ha 3THX C$epax IAI111 OKPYIKHOCTRX 11 IAMeiOT 
BI1A /25,26/ 

<l>(a 1 )=exp(±iv1 a 1), N""2; '/2.l0a/ 

k-1 
N-1 "'k-t "'t-1 + -2- · 

<l>(a
1 

.... ,aN_;=exp(±iv1a1) II sin akCv -v (cosa ),.N>.2: 
. k=2 k k-1 . /2.106/ 

.F({J 1) = exp( ±ip.1 {31 ), M = 2; /2.10e/ 

f-1 
. M-1 /-f£-1' llf-1+ -2- . 

F(f3
1

, ... ,f3M_
1
)=exp(±J1.1

1
{J

1
)f=II··sin f3eC _ . (cos{Jf),M>2, _ 

. . 2 . llf llf-t /2.10r/' 

3AeCb C:(cosak)' C:(cos{Jf) - nOilHHOMbl fert!H6ay;pa127~ 
npeACTaBI1M peweHI1R ypaBHeHHH /2.8a/-/2.86/ B BIAAe 

"'N-1 P.M..:.l · "'N-1 P.·.llf-1 
x(v) = (cosv) (sinv) V, Y(u)=(chu) (shu) U. /2. .. 11/ 

cl>yHKL41AIA V=V(v,c2), U=U{u,c2) YAOBneTBOPfiiOT ypaeHeHIARM . 
. a2 . 2(p.-v+(v+!L+1)cos2v) _a_ -2qcos2v+~lV=0, 
[ av2 + ·sin2v av . .. 

/2.12a/ 

a2 2(!L-v+(v +f.!+ 1) ch2u) _a_4.2qch2u-A]U = 0, 
[-2 + ·sh2u . au . au . /2.126/ 

s 



B KOTOpbiX 
N-2 M-2 c2 ( · · 2 (N+M)2 v=v +--, p. =p. +--, q= --, .\ =K- v+p.+2) + .:. 

N-1 2 M-1 2 :.} · · .4 · · 

YpaBHeHHR 12.12/ HHBapHaHTH~ OTHOCHTenbHO OAHOBpeMeHHOH 
aaMeHbl 

rr . irr . 
Jl - p., q -+ - q, V-+ - V +.if"' U -+ U• + -2-, · 

( 2JI a TaKlKe OTHOCHTenbHO 3aMeH~ v-+-v, A-+A+4v p.+l), V-+ (cosv) V, 
U~(cbu)2JIU H aaMeH~ p.-+-p., .\ ... .\+4p.(v+l), v ... (sinvfP.v,u ... (shu)2P.u. 

B cny4ae J1 =+112, p. =+112 ypaBHeHHR 12.121 CBOARTCR K ypae
HeHHRM t1ane

117081, a cny4ae v =+112 HnH p. =+112.- K ypasHeHHRM 
AnR c¢epOHAanbH~X ¢YHK~HH 15•8•18=1!2/, . B cny4ae p. =0 -· K ypaa
HeHHRM AnR rHnepc¢epOHAanbH~x IHnH o6o6~eHH~x c¢epOHAanbH~xl 
¢YHK4HH/l1,13,23, 241 , B cny4ae Jl=p.=m=0,1,2 ••• - K ypaBHeHHRM 
AnR yrnoBOH H paAHanbHOH BOnHOB~X ¢YHK~HH BOAOPOAOnOA06Horo 
aTOMa C 3HeprHeH E =0 B c¢epOHAanbHOH CHCTeMe KOOPAHHaT, . B cny-
4ae q =0 - .K rHnepreoMeTpH4eCKOMY ypaBHeHHIO /18~ B C1ly4ae J1 = 1, 
.\;=-4(p.-~;.1)-2q HnH. p.=l, A=-4(v+1)+2q- K ypasHeHHIO 6ecce-
ml30/. EcnH a 12 .12/ nepeHTH K nepeMeHHbJM x = 2yqcos v, y = 
="'2\Tilchu, TO non'y4eHHble ypaBHeHHR npH q=O TaKlKe CBOARTCR K 
ypasHeH...iiO 6eccenR. EcnH v =1, p.= m =1 ,2 ••• , To. 12.1261 c no
Moir!biO 3aMeHbi x=·shu, f= xm(x2 +1)UnepexOAHT a ypaeHeHHe, npe,qno-
>KetiHoe A. T ;¢HnHnnoebrM a MOAenH cocTaBHbiX Me3oHoe 11 •21 • · 

npH q.f 0 H npOH3BOnbHbiX 3Ha4eHHRX v, p. ypaBHeHHR 12, 121 B JlH
TepaType He paccMaTpHBanHCb IHaCKOnbKO H3BeCTHO aBTOpyl. ne
peHAeM K HX peweHHIO, 

3. PEWEHHE YPABHEHH~ 12.121 

Ypas~eHHe l2.12al npeACTaenReT co6oH nHHeHHoe OAHOPOAHOe 
AH¢¢epeH~HanbHOe ypaBHeHHe BTOporo nopRAKa C K03¢¢H~HeHTaMH, 
RBnRIO~HMHCR MepOMOP¢HbiMH nepHOAH\-IeCKHMH ¢YHK~HRMH C o6~HM 
nepHo~oM rr. TeopHR TaK~ro .THna ypaeHeHHH 6blna paaeH~a ~ pa6o:re 
<llnoKe 28~CornacHo 3TOH Teop~ttH 1291 cy~ecTeyeT no KpaHHeH Mepe 
OAHO peweHHe l2.12al, HMeiO~ee BHA 

V = eav S(v) • 13. 1 I 

rAe 'S(v) - nepHOAH4eCKaR ¢YH~~HR C . nepHOAOM rr, a - KOMnneKCHOe 
4Hcno, HaablsaeMoe o6bi4HO xapaKTepHCT.H4eCKHM noKa3aTeneM. Be
nH4HHbl ~ v,p., q, .\ CBR3aHbl MelKAY C060H ¢YHK~HOHanbHOH 3aeH
CHMOCTbiO, 

B cny4ae, ·KarAa se~ecTeeHHaR 4aCTb a He pasHa HyniO, peweHHe 
V-+oonpH I vi-+ oo H Ha3bJBael'CR HeyCTOH4HBbiM IHnH HeCTa6HnbHblMI /29~ 

· EcnH a - 4HCTO MHHMoe 4Hcno (a= ia ), peweHHe V ocTaeTCR Ko
He4Hb1M npH scex. se~ecTBeHH~x v H Ha3biBaeTcR ycTOH4HBbiM IHnH 
CTa6HnbHb1MI. npH 3TOM, eCJlH a - ~e110e 4HCTO MHHMOe 4eTHOe 4HC
no (a= 2in) • peweHHe V nepHOAH4HO c nepHOAOM rr. 

'6/ 

i 

HaHAeM aHanHTH4eCKHH BHA orpaHH4eHH~x npH ecex ee~ecTBeH
H~X V .H nepHOAH4eCKHX C nepHOAOM rr peWeHHH ypaeHeHHR l2.12al 
a cny4ae v, p. > -1 • HaaoeeM TaKHe peweHHR non~ttc¢epoHAa11bH~MH 
nepHOAH4eCKHMH ¢YHK~HRMH H o6oaHa4HM 4epe3. ps<~P.>(v.~. CooT-
eeTCTBYIO~He JAM peWeHHR ypaeHeHHR 12.1261, RBJlRIO~JAeCR aHanH
TH4eCKHM npOAOJllKeHHeM ps~oP.)(v,q} · 8 o6naCTb 4HCTO'·MHHM~X 
3Ha4eHHH V=iu, Ha30BeM MOAH¢H~HpOBaHHbiMH 0011HC¢er,OHAa11bH~MH 
nepHOAH4eCKHMH ¢YHK~HRMH H o6oaHa4HM 4epe3 · Ps<~P. (u, q). ) 

B AanbHeHweM see ycTOH4HBble peweHHR ypaeHeHHR l2.12al H co
OTBeTCTBYIO~He JAM peweHHR ypaeHeHHR 12.126/ 6yAeM Ha3~BaTb no-
11HC¢epOHAa11bHbiMH ¢YHK~HRMH. B aasHCHMOCTH OT a .OHH 6YAYT. 
¢YHK~HRMH ~enoro, nopRAKa /Ia! =0, 1 , 2 ••• I H11H AP06Horo / Ia I= 0, 
1 ,2 • .. I. 

PaccMoTpHM cny4aH q =0, v>-1, p.>-.1. OrpaHH4eHH~e npH ecex 
ee~ecTBeHHbiX v ~ttnepHOAH4eCKHe c nepHOAOM rr peweHHR l2.12al 
8 3TOM C11y4ae cy~eCTBYIOT JlHWb npH onpeAe11eHHbiX 3Ha4eHHRX KOH
CTaHTbl .\,'paBHbiX 

.\ = ~~·P.> (O) = 4n (n + v + p. + 1) , n = 0,1,2, .... 

TaKHe peweHHR BblpalKaiOTCR 4epe3 nonHHOMbl .fiK06H/27/ 

ps<:;•P.> (v, 0) ,; const· P~·P.> (-cos 2v) • 13.21 

CllyHK~HR ps~•P.>(v,O) HMeeT n HyneH Ha HHTepsane 0< v<f.np~tt 

q.f 0 4HC~O HYJleH ¢YHK~HH ps(v~p.)(v,q) Ha 3TOM HHTepeane He 
MeHReTcR. AeHCTBHTenbHO, ecnH 6bl 3TO 4Hcno H3MeHRnocb c H3Me-
HeHHeM q, TO MOlKHO 6bl110 6bl HaHTH TaKoe ~0, npH KOTOpOM 
ps<v,p.) (v,q) HMena 6bl ASOHHOH HYJlb s HeKoTopoi1 T04Ke v = n . 
= v

0 
E(O,; ). Ho npH 3TOM npoH3SOAHaR ( %v ps':•P.> (v, q)) v= vo TaKlKe 

6blna 6bl pasHa HY1110, a cneAOSaTenbHo, c y4eTOM ypaeHeHHR l2.12al 
p s<~·J.I)(v,q) TOlKAeCTSeHHO 6blna 6bl pasHa HYJliO, 

B cny4ae q I 0, v > -l,p.>-1 3Ha4eHHR .\, npH KOTopblx ypasHeHHe 
/2.12al HMeeT orpaHJA4eHHble lA nepHOAH4eCKHe C nepHOAOM TT pewe
HHR, .TaKlKe He RSJlRIOTCR npOH3S011bHbiMH, a 3aSHCRT OT V, p., q, n, 

0603Ha4~M 3TH 3Ha4eHHR 4ege3 .\~'p.) (~ , AnR HaXOlKAeHHR A~' p.) (~ 
H ¢YHK~HH ps(~,p.) (v,q )~ Ps~•P.) (u, q) socnOf\b3yeMCR CBR3bl0 .MelK-
AY peweHHRMH ypasHeHHR 11.1/ s 1 nonHc¢epl14ecKHX H non~ttccjlepoH
AanbHbiX KOOPAHHaTax. ·raK KaK aasHCHMOCTb OT.paaMepHOCTei1 N,M 
He SXOAHT.RSH~M o6pa30M B napaMeTpbl,ypasHeHHH 12.12/, orpaHH-
4HMCR npH 3TOM CJly4aeM 4eT~pexMepHOrO eBK11HAOBOro npOCTpaHCTSa 

E4 npH N= M =2. 
AeKapTOBbl KOOPAHHaT~ x1 ,x2 .~3 .x4,non~ttc¢epoHAanbH~e KOOPAH-

HaT~ u,v,a1.~1 lA nonHc¢epH4eCKHe /6Hc¢epH4eCKHe B AaHHOM 
cny4ael KOOPAHHaT~ R, (), at'~~ CSR3aH~ MelKAY co6oi1 COOTHOWeHJAR-
MIA: 
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xi = fch u cos v sin a 1 = R cosO·sina 1 , 

x2 = fchucosvcosa1 = RcosOcosa 1 , 
' 

x 3 = fsh u·sin vsin,B 1 = R·sinO·sin,B1 , 
) ~ 

x 4 = fsh u·sin vcos,B 1 = RsinO cos,Bl' 

./3 ;3/ 

" f3 . o" 0 ::;: u < oo, 0 5 v 5 2 , 0 ::;: a 1 < 211, 0,::;: 1 < 211, 0::;: R < · oo, 0 5 5 2 . 

.. nonaraR z= fch.u, HMeeM 

R = y z 2 + f 2cos 2v- r2 , 
z cosv 

cosO = -=:::;::=:;=::::;~::::;=
v z 2 + r 2 cos 2v- f 2 

EcnH f .... 0, To R .... z, cosO .... cos v H, cneAo8aTe11bHO, 
HAailbHafl H nOI1HC<!JepH4eCKafl CHCTeMbl C08rlaAa~T Me~AY 
npeAene f =0. 

PasAeileHHe nepeMeHHbiX 8 /1 . 1 I 8 nonHc<!JepH4eCKdi1 
KOOPAHHaT R, 0, a 1 ,,81 npH80AHT K ypa8HeHHfiM . 

[ a2 + 2cos20 .J_ _ 112 _ p. 2 +A] ¢(6) = O, 
ao 2 ·sin 20 ao --- 2 " • 9 

A 

'a2 . 
[ 

3 a ,A -+---· 2< aR2 R aR R2 + k ] G(R) = o, 

. a2 .. . 
[--· +112]1f>(a

1
) = 0, 

aa2 . . 1 

.. a2 
[- + p2]F(,81) = 0, 

a,a2 
1 
' . 11 

~::;: 0 < 2'' 0::;: R < oo, 0::;: a 1 < 211, 0::;: {31 < 211, . 

rAe A, 11, fl - KOHCTaHT~ pa3Ae11eHHfl. 
ECI1H 

13.41 

nonHc<!Jepo
co6ol::i 8 

CHCTeMe 

/3.5a/ 

13.56/ 

/ .35al 

/3.5r/ 

:A ,;(II+ fl + 2r) (II+ p + 2r + 2) , 11 ?: 0, fl ?: 0, r = 0,1,2, ... , /3.61 
To orpaHH4eHHble 8 o6nacTH OS 0 ~ f-• OS R < oo, OS a

1 
< 211, 0~ ,8

1 
<211 

peweHHR CHCTeMbl ypa8HeHHH /3.51 HMe~T 8HA . · • 

W (R,O,a ,,B
1
,k) = 

r . 1 

· ± i11a1 ± ip,B 1 =(cos0)
11 

(sinO)fl P.~·fl> (-cos20)J11+p+2r+1 (kR) e 13.7/ 
kR 

a: 

) 

. i 
I 

I 

rAe p~•fl) (- cos20) - .nOili'IHOMbr fiK06H, Jll+fl+2r+ 1 (kR) - $YHK1.1Hfl 
6eccenR · nep8oro POAa. · · 

nocKOilbKY <IJYHKI.IHH /3.7/ H <IJYHKI.IHH 

W (u, v,a ,,B ;4q) = 
r . 1 1 

11 · . (II ) 11 . . (11,p). ±illa1 ± ipJ3t /3 . 81 
=(cosv) (smv)fl psn'fl (v,q) (chu) (shu)flPsn {u,q) e .. · .. ·· 

fl811fi~TCfl peweHHfiMH OAHOrO H TOro ~e ypa8HeHeHHfl /1.11, OHH 
C8R3aH~ Me~AY co6oH c noMO~b~ pasno~eHHfl 

. K~~ N · 

· . n ~ f11,p) (R 0 ,B ·) 
W (u,v,a

1
,,B

1
. ;4q) = .. .w Ar,n Wr , ,a1 , 1 ; k • /3.9/ 

n c}ll+fl r=O · . . . . 
:'' 

3AeCb 

K(ll,fl)., K(ll,fl) (q) ~A (ll,fl) =A(II,fl) (q) c = k f q = ~. 
n ·· n ' r,n r,n ' ' 4 

CoKpa~afl OAHHaK08~e MHOiKHTe11H C o6eHX CTOPOH pa8eHCT8a 1 

/3.9/, HMeeM 

pJ~·fl>(u, q) ps<~·~> (v,q) = 

K (~,fl) i ~A <~::>p~•fl)(~cos2fJ) J ll+fl +2r+1 (kR) • 
(kR)II+P,+l r=O 

/3.10/ 

noACTa8HM pa3110~eHHe /3.10/ B ypa8HeHHfl /2.12/ H HCnOI1b3y
eM cooTHOWeHHfl /3.4/ H peKyppeHTH~e <!JopMyn~ Ailfl nonHHOM08 
fiK06H .H <IJYHKI.IHH 6ecce11fl. nony4aeM 

(ll,fl) ,B (ll,fl) (ll,fl) 0 A(ll,fl) 0 0 1 2 / 1 I a :A 1 + ~A +y A 1 .. , . 1 = , r = , , , ••• , 3. 1 r · r+ , n r r, n r r- , n - , n 

rAe 

a =-
r 

4q(r + 11 + 1)(r + p + 1) 
~----------, r =; 0,1,2, .;., · 
(2r +II + fl + 2) (2r + II + fl + 3) . 

f3o = >..(ll,fl) (q) - 2q(11-p). 
· n · (ll+p.f-2) 

2q(112-p2) 'r=1,2, ... ' 
,B -~ Xll,fl)(q) - 4r (r +II+ fl+ 1)- (II+ fl + 2r)(11 + fl+ 2r + 2) r n · 

.. 
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y =
l 

Y0 = o. 

4rq(r+v+IL) 'r .. 2,3, ••. , 

(2r + v + IL) (2r + v + IL -1) 

4q 
y =-

1 (v + IL + 2 ) ( ) 
v,IL 

·A · (v,IL) (. r,n 
Pa3AenHM paeeHcTeo /3. 11 I Ha A H BBeAeM v = --

r,n · r (v, /L) 

nony4aeM 
A r-1, n 

). 

Yrlvr+arvr+l "'-f3r' r"' 1,2, ••• /3.12/ 

EcnH r-o oo;To Yr lvr + ar v r.f.t-> oo H, cneAOBaTenbHO, OAHO H3 pe
weHHH ypaBHeHHR 13.121 npH f-ooo CTpeMHTCR K Hyn~, APYrOe- K 
6ecKOHe4HOCTH. EcnH e~6paTb nepeoe peweHHe, To H3 ypaaHeHHR 
13.121 H H3 aCHMnTOTH4eCKHX ¢opMyn AnR ¢YHK4HH 6eccenR/SO/ cne
AYeT, 4TO AnR n~6biX ¢HKCHpoeaHHbiX (kr) npH r ... oo 

(v IL ) ( r + o ) · 
I A r:n • JV+/L+2r+1 (kR) r I ... /3;131 

A(v,/L). J (kR) (r+o-1) 
. r-1, n v + ll + 2r-1 r- 1 

I q(kR) 21. ... 
4 (2r + v + p.) 2 (2r + v + IL + 1)(2r + v + IL- 1) 

rAe 

o = max(v, IL ), 
( r + o ) "' r(r + o + 1) 

r r 1 r(o + 1) · 

TaK KaK npH 3TOM1271 

(v p.) r + o I P r' (-cos20)1 I ( r ) _51 , r"' 1,2, ••• , 0_5 0 S. rr, v >-l, IL > -1, 

TO, cneAOBaTenbHO, PRA /3.10/ a6con~THO CXOAHTCR B o6naCTH 
0 < R < oo, 0 < 0 < TT , v,IL > -1 ,I ql <oo • 

- 3Ha4eHH; ~<;:•IL) (q), npH KOTOpbiX PRA /3. 10/ CXOAHTCR, MOlKHO 
Bbi4HCilHTb aHanorH4HO TOMY, KaK B~4HCnR~TCR COOTBeTCTBY~~He 
3Ha4eHHR KOHCTaHT pa3AeneHHR B TeOpHH c¢epOHAanbH~X ¢YHK4HH 
H ¢YHK4HH MaTbe/5,17·19/. AnR 3Toro eeeAeM 

M "'(A(v,IL)I!A (v,IL)) a 
r r, n r-1 0 n r-1 ' ar ,_Yr ar-1 'br"'f3r' r .. t,2; •••• /3.14/ 

11cnonb3YR COOTHOWeHHR /3.11/, HMeeM 

M n + 1 "' an+ 1 I (bn + 1 + M n + 2 ) ' ll=0,1,2, ••• /3. 15a/ 

I 
0, 

Mn+l = - bn + : ,· 
· · an1Mn, ecm1 n= 1;2, ••• 

ecnH n = 0, 13.1561. 

B~4HTaR 13.1561 H3 /3.15al, nony4aeM TpaHC4eHAeHTHOe ypae
HeHHe AnR co6cTeeHH~X 3Ha4eHHH A <~·IL > (q) : · 

b + 3n+l an = 0, 
n ---

bn+l + a~+2 

bn+2 + an+ 3 

bn+3 + ••• 

-bn-1 +~ 
-bn-2 + an-2 

+ ....!!..!_ 
-bo 

n"' 0,1,2, ••• 

/3.16/ 

BblpalKeHHe /3. 16/ npeAcTaenReT co6oH n paa o6epHyTy~ 4enHy~ 

6 n '" A(V.tL~ APO b • OCKOnbKY K03¢!lJH4HeH.Tbl r,n COOTBeTCTBY~T MHHHManbHO.J 
MY CXOAR~eMyCR npH f-ooo ·peweHH~ KOHe4Ho-pa3HOCTHOrO ypaeHe
HHR /3.11/; TO cornacHo 1311 · AP06b /3.16/ CXOAHTCR. PaanaraR 
3TY AP06b.,;~ o6nacTH Mamlx q no· cTeneHRM q' H npHpaBHHBaR 4neHbl 
C OAHHaKOBbiMH CTeneHRMH q, HaHAeM ,\(V,Il)(q) npH q-> 0. . . n .. 

nony4eHHaR TaKHM cnoco6oM acHMnTOTH_Ka .\ ~·~> (q) npH_· Ma- . 
nbiX q ennoTb AO 4neHOB O(q5). npl-1eeAeHa B pa6oTel321. MI-1HHMH3H:
pyR Ha 38M a6comOTHOe 3Ha4eHHe AP06H /3.16/, HaHAeM Heo6xoAH-

(v oil) · 2 
Mble eenH4HHbl X (q) npH ecex 0 <q < oo. noApo6Ho anropHTM . n • . 

Bbi4HcneHHR ,\ <:: oll)(q) Ha '3BM H COOTBeTCTBY~~He 4HCneHHble pe- . 
aynbTaT~ npeACTaeneHbl _e pa6oTe 1331• 

113 paanolKeHH!I /3. 1 01 npH u =0 cneAyeT 

(Vol!) 
(11,1!) Kn .. 

ps (V,q) = . X 

~- Ps<~'•ll) (O,q)(c.cosvf+~.t+ 1 
/3.17/ 

~ (V,/l) 
x ""' Br,n J v+~.t+ 2 r+ 1 (c~cosv),. 

rAe r=O 

g~'•IL)= A(V,IL)p(Voll) (:...l)=(-1)r A(v.tL)r(r+~ ;-
r,n r,n r r,n r!r(~.t+1) 

nonaraR V= ~ e /3. 17/; nony4aeM 

K(v.tL)( q) =Cp·s<i•ll\ "
2 

,q) Ps <:;·Ill (O,q) 2 v+~.t+lr<~+IL+2) )I A~:>. 
n . ~ _ , ~ . , - . , 

/3. 181 

PaanolKeHHe 13; 1 0/ AaeT npH v ,;o: 



· Ps(II,JL).. q) K{ll!ll) n { u, .... n oo ( ps(II,JL'I- . :£ B ll!ll)J . . 
H npH V:.rr/

2
: n \O,q)(C•Ch U)11+1l+l r=O r,n' II+JL+2r+1 (C•Ch u). /3. 19/ 

Ps<:·lltu,q)= K(II,JL) 
(11,/L}rr x 

psn (2,q)(c·~u)"+ll+1 
/3.20/ 

x-'i (-1)r lf11,JL)r{r+ll+1)r(ll+1) J (C•Shu). 
r=O r,n r(r+JL+1)r(11+1) II+JL+2r+ 1 • 

B npeAene u-ooo H3 /3 ~ 19/ HMeeM 

( ) . . K(II,JL) -
P II;JL ( q) n .l 2 s n u, ... -·v--.;;._-

p8(11;JL\.o q) 17 c. chu 

17 1T) cos(c·chu -(11+tt+1) 2'-'4 
X 

( c • ch u )11+11+1 u~oo n ' • 
/3.21/ 

Xi (-1{B(II;JL) 
r=O r,n • 

nonaraR · u -oooa /3. 10/ H Hcnonb3YR /3.21/, nony1.1aeM 

(ll;j.L) . 00 r (ll,j.LUII,j.t} 
ps (v,q) ... :£ (-1) Arn 'P~. (-cos2v). 

n r=O ' . .. 
/3.22/ 

0TMentM HeKOTOpble OCHOBHble CBOHCTBa IJ>YHKLIHH ps (II;JL) { V, q) , 
. . n .. 

Ps<;;·JL>(u, q), cneAYIOtqHe H3 nony4eHHbiX, BbiWe pa3nolKeHHH _H H3 
ypaaHeH~H /2.12/. 

4. CBO~CTBA II>YHKUI-1~ ps <~·ll tv.q), P s<;;·JL>(u,q) 

1. l-13 paanolKeHHH /3.17/, /3.22/ cneAYeT, 4TO IJ>YHKLIHR 

ps<~,JL~(v,q) orpaHH4eHa a oco6blx T04Kax v ... e;. rAe f =0,1,2 ••• , 

H HMeei- B 3THX T04KaX orpaHH4eHHble npoH3BOAHble. TaK KaK B CH
ny ypaaHeHHR /2. 12a/ APYrHx oco6blx T04eK, KpoMe v = ±ioo, 3Ta 
IJ>YHKLIHR. He HMeeT, cneAOBaTenbHO, OHa RBnReTCR 1..1enoH IJ>YHKL!HeH 
nepeMeHHOH V. 

2. 1-13 paanolKeHHH /3.17/, /3.22/ cneAyeT, 4TO IJ>YHKLIHR 
(ll,j.t .), 

P sn l v, q) orpaHH4eHa npH acex ae~qecraeHHbiX v, peanbHa H 
nepHOAH4Ha C nepHOAOM 17• 

3 • li>YHKLIHR ps <::•JL -){v,q) 

H He paBHa HyniO B T04KaX 

HMeer n ,HyneH Ha- HHTepaane O<v< ~. 
1T 

v~f'1P rAe f =0,1,2 •••• EcnH 6bl 3Ta 

IJ>YHKLIHR paBHRnacb HyniO B KaKOH-nH60 H3 Ha3BaHHbiX T04eK, TO 
B CHny ypaBHeHHR /2.J2a/ ee nepBaR npOH3BOAHaR no V H BCe 

12 

I 
'l 

l 
'1 
I 

' 

L 
''4l' 
J 
i~ 
( 

. l 

nocneAYIOtqHe TaKlKe'6blnH 6bl paBHbl Hyn~ B 3THX T04KaX H, cneAo
aarenbHO,c. caMa II>YHKLIHR ·ps~lll>(v,q) _ r'olKAecraei-ttio 6b.na 6bl pasHa 
HYniO. ' . . ' . 

4. IJ>yHKL!HR ps<::•IL ~ C V,q). . RBnReTCR ·· 4eTHO~ IJ>YHKL!HeH nepeMeH-. 
HOH v. 0Ha HMeer raKlKe n HyneH Ha HHTepaane -·f~v .< 0 H He pasHa 

HYniO a ra4Kax v---f.!!.., rAe f =1-~2 •••• 

. '5. C!lyHKLIHH ps~o1l~~,q), ps~"'?{v,q), YAOB!JeTBOpRIOT 
COOTHOWeHHIO OpToroHanbHOCTH: .. 

17(~ cosvf~ 1 
( sin-~)2it-H p's <:;oil) (v,q)ps<~·JL>(v ,q)~~ ·"'Nn8_nm , 

0 ' /4.1/ 

rAe Nn - HOPMHPOB04HaR nocTORHHaR. . 
YMHOlKHM. ypaetieHHe /2 .-12a/ AnR II>YHKLIHH ps<11·1L{v,q ) Ha 

n . , 
( )211+1 ( , )2tt+1 (II,JL) ( ) . · · · . · · ' · 
cos v sm v ps m v,q , . a cooreercrey10~qee ypaeHe-

HHe AnR ps \:;•JL>{v, q) -. Ha (cos v)211+1(sin v)2JL+1 ps~·JL> (v,q) 
H Bb14TeM OAHO BblpalKeHHe H3 APYroro. nocne HHTerpHpoaaHHR no 
4aCTRM nony4aeM 

. - ,. . . • . 17/2 

{ (cos vf11
+1 (sin v)2JL+1 (ps<~·JL> (v,~ps ~,JL)(v,q)-p~<~.it>(v,q)~pJ';;IL{v,q))]J~· 

' > 1rJ2 . . 
( ,(II,JL)(q) ,(II,JL) (q)) { ( .)211+1 ( . giL_ +1 (II,JL) (II JL) , · 

= "m -n n cosv smvJ. · psn· (v,q)psm' (v,q)dv.· 
0 . ' 

. . /4.2/ 

1-13 pa3n.olKeHHH l3. 17/, /3.22/ cneAyer, 4to *ps<:·IL>(v,<l)_ = 
' ' . 

= Cn(V)• sin2v, rAe I Cn(v) I <oo. ,VE•[O,y1. n =0, 1 ,2 •••• CneAoaa-

renbHO, _ecny1.1ae II,JL;;. -1 ne_aaR 4aCTb coorHoweHHR·/4.2/ pasHa 
HyniO. 

nonOlKHM Nn =1. noACTaBnRR pa3nolKeHHe /3.22/ B ./4.1/ H HC"' 
nonb3YR 'coOTHOWeHHR OPTOrOHanbHOCTH AnR nonHHOMOB fiK06HI271, 
nony4aeM npl1 n = m: 

;:· ci~·:> )2 r{ll+f+1)r((L+r.f.1) ·=1. /4 3/ 
r=O ' 2(ri)(II+JL+2r+1)r(II+JL+f+1) · • 

6. <l>yHKLIHH ·v = pd~·JL>(v,q) RanRtOTCR peweHHRMH 3aAa4H WrypMa-
nHyaHnnR: 

[.L.p~•+f+PA(~,JLtq)]V=O, (pV ... ~v) =(pVi.:..V) 
17 

=0, 
a.v a.v _ a.v V=0 a.v V=2 /4.,41 

211+1 2JL+1 
P=(cosv) • (sinv) . , r=-2qpcos2v. 
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I 

''[ 

CneAosaTeilbHo115·2~1!J>yHK1.1~H1 ps<~·IL>(v~q) o6pa3yiOT nonHYIO opTo-
HOPMHposaHHYIO CHCTeMy S Knacce KSaApaTH4HO-HHTerpHpyeM~~ !J>YHK
I.IHH C seCOB~M MHO>KHTeileM p Ha HHTepeane ( 0: iJ,. Co6CTSeHHble 
3Ha4eHHR f..~-'~IL)(q) npH 3TOM o6pa3yiOT S03pacTaiO~qyiO nocneAOSa
TeilbHOCTb: 

~~·IL)(q)< ~(~,IL) (q)<~(~•IL) (q)< ••• ; ~(~•IL) {q) -..oo, 

n-+oo 
7. Ec;nH Sbl6paTb HOPMHPOSKY !I>YHKI.IHH Ps~·11>(u,q) TaKHM o6- · 

pa30M, 4T06~ pff~·IL{O,q)=ps<~·IL) (O,q), . TO H3 pa3IlO>KeHHH · 
13. 17 I H 13. 191 cneAyeT, 4TO !J>yHKI.IHR Ps<~-'•IL>(u,q) ocy~qecTsnR-
eT aHailHTH4eCKOe npOAOil>KeHHe !J>YHKI.IHH p sfv./l)(v,q) S o6naCTb 
4HCTO MHHM~X 3Ha4eHHH V=iU. n 

8. !l>yHKI.IHH Ps (v.tL-> (u q) p s (v,IL) (u q) YAOSileTsopRIOT cooT-
n ' ' m ' , 

HOWeHHIO OpToroHailbHOCTH: 

.f(chu)
2
v+l(shu)21L+l .Ps<~·IL)(u,q)Ps(mv.tL)(u,q)du=O, n,fm; 14.51 

0 . 

YMHO>KHM ypasHeHHe 12. 1261 AilR !I>YHKLIHH P s <:;·IL >(u,q) Ha 
(chu)2V+1(shu)21L+lps~•IL)(u,Q), a C~OTSeTCTSYIO!qee ypasHeHHe 

P (V•IL) 2v+ 1 2"+ 1 ( ) AI1R s m (u, q) Ha (chu) (shu) ,.. Ps ;'•IL (u,q) H Sbi4-
TeM OAHO Sblpa>KeHHe H3 APYroro. nocne HHTerpHpOBaHHR no 4aCTRM 
HMeeM 

((ch u )2v+1 (shu )21L+1 (PJv·tL> (u,q)-L Ps<~•tJ.){u,q)-Ps(v,tJ.~u.q)l..:..Ps(v,tL)(u,q))]l~= 
m a.u n au m 0 

=(~V•Il) ( q) -.\~·11) (q)) f (ch ulv+l{sh u)
2

1L+
1 Ps<~·IL) {u,q)P s<~·ll) {u,q)du. 

n 0 14.61 

a. <v 11> 
1-13 pa3IlO>KeHHR 13. 191 CileAyeT, 4TO -- p S n' ( U, q) . au 

=-Cn(u)sh2u, rAe l Cn(O) l < oo, n=0,1,2,... . 
TaKHM o6pa3oM, nesaR 4aCTb 14.61 pasHa HYiliO npH u=O, t' >-1, 

tL> -1. . . 
Hcnonb3YR acHMnTOTHKY 13.211, nony4aeM, 4To nesaR 4aCTb 

14.61 paSHa HYiliO TaK>Ke npH U~oo.CileAOSaTeilbHO, COOTHOWeHHe 
14.51 cnpaseAnHso. 

9. 1-13 COOTHOWeHHH 13.111, 14.3/ CileAyeT 

~<~·IL) (-q)= ~h,v~q). A(~ .. ~)(-q)= (-1{ A~~)(q). 14.71 
TaKKaK p~V·IL{-cos2v)= (-1l pr(tL,v)(-cos(rr -2v)), TO 

C Y4eTOM 3THX paseHCTS H pa3IlO>KeHHH 13.171, 13.191, 13.221 
nony4aeM 

P s<"'•IL>(v,-q) =(-1)" ps(tJ.,v) (-V+ .!!..,q)=(-1P ~ (-1{ A(tJ.,vp<tL•v>(cos2v)= 
n . . n. 2 _0 r r 

. . ~ ' 

14 

= (-1)"K<'~t>cq) 

PS(tL,V) (O q) (. . )V+t.t+l ' 
n , C•Sln V 

~ s<tJ.•v>J 
r=O r,n v+tL+2r+.l (C•Sin v), 

(v tL) (V,tL) . . 4 . 
Psn~ (u,-q) =PSn (m,-q)= I .861 

( 1)n (tJ.,v) (q) oo 
..::__ K n ~(-1fB(tJ..v) I (c.shu), 

(tL,v) · v+tJ.+ 1 r=o r,n ·V+tJ.+2r+1 
ps 0 (O,q)(c.shu) 

rAe I v+tt ·+ 2 r+ 1 (C·Sh U) - !J>yHKI.IHR 6eccenR MHHMOrO apryMeHTa. 
10. 1-13 COOTHOWeHHH 13.111, 14.31 CileAYeT 

I A(V,IL)( I 0 r I . I A (v •IL)(q) I ( 2(n!)(v+tJ.+2n+1) r(v+tJ. +ll+ 1) '.). ~ 4 
r,n q)... • F= n' n n ... - • I 91 

q->0 • q ... o r(v+n+1)r(tL+n-:r1) • 

C Y4eTOM pa3IlO>KeHHR 13.221 HMeeM 
I. 

(V,IL)( 0) A(V,tL}(O)P(V,tL}( 2 ). 
P s n v! = n,n . n , -cos v • 14.101 

3HaK A<~:~> (q) s AanbHe~~weM Sbl6epeM TaK, 4Ta5bl 

n ( v •IL ) rr . ( )" A(v •IL \. · (-1) ps 0 (--,q) > 0, T.e. -1 nn\0)>0. 
2 ·' 

EcnH SeilH4HHbl X=C• COS V, y = C• Ch U OCTaiOTCR nOCTORHH~MH npH 
q ... O,To H3 pa3nomeHHH /3.171, 13.191 nony4aeM · 

(V,IL}(v,q) .:_ 
P sn q->0 

(V,IL) ' 
Kn 

(-1)" 

(V,IL) 

J V+tL+2n+'1 (x) 
XV+tL+ 1 -' 

p (V,IL} (U,q) ... 
S n q-+0 

K n JV+tJ.+2n + 1 (y) 
c·-1)" --· -;V+;;r-----

6onee nOAP06HO acHMni'OTH4eCKHe CSOHCTSa !J>YHKI.IHH p J~•IL)(V,q) , 

Ps(~•IL)•(u,q) H HX C06CTSeHH~X 3Ha4eHHH -~(~./l)(q) npH q ... O H 
q -ooo paccMoTpeHbl s pa6oTe 1321• AnropHTM Sbi4HcneHHR !I>YHKLIHH 
psr•IL) (v,q), P s':;•IL) (u,q) Ha 36M H 4HCileHHble pe3yllbTaTbl 
npHSeAeH~ s pa6oTem3~ 

B PRAe npHnomeHHH HaP RAY c !I>YHKI.IHRMH p s <v•IL ~ (v ,q) , 
, n ) 

Ps <~·IL ·} (u,q ) YA06Ho paccMaTpHsaTb !I>YHKI.IHIO PSh"•ll (71 ,c), 
onpeAenReMyiO cneAYIOutHM o6pa3oM: 

( rv •tJ.) ( c2) 
1 

, 
1 pg~·IL)(TJ,C)= ~ PSn v, 4 •7J=COSV, - .$,1]~,, 

t Ps<~•IL) (u, ~2.), 7J=Ch u, 1.$1] <oo. 
14.11/ 
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CllyHKLIIo1R PS c;:oi.t) (7J,C) YAoeneTeopReT ypaeHeHI-110 

[{1-712) a~ +((2v+1).:.,(2v+2fL+3),f) ~·-c2(,f-,.!.)+A(V;Iltc2)]PS(~,IL)(TJ,C}•O, 
a112 7j . alj . 2 n 4 . 

i<'6t6poe lo1MeeT TPI-1 perynRpHble oco6ble T04Kio1 /0, .:!:,1/ "'· OAH¥ Hepe
rynRpHyro/oo/. C Y4eTOM CBOHCTB 1-9 CIIYHKLIIo1H ps(riol!)( V, q ), 

(Vol!) . (Vol!) v 

Ps n (u,q) nony4aeM, 4TO CIIYHKLI1o1R PS n (71 ,c) RBnReTCR 1.1eno1o1 

4eTHol1 CIIYHKLII-1el1 nepeMeHHOH TJ• peanbHa, lo1MeeT n Hynel1 Ha lo1HTep
eane 0 < 71 < 1, He pasHa Hynro e T04Kax 71 =0+ 1 • 3Ta CIIYHKLI1o1R o6na
AaeT ceol1cTBOM ABOHHOH opToroHanbHOCTI-1 c-eecoM 712v+~1-q2)1L' 
Ha HHTepeanax ( 0,1] · lo1 (1, oo ). 8 cny4ae 41o1CTO MHio1MbiX C OHa paBHa 

PS <:•IL) ( 71 , -ic) =(-1)n PS <:·v> (\f:t:;;2':"c), 

(Vol!) n · (llov) -· 
PSn (171,-ic)=(-1) PSn (J:1+7J2,c). 

/4. 13/ 

3aMeTio1M, 4TO coo1-HoweHio1R /4.13/ RB11RIOTCR oTnlo141o1TenbHOH oco-
6eHHOCTbiO CIIYHKLII-111 PS\~'·IL~ 71 , c); HanoMHI1M, '4TO 8 cny4ae celle-
POI-1AanbHbiX 1o1 rHnepcellepolo1AanbHbiX CIIYHKLII1H~3aMeHa c~ +ic nplo1BOAI-1T 
K cy~ecTBeHHOMy lo13MeHeHI110 Tloina CIIYHKLII-111 /Hanplo1Mep, BbiTRHYTble 
cellepolo1AanbHble CIIYHKLI"'"'·nepexoART e cniJIOCHYTble cellepolo1Aa11b .. · 
Hble /'6,19,341/. 

5. · 4ACTHbiE CnY4AH C!lYHKUH~ p~~·IL>(v,q), Ps~·IL>(u,q) 
. (V,IL) nplo1 4aCTHbiX 3Ha4eHio1RX napaMeTpOB CIIYHKLII-11-1 psn (v,q) 

(V,IL) · ·· (V,IL) 
Ps n { u, q) /1-1111-1, 3KBio1BaneHTHO, PS (71 ,c) I Bblpa>KaiOTCR 

. n 
4epe3 lo13eecTHble cnel.llo1a11bHble CIIYHKLI"'"'· 

B cny4ae IL =0 I-1MeeM 

n"" . n 

PS(v,O} c)= (-1) rPv n (71) 'Xv,O)(c~=)( (c)- c~-(v+ .!.)(v+.!). /5.1/ 
n (71, v+l/2 n 4 v,n 2 2 2 

7j 

3AeCb rPv,n(TJ) - rl-1nepcellepolo1AanbHble /1-1111-1 o6o6~eHHble cellepolo1Aanb
Hble/ CIIYHKL11o11o112a,241, HOPMio1poeaHHble ycnoB~oiRMI-1 

1 2 . . 
f rP (71) d71= 1, (-1)n ¢ (1)> 0. o v,n · v,n 

X v 1n (c) - co6cTBeHHble 3Ha4eHio1R 3Tio1X CIIYHKLII-1H. 
Ecn1o1 v =.:!:,1/2 1-1111-1 IL =.:!:,1/2, no11y4aeM 

PS<-·t-iil> .-· <- i-;IL) c 2 c2 
n (TJ,C)=(.J.2/A, 2n(c))'P 2n (c,TJ), A (-)=b 

2 
.(c)-·-; 

· ... , IL·· . n 4 IL• n 2 

( 1 . 
2'•1!) -· . . . ·'· 

PS n (TJ,C)=(.J2/AIL,2n+£c)~'P 1!,211+1 (c), 
. < ---;;-

A(~;IL) 
n 

c2 2 
(--)-b (c~ c· 4 · - 1Lo2n+ 1 ·r·:r-·-·2(1!+1); 

( 1) ' ' Vt•2 n -· . . _, 
PSn (TJ,C)=((-1).v'2/Av,2n (-ic))'P

11
,2n (-ic,\f.t-TJ2), . . 

-·!) 2. . c 2 . 
(v, ·2(C' ). _ b · (-IC) + -·, 

An 4"'' - v,2n 2 

1 
(v,2) n -· ' .. ·-· 

PS n (TJ,C)=((-1) \12/A (-ic)) 'Pv,2n+1 (-IC,\f1-q2) /5.2/ 
v,2n+1 , 

vt::;;2' . 

1 . 2 
(vo-) c2 . ) 2( 1) C • 

An 2 (4)= bv,2n+1 (-Ic - v+ +2'' 

'j" 

ITI /20 21/ rAe T IL•n (c, 11)- cellepolo1Aa11bHble CIIYHKLII-11-1, paccMaTpHeaeMble e ' , 
bll,n (c) - co6cTBeHHble 3Ha4eHio1R 3Tio1X CIIYHKL\Io1H. CllyHKLII-11-1 'P · (c, 11 ), 
m . llon T n(-ic,TJ) HOPMHpoeaHbl cornacHo 

IL• 

1 2.Jl.' 2 ·2 
f (1-Tj J · 'P, n (C,TJ)dTJ=A, n(c), 'P, n (c,1)>,0, -1 ... ... . , ... 

lc1-112 f''P~ n (-ic,TJ)d71=A~n(-ic), 'P (-ic,1)>0. 
_ 1 . IL• .. IL•.. jl,n 

B cny4ae v=.:!:,1/2, IL·=m.;,0,1,2 ... J.1MeeM 

1 
( -2;m) 2 , , .. S 

·psn (v,JL.) .. N . '(c). m,m+2n(c,cosv). 
4 m,m+2n .. m -·· 

SID V 

<-i-;m) c2 Rm,m+2n 
Ps n (U,-·) =· km m+2n. (c) (o,.chu), 

4 ' shmu 

(-·~ ;m) c2 . . c2 
A·n (-)=A 2 (c.)-·-

2 
·-m(m+1)~ 4 · m,m+ n 

(..L;m) rf?- S m,m+2n+1 (c,cosv) · 
ps n2 {v, -4 .) = Nm m+2n+1 (c}~ m . 

' COSY• Sin V 

/5,31 
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1 p (""J!";m) c2 _ Rm,m+2n+1 (c,chu), 
sn (u,-4 )-km m+2n+1 (c) lib ' ' 

• chu. sh 

(...L2 ,m) (c2)=Am,~+2n+1 A·n 4 
c2 

(c)-,-·-{m+l)(m+2). 
2 

3AeCb S m,f(C, h ), R m,f ( C, e:) - COOTBeTCTBeHHO BbiTRHYTble yrnoeble 

11 BbiTRHYTble paAHanbHble c<J>ep011AanbHble <I>YHK~1111 119 •34( Xm,f(C) -
. co6cTBeHHble 3Ha4eHI1R 3TI1X <I>YHK~I1H. KoHcTaHTbl Nm,f (c), km,f (c) 

paBHbl 

. 1 2 
N v(C)= 1/V: f sm f (C,7J)drJ, 

m,. 0 ' 
km,f (C)= Nm.f(C) lim( sm,f(C,7j) . 

7J-+O Rm,f(C,7J) ). 

B cny4ae IL•=,:tl/2, IL•m=0,1,2 •.• 11MeeM 

(m,-112) c2 n . 
ps n ( v,4)=(-1) N m,m+2n (-ic) 

Sm,m+2n(-ic, sinv) 
' ' 

cosmv 

(m,-112) cf- ~ ( 1)n k ( -ic) 
Psn (u,4;,= - m,m+ 2n 

Rm,m+2n(-ic,i sltu) 

chllb 

. 2 
(m,-112)(c2.) -X . (-ic)-m(m+1)+ ~-. 

A·n 4· :- m,m+2n · 

(m,t/2) c2 . n . S . psn (v,-)=(-1) N (-ic) m,m+2n+1 (-ic,sinv) 
4 m,m+2n+1 m 

cos v sin v 

(m,l/2) c2 R Psn (u,-) =(-l)n k (-ic) m,m+2n+l (-ic,i shu) 
4 m,m+2n+l ·hm h , 

C U•SU.· 

(m,l/2) ~ 
A (-)•A·mm+2n+l n . 4 . ' 

c2 
(-ic) -(m+1)(m+2)+ 2 ., 

/5.4/ 

rAe Sm,f (-ic, 71), Rm,f (-ic,i0 - COOTBeTCTBeHHO cnll_IOCHYTble 

• yr 110Bble 11 CnlliOCHYTble paAI1allbHble c(j>ep011AallbHble (j>yHK~I111/19 •341
, 

Ain~f ( -ic) - ~o6cTBeHHble 3tia4eHI1R 3TI1X !I>YHK~11H. 

1 2 
Nine (-ic)=1/·/ r s e C-ic, 71 )d 71 • 

' 0 m, 

18 

. . . Sm,r(-iC,7J) 
k f (-lC)=N f (-lC) hm ( . . ) 

m, m, 71 ... o R e{-1C;l7J) , m, 

np11 JJ, IL·=_:tl/2 nony4aeM 

(-112,·112) -
psn {V,q)= 2•./TT ce 2n (v,q), 

(-112,-1/2) . ,_. 
P sn {U,q)=2v'." Ce 2n (u,q), 

(-112,·112) (q)= a
2

n(q), 
,\n (112.-112}(q) _a (q)-1, 

A - 2n+l n . 

( 112,·112) 2.f;'c e 2n+1 (v,q) 
PSn (v,q)= P (112,·112) q)- 2J"'Ce2n-+: 1(u,q) 

S {U, - · , 
n .. •· chu · · cos v 

(-112,1/2) · 2.).1r' se2n+l (V,q) 
ps n • (v,q)= --. ..-.;;.;....;:..-. smv 

p ( ·112,112)( q) .. 2.)";, Se 2 nt1(u,q) 
sn u, = . . , 

shu . 

(·112,112) 
,\n (q)=b2n+1 (q)-1, (112,112)(q) b (q)-4, ,\n = 2n+2 

(112, 112} · se ( q) 
psn (v,q)=4v:;;· 2n+2 v: 

·sin 2v 
pJ112,1~J··q) _

4
.r· Se2n~g(u,q) n ll ' - V·" • : • 

sh2u. 

3 . . ·. /17,18,34/ 
AeCb Cen (V,q) , Sen (v,q) - nepi10AH4eCKHe (j>yHK~I1H .MaT be , 

Ce n (u,q), Sen (u,q) - MOAH!I>H~HpoeaHHble !I>YHK~I1H MaTbe, an(q) , 
bn (q) - COOTBeTCTBYIOLql1e 3THM !I>YHK~HRM C06CTBeHHble 3Ha4eHI1R. 

EcnH v=·IL·•·ID=0,1,2 ••• , 11MeeM 

ps<:·m> (v,q) .. Em,n (cos2v,qt2) 

(sin2v)m ' 
Ps~m;m)(u,q) .. nm n(ch2u,~) 

· (sh2u)m ' 

(m,m) . 
A'n (q)= H· (q/2)- 4m(m+1). /5.6/ 

m,n 

!l>yHK~I-111 E m,n (11 ,qt2), rrm,n ( ~ 'qt2 ) 
HHRM 

YAOBneTBOPRIOT ypaeHe-
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I 
I .. 
I 
jl 

a2 a q m2 ' 
[(t-,2}--!..·-211 ~·-·~'1 +A· (q.-2)- -·1 E (71 ,q/2)•·0; 

0 '112 Ofl . ;:; m,n 1_,2 m,n 
15. 7al 

2 a~ a. q m2 £a -·1)-·+·2(""7•+ -2 ·e-·A (q/2)-·-~·IImn Ce,q/2)•0, 
a~ iJc, m,n e 1L1 • 15.761 

I sm,n < ±t,q/2)! <t>o. I rrm,n<1,q.t2)1 <"". I rrm,n<oo. q.t2)l < """· 

TaKH~ o6pa30M. <llYHKLIHI!t Em,n (11. ql2), Ilm,n (e. q/2) npeACTaBnRIOT 
C060H COOTBeTCTBeHHO yrnoeyiO H paAHanbHYIO BOnHOB~e (j)yHKLIHH 
BOAOPOAOnOA06Horo aToMa c 3HeprHeH E=O 8 c(j)epot-~AanbHOH ct-~
cTeMe KOOPAHHaT. Affi,n(q.-2)- COOTBeTCTBYIO~aR 3THM (j)yHKLIHRM 
KOHCTaHTa paaAeneHHR •. np~~t 3TOM q/2- ZR, rAe Z - aapRA RAPa, 
R- paCCTORHHe Me~AY (j)OKycaMH B c(j)epOHAanbHOH CHCTeMe KOOPAH
HaT. 

3aMeTHM, 4TO <llYHKL\HH <P .. const. Em ,n ( cos2v. q/2) paccMaTpt-~eant-~cb 
8~6/ npH B~4HCneHHH ypoBHeH 3HeprHiit Bpa~aiO~eHCR ABYXaTOMHOH 
MoneKyn~. 

(v,l) ~ c2 
EcnH ~t•·1, A

0 
(4)=-4(v+1)+2'• 

(Vil) 
TO <llYHKLIHH PSD (11,c) 

e~pa~aiOTCR 4epea <llYHKL\HH 6eccen11 nepaoro POAa: 

W,U J (C•7]) 
PSD (7],C)•·COnSt• v 2 '• 

11 v (1-'l ) 
15.81 

TaK KaK <llYHKLIHR 15.81 AOn~Ha 6~Tb KOHe4Ha nplit 11 =0, + 1 lit AOn~
Ha litMeTb n. HyneH Ha litHTepaane 0<11 < 1, TO eenH4HHa C o4eBiitAHO 
AOn~Ha paBHRTbCR (n+1)-My KOpHIO ypaBI-!eHHR 

Jv(a,)• 0, 15.91 
rAe 

i•·1,2, ••• n+1; O<a 1 <a2 < ••• ab+l • 
CneAoBaTenbHO, HMeeM 

c.; P (v,1) (-1)n J ( 
·a·n+l' sn (7] ,ah+l )- v ah+fl) . 

y 11"(1-'12 )· ., 
n,v 

2 . 

y· • ( f 'l Jv(ab+17J) : ~. 
n,v 

0 
. .a17 ) 
(1-,2) 
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15.101 

6. 3AKni04EHHE 

Hcnonb3Y.R nony4eHHble peaynbTaTbl, nplitBeAeM peryn.RpHoe lit OA
H03Ha4Hoe e o6nacTiit 12.21 peweHiite eonHoeoro ypaeHeHH.fl 11.11 
B CHCTeMaX KOOPAiitHaT 12.11. npt-~ BCeX N,M~] 3TO peweHiite B~pa
~aeTC.fl 4epe3 nonHC(j)epOiitAanbH~e neplitOAiit4eCKHe <llYHKL\IitH 

(V,j.t•) p (11 1 /l) . 
PS 0 (v,q), S 0 (u, q) c 1.1enbiMH litm1 nony1.1enbiMH "·ll·> -1 
lnonHC(j)epOHAanbHble BOnHOBble (j)yHKL\HHI lit litMeeT BlitA 

2 2 . 11N·1 . ILM-1 (voll). 
W(u,v,a 1 , ••• a~.1 ;(31 , ••• ,8M·l ;C k ) .. (cosv) (smv) ps

0 
(v,q)x 

"N·l 1Lt.H (V•IL) /6.11 
x(chu) (shu) Ps 0 (u,q)•lll(a 1 , ••• a~. 1 )•F(,81' ••• ,8M~l ) •. 

. . C2k2 N-2 M-2 · 
3AeCb Q=-:r-·; v•vN.1 +--r~ ~t=ILI.H +~·; v0 =0,1;vN·l = 

= 0,1,2 •••. npH N>1; ILQ =0,1; ILM.1 =0,1,2 ••• nplitM>l. <llyHKL\IitH 
IP(al .... aN_ 1), F(,81' ... ,8M-~ 3aAaHbl (j)opMynaMH 12.101. 

HanoMHI1M, 4TO e cnyt~ae N .. M = 1 peweHHe 16. 1 I CBOAiitTC.fl K 
npo~~taBeAeHHIO <llYHKL\11H MaTbe /17, 18 •341, a 8 cnyt~ae N=1, M=2 
l11n11 N =2, M =.1 I BblpamaeTc.R 4epea npo11aeeAeH11e BbiT.fiHYTbiX cdlepo
HAanbHbJX l11n1-1 cnniOCHYTbiX c(j)epOHAanbHbiXI<IlYHKL\HH 16 •18 •19,22,34/. 

3aMeTI1M, 4TO peWeHI1.fl ypaBHeHI1.fl 

a2. (}2 a2 a,2 2 
[~·+···~-~-···~· +.k]W-0 

(},x 1 (},XN (},XN+l (}xN+M 16.21 

B nceBAOeBKn11AOBOM npocTpaHCTBe EN,MB CI1CTeMaX KOOPA11HaT BI1Aa 

x1 =fcosucosvcosa~_ 1 , 

x 2 = C cosucosvsina~. 1 cosa~.2 , 

~-1 = fcosucosv sinaN_1 ••• sina2 cosa 1 , 

16.31 
x N = fcosu cosv sinaN. 1 ••• sina2 sina 1 , 

xN+l =fsinusinvcos,8M_ 1, 

xN+2 = C sin u sin v sinf3M.1 cosf3M.2 • 

xN+M .. fsinu sinvsinf3M.1 sin,82 sin,8 1 , 
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rAe 0 :>;,u <f'; 
a

0 
= {30 = 0, 0 ~, v <2 17 , ecswt N =M =1; 

0~ v< 17 , ecmt M>:1, N=1; 

- !!..~ v < JL~ ecsn1 M = 1, N > 1; . 2 -. 2 

/6.4/ 

0 ~, v < 2 '• ecmt N >'1, M >;1; 

O~,a 1 <277, O~.a'k<77,k=2,3, ••• N-1; 0~,/3 1 <277,0~~<77, £=2,3, •• M-1; 

Hnl-1 BHAa 

x 1 = fchu ch v cosaN_ 1 • 

x 2 = fchuchvsinaN.1 cosaN.2 • 

xN. 1 =·fchuchvsinaN.1 ••• sina2 cosa 1 , /6.5/ 

xN = r ch u ch v sinaN.1 ••• st_na '2 sina1 , 

XN+1 =(ShUsh V COS/3 M·1 , 

XN+2= C shUSh V sinf3M.1 COS/3 M·2 , 

xN+M =fshu shvsinf3M.1 ••• sin~ sin/3 1 , 

rAe 

0 ~. u < oo , 0 ~ v < oo , a o= 13 0 = 0; 

O:>:,a 1 < 277, O~ak <11, k=2,3, ... N-1; /6.6/ 

0~131 < 211. 0</3 e<11. r= 2.a .... M-1. 

TaKlKe BblpalKaiOTCR 4epe3 nonHc¢lepOHAanbHble BOnHOBble ¢lYHK~HH. 
PerynRpHoe "' OAH03Ha4HOe e o6nacTH /6.4/ peweHHe ypaeHeHHR 

/6.2/ B CHCTeMaX KOOPAHHaT /6.3/ HMeeT BHA 

• . 2 2 liN ·1 
. W(u,v,a 1 , ••• aN.1 , f3 1 , ... {3M-l ,r k )=(cosv) 

liN-1 11M·1 (ll,l1) 
x (cosu) (sinu) ps n (u,q)•ciJ(a·t'·".aN.1 

. 11M·1 (li,JL) 
(sm v) ps n (v,q)x 

/6.71 
)F(f31, ... {3M-1 ). 

AHanorH4HO perynRpHoe "' OAH03Ha4Hoe e o6nacTH /6.6/ peweHHe 
ypaeiieHHR /6.2/ e cHcTeMax KOOPAHHa'r /6.5/ HMeeT BHA 

- • . • • ..2 2 liN ·1 11t.H p (~J.t)( ) 
W(u,v.a 1.~ • .aN.1 ,f31'···f3M-l ,x-k )•(chv) . (shv) s n v,q x 

liN·1 . 11M-1. (llol1) · 
x(chu) (shu) Ps n (u,q)•cll(a 1 ... .a'N..:.1 )F(f3 1 •••• f3M_1 ). /6~8/ 

. (llol1)( p (li•IL) 
BenH4HHbl q,v,IL·•vN.1 , 11M.1 H.¢lYHK~I111 psn v,q), sn (u,q), 
cl>(a1 , ••• aN.1 ), F({3 1, ... f3M_ 1) B ¢lopMynax /6.7/,/6.8/ HMeiOT.Te 
lKe 3Ha4eHI1R, 4TO 11 B ¢lopMyne /6.1/. 

3aMeTI1M TaKlKe~ 4TO ecn11 B CI1CTeMaX KOOPAI1HaT /2.1/, /6.3/, 
/6.5/ npH N:>2,M>2 BMeCTO c¢lepl14eCKHX KOOpAHHaTa1 ,.;.aN·l 
/3 1 , .... /3M.1 BBeCTH pa3ni14Hble nOn11c¢lepl14eCKI1e KOOPA11HaTbl y·1, ... 
YN.

1
, 8 1 , .... 8 M-1 , · COOTBeTCTBYIOutl1e BCeB03MOlKHbiM AepeBbRM C 

N-1 11 M-1 eepwi1HaMH 125 •261, TO perynRpHble H OAH03Ha4Hbte BHYTPI1 
(N+M) -MepHbiX 3nnl1nCOHAOB U=Const peweHI1R ypaBHeHI1~ /1.1/, 
/6.2/ 6YAYT cooTeeTcTeeHHo paeHbl /6.1 I; /6.7 I, /6 :at. c 3aMeHo~1 

¢lYHK~H~ cll(a 1 , ... aN-~ ),F(f3 1, ••• f3M_ 1) Ha nonHc¢lepl14eCKI1e ¢lYHK~I1H. 

Ainopy npHRTHO no6naroAaPHTb .R .A. CMOPOA11HCKoro H A. L!ll11n11n:.. 
noea 3a BeCbMa none3Hble o6CYlKAeHI1R Ha pa3nH4HbiX. aTanax pa6o
Tbl. 
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TpycKoBa H.«<>. TionHcclJepoH,o;aJibHble BOJIHOBbie cPYHK~HH PS-81.:..372 

TionyqeHbi Heo6xop;HMble B pH,o;e cPH3HtieCKHX sa,o;ati pem.eHHH ypaBHe
HHH reJibMrOJib~a B CHCTeMax KOOp,D;HHaT N -MepHbiX /N ?;.4/ '3JIJIHnc'oH
,IJ;OB H rHnep60JIOH,IJ;OB Bpa~eHHH. 3TH pemeHHH B~pa~aiDT¢H tiepeg 
HOBble cne~HaJibHble cPYHK~HH 0 ·tiaCTHbiMH CJiytiaHMH KOTOp~ HBJIHIDTCH 
c.PepoHp;aJibHbie H rHnepcclJepoHp;aJibHbie cPYHK~HH. Haiip;eHbi aHaJIHTHtiec
KHe Bblp~eHHH H paCCMOTpeHbJ OCHOBHbJe CBOHCTBa HOB~X cPYHK~HH: 

Pa6oTa BblilOJIHeHa B na6opaTOPHH BbJtiHCJIHTeJibHOH TeXHHKH H 
aBTOMaTHsa~HH OIDIH. 

J 

llpenpHHT- 015'1teAMHeHHOro HHCTHTYT8 IIAePHWX HCcneAOB8HHii. Jly6Ha 1981 

Truskova N.F.Polyspheroidal Wave Functions PS-81.:,;,372 

Necessary in a number of physical problems solutions of 
Helmholtz equation in coordinate system of N-dimensional 
( N > 4) rotation ellipsoids and hyperboloids are obtained~ These 
solt7tions are expressed via new special functions which parti
cular cases are spheroidal ,and hyperspheroidal functions.' 
Analytical expressions are found and main properties of new 
functions are considered. 

The investigation has been performed at the Laboratory of 
Computing. Techniques and Automation, JINR. ' 

Prepr~nt of the Joint Institute for Nuclear Research. Dubna 1981 

TiepeBo,o; aHHoTa~HH O.C.BHHorpa,o;oBoH. 


