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1 . BBE,llEHvtE 

B nocneAHee epeMR BO3poc HHTepec K nony4eHH~ TO4H~x. pewe
HHA HenHHeAH~X ypaBHeHHA B 4aCTH~X npOH3BOAH~X. 8 TeopHH 3ne
MeHTapH~X 4aCTH4 3TH HCCneAOBaHHR CTHMynHpy~TCR nonWTKaMH e~
XOAa 3a paMKH TeOpHH B03My~eHHA B KBaHTOBononeBOM nOAXOAe 
/conHTOHW, HHCTaHTOH~, CTPYHW H T.A.11· 41 /. 8 cny4ae ABYMepHWX 
nonee~x MOAeneA AnR 3THX 4eneA 3¢¢eKTHBHWM OKa3ancR MeTOA 06-
paTHOA 3aAa4H pacceRHHR 151 . 

8 PRAe pa6oT 16·tt / AaHa reoMeTpH4eCKaR HHTepnpeTa4HR HenH
HeAH~X ypaBHeHHA, pewaeMWX MeTOAOM o6paTHOA 3aAa4H pacceRHHR. 
6~no noKa3aHo, 4TO 3TH ypaBHeHHR TeCHO CBR3aH~ C BHyTpeHHeA 
reoMeTpHeA noeepXHOCTeA B eeKnHAOBOM , nceBAOeBKnHAOBOM HnH 

a¢¢HHHOM npocTpaHCTBe /nceBAOC¢e p~, MHHHManbH~e nosepXHOCTH, 
noeepXHOCTH nOCTORHHOA cpeAHeA KPHBH3H~ HT.A./. 6onee Toro, 
nHHeAH~e ypaBHeHHR, OnHC~Ba~~He H3MeHeHHe nOABHmHoro 6a3HCa 
npH ABHmeHHH ero Ha4ana no noeepXHOCTH, MOmHO paccMaTpHBaTb 
KaK onepaTopw naKca AnR cooTBeTCTBY~~ero HenHHeAHoro ypaeHe
HHR. 

B AaHHOA pa6oTe Hae 6YAYT HHTepecoeaTb HenHHeAHwe ypaBHeHHR, 
onHCWBa~~He B AH¢¢epeH4HanbHOA reoMeTpHH MHHHManbHWe noeepx
HOCTH B nceBAOeBKnHAOBOM npocTpaHCTBe. reoMeTpH4eCKaR npHPOAa 
3THX ypaBHeHHA no3BOnReT nony4HTb B RBHOM BHAe HX o6~He pewe
HHR. 

TeopHR MHHHManbHblX noeepXHOCTeA HMeeT 6onbWY~ HCTOPH~, Ha-
4HHa~~Y~CR c paooT narpaHma /1760 r./ H 3HaMeHHToA 3aAa4H nna
To. B nocneAHee epeMR MHHHManbH~e noeepXHOCTH noRBHnHCb H B 
TeopeTH4eCKOM annapaTe ¢H3HKH 3neMeHTapHwx 4aCTH4. npemAe ece
ro, 3TO MOAenb penRTHBHCTCKOA CTPYHW, HMe~~aR Aeno C OAHOMep
Ho - npOTRmeHHWM penRTHBHCTCKHM 06DeKTOM, MHPOBaR noeepXHOCTb 
KOTOporo RBnReTCR MHHHManbHOA noeepxHoci~~ B npocTpaHCTBe MHH
KOBCKoro 12·41 . C noMO~b~ noHRTHR MHHHManbHOA noeepXHOCTH ¢op
MynHpyeTCR KPHTepHA BHnbCOHa YAepmaHHR KBapKOB B KanH6pOB04HWX 
MOAenRX CHnbH~X B3aHMOAeACTBHA 1 121 

2 . MO,llEnb PEnRTvtBHCTCKO~ CTPYH~. 
YPABHEHHR ,llBHIEHvtR ,llnR KOOP,llHHAT CTPYHW vi HX PEWEHHR 

3Ta MOAenb npeACTaBnReT co6oA TeOpH~ OAHOMepHo-npOTRmeHHOro 
o6DeKTa, ¢YHK4HOHan AeACTBHR KOTOporo nponop4HOHaneH nno~aAH 
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ero MHpoeoH noeepxHoCTH B npocTpaHCTBe MHHKOBCKoro 141 .EcnH 
x/l{r. C7) - KOOPAHHaTbl MHPOBOH noaepXHOCTH CTPYHbl' TO AeHCTBHe 
CTPYHbl HMeeT BHA 

r2 
17

2 • , 2 • 2 '2 2 -- /2 1 / 
S=-y f drfduy(xx) -x x =-yffd uy-g(u), • 

r 1 17 1 

rAe x./l=axllfar, x./l=ax/l/au, . g=detllgtj II, gij=(ax/l.taui)(ax/l/auj)
MeTpH4eCKHH TeHaop Ha MHpOBOH noeepxHOCTH CTPYHbl, u 1 =r , u2 -u. 
.Q11R ripaBHilbHOH pa·aMepHocrn a /2 .l/ BBeAeHa KoHcTaHTa y;· 1,1Mero-
111aR pa3MepHOCTb·o6paTHOro KBaApai-a AilHHbl. B n-PocTpaHCTBe MHH-' 
KOBCKoro 'Mbl 6yAeM HCnOilb30BaTb MeTpHKY' _B KOTOpo~ a~,;~ a/l = .--
= (a 0

)
2..:(a)2 .B TeopHH CTPYHbl npeAno11araeTcR, 4TO ae·KTop x/l epe

M~HHnOA?fiHblH (g 11~x 2>0),a i./l- npo:TpaHcTBeHHOnoAo6HblH (~ 2 =~
22

<0) 
H g(u) <0. npHH4Hn HaHMeHbWero AeHCTBHR a· npHMeHeHHH K 4>YHK-
4HOHa11y /2. 1/ Tpe6yeT, 4T06bl MHpoBaR noeepXHOCTb CTPYHbl 6b1I1a 
MH~H~ailbHOH noeepXHOCTblO~ •• . . .. ~ 

. B H30MeTpH4eCKOH . CHCTeMe KOOPAHHaT 
~ -:~ : 

· • 2 . '2·' g =X =-g =-X ·.: 
11 , 22 ' 

g 12 =x;=0 ·12.21 

ypaeHeHHR 3H11epa AilR AeHcTBHR /2.li 
. ' 

ov-=-i:° --=0 
OXJL 

/2.3/ 

CBOARTCR K ypaBHeHHIO .Qa11aM6epa Ha KOOPAHHaTbl.CTPYHbl 

/l /l 
x,11 -x,22 =0 /2.4/ 

C rpaHH4HblMH YCilOBHRMH 

x ;:a (r, a 
1 

) = x ~2 (r, u 2 f = 0 . /2.5/ 

HHAeKCbl C aanRTOH B 3THX ¢lOPMYilax 0603Ha4alOT 4aCTHble npOH3BOA
Hble no napaMeTpaM u i, i = 1,2. B AailbHeHweM Mbl He 6yAeM y4HTbl
BaTb rpaHH4HblX YCilOBHH /2. 5/, a .qnR npocTOTbl 6yAeM C4HTaTb' 
4To CTPYHa 6ecKoHe4HaR: -oo <ui <+"", i= 1,2. 

-YpaBHeHHRA~H>KeHHR /2.4/ 1-1 YCilOBHR /2.2/ HHBapHaHTHbl OTHO-
. CHTeilbHO KOH¢lOPMHblX npeo6pa30BaHHH napaMeTpOB u 1 , u 2 : u ±=f+(u±), 
U±=u 1±it 2 • no3TOMY, He TepRR 06111HOCTH, MO>KHO C4HTaTb, 4TO-
BblnOilHeHo YCilOBHe 

( /l + · /l ) 2 _ _ 2 
x,11- x,12 - q' /2.6/ 

rAe. q2 
- npOH3B0IlbHaR nOI10lKHTeI1bHaR KOHCTaHTa. 

2 

;, 

., 
r 

06111ee peweHHe ypaBHeHH~ -ABH>KeHHR /2,q/ H AOnOilHHTeilbHblX 
YCilOBHH /2.2/ HMeeT BHA 

x/l(u 1, u 2 ) =YJ/l(u+) +¢fl-(u-), /2.7/ 
. +. -

npH4eM 1/1 t H Y' :! -· ABa 1130TpOnHblX BeKTOpa 

.,, , 2= 0 'I'± . /2.8/ 

lliTPHX y $YHK4HH"03Ha4aeT AH4>4lepeH41-1poeaHHe no ee apryMeHTY. 
no.qcTaa11RR /2.7/ a /2.6/, no11y4aeM e111e OAHO yc11oe1-1e Ha ¢f: 

(\b;> 2 =-~- /2.9/ 

6yAeM pac~MaTpHBaTb ABYMepHylO MHHHMailbHYIO noeepXHOCTb,. no
Me111eHHYIO e n -MepHoe ncee_AOeSKilHAOBO npocTpaHCTBO c CHrHary
poH MeTpHKH (+ - - - ... ) • 04eBHAHO' 4TO ace ¢lOPMYilbl, npHBeAeH
Hble BblWe, TPHBHailbHO 0606111a10TCR tta 3TOT cny4aH: _.qocTaT04HO 
C4HTaTb, 4TO HHAeKCbl, HyMepy10111He KOOPAHHaTbl 061>eM1110l11ero npocT
paHCTBa, H3MeHRIOTCR OT 1 AO n. 

YCilOBHRM /2.8/ H /2.9/ 11erKo YAOBlleTSOPHTb, eCilH HCnOilbao-· 
eaTb pa3IlO>KeHHe eeKTOPOB if.,+ B cne4HaI1bHOM 6a31,1ce, KOTOpblH 
Hcno11bayeTCR a AH¢>¢>epeH41-1a11bHOH reoMeTpHH npH H3Y4eH~H Hao
TponHblX KpHBblx113~3TOT 6aaHC o6paaoeaH ABYMR H30TpOnHblMH eeK
TopaMH e 1 , e 2 , ef=O, i=l,2, e 1e2 -1 H (n-2),npocTpaHcT
eeHHonoAo6HblMH aeKTopaMH e j , ef =-1, npH4eM e 1e J =e 2e j = 0 , 
e J ek = 0 , j -/, k; j, k =3, ... ,n. Paa11o>KeHHe ¢~ (u ±) e 3TOM 6asHce aa-

nHweM e BHAe -

, + + _ + n-2 + 
¢+Cu )=A+(u ){e

1 
+B+(u )e 2 +

1
,:

1 
f 1 (u )e 2 +i ], 

n-2 
Y':_(u-)=A_(u-)[e

1
+B_(u-)e

2
-· l-:

1 
g1(u-)e 2+ 1 ], 

i= 

/2.10/ 

.QllR YAOBileTeopeHHR yc11oeHH /2.8/ H /2.9/Heo6xOAHMO noTpe6o
eaTb' 4T06bl 

✓D-2 I 

2A =q/ I (f' (u +)) 2 
+ i=l i ' 

n-2 
2B+= ~ rf(u+), 

i = l 

✓n-2 
2A_,.,q/ t=l-:1 (g'1(u-))2, 

n-2 
2 -

2B_=-1,:1 gi (u ) • 
/2. 11 / 

0KOH4aTeilbHO HMeeM CileAYIOlllee npeACTaBJleHHe AilR BeKTOpoe. f±(u±) 
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, + .q , ,. 1 n-2 2, ·1+· ;,··· n-2.. + . 
if,+(u ) =~.======[e 1+- I f 1 (u )e 2 + I.f.1(u )e_2+i L 

J'ff£.2 + 2 2 i=1 1=1 
2 i= 1 cr;cu )) /2. 12/ 

1 n-2 n-2 
q [ e

1
-1:;- I g~(u-)e 2 - I g 1,(u":')e 2+i,J. 

n -2 _ 2 · 2 i = 1 · i = 1 · 
I (g:(u )) 

i = 1 1 

if,:_(u-)= 

2 

3n-1 <t>OPMYJlbl AatOT Bbtpa>KeHHe AilR MeTpl14eCKOro TeHaopa ABYMepHOH 
M11HHMaJlbHO,~ noeepxHOCTH B., n -M~PH(?M nceBAOeBKJlHAOBOM .npocT
paHCTBe, aae1,1cR111ee oT 2(n-2) npo11aeo11bHblX <t>YHK4HH OAl-!OH. nepe-
MeHHOH ;' a ~~e~~o: ' . . 

: 'cg 11)-1 =-(g 22 )-1 = (21/, + (u+)if, _(u-))-1 = 

., Jni2 [f,'(u+)]2~'i2 [g< (u-)] 2·; 
4 i= 1 l · ' J"" 1 ·. J . · ' 

q ·n-2 + - 2 
I [fk(u )+gk(u")] 

k=l 

= An-2.• 

/2. 13/ 

3. HEJU1HEllHblE YPABHEHJ.1R B TEOPJ.1J.1 MJ.1HJ.1MAJlbHblX. nOBEPXHOCTEll 
.·J.1 .J.1X 06mJ.1E PEWEHJ.1R . 

Tenepb nepei::tAeM· K paccM,OTpeH1-110 He111-1HeHHbtX ypaeHeHHH ,'' Tee Ho 
CBR3aHHblX C Ml1HHMaJlbHblMH noeepxHOCTRMH. ,lliiR. 3Toro o6pa'TiH,MCR ,, 

K OCHOBHblM AH<t><t>epeH411aJ1bHblM <t>6pM'aM noeepxHOCTl1. 
Cor11acHo TeopeMaM e11o>«eHHR AH<t><t>epeH41-1aJ1bHOH reoMeTp1-111·ll 41, 

noeepXHOCTb MO>KHO 3aAaTb C TO4HOCTblO AO ee no11o>KeHHR ,B npocT

paHCTBe-KaK 4e11oro <t>YHAaMeHTaJlbHblMH TeH~opaMH noeepXHOCTH:. 
MeTPH4eCKHM 'TeHaopOM g;j (u) , TeHaopaMH BTOpblX KBaApaTl14HblX 

4>opM baliJ (u) . 11. BeKTopaMH KPY4eHHR va,81I (=-v/3alt• i,j = 1,2; 
a, /3 =3,4, ... , n, TAe n - pa;3MepHoCTb 06"beM11t0111ero npocTpaHcTBa). 
3Tl1 BeJ1H4HHbl on11cb1Bat0T nepeMe111eHHe no noeepxHOCTH nOABH>KHOro 
6aa1-1ca, · o6paaoeaHHOro ABYMR KacaTeJlbHblMH EieKTopaMH x µ t , x µ2 
11 n-2 HopMaJ1RM11 71 µ, a,,0:3,4, ... , n. 3To Bbtpa>KaeTCR c11eAYIOU1HMH ' a . 
Aep11ea4HOHHblMl,1 4>opMyJ1aMH: 

µ n µ 
x ·1· ,,_ I l;>aliJ 11a ' 

• J a= 3 n 
1/ µ =- b I g jk X µ - I V I 7/ µ • 

a, i a ij . , k 13,, 3 {3a i /3 
fJ,/,a 

/3. 1/ 

/3.2/ 

T04Ka c aanRTOH 
peH41-1poeaH1-1e no 

g ij {u) ' balij(u) 

B 3THX 4>opMy11ax 03Ha4aeT KOBap11aHTHOe AH<t><t>e
OTHOWeHHIO K MeTp1,14ecKOMY TeH3Opy gij, 4>YHK4HH 

11 v a/3li (u) 04eBl-1AHO He MoryT 6btTb npo1-1aeo11b-

4 

;, 

'I 

HblMH' a AOJl>KHbl YAOBJleTBOPRTb YCJlOBHRM l1HTerp1-1pyeMOCTl1 JlHHeH-

HOH CHCTeMbl ypaeHeHl1H /3. 1 / 1-1 /3. 2/ Ha . x !\ . , ·1/~ '· KOTOpble 

AalOTCR ypaBHeHl1RMH raycca 

n 
Rijkf=:i:

3
(balikba!Jf -baltfbalJk)' /3.3/ 

neTepcoHa-KoAa441-1 

baliJ;k- bafik;j =-~ (v,Balk bt31lj -v,aa!J b /3lik) 

H PH4411 

v -v - I (v v . - v . v ) + 
/3alJ;k ,Balk;J r r/31J y,Blk y,Blk ya!J 

+ g fm (b ,a1ej b almk -btll fkb almJ ) ·:: 
0

• 

/3.4/ 

/3,5/ 

B 3THX ypaBHeHHRX 11aTHHCKHe 11HAeKCbl np11H1-1Mat0T 3Ha4eHHR 1 ,2, 
a rpe4eCKHe - 3, 4, ... , n. 8 JleBOH 4ac;TH ypaBHeHHR raycca /3. 3/ 
CTO11T TeH3OP KPHBH3Hbl R ijkf AJlR MeTpHKH g ij • 
. Yc11oe1-1eM MHHHMaJlbHOCTl1 noeepXHO,CTH RBJlReTCR Tpe6oea-
HHe / 14_,1' 5/ . 

2 i' I b I g J = 0, a = 3,4, ... , n. 
i, j =1 a ij 

/3.6/ 

8 c11cTeMe KOOPAHHaT /2.2/ 3TO 03Ha4aeT, 4TO 

b -b 
al 1C al22' 

a= 3,4, ... , n. /3, 7/ 

Ec111-1 M11HHMaJlbHaR noeepXHOCTb noMe111eHa B TpexMepHoe npocT

paHCTBo-epeMR, TO CHCTeMa yp~BHeHHH /3.3/~/3,5/ CBOAl1TCR K 
OAHOMY HeJlHHeHHOMY ypaBHeHHIO Jl1,1_yBHJ1JlR /9, 16, 17/ 

¢, 11 - ¢,22 = 2q
2 

e 'P, 
'' . -. . 

/3.8/ 

TeHadpa MHHHMaJlbHOH 

xopowo 11a-
'rAe g 

11 
=-g

22
= e'P. J.1cno11,;ayR · AJ1R MeTp1-14ecKoro 

noeepxHOCTl1 npeACTae11eH1-1e /2.13/ c n=J, no11y4aeM 

eecT~Oe 06111~e peweHHe yp~~HeHH~ JlHYBHJlJlR 
1181 

-! ' 

ecp=A =-4-· f'(u+)g'(u-) /3,9/ 
1 q2 [f(u+)+ g(u-)]2 

np1-1 yeeJ1114eHHH paaMepHOCTH 06"beMJ110U1ero npocTpaHCTBa, B KO

TOpoe noMe111eHa MHHHMaJlbHaR noeepXHOCTb, pe3KO yeeJ1114HBaeTCR 
4HCJ1O ypaBHeHHH B CHCTeMe /3.3/-/3,5/, np114eM 411CJ10 4>yHK411H 

g ij , baliJ , v u,8lt npeBbtwaeT 41,1c11O ypaBHeHHH. 0AHaKO 3Ta 
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Cl1CTeMa ypaBHeHl1H· 3Ha411TenbHO ynpo~aeTCR, ecn11 a~6paTb COOT
BeTCTBy~~l1M o6pa3oM noABl1mHWH 6a311c Ha M11Hl1ManbHOH noeepxHo
CTl1. AeHCTB11TenbHo, a aweoAe ypaeHeH11H faycca, ,neTepcoHa
KoAa4411 11 P114411 /3.3/-/3.5/ H114ero He 113MeH11TcR, ecn11 OT 6a-
311ca 

µ µ µ µ 
x,1 'x,2' T/ 3' ··••T/ n /3. 1 pl 

nepeHTl1 K HOBOMY 6a311CY, nony4a~~eMYCR 113 /3.10/ apa~eH11eM 113 
rpynnw S0(1,1) xSO(n-2) ,KOTopoe He nepeMew11aaeT 1<acaTenbHOe 
npocTpaHCTso noaepxHocT11 Ix µ1 , xµ2 I c ee HOpManbHWM npocTpaH-
CTBOM l71~. T/~, ••• , T/~ I • ' ' 

Ecn11 pa3MepHOCTb 06aeM11~~ero npocTpaHcTaa n~4, To s npocT
paHcTee, HOpMaflbHOM K ABYMepHOH Ml1Hl1ManbHOH noeepxHOCTl1,eCTb 
ABa B3aHMOOpToroHa,ObHblX npocTpaHCTBeHHOnOA06HWX aeKTopa x~ 11 

11 x/;12 /seKTop x /; 22 cornacHo /3. 2/ 11 /3. 7/, coenaAaeT c x ~1/. 
AeHCTB11TenbHO, a MeTp11Ke /2.2/ 113 ycnOB11R /2.6/ cneAyeT ' 

µ µ 2 ~. 2 2 
(x;11 ± x;12) =-:i:a (baf11±bal12) =-q ' /3. 11 / 

TO eCTb (x.11, • X.'12 )=0. no3TOMY eci-ecTBeHHO HanpaBl1Tb ABe HOpMan11 
K Ml1Hl1MaflbHOH noaepXHOCTl1 no aeKTopaM X r 11 11 X f 12 , Hanpl1Mep, 
TaK: T/~ no xf11 11 T/~ no xf12 • TorAa cpa3y nony4aeM 

b3l12 ==b4ju=b4l22=haJij "'0, a=5, ... ,n, i,j=1,2. 

4To6w YAOBneTBOpl1Tb ycnoe11~ /3.11/, MOmHO nonom11Tb 

b3I 11== q cos.!L 2' b 4112= q·sin: • 

YpaeHeH11e faycca /3.3/ np11H11MaeT Tenepb Bl1A 

'P,11-¢,22 =2q 2 e¢cos0, -<p X 2 =-X 22 ' e = '1 ' 

/3.12/ 

/3.13/ 

/3. 14/ 

npl14eM 3TO ypaaHeH11e OCTaeTCR cnpaeeAnl1B~M AflR n~60H pa3Mep
HOCTl1 06aeM11~~ero npocTpaHCTBa, B KOTOpOM norpymeHa M11Hl1Manb-
HaR noaepXHOCTb. 

4epe3 <l>YHK411~ O(u 1, u 2 ) c no1-1o~b~ 
Aa4411 /3. 4/ np11 a= 3A, onpeAenReTcR 
i=1,2: e 

,2 
J/ 3411 = -2-· 

0' 1 
J/ 3412 = -2- • 

ypaeHeH11H neTepcoHa-Ko
ae1<Top Kpy4 eH.11R 11 34] 1, 

/3. 15/ 

B 4eTblpexMepHOM npocTpaHCTBe-epeMeHl1 Cl1CTeMa /3.3/-/3.5/ 
CBOA11TCR I< ABYM Hen11HeHH~M ypaeHeHl1RM: 

6 

, 

¢,11 -¢,22 =2q 2 e¢cos0, 

0, p - 0, 22 = 2q 2 e ¢sin 0, 
/3. 16/ 

rAe <IJYHK411R ¢(u~u 2) onpeAenReT l<OH¢,qpMHo-nnoCKY~ MeTpl1KY Ha 
M11Hl1MaflbHOH noeepXHOCTl1 g11=-g22=e-<P, g12=0, a 0(u 1,u 2 )- BTO
Pble KBaAparn4HWe ¢,opMw b 31 iJ 11 b 41 ij (i,j .. J ,2) 11 aeKTOP Kpy4e-
H11R 11 34j 1 (i= 1,2) no ¢,opMynaM /3. 12/, /3. 13/ 11 /3. 15/. 

Cne411anbHWH ew6op HopManeH 71 8 11 714 K M11H11ManbHOH noaepx
HOCTl1 no3eon11n cpa3y nony411Tb 113 o6~eH c11cTeMw /3.3/-/3.5/ 
Cl1CTeMy 113 ABYX ypaBHeHl1H .Ha ABe ¢,yHK41111 cp 11 0, B OTfll1411e OT 
pa6oT 18 •9·111 , rAe HOpMan11 T/ 3 11 1)4 Hl1KaK He ¢,l1KCl1J)OBan11cb. , 
B 3Tl1X ·pa6oTax np11XOAl1flOCb BBOA11Tb s~noMoraTeJlbHble ¢,yHK41-111 a±, 
l<OTOpble BXOA11fll1 B KOHe4Hble ypaBHeHl1R TOflbKO B B11Ae pa3HOCTl1 
0 = a+-a- • 

O6~ee peweH11e c11cTeMbl /3. 16/ nony4aeM c noMo~b~ Haw11x ¢,op
Myn /2. 1/ 11 /2. 13/ 

¢ 
e -= J\2' /3. 17/ 

·:·, ~2. 
b4 12 X • 12 

0 = arctg ~ = arctg -•- • 
b3]11 . X~11 

/3. 18/ 

AnR RBHoro Bb1pameH11R 0 4epe3 npo113eonbHb1e ¢iYHK41111 f 1 (u +) 11 
g i (u -) YA06Hee nonb3OBaTbCR He ¢,opMynaMl1 /3. 18/ ,· /2.12/ H 
/2.7/, a onpeAefll1Tb 0 1,13 nepeoro ypaBHeHl1R /3. 16/, nOACTaBl1B 
TYAa /3. 17/. B pe3ynbTaTe nony4aeM 

rAe 

. 1 2 
O(u , u ) = arccos~2 , 

n n 
I (f. +g. )f.' I (f. +g.)g'. 
i-1 . I I I J J J 

~ = 2------~=======-n n jn n ' 
I (f.+g.) 2 I·f'.2 I g~2 

i=l 1 1 i=l 1 j=1 J 

n 
I f'. g'. 

i = 1 1 1 

✓ n n •' ~ f~2I g~2 
i=l 1 j =1 l 

/3. 19/ 

/3.20/ 

. + ,' -
f 1sfi(u'),gisgi(u ). 

8 pa6oTe l 9/ o6~ee 'peweHHe CHCTeMbl /3. 16/ 6blfl0 Bblnl1CaHO nyTeM 
cBeAeHl1R 3Tl1X ypaaHeHHH K OAHOMY ypaeHeH11~ ~1,1ya1-1nnR Ha K~MnneKc
Hy~ ¢,yHK411~ cp +i0. 

HoeaR Cl1CTeMa Tpex HenHHeHHWX ypaaHeHl1H, He BCTpe4aawaRCR 
pa Hee B flHTepaType, nony4aeTCR npl1 paCCMOTpeHl111 AaHHblM MeTOAOM 
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ABYMepHblX MHHHManbHWX nosepXHOCTeH B nRTHMepHOM nceBAOeBKnH
AOBOM npocTpaHCTBe. Bw6HpaR HOpMaJlH T/ 3 H T/ 4 TaK, KaK 3TO 6b1no 
onHcaHo BbIwe, nony4aeM ¢opMynw /3. 12/, /3. 13/, /3. 15/ 1,1 ypas
HeHHe /3.14/. AononHHTenbHO K nepeMeHHWM,i ¢,H~ypHpOBaBWHM 
B 4eTwpexMepHOM cny4ae, 3AeCb noRBnR~TCR ABa BeKTOpa Kpy4eHHR 
v 351i H v 45li , i= 1,2 • YpasHeHHR neTepcoHa-KoAaLILIH /3. 4/ ca= 5 
Aa~T 

0 . 0 ,, 
v I cos-

2 
= v I ·sm-

2
, 

35 2 45 1 . 
/3.21/ 

. 0 0 
v 45[2 ·sm2 = v 3511 cos2. 

4T06bl YAOBneTBOPHTb 3THM paBeHCTBaM, He06XOAHMO nono>KHTb'' 

"35!2 =h(u1,u2 )sini. 2 ' 

v45l2 =p(u1,u 2)cosi. 2 ' 

v 4511- =h(u 1, u2) cos.! 
. 2 ' . . /3.22/ 

V = p( 1 2 , 0 
3511 u • u ) ·sin2 . 

YpaBHeHHR PH44H /3.5/ aanHCblBa~TCR Tenepb B cneAY~~eM BHAe: 

0, 11 -0, 2_2 -(h 2 -p2 ).·sin0 =2q2 e¢sin0, 

sin~(h -p . ) + cos0(h0 -p(} ) = 0, 
.2 , 1 , 1 _ , 1 , 2 
I • • ' 

cos.!(p 1 -h 2 ) + sin.!(h0 2 -p0 1 ) =0. 
2 • • 2 • • 

noACTaHOBKa 

. 0 -2 
h=K 2 (sm--) 

' 2 
p = K ' 1 (sin : ) -2 

o6pa~aeT ypaBHeHHe /3.24/ s TO>KAeCTBO, a /3.25/ AaeT 

20 ) 20 ) ( ctg - • K 1 1 = ( ctg -
2 

• K 2 2 • 
2 ' ·, ·' ' 

/3.23/ 

/3.24/ 

/3.25/ 

/3.26/ 

/3.27/ 

0KOH4aTenbHO CHCTeMa /3.3/-/3.5/ B cny4ae nRTHMepHoro 
o6beMn~~ero npocTpaHCTBa CBOAHTCR K cneAY~~HM TpeM HenHHeHHblM 
ypasHeHHRM: 

¢, 11 -¢, 22 =2q 2e¢cos0, 

8 

'/ 
I 
i 
l 

I 
\. 
I 

,:11 

:' l 
1· 
i' 

ii, 

I 
\ 

/ 

~ 
<} 

I 
I 

0 11-022 +2 cos0/2 (K~ -K22)=2q2e¢sin0, 
' ' · ·sin3 0 /2 ' ' 

0 . 0 
/3.28/ 

(ctg-K 1) 1 = (ctg-
2 

K 2) 2 • 
2 ' ·' ' ' 

HHTepeCHO OTMeTHTb t _4TO nocneAHee ypai:IHeHHe B /3. 28/ B 1r'04HO
CTH cosnaf,aeT co BTOpblM ypaBHeHHeM B HenHHeHHOH CHC_TeMe IlYHAa
PeA>Ke 17•1 1

• 
BwnHWeM o6~ee peweHHe CHCTeMW /3.28/: 

e ef, = A3 0 = arccos~3 , 

" K2 0 2 a xµ 
- _, 1 

sin20/2 

K2 

q2 cos 2!L.e¢ 
2 

_ -2L -[-( ;11 )]2, 
4 au1 q cos0/2 

/J.29/' 

,2 

•sin 20/2 

0 .-,t, 6 ~1 a if:11 2 
-q2cos 2-e - -- -[ --(---)] 

2 4 au 2 qcos0/2 

BenH4HHhl A 3 H ~ 3 onpeAenR~TCR ¢opMynaMH /2. 1 3/ "1 /3. 20/ t c:ooT
BeTCTBeHHO, a KOBapHaHTHY~ npOH3B.OAHY~ xi;\ l cneAyeT CTPOHT.b C 
nOMO~b~ paano>KeHHH /2.7/ H /2.12/. ' 

04eBHAHO, 4TO npeAnO>KeHHblH MeTOA MO>KHO npHMeHHTb "1 K 6onee 
BWCOKHM pa3MepHOCTRM Il 06beMn~~ero npOCTpaHCTBa. npH 3ToM· 
ypaBHeHHR /3.3/-/3.5/ 6YAYT peAYLIHPOBaTbCR B CHCTeMy H3 (n~2) 
HenHHeHHWX ypaBHeHHH Ha n-2 HeH3BeCTHWX ¢YHKLIHH. 06~He pe-
WeHHR 3THX CHCTeM 6YAYT CTPOHTbCR c:noMo~b~ ¢,opMyn'/2.13/, 
/3.20/ H paano>KeHHH /2.7/ H /2.12/. 

4. KAJ1H6POBKA t =r · 

B 3TO.H Kan1,16posKe MHpOBaR. noB~PXHOCTb. CTpyHw, ABH>Ky~eHCR 
s n-MepHOM nceBAOeBKnHAOBOM npoCTDaHCTBe, onHcwsaeTCR n-2 

➔ 1 2 1 · -MepHwM esKnHAOBWM BeKTOpo~ x = Ix , x , ••• , x n- I, aaBHCR~HM OT 
ABYX napaMeTpOB T =t=U 1 H a=u 2• YpaBHeHHR ABH>KeHHR /2.4/ 
H AOnonHHTenbHWe ycnoBHR /2. 2/ aanHCblBa~TCR Tenepb TaK: 

x,11 '""x,22= o. /4.1/ 

➔ 2 ➔ 2 ➔ ➔ 

x, 1 +x, 2 =1, x, 1-x, 2 =0. /4.2/ 

YcnOBHR /4.2/ AHKTY~T cneAY~~HH BHA MeTpH4eCKOro TeH30pa Ha 
MHPOBOH nosepXHOCTH CTPYHW 
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gll = xf1=13in20, 
➔ 2 

g22= X ,2= cos 2.0, /4.3/ 

B AanbHeHWeM HaM TIOTpe6y~TCR CHMBOnbl KpHCTO(l)(l)enR,COOTBeTcT
BY~~He 3TOH MeTpHKe 

rf1=r2~ =ctgo.o, 1 

r? = r 2 =-tgO• o , 
11 22 ,2 

1 1~= 1 :J1= ctg0°0 ;2 , 

- 2 2 . · 
r =1 =-tgo. o 1 12 21 , 

' /4.4/ 

MHpOBaR nosepXHOCTb CTPYHbl s KanH6pOBKe t=r He RBnReTCR 

MHHHManbHOH AnR (n-1) -MepHoro eBKnHAOBa npocTpaHCTBa c i<Oop
AHHaTaMH x 1, ... , x n-1 • TeM He MeHee, H3 AepHBaijHOHHblX (l)OpMyn 
/3.l/ c y4eTo~ ypaBHeHHH ABH>KeHHR /4.1/ H (l)op~yn /4.5/ cne

AYeT 

bal 11 = bal22' . a= 3,4, ... , n-1. /4.5/ 

EAHHCTBeHHaR cy~eCTBeHHaR KOMnOHeHTa TeH30pa KPHBH3Hbl B MeT
PHKe /4.3/ HMeeT BHA/S/ 

1 . . . ·. ,· 
R 1212= 2 sin 20(0, 11 - 0,22 ). /4.6/ 

YpaBHeHHe raycca' /J.3/ C noMO~b~ /4.5/ H /4.6/ 3anHCblBaeTCR · 
TaK: 

n-1 

! sin20(0,11-0,22h a:a (b!11rb:l12). /4.7/ 

nocTpoeHHe o6~HX peweHHH ypaBHeHHH /3.3/-/3.5/, KaK 1,1 a 
pa3Aene 3, 6yAeT OCHOBblBaTbCR Ha aanHCH peweHHH ypaBHeHHH 
ABH>KeHHR /4.1/, YAOBneTBOpR~~HX ycnoBHRM /4.2/ ,B cne4HanbHOM 
6aaHce. 

Ha4HeM: paccMoTpeHHe c npocTeHwero criy4aR TpexMepHoro npocT
paHcTsa-speMeHH; 1B KOT6poM ~BH>KeTCR p~n~THB~CTCKa~ CTpy~a. 
B Kan1,16pOBKe t=r KOOPAHHaTbl CTPYHbl x1(t; i,) 1-1 X 2(t;, a) 3aAa~T 
nnocK'ocTb ;· KOTopaR RBnReTCR npoeK4HeH MHPOBOH noBepXHOCTH 
CTPYHbl B npocTpaHcTee It, x 1, x2 I Ha KOOPAHHaTHYKl linocKoCTb Ox1x 

2 

B 3TOM cny4ae balij = 0 H va/31i =0, H eAHHCTBeHHoe. HeTpH
~HanbHoe ypaBHeHHe B CHCTeMe /3.3/-/3.5/ - 3TO ypaBHeHHe rayc
ca' KOTopoe CBOAHTCR' cornacHO /4 .·6/' K ypaBHeHH~ .nanaM6epa /S/ 

_ 8,11 - 0,22= 0 - /4.8/ 

PeweHHe ypasHeHHH /4.lj H /4.2/ B cny4ae ABYMepttoro aeKTopa 
X(t,a) B03bMeM B cneAY~~eM BHAe: 

IO 

r 
'\II' 

➔ ➔ + ➔ 

x(t,a)=tf,+(u )-tf,_(u-), (tf,;)2=1, u± = t ± a,· /4.9/ 

➔ + 1 + + 
t/t/(u-)=--lcos¢+(u-), ± sin¢+(u-)I. 

- ,./2 - - /4.10/ 

CornacHo /4. 3/, ¢YHKqHR O(t,a) onpeAenReTCR ¢opMynoH 

,· ~ 
O(t,a) =&ctgJ ¾. 

x,2 
/4. 11 / 

noAcTaBnRR C~Aa /4.9/ H /4.10/, nony4aeM o6~ee peweHHe 
ypaBHeHHR /4.8/ 

Ji-cos(¢++¢_)' _ _ 
O(t,a)=azctg -----=[¢ (u+)+¢ (u1]/2. /4.12/ 

1+cos(¢ +¢ ) + - · 
+ -

3TOT TpHBHanbHblH cny4aH HarnRAHO AeMOHCTpHpyeT HAe~ nony-
4eHHR o6~HX peweHHH ypaBHeHHH /3.3/-/3.5/ a KanH6pOBKet=r. 

nepeHAeM K 4eTblpexMepHOMY npocTpaHCTBy-speMeHH. TpeXKOMno-
HeHTHblH BeKTOp X(t, a) OnHCblBaeT B AaHHOM cny4ae npoeKqH~ 
ABYMepHOH MHHHManbHOH nosepxHOCTH H3 4eTblpexMepttoro npocTpaH
CTBa MHHKOBCKOro B 06bl4Hoe TpexMepHoe eaKnHAOBO npocTpaHCTBO. 
CHCTeMa ypaaHeHHH /3.3/-/3.5/ c y4eTOM /4.4/-/4,7/ CBOAHTCR, 
KaK 3TO HeTPYAHO noKa3aTb, K cneAY~~HM ABYM HenHHeHHblM ypae
HeHHRM: 

0 -0 + ~(K2 -K2 ) = 0, 
,11 ,22 •sin30 ,1 _,2 

2 2 · (ctg 0-K, 1 >, 1 = (ctg O•K,2 >, 2 , 
/4.13/ 

rAe ¢YHKqHR K onpeAenReT K03¢¢H4HeHTbl BTOPOH KBaApaTH4HOH ¢op
Mbl 

b 11 =b 22 = ctgO•K ,2 , · b12 = ctgO•K ,l /4.14/ 

CHCTeMa /4.13/ OTnH4aeTCR OT H3BeCTHblX ypaBHeHHH nYHAa-PeA
>Ke1191oTcyTCTBHeM B nepBoM ypasHeHHH cnaraeMoro ·sinO• cosO. 

0nRT~ n~eACTaBHM BeKTOp X(t,a) C nOMO~b~ (l)OpMynbl /4.9/, 
a AnR tf,±(u-) B03bMeM c¢epH4eCKHH 6a3HC B TpexMepHOM eBKnHAO
BOM npocTpaHCTBe: 

II 



,-;,, ( ±) 1 I· ,I. +· · ··,I. + I 'I'+ u =-=- sm w+cos'I'+, _ smw+sm'I'+, _ cos_w+ , - y2 - - - - -
+ + 

w ± = w± (u - ) , ¢± = cf,± (u - ) • 

tlnR 0(t,a),cornacHo /4.12/, nony4aeM 

·s 1-[sinw+ sinw_cos(¢++¢_)-cosw ~cosw_] ~ ½ 
0(t. a)= arctg t-----------'----------s · 

/4. 15/ 

/4.16/ 
1 +[ sinw+sinw_cos(cf, + +¢_)-cosw + cos~_] . 

C noMO~b~ TeopeMW KOCHHYCOB AilR c¢epH4eCKoro TpeyrOJlbHHKa 1201 

nerKO y6eAHTbCR' 4TO 20(t, a) B /4. 16/ eCTb yron' Jle>Ka~HH 
B c¢epH4eCKOM TpeyrOJlbHHKe npontB CTOpOHbl ¢++¢_ C npHJlera~
~HMH yrnaMH W+ H w_. 

B CHCTeMy /4. 13/ BXOART TOJlbKO 4aCTHble npOH3BOAHble ¢YHK4HH 
K(t, a). CornacHo AepHea4HOHHblM ¢opMy11aM /3: 1/, OHH onpeAeJ1R10T
CR . CJleAY~~HM o6pa30M: . 

K 1 =tg0, 'i2 ' . y'x';12' K2=tg0,~ ' y'X;ll' /4.17/ 

04eBHAHO, 4TQ pa3JlO>KeHHR /4.9/ H /4.15/ no3BOJ1R~T ewpa3l,1Tb + 
K • ' i=t,2. 4epe3 4 npOH3B0JlbHWX ¢YHK4HH OAHOH nepeMeHHOH ¢+<u-) 

,1 + -
H . W+(u-), no3TOMY Mbl He 6yAeM npHBOAHTb .3AeCb 3TH. rpoM03AKHe 
¢opM,YJlbl, 

p6o6~aR npeACTaBJleHHR /4. 10/ H /4. 15/ Ha n -MepHblH CJly4aH' 
MO)l{HO nocTpOHTb o6~He peweHHR CHCTeMbl .HeJlHHeHHblX ypaBHeHHH . 
/3,3/-/3.5/ B KanH6pOBKe t=r AilR npoH3B0JlbHOH pa3MepHOCTH'Il 
o6beMil~~ero npocTpaHCTBa. 

5. 3AKJll04EHHE 

C T04KH apeHHR o6o6~eHHR npeAJlO>KeHHoro 3AeCb crioco6a no
CTpoeHHR o6~HX peweHHH HeJlHHeHHWX ypaeHeHHH HeCOMHeHHWH HHTe
pec npeACTaBJlReT BblRCHeHHe B AYXe pa6oT 121 •221 era rpynnoBOH 
OCHOBbl. 'H B pa6oTax 121 ,221 , H B HaweM nOAXOAe HCnOJlb3yeTCR 
¢aKTH4eCKH OAHa· H Ta >Ke npo4eAypa, a HMeHHO - MHHHMaJlbHOe BJ10-
>KeHHe. B HaweM CJly4ae - 3TO MHHHMaJlbHOe BJlO>KeHHe ABYMepHoro 
PHMaHOBa MHOroo6pa3HR B nnocKoe npocTpaHCTBO, a B 121.22" -
MHHHMaJlbHOe BJlO>KeHHe OAHOH rpynnbl IlH B ,Qpyry~. HMeHHO MHHHMaJlb
HOe ~JlO>KeHHe hp1-1ee110 K JlH~eHH~M ypaeHeHHRM /2.4/ Ha KOOPAHHaTW 
BKJlaAWBaeMoro nOAMHOroo6pa3HR. A 3TO 'e KOHe4HOM C4eTe H noaeo
JlReT nOCTpOHTb 06~He peweHHR CHCTeMbl HeJlHHeHHblX ypaBHeHHH 
/3'.3/-/3.5/. 
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