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1. BBEAEHHE 

OAHOH H3 OCHOBH~X npo6neM KnacCH4eCKOH paBHOBeCHOH CTaTHC
TH4eCKOH MexaHHKH RBnReTCR AOKa3aTenbCTBO cy~eCTBOBaHHR npe
AenbHOro rH66COBCKoro pacnpeAeneHHR, HnH npeAenbH~X KOppenR-
4HOHH~X $YHK4HH, KOrAa 06beM CHCTeM~ CTpeMHTCR K 6eCKOHe4HOCTH. 
Bneps~e cy~eCTBOBaHHe TaKoro npeAena AnR KOppenR4HOHH~X $YHK -
4HH KnaCCH4eCKoro raaa ManoH nnoTHOCTH C 4HCTO OTTanKHBaTenb
H~M napH~M B3aHMOAeHCTBHeM 6~no AOKa3aHO B pa6oTax 6oron~6osa 
H Xa4eTa 111. P~3nb 121 /CM. TaK>Ke §4.2 B 131 I nony4Hn 3TOT pe
aynbTaT AnR cny4aR YCTOH4HB~X napH~X B3aHMOAeHCTBHH H Man~x 
aKTHBHOCTeH /BHYTPH Kpyra aHanHTH4HOCTH/ B paMKax 6onbworo 
KaHOHH4ecKoro aHcaM6nR. B pa6oTe141 6oron~6os, neTpHHa H Xa4eT 
AOKaaanH cy~eCTBOBaHHe H eAHHCTBeHHOCTb npeAenbH~X KOppenR-
4HOHH~X $yHK4HH npH Man~x nnOTHOCTRX AnR yCTOH4HB~X napH~X 
B3aHMOAeHCTBHH B KaHOHH4eCKOM aHCaM6ne H ycTaHOBHnH /CM. TaK
>Ke 151 / 3KBHBaneHTHOCTb KaHOHH4eCKoro H 6onbworo Ka~OHH4eCKO
ro aHCaM6neH BAanH OT o6nacTH $a3OB~X nepeXOAOB. HaK0He4, HC
cneAOBaHHe CXOAHMOCTH H CBOHCTB KOppenR4HOHH~X $YHK4HH HAO
Ka3aTenbCTBO Ha 3TOH OCHOBe cy~eCTBOBaHHR H eAHHCTBeHHOCTH 
/BHYTPH Kpyra aHanHTH4HOCTH/ npeAenbHOro rH66COBCKoro pacnpe
AeneHHR 6~no npoBeAeHo s pa6oTax MHHnoca161 , P~3nR171 H Ao6py
WHHa 181 . B 3THX pa6oTax sneps~e C$OpMynHpOBaH~ nOHRTHR rH66-
COBCKOro nonR H npeAenbHoro pacnpeAeneHHR /cM. TaK>Ke 19-1 11 , 
npHno~eHHe B KHHre 131 H 4HTHpyeMy~ TaM nHTepaTypy/. B HeAaB
HHX pa6oTax Ha3HHa1121 AaHO onHCaHHe rH66coBCKHX cny4aHH~X no
neH MeTOAOM npOH3BOAR~ero $,i;HK4HOHana, KOTOp~H 6~n C$OpMynH
poBaH 6oron~6os~M s pa6oTe 131 , 

AnR Henpep~BH~X CHCTeM HaH6onee npHMOH cnoco6 AOKa3aTenbcT
sa cy~eCTBOBaHHR H eAHHCTBeHHOCTH npeAenbHOro rH66COBCKoro 
pacnpeAeneHHR AnR Man~x nnoTHOCTeH, HnH aKTHBHOCTeH, CBOAHTCR 
K AOKa3aTenbCTBy cy~eCTBOBaHHR H eAHHCTBeHHOCTH npeAenbH~X 
KoppenR4HOHH~X $YHK4HH /M~ 6yAeM Ha3~BaTb 3TO yTBep>KAeHHe Teo
peMOH 6oron~6osa-P~3nR /6P/; AnR peweT4aT~x CHCTeM APYrOH Me
TOA AOKaaaTenbCTBa 6~n npeAno>KeH Ao6pywHH~M 1 141 I*. 0Ho ocHosa
HO Ha aHanH3e noBeAeHHR KOppenR4HOHH~X $YHK4HH C nOMO~b~ KOppe
nR4HOHH~X ypasHeHHH THna ypasHeHHH KHpKBYAa-3anb46ypra /K3/, 

* npocToe AOKa3aTenbCTBO Teope~ Ao6pyWHHa npHBeAeHO B neK-
4HRX flaH$OpAa 11~t M. TaK>Ke 3aMe4aHHe CaHMOHa 1 151 • 
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Kor,qa 061,eM CHCTeMbl CTpeMHTCR K 6eCKOHe4HOCTH. l\llR 3TOro 1-1c
no11b3yeTCR c¢opMy111-1poaaHHaR e~e a pa6oTe 111 1-1,qeR paccMaTp1-1aaTb 
noc11e,qoaaTellbHOCTH KOppellR4HOHHWX ¢yHK4HH KaK 3lleMeHTW HeKo
TOporo 6aHaxoaa npocTpaHcTaa E , a 4eno4KY ypaaHeHHH K3 -
KaK e,qHHOe ypaaHeHHe B 3TOM npo~TpaHCTBe, a TaKme HeKOTOpaR 
cepHR 04eHOK, KOTOpwe y,qaeTCR no11y4HTb llHWb ,q11R ,qocTaT04HO 
MallblX nllOTHOCTeH 141 111-160 BHYTPH Kpyra aHallHTH4HOCTH no aKTHB
HOCTH, CM. 12,3•61 • 

Uehb HaCTOR~eH pa6oTW - noKa3aTb, 4TO TeopeMa 6P ,qonycKaeT 
HeKOTopy~ 6011ee o6~y~ ¢0PMY11HPOBKY 1-1 RBllReTCR npRMWM c11e,qcT
BHeM o6~eH TeOpHl-1 ypaaHeHHH a 6aHaXOBOM npocTpaHCTBe. H,qeR 
Hoaoro MeTo,qa ,qoKa3aTellbCTBa TeopeMbl OCHOBaHa Ha HCnOllb30Ba
HHH ,qyallbHOH napbl 6aHaXOBblX npOCTpaHCTB <'Et,Et >. 3TO noaao
IlReT 1,136emaTb o6bl4HWX rpoM03,qKHX 04eHOK' KOTOpble C caMoro Ha-
4a11a orpaHH4HBa~T 0611aCTb npHMeHHMOCTH TeopeMbl KpyroM aHa111,1-
TH4HOCTH. B HaCTOR~eH pa6oTe paccMaTp1-1aaeTCR Cily4aH 60llbWOrO 
KaHOHH4e.cKoro aHcaM611R H HenyCTblX rpaHH4HWX YCllOBHH. noKa3aHO' 
4TO cxo,qHMOCTb K npe,qellbHWM Koppe11R4HOHHWM ¢YHK4HRM HMeeT Mee
TO a 0611acT1-1, co,qepma~eH Kpyr aHallHTH4HOCTH, np1,14eM npe,qe11 
e,qHHCTBeHeH, aHaI1HTH4eH no aKTHBHOCTH H He 3aBHCHT OT rpaHH4-
HWX YCllOBHH, TO eCTb npe,q~llbHOe r1-166COBCKOe pacnpe,qe11eH1-1e 
e,qHHCTBeHHO, 

Heo6xo,q1-1Mwe ripe,qaap1-1Te11bHWe cae,qeHHR np1-1ae,qeHb1 a c11e,qy~~eM 
pa3,qe11e. CxeMa ,qoKaaaTellbCTBa' onHCaHHe ,qyallbHOH napbl < 'E t·Ee> 
1-1 onepaTopa K1-1pKay,qa-P~311R /KP/ B npocTpaHCTBe 'Ee co,qepmaTCR 
B paa,qe11e 3. HoaaR $OPMYllHPOBKa 1-1 ,qoKa3aTellbCTBO TeopeMbl 6P 
np1-1ae,qeHw a paa,qe11e 4. Pa~,qe11 5 nocaR~eH.o6cym,qeHH~ nony4eH
Hwx pe3yilbTaTOB. 

2. KOPPEnRUHOHH~E YPABHEHHR. TEOPEMA 60ron~60BA-P~3nR 

H1-1me paccMaTp1-1aaeTCR KllaCCH4ecKaR HenpepWBHaR CHCTeMa o,q1-1-
HaKOBWX 4aCTH4 B npocTpaHCTBe RV, B3aHMO,qeHCTBY~~HX nocpe,q
CTBOM ycToH4Haoro /1-1111-1 caepxycTOH4HBoro/ pery11RpHoro napHoro 
noTeH41-1a11a <Ii: RV ➔ R 1U l+ool, KOTOPWH RBllReTCR H3MepHMOH ¢YHK-
4HeH H 0611a,qaeT c11e,qy~~HMH CBOHCTBaMH: <ll(x) ==<ll(-x); 3HeprHR 
B3aHMO,qeHCTBHR n 4acT1-14 

U(X ) == !. <ll(x. -x.) >-nB 
n l<i<j<n 1 J -

· - - nv 
r,qe xn =(X1,X2, ... ,xn)G-R , B > 0 

/yCTOH4HBOCTb/, /2.1/ 

H KOHe4HOj HaKOHe4, 

C<f3)= f dxle-fi<ll(x)_ll <oo /peryllRpHOCTb/. /2.2/ 
RV. 

nycTb A cRV - CBR3HOe H3MepHMOe no,qMHOmecTBO c mes A .. !Al <oo 

2 

'i 

I 

/cocy,q c KOHe4HblM 061,eMoM/. Tor,qa n A 1-1 n A - MHomecTaa KoH
¢1-1rypa41-1H IX A I 1-1 IX A I cooTaeTcTaeHHO BHYTPH 1-1 a He cocy,qa A. 

1161. · Onpe,qe11eH1-1e 2. 1 ,llo,qMHomecTao n ~ n A cocTOHT 1,13 pery11Rp-
HblX .KOH¢1-1rypa41-1fl, ec111-1 ,q11R 111060H KOH¢1-1rypa41-11-1 X x~n K cy~ecT
ayeT TaKaR KOHe4HaR BellH4HHa 'G(XA) ;::0, 4TO 3HeprHR aaaHMO,qeH-

CTBHR 

W(XA,XK)= !. c.ti(x-y)>-'G(X'i\)cardXA. 
X G- XA 

/2.3/ 

yG- xx 
H1-1me Mbl 6y,qeM no11araTb W(XA,(&)==W(6,X,t)==O; XA=X 0 , ec111-1 
cardXA=n H U(X

0
)s0 ,q11R n==0,1. 

K1-1HeTH4eCKaR 3HeprHR 4aCTH4 ,qllR ,qallbHeHWHX paccym,qeHHH 
Hecy~eCTBeHHa. no3TOMY MW 6y,qeM paccMaTpHBaTb KOH¢Hrypa4HOHHblH 
60llbWOH KaHOHH4eCKHri aHCaM6Ilb 4aCTH4 B cocy,qe A, HMe~~HX TeM
nepaTypy fi H aKTHBHOCTb z/z~O B ¢H3H4eCKOH 0611acT1-1/, npH Ha-
11H4HH pery11RpHoro rpaHH4Horo yc11oa1-1R X A aHe cocy,qa. 6011b
waR CTaTHCTH4eCKaR CYMMa HMeeT Tor,qa c11e,qy~~HH a1-1,q: 

· oo zD , 
E(fi,z,AIX,)= !. -f dY exp(-fiU(Y )-fiW(Y ,XA-)), /2.4/ 

1\ n==O n! AO n n n 

a ycllOBHWe m~T04e4HWe Koppe11R4HOHHWe ¢YHK4HH onpe,qe11R~TCR 

o6W4HWM o6pa30M: 
_ _ 1 oo z m+n 

pA(z,X IX,) =(.:=.(fi,z,AIXA-)) !. - x 
m 1\ n"'O n! 

x f dY exp(-fiU(X u Y )-fiW(X uY , XA-)), n m n m n 

/2.5/ 

AD 

a,qecb, no onpe,qeneHH~, f dY = 1 npH n.,Q 1-1 X mu yn =(Xi, X2, ... 
J\D n 

... ,xm,Y1,Y2,,",Yn). Cxo,qHMOCTb cTeneHHWX pR,qoa /2.4/, /2.5/ 
o6ecne4HBaeTCR ycllOBHRMH ycTOH4HBOCTH /2.1/ 1-1 pery11RpHOCTH 
rpaHH4HOro YCllOBHR /2.3/, no3TOMY 6ollbWY~ cTaTHCTH4eCKY~ CYMMY 
1-1 KOppe11R4HOHHWe ¢YHK4HH MOmHO aHallHTH4eCKH npo,qollmHTb no Z C 
¢H3H4eCKOH 0611aCTH 3Ha4eHHH aKTHBHOCTH B KOMn11eKCHY~ n11oc-
KOCTb (, 

Qnpe,qe11eH1-1e 2.2 11"41.nycTb ,;>0 H ¢=1¢m(Xm)I m~t - noc11e
,qoeaTeI1bHOCTb KOMnlleKCH03Ha4HWX H3MepHMblX ¢YHK4HH, BeKTOPHOe 
npocTpaHCTBO 

Ee =I¢: sup e -mn ¢ in (X m)ll L "°(R m~ - 114> 11 e < 00 l 
m~ 1 

/2.6/ 
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c HOpM011 11·11 t RBJ1ReTcR 6attaxoBblM. npocTpattcTeo EE c E __t, co
CTOR~ee H3 noc11eA0BaTeJ1bHOCTe11 CHMMeTPH4HblX ¢YHK4HH, 6yAeM 
Ha3bJBaTb npocTpattcTB0M 6oro11106oea-Xa4eTa /6X/. 

3aMe4aHHe 2.1 116J1a YCJ10BHl1 /2.1/, /2.3/ CJleAyeT, 4TO CyM-
Ma /2.4/ RBilReTCR 4e11011 ¢YHK4Hei1 'i=,(/3, z,AjXi\) aKTHBH0CTH z, 
nopRA0K K0TOp0H He npeB0CX0AHT eAHHH4bl. EcnH N('i=.) - MHomecT
BO ee Hy11e11, TorAa BeKTOp Ip A (z,X IX A )I ~ 

1 
=p A ( zjX K )<;; Ee , 

z r;; C + (t) \N (~"). H RBJlReTCR 11·1 it -Me'/joMop¢HOl1 ¢YHK4Hei1 

pA: C + <e) ➔ Ee B 0611acrn 

C+(g)=lzE-C: lz]<texp(-/3G(XJ\)-/3B)I. /2.7/ 

KaK H3BeCTHo/6,16I, BeKT0p pA(zlX i\) TO>KAeCTBeHH0 YA0BJleTB0pR
eT ypaBHeHHRM K3 BHAa 

¢ = za ~) (X A ) + zK A¢, 

ri:\e 

( 1 -/3W1(X....lA 
a )(X-)=e Kx_Aa, A A , 

-/3W1 (XK) A • 

KA =e x.A K, 

,· 

a=l1,0,0, ..•• o, ... I 

(Kcp)(x 1)= ~ _!_ J dYnK<l>(x 1 ,Yn)¢n(Yn); 
n=1 n! R nv 

/2.8/ 

/2.9/ 

(Kcp)(X )= e -/3W(x1' Xm '\ xt) I. _l_ f dY n K<I> (xp Yn ) c/>n+m-1 (Y nU (~ \x1)), 
m n=O nl Rnv 

3AeCb, no onpeAenett1-110, K<I> (x 
1 

, <J) = .1 

K (x , Y ) = II (e -/3<1>(xry)_ 1): 
<I> 1 n y<;;. y 

. n 

(xA cp)(Xm) = X A(Xm) ¢m(X m)' 

H, KP0Me Toro, 

(\v l (XA)x A¢ )(X m)= W(x 1' Xj\)X A (X m)cf,m (X m ). 

. 4. 

m> 2. 

/2.10/ 

, _I 

■ 

. TomAeC.TB /1-1111-1 ypaetteHHi1, 06cymAeH1-1e CM. B 1161 I K3 AOCTa
T04H0 AilR HCCJleA0BaHHR TepM0AHHaMH4eCKoro npeAena KOppeni-
4HOHHblX 

1 
¢YHK4Hl1 AI1R CJ1y4aR He0TpH4aTeJ1bHblX noTeH4HaJ10B / 1,2/, 

HJlH noTeH4HaJ10B C TBePAOH cepA4eBHHOl1 /CM. §4.2 B 131 , a TaK
me 1171 /, n0CKOJlbKy AI1R 3THX 4aCTHblX c11y4aee ceepxycTOl14HBblX, 
~OTe_H4HaJ10B B3aHMOAei1CTBHR /CM.§3.2 B 131 I onepaT0pbl KAH K 
orpaHH4eHbl B npoCTpaHCTBe EE, ecnH Bbln0J1HeH0 YCJl0BHe /2. 2/. 
B o6~e.M,, c,I1Y4 .. ae ycT01141-1eoro a~aHMOAei1.cTBHR. KA: Et ➔ E 

0 2
13B • 

no3TOMY 06b14HO HCn0J1b3Y~T CJ1eAY~~Y~.M0AH¢HKa41-1~ ypaBHeHHRe 
/2. 8/ H onepaTOp0B K3 /2. 9/ ~ npeAil0meHHY~ P~3JleM /2/':· H3 yc
Jl0BHR yc~?~4HBOCTH /2.1/ cne~ye~, 4T0 B ~pOCT~aHCTBe Ee CY~-, 
~ecTeyeT onepaTop n: 

(ncp)(Xm) =c/>m (x1Tu (Xm \ XIT )), /2.11/ 

TaKoi1, i..ii'o W (x , X \. x ) >-28. TorAa AI1R onepaTopoe KP /e Ko-. - ~ m 1T -
He4H0M. H 6ec,KoHe4HOM o6ceMax/ IlKA 1-1 IIK HMeeM 

IInKII·Et ~ ~ 2/3B e-1e edm 
IIIIK II < e{3(G(Xj\)+2Bt-tetc({3) • 

A E-

/2. 12/ 

e 
B CHilY 3aMe4aHHR 2. 1 BeKT0P PA (z\ X A) T0mAeCTBeHH0 YA0BJleTB0pR-

. eT TaKme ypaeHeHH~ KP: 

. () 
cf, =Za; (X]\) + 2flK A¢. /2. 13/ 

npeAJl0meHHe 2. 1116:nycTb X]\~ flx, a napHbll1 noTeH4HaJ1 B3aHMO-
Ae11CTBHR <l>{x) RBJlReTCR YCTOl14HBblM H perynRpHblM. TorAa AilR 
KamAo~o (> 0 ypaetteHHe KP /2. 13/ AI1R cocyAa A HMeeT e 6X-
npocTpaHCTBe E! (A) ;,,X' E [ eAHHCTBeHH0e peweHHe, K0T0poe 
a/ IHI e -aHaJ1HTH4H0 ~ 0611acrn c_ <e> /Kpyr aHciJ1HTH4HOCTH/: 

C W=lzE-C: \zl<ee-tc(f3).e-{3(G(XJQ+2B)lcq}~; /2. 14/ 

6/ 11-11 ( -Mep0M0P¢H0 B 0611acrn C+_ (e), CM. /2. 7/, H C0BnaAaeT 
e 3Toi1 o6hacrn c · cymeHHeM p A (z_l X A) ~ C + (.~): 
B/ 'HMeeT BHA ' 

'pJ\(_zlXx-)=°Rz-1(nKA)a~) (Xx), /2. 15/ 

-1 . 
rAe R ,\ (IIKA) =(AI -II~) - peaoJlbBeHTa oneparnpa IlK A· 

JlnR A= R 11 onpeAeilHM ¢opManbH0 ypaBHeHHe KP e 6ecKOHe4HOM 
o6ceMe 
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¢ = za + zilK ¢. /2. 16/ 

TorAa H3 /2. 12/ cneAyeT, 4TO ypaBHeHHe /2.16/ 11MeeT eAHHCTBeH
HOe peweHHe 

p(z) = Rz-1 (IlK) a ~ Et /2. l7/ 

AnR z ~,s 0(f). PeweH11e /2. 17/ I 1-1 I I; -aHan11rn4HO a 3TOH o6n~cTw 
11 RBnReTcR·MaKCHManbHblM aHanHTH4eCKHM npOAOfl>KeHHeM npaeo11 4ac
nt /2. 17 / no napaMeTpy z H3 Kpyra C~ (/;) c 1$ 0 (/;) /aAecb C~ (fl 
co_oTBeTCTByeT G (X K) = 0, CM. /2. 14 / /, BHYTPl1 KOToporo 

llr(z) HI;~ lzl (1- lzl e2/JBC1e {c(f3))-1
• /2.18/ 

.QnR nycTblX rpaHH4HblX ycnoeHn: X A = I¢ l , 01.teHK11 HOPM- onepa
Topoe IlK A H IIK coena,qaroT, CM. /2. 13/. no3TOMY, 11cnonb 3YR 
npeACTaeneHHR /2.TS/ 11 /2. 17/, c noMOUlblO cep1111 ot.teHoK eHyTp11 
Kpyra aHanl1T114HOCTl1 C 0 {1;) y,qaeTCR 11ccneAOBaTb noBeAeHHe 
BeKTopa p(z)-pA(zl d) AflR eo3paCTa10U1ero ceMeHCTBa COCYAOB A?' Rv, 
HanpHMep, a CMblcne BaH Xoea /§2. 1 a pa6oTe 131 /. 

npeAno»<eHl-fe 2.2 /TeopeMa 6P/. nycTb <l>(x)- - ycTOH411BblH 
perynRpHblH noTeHt.tl-fan napHoro B3al1MOAeHCTBl1R H rpaHl14Hble ycno
BHR XA=fdlAnR n106oro Aclrv. TorAa AnR zcC~(l;)npe,qenbHble 
KoppenRl{HOHHble <l>YHKl{l1H CYllleCTBYIOT, eAHHCTBeHHbl 11 npHHaAne»<aT s . 
6X-npocTpaHCTBy EI; 11 coenaAalOT C peweHHeM /2. l 7 / B TOM CMblC-
ne, 4TO AnR n106oro orpaH1-1LteHHoro 113Mep11Moro MHO>KecTea ~ c R v 

lim l[xi\p(z)-xi\pA(z[,6)[1,=0. /2.19/ 
AIRV 
3aMeLtaH11e 2.2. B pa6oTe 141 AOKa3aTenbCTBO npeAnO>KeH"1R 2.2 

npoBeAeHo / c COOTBeTCTBYIOlll11M!,1 MOA"1$11Kal("1RMH/ AflR 6onee 'cno>K
Horo cnyLtaR KaHOHl14eCKOro aHCaM6nR. B HaCTORUleH pa6oTe npeA
no>KeHHe 2. 2 6yAeT AOKa3aHO AflR HenyCTblX rpaH"14HblX ycnOB"1H 11 
AflR aKT11BHOCTeH 113 o6naCTl1 

IS(e),,, ( n P (llKA)) n 1$
0 

(/;), 
Al'RV z /2.20/ 

r,qe P z (I]KA) - pe3onbeeHTHOe MHO>KeCTBo onepaTopa IlKA AflR aK-
Tl1BHOCTen. TeXH114eCKl1 6onee CflO>KHOe AOKa3aTenbCTBO AflR KaHo
H"14eCKoro aHCaM6nR MO>KHO npoeecTl1 B npRMOH aHanor1111 C 11,qeRMl1 
pa6oTbl

141
, ecn1,1 eocnonb3oeaTbCR nony4eHHblM"1 a 3TOH pa6oTe ypae

HeHl1RMl1 THna ypaeHeH"1H KP AflR <l>YHKL("1H pacnpeAeneH"1R, CM. TaK>Ke 
3aMe4aH11R 151 . 

6 

3 . .LlYAJlbHAR n/\PA < 'E c;", Et>. 
onEPATOPbl KHPKBY,[\A-PI03TIR B nPOCTPAHCTBE 'EI; 

CxeMa HOBoro ,qoKa3aTenbcTea TeopeMbl 6P, KOTopoe np1-1ee,qeHo 
H"1>Ke /pa3,qen 4/, CBOA"1TCR K cneAYIOUleMy: 
a/ AflR YCTOH4"1BblX perynRpHblX noTeHL(11anoe B3a"1MOAeHCTB"1R 11 onpe
AeneHHoro Knacca rpaH"14HblX yc~OB"1H C noMOlllblO /2.15/ 11 /2.17/ 
YCTaHaen1,1eaeTCR CXOA11MOCTb ceMencTBa KoppenRL("10HHblX ¢YHKL(l1H 
Ip A (z IX A) l A RV np11 Al' RV a * -cnaGon Tononorn11 Ha E;=; 
6/ C noMOUlblOCTO>K,qeCTB Manepa-MOHTponna /CM, §4.2 e 13 ', a TaK
>Ke 1161 / ,qoKa3blBaeTCR paBHOMepHaR CXO,q"1MOCTb Ip A (z, xm I Xx)l AcR" 
Ha KOMnaKTaX i\m CR mv /cp. c /2.19//. 

HanOMHHM' 4TO * -cna6aR Tononor11R B npOCTpaHCTBe E /' 3a,qaeT
CR HenpepblBHblM!,1 n1-1HeHHblMH ¢YHKL(l10HanaM"1 (< f. ¢>If~ 'Er- ' , r,qe 
¢~EI;' KOTOPble nopo>K,qalOTCR 3neMeHTaM"1 ;6aHaxoea npotTpaHCTBa 
'Eg, TaKoro, 4TO conpR>KeHHOe npocTpaHCTBO ('E ,·) *=Et /CM. 
rn. IV •§3,3 a 1181 11n1,1 rn.IV.5 e/ 191 /. npocTpaHtTBa<'E:_E >06pa-
3y10T ,qyanbHYIO napy, a HenocpeACTBeHHO 113 onpeAeneH1-1t t.2 cne
AYeT, 4TO 

< f, c/> > = ~ f dY f (Y ) ¢ (Y ) , 
n = 1 Rm' n n n n n 
oo· 

'Ee= (f\:1 I; n II f n·(Xn) IIL l(R IlV) = 11r11 ~ < 00 I • 
/3. 1 / 

.[\nR pean1-13a1.t111-1 nyHKTa a a Ka4eCTBe nepeoro wara ycTaHOB"1M, 
4TO B npocTpaHCTBe 'E /; CyllleCTBYIOT orpaH"14eHHble onepaTOPbl IIK J\ . 
1,1 IIK, TaK1-1e, 4TO(I1KA)*-=IIKA 1,1 (IIK)*=IIK. 3aMernM, 4To 1,13 
CyllleCTBOBaHl1R orpaH"14eHHblX onepaTOPOB KP B npoCTpaHCTBe Ee 
3TOT ¢aKT HenocpeACTBeHHO He cne,qyeT /CM. rn. Vl.9 e 1201 /. 

no3TOMY H"1>Ke np1,1ee,qeHO npRMOe ,qoKa3aTeflbCTBO CYUleCTBOBaH"1R 
onepaTopoe KP a npocTpaHCTBe 'E1;, 

JleMMa 3,1. 8 npOCTpaHCTBe 'Ee CYUleCTByeT onepaTop 11 : 
'E /; ➔ 'Ee, Ta KOH, 4TO 

( 'Il) *=II. /3.2/ 

.[\oKaaaTeflbCTBO. Ha ycnoe11n ycTOH411Bocrn /2. 1 / 1,1 <l>(x) =<l>(-x) 
cneAyeT, 4TO MHO>KeCTBO KOH¢1-1rypa41,1n 

w/m) =IXmc;.Rmv:W(xi'Xm\ x 1)>-2Blf I ¢1, i,d,2, .•• ,m, 

-np1,1LteM 

X ( )(X ) = X -· ( )(x'.U (X \ x 1)). /3.3/ 
w

1 
m m w 1 m I rn , 
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nocKO/lbKY a o6uteM C:QY4ae w1 (m)Owk(m) ~ I ¢'1, 
/CM. 121 / onepaTOP II j: Ee➔ E,, TaKOl1, 4TO 

(;; j ¢ )(X rJ = 11 j (X m) ¢ m (X m) , · 

m -1 
11 J' (Xm) = X w (m) (Xm) ( I Xw (m~Xm)) • 

j i = 1 i 

TO BBeAeM 

J,1 onepaTOp TT j : Ee ➔ Ee , KOT0pbll1 onpeAeJlReTCR Bblpa1i<eHJ,1eM 

(;J¢)(X )=0(m-j+1)¢ (xjU(X \.x.)). m m m J 

/3.4/ 

/3.5/ 

3AeCb 0 - <l>YHKL(J,1R onpeAe/leHa TaK, 4TO 0(0) 2:0 . 1,1 O(n>O) ==1. 
OnepaTOP /2.11/ MOmHO TOrAa npeACTaB"1Tb a B"1Ae 

II= i ;J;;l • 
J= 1 

/3.6/ 

6011ee Toro, J,13 onpeAe/leH"111 /3.3/-/3.6/ C noMOIJtblO npoCTblX Bbl-
4J,1CJleHJ,111 AJlR f~ 'Ee J,1 ¢~Ee no11y4aeM 

00 n A 

<f,II¢>= I J dY v 1 (Y) I (rr.f)(Y )¢ (Y )=<1If,¢>, 
n=1 n n J'=l J n n n R~ . 

/3. 71 
- 00 ,.. □ 

'II= 111 I tr,. 
J= r J 

T:opeMa 3.1. 8 npOCTpaHCTBe 'Ee CYuteCTayeT onepaTop IlK, 
TaKOJ.1, 4TO 

(ITK) * = TIK • /3.8/ 

AoKa3aTellbcTeo. OnepaTop K /cM. /2.9// MOmHo npeAcTaB"1Tb a 
BHAe 

K = e-/3W K, 

00 1 . 
(xcf,)(X m) = I 0n+m-1 -, f dYn ~(xt, Yn)'Pn+m-1 (YnU (Xm\ X1)), 

n=O n. R"v 
/3,9/ 

(vlcf,)(Xm)"' W(x 1, Xm\ x 1 ) 'Pm (Xm). 

Ha /3.7/ CJleAyeT, 4TO A/lR npOJ,13BO/lbHOro BeKTopa g 1,13 MHomecT
ea 'TI 'Ee <l>YHKL(HOHa/1 < g,Kcf,>, ¢~Ee, orpaHJ,14ei-l. no3TOMY,. 1,1cno.nb-

8 

3YR /3.9/, no11y4aeM 

<g, K¢>=< 'Kg,¢>, 
A 

'Kg= '-K e-f:3w g, 
/3.10/ 

('Kh)(Xm) = ~ -1- J dyK,...(y,X ) h
1 

(yU (X \ X )), h~ 'E~. 
n =0 n! R11 .., n +m-n m n ._, 

nocKO/lb KY g G- '11 'E" TO -H3 nepeoro paeeHCTBa /3. 1 0/ CJleAyeT 

IlK = 'K ·n. o ;3.111 

CneACTB"1e 3.1. AHanor"14HO AJlR onepaTopa IIKA /cM. onpeAe-
11eH"1R /2.9// no11y4aeM 

IIK A = 'KA 'II , 

'K _ , -{3; -/3W 1 ( X r) A 

/3. 12/ 
A - K e . e J\ X A • 

3aMe4aH"1e 3. 1. KaK 1,13aecrno, ll 'K1IJI, =llllKJJ Ee Ee 
= IJIIK11,!IE( 

I I 'K A1111 'E { 

KpoMe Toro, 1,13 TeopeMbl (j)1,111111-1nca /CM. rn. VI. 3 a 1191 / cneAyeT, 
4TO COOTBeTCTBYIOl!jHe pe3OJlbBeHTbl B npOCTpaHCTBe 'Ee HMelOT 

BHA 

R ,\ (_'K 'TI) = 'R ,\ {IIK) , R ,\ ( 'K A'II) "" 'R ,\ (11K A) , 

a A/lR cneKTPOB J,1MeeM 

/3.13/ 

. a( 'K 'II)= a(IlK), a( 'K A'TI) = a(IIK A) /3. 14/ 

4. w* -CXOAHMOCTb KOPPEJlRl.lHOHHblX <l>YHKl.lH~. 
TEOPEMA 6Oron~6OBA-P~3nR AnR f!EnYCTWX fPAHH4HWX YCnOBH~ 

Ec111,1 COCYA A/ R 11 /a CMb1c11e BaH Xoea/, 3TO nopomAaeT He-

KOTopoe- ceMeHCTBO IX xi ACRI/ rpaHH'-lHblX YC/10B"111 BHe COCyAa, 

O6bl4HO /cM., Hanp1-1Mep, 19,211 / no11ara10T, 4TO ¢aaoeoe npocTpaH-
CTBo 6ecKoHe4H011 c1-1cTeMbl D=IXI cocTOHT Ma 11OKaJ1bHO KoHe4-
HblX KOH<!>Hrypal.(1-111: A/lR KamAOH KOHcJmrypal(f.11,1 x~n ae/1"14"1Ha 
cardXfl < oo A/lR n106011 orpaHH4eHHoH 0611acT1-1 t\ C R11

, 3AeCb 
X~=X ~ fl. ·Ha onpeAe/leHHR 2.1 _TOrAa C/leAyeT, 4TO A11R 4aCTHLt C 
TBePAOH cepA1.tee1-1Hoi'1 1,1 pery11RPHblM noTeH41-1a110M H~= n ~ (R1·'\A)=fl '/i.., 
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a AflH o6~ero cny4aH YCTOA4HBWX perynHpHWX noTeH4HaflOB B3aHMo
AeAcTBHH flx C fl i\_. 4T06bl KOHTponHpOBaTb pOCT nnOTHOCTH 4HC-
na 4aCTH4 s ceMeHCTBe rpaHH4HblX ycnosHA IX li. I Ac R11 , BBeAeM 
cneAYIO~ee 

OnpeAeneHHe 4.1. noAMHomeCTBO O(d)CO COCTOHT H3 KOH$Hry
pa4HA C KOHe4HOA nnOTHOCTblO 4aCTH4 d Ha 6eCKOHe4HOCTH, ecnH 
AflH n1060A KOH$Hrypa4HH x'= O(d) cy~eCTBYeT TaKoA COCYA A(X), 
4TO cardXl'\:S d AflH n1060A o6nacrn L'l.cR

11
\ A(X) c Ill.I== 1. 

EcnH XAo .;O(d), TO Ha perynHpHOCTH saaHMOAeAcTBHH /2.2/ 

H onpeAeneHH!! 4, 1 cneAYeT, 4To AflH scex A-:> A(X Kr) KOH$Hrypa-
4HH IY:x=XxJAlcnx /CM. /2.3//. Eionee TOro, nycTb . 

Ir A(XK)l=IXli. HR''\· A): A)A 0 I /4.1/ 
0 0 

- CeMeAcTBO rpaHH4HWX ycnOBHA, nopomAaeMWX KOH$Hrypa4HeA xli., 
TOrAa HMeeT MecTO cneAYIO~ee yTsepmAeHHe. O 

JleMMa 4. 1 • EcnH X A
O
.; O(d), TOrAa AflH n106oro orpaHH4eHHoro 

HaMepHMoro MHomecTsa fl.CR 11 H perynHpHoro noTeH4Hana napHoro 
saaHMOAeAcTBHH HMeeM 

lim IIW(x,f'A(Xx )IIL""(/1.)=0. 
A/RV o /4.2/ 

AoKaaaTeflbCTBO. EcnH ¢±(~ - HeoTpH4aTenbHaH /0TpH4aTenb
HaH/ 4aCTH noTeH4Hana saaHMOAeAcTBHH, TOrAa 

I ¢ _ (x-y)_:: W(x, r A (Xli.)) .:S ~ ¢+ (x-y). 
y'=rA (Xx> 0 y'=I A (XA) 

0 0 

/4.3/ 

Ha YCflOBHA neMMbl cneAyeT, 4TO cy~eCTByeT COCYA A', TaKoA, 4TO 
K :Ji'l. , A')A(X7i.

0
) H 

II I <l\(x-y)!l
00

._:Sd f d,Al<ll±(A)I 
y (:,TA(X.. ) - L (6.) !Al >dist(at'l.,aA) 

Ao -

/4.4/ 

AflH scex A)A'. Ha ycnoBHH /2.2/ cneAyeT, 4To <ll+(x)~ L1(R 11
\ S), 

rAe ·s - HeKOTOpblA wap C 4eHTPOM B Ha4ane KOOPAHHaT. nocKOflbKY 
npH Al'R

11 
senH4HHa dist<a/1.,at'l.) ... "°• TO Ha 04eHOK /4.3/ H /4.4/ 

cneAyeT /4.2/. D 

JleMMa 4. 2. nycTb ¢(x) - YCTOH4HBWH perynHPHbl'1. noTeH4Han 
napHoro saaHMOAeAcTBHH, a rpaHH4Hoe ycnosHe X li. '= O(d) . TorAa 

0 

10 

I 

;1 

:\ 
'( 

! 
I ,, 
1i 

f 

.\ 
l 
.I' 

'I 

1:' 

•I/ 
I 

'~ 

t 
11 

I 
I. 

n~ A,,,rR 11 cy~ecTsyeT CHflbHWA npeAen ceMeAcTBa onepaTopos 

IIIKAI Ac RV , npH4eM 

s- lim IIK A-= IlK . 
. A RV 

/4.5/ 

AoKa3aTeflbCTBO. nycTb f.; 'Ee, TOrAa H3 /3.11/, /3.12/ nony-

4aeM A 

ll(IlKA-IlK)flle == IITTK(e-/3W1(f'A) XA -n file < 

--/3W1(1A) A II' < IIIIKII, II (e xA-nr /:. - Ee "' 

lfa f~ 'E ! cne,qyeT, 4TO AflH n106oro £ > 0 
paHH4eHHOe HaMepHMOe MHOmecTBO fl. CR 11

, 
l 

no3TOMY H3 O4eHKH 

/4.6/ 

cy~ecTsyeT TaKoe or-

4TO 11 r-x!l./''i <£. 

-/3w (r, ) -/3W (rNA -/3W (1A) A 
ll(e l AxA-I)fllf.:::ll(e 1 ·xA£-I)x/l./llf+ll(e l xA-I)(f-

-x/1.l Olli .:s ll(e-/3W(x1'1A\A (x1)-I)x6.}x1)IIL00 (RII) llflli + ; 4.7; 

-/3W(x ,rA) A 
+(lie 1 II + 1)11 f-xA fll; 

L "°(R 11) Lll "' 

C noMO~blO neMMW 4.1 H HepaseHCTBa /4.6/ nony4aeM npH A/R
11 

CHflbHYIO CXOAHMOCTb /4.5/ B npocTpaHCTBe 'Ee• 0 
CneACTBHe 4.1. CHflbHaH CXOAHMOCTb /4.5/ BMeCTe C aaMe4aHH

eM 3.2 sne4eT /cM. rn. VIII.7 s 1191 HnH rn. VIII, §1.1 s 122/ / 

CHflbHYIO CXOAHMOCTb peaOflbBeHT B 'Ee: 

s- lim R _
1

(TTK N "'R _1(TTK) 
A!RII z z 

/4.8/ 

AflH z.;IS(~) /cM. /2.20//. 

CneACTBHe 4. 2. HanOMH_HM' 4TO w* -cxoAHMOCTb BeKTOPOB B 
npocTpaHCTBe Ee onpeAenHeTCH * -cna6oA TononorneA Ha E,. 
no3TOMY Ha O4eHOK /4. 6/, /4. 7/ AflH n106oro cp EE e nony4aeM 

w *- lim (TIKA -TIK )¢-= 0, 
A/R11 

-/3w (rA) A 

w*- lim (e 17 xA- I)cp = 0. 
Al'R11 

/4.9/ 

II 



TeopeMa 4. 1 / w* -cxoAHMOCTb seKTopos p A (zlr A)/. nycTb 

~(~ - yCTOA4HBWA perynRpHwA noTeH41-1an napHoro B3aHMOAeACTBHR, 
a rpaHH4HOe ycnos1-1e XAo ~ n (d) . TorAa AnR 11106oro z:;; 1S (f,) cy-

lllecTsyeT npeAen: 

w*- lirn pA (zif' A (X )) = p(z).; E , 
I\.IRv 7\o f. 

/4.10/ 

KOTopwA He 3aBHCHT OT rpaHH4HOro ycnOBHR 1-1 RBnReTCR eAHHCTBeH
HWM peweHHeM ypasHeHHR /2.16/. 

AoKa3aTenbCTBO. C nOMOlllb~ /2.15/, /2. 17/ 1-1 /3.13/, /3. 14/ 
AnR f.;. 'E f. 1-1 z .;. 1S(f,) nony4aeM 

<f,p A (zif' 1\.)-p (z) > = <f, R z_1(IIK A) (IIK A-IIK)R z_1(IIK)a > + 

/4.11/ -f3w u1 > ... ~ 
+<f,Rz-1(IIKA)(e rr x/\.-I)a>=<Rz_1(IIKA)f,(IIKA-flK) x: 

~ -f3w ff/\) A 

x Rz-l UIK)a> + <R z-l (IIKA)f, (e 77 
.· x A-I) a>. 

3aMeTHM Tenepb, 4TO AnR AranbHOA napbl < 'Ef.,Ef.>1,13 CYU\eCTBOBaHHR 
11-11 t.' . \\<* 

/np1-1 n ➔ oo / npeAenoa g n ______:... g~ 'E f. 1-1 r/Jn - r/1.; E f. cne-

AYeT CXOAHMOCTb <g , r/1 > ➔ <g, r/1 > /CM., Hanp1-1Mep, rn. III, §.1. 7 
s 1221 /. no3TOMY np;saJ 4aCTb /4.11/ B c1-1ny /4.8/, /4.9/ cxo-
AHTCR np1-1 A /f RV K Hyn~' 4TO 1-1 AOKa3blBaeT /4. 10/. □ 

CneACTBHe 4. 2 /w* -cxOAHMOCTb KoppenR4HOHHblX <l>YHKt.11-1A/. 
lfa /4. 10/ AnR 11106oro <l>HKCHPOBaHHoro rn 2'.. 1 nony4aeM CXOAHMOCTb 
KoppenR41-10HHWX <l>YHK41-1A Ip A (z, X m jf'A )I m:::_ 

1 
a * -cna6oA To-

nonor1-11-1 Ha L 00 
( R v ) : 

w*- lirn pA(z,X IIA )=p(z,Xm). 
1\./f RV m 

/4.12/ 

TeopeMa 4. 2 /TeopeMa 6P AnR XA ,/, I sz5 I 1-1 z.; 1S (f.) /. nycTb 
BbinonHeHbl ycnoBHR TeopeMbl 4. 1, TOrAa AnR z.:; lS(f,), rn :.:_ 1 1-1 
rno6oro KOMnaKTa Ac Rv 1-1MeeM 

lirn !Ix'~ (X )pA(z,X \I'\ )-xA (X )p(z,X )II = 0. 
Al'Rv a m m I o m m L""(RmV) 

/4.13/ 

12 

AoKa3aTenbCTBO. HanOMHHM /CM. 116• 231 /, 4TO HTepa41-11-1 Tom
AeCTB K3 npHBOART K TOmAeCTBaM MaAepa-MOHTponna: 

( X Ix ) (X ) 
m -{JU(Xm)-{3W(Xm, Xj\) x 

PAZ· m K.=x/\ mz e 

00 1 
x !, - J dY M,.,(X ,Y )p/\(z,Y !X-r); 

n-0 nl n -¥ m n n I\ 
- RDV 

m -{3U(XrJ 00 1 . 
p(z,X )=z e !. - f dYnM<ll(Xm,Yn)p(z,Yn) • /4.14/ 

m n=O n! Rnv 

-/JW(~, y) 
M,._ (X , Y ) "' II (e -1), M,., (X , 6 ) = 1 . 

-¥ m n yG-Y n '¥ m 

C noMOlllb~ /4. 14/ nony4aeM 

X (X )(p (z,X jr/\)-p(z ,x )) "'z e -/3U(XrJx /),.(X ) X 
A m A m m m 

x(;/:Jw(~SA)X (X )-1) i: _l_ J dY M<l>(X ,Y )p(z,Yn)+ 
A m n=O n I Rnv n m n 

/4.15/ 
m -/3U(XrJ-/3W(Xm• 1A) X (X ) I _l_ J dY M<ll(X ,Y ) x 

+ Z e A m n=1 n ! Rnv n m n 

x(pA(z,Y
0

]1A)-p(z,Y
0
)). 

Ha 04eHKH /CM. 1241 I 

IM<l>(X ·: y )I < II [ }: I e-:-/3<1>(xcy)_11 II e-/:J<l>(JrY>],/4.16/ 
m n -Y~'Xi 1=1 1_:Sj<l 

a TaKme perynRpHOCTl-1 1-1 YCTOA4HBOCTH noTeH41-1ana napHoro B3aHMo-
AeAcTBHR .cneAyeT, 4TO HHTerpanbHble RAPa IM,., (X , Y ) I > 1 , -¥ m n m,n 
3aAa~T OT06pameHHR -

M<I> ( ·,.) : R mv ➔ L 1 (R nv) , /4.17/ 
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KOTOPble paBHOMepHo orpaH1-14eHbl no HOpMe I!· 11 ;(Rnv) , AllR X ;;f'R m11
: 

lfM,...(X ,Y )\I 1( < (mC(f3)e 2m/3B)n. 
'Ii m n 'L Rnl') -

/4. 18/ 

• ml' 1 . 
no3TOMY A11R 11106oro X E R seKTop 1-, M ¢ (X m , Y n ) l n > f 'E 1:>np1-1-

m n. - '> 
4eM era HOpMa He npeBOCXOAHT Be111-141-1Hbl exp(mC(/3)e 2mf3B). Peay11b
TaT /4.13/ no11y4aeM TOrAa 1-13 TOmAeCTBa /4.15/ C noMO~b~ npe
AellbHOro nepexoAa J\l'Rv, ec111-1 y4ecTb /4.2/ 1-1 /4.12/. 0 

Pe3yllbTaT TeopeMbl 4. 2 MO>KHO HeCKOllbKO YCl-1111-1Tb' ec111-1 noTpe-
6osaTb Bbln011HeHl-1R OAHOro AOl1011Hl-1TellbHOro YC110B1-1R. 

OnpeAe1leH1-1e 4.2 123(n6TeH41-1a11 ¢(~ Ha3blBaeTCR pery11RpHblM 
CHl-13Y, ec111-1 cy~eCTByeT no11om1-1Te1lbHaR MOHOTOHHO y6b1Ba~~aR $YHK-
41-1R IJIO) Ha no11yoc1-1 R}, TaKaR, 4TO 

j dd'-1 IJl(t) ,( 00, 

11 ACJrn scex x';. R 1' 1-1MeeM 

<11(x) :'.. - IJl(jxl). 

TeopeMa 4.3 /paB~OMepHa~ CXOAHMOCTb Ha KOMnaKTax/. nycTb 
BblnOllHeHbl YC110B1-1R TeopeMbl.4.1 1-1, KPOMe Toro, noTeH41-1a11 napHoro 
saa1-1MOAeikTB1-1R pery11RpeH CHl-13Y. TorAa AllR z .::1S (.;), m 2:. 1, 11 11~-
6oro KOMna KT a t\ c R 1'· 1-1MeeM 

lim sup \pJ\(z,X IJ'J\)-p(z,X )\ = 0 
J\IR'' x"J<;.t\m m m 

/4.19/ 

AoKa3aTellbCTBo. Bocno11b3yeMCR npeACTas11eH1-1eM /4. 15/. TorAa 
1-13 ;4.2/ C y4eTOM pery11RpHOCTl-1 noTeH41-1a11a napHoro B3al-1MOAeHcT
Bl-1R CHl-13Y no11y4aeM 

-f3W{X I') 
lim sup \e -11tAx(X )-11=0. 
J\fRV xm.;t\m A m 

/4.20/ 

no3TOMY 1-13 04eHK1-1 /4. 18/ c11eAyeT, 4To nepsoe c11araeMoe s cyMMe 
/4.15/ np1-1 At' R 1' CXOAHTCR K HYll~ paBHOMepHo no Xm4;f1m.A11R 
04eHK11 BToporo c11araeMoro aaMeT1-1M, 4TO 1-13 w* -cxOA11MOCTl1 
/4.10/ c11eAyeT orpaH1-14eHHOCTb ceMencrna lpA(zjrJ\)I AcRv 

B npocTpaHCTBe E<; /CM. rn.III, §1.7 s 120:,, TO ecTb\\pA(z!IA)lles 

so(z). no3TOMY AllR 11~6oro c>O HaHAeTCR TaKoe Ill ,4TO AllR n>nf 

no11y4aeM /CM. /4.18// 04eHKY 

14 

"" 1 
I l: - 1 f dY Mq,(X ,Y )(pA(z,Y [rA)-p(z,Y ))I< 
n>nc n . Rnll n m n n n 

_'.S i _..!_ en(o(z) + l[p (z)l I /;)(me (/3) e 2mf38>-n < £ , 

/4.21/ 

n>n n! '> 
( 

A/lR OCTasweHCR KOHe4HOH cyMMbl socno11b3yeMCR 04eHKOH /4.16/, 
TOrAa 

nl 

In,:\:, f dYnM¢i(Xm,Yn)(pA(z,YnlrA)-p(z,Yn))I S 
Rnll 

nc 
1 

S n:t if I f dYn Mq,(Xm' Yn) (pA (z, Yn [rAJ-p(z, Yn))l + 
on 

( 

De 

+ l: ~[ f dY Mq,(X ,Y )(pA(z,Y [I'A)-p(z,Y
0
m~ 

n= 1 n ! R 011\o n n m n n 
( 

~ /4.22/ 
S l: - 1

-(m sup le-f3'1l(:i-y)_1le2mf3B)nllPA(z,X lJ'A}-p(z,X )11
1 

rit. 
n=tn! x<e-A m m U(D£, 

yEDc 

"c 
+ n~ 1 :, e,o(z)+[lp(z)ll~)(me2m/3B)n X 

-/3<ll{x-y) 
x (sup- f dy I e . - 1 I) 

~t\ R"\D 
l 

Ha pery11RpHOCTl1 noTeH41-1a11a <l> (x) ClleAyeT, 4TO 0611aCTb D £ :)- t\ 
MO>KHO Bbr6paTb TaK, 4TO noc11eAHee c11araeMoe s npason 4acnr 
/4..22/ 6yAeT MeHbWe £, nocKOllbKy 04eHKa /4..2T/ paBHOMepHa no A, 
a np11 J\?R v nepsoe c11araeMoe B npason 4acT1-1 /4.. 22/ CXOA11TCR 
K HYll~ B c1111y TeopeMbl 4.1 r TO 04eHKl1 /4..20/-/4.21/ BMeCTe C 
/4..15/ AOKa3blBa~T /4.19/. 0 

C11eACTB11e 4. 3. Ec1111 exp(-/3<l>(x)) EC(R11),TOrAa pi\ (z, X m Ir A )EC( Rmv). 

no3TOMY B Cl-111Y /4. 19/ npeAellbHble KOppe11R4l10HHble $YHK41-111 TaKlKe 
RBllR~TCR Henpepb1BHblMl1 no xm ER mv, a TeopeMa 4. 3 YTBep>KAaeT 
Tor Aa, 4TO $YH_K41-111 Ip A ( z,X m!r A )I Ac R II CXOARTCR np1-1 AJ" R 11 

B Tono11or1-111 KOMnaKTHOH CXOAHMOCTl-1, 
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5. 3AKJll041HEJlbHblE 3AME4AHHFI 

TeopeMbl 4. 2 11 4. 3 .RBJl.RIOTC.R 0606U1eH11eM TeopeMbl 6P AJl.R. 6011b

woro KaHOHl14eCKOro aHCaM6Jl.R /CM. npeAJ10meH11e 2.2/ B CJleAYIO~eM 

CMblCJle: 

a/ AOKa3aHo cy~ecTBOBaH11e 11 eA11HCTBeHHOCTb npeAeJlbHblX KOppe11.R

l1110HHblX <l>YHKl.111A AJl.R HenycTblX rpaH114HblX YCJ10Bl1A 113 MHOmecTBa 

O(d) 11' aKTHBHOcTeA z~IS(t) /He3aB11c11MoCTb OT rpaHl14HblX 

yc110B11A/; 

6/ npeAeJlbHble KOppe11.R4110HHble <l>YHKl.11111 11·11 { -aH~Jll1T114Hbl B 06-

11acT11 1S(~'), KOTopa.R COAepm11T cTaHAaPTHbl11 Kpyr aHa1111T114i-tocT11 

c_ =I zG- C: \zl < exp(-2,BB-1)} np11 t=C(/3)-1 /cM. §4.2 a 131 /; 
B/ np11 AOnOJ1Hl1TeJ1bHOM YCJ10Bl111 peryJ1.RPHOCTl1 napHoro noTeH411a11a 

B3al1MOAeACTBl1.R CHl13Y KOppeJ1.Rl.1110HHble. <l>YHKl.11111_ Ip A (z, X m1r A_)l Ac R JI 

np11 AJ'R 11 Ha KOMnaKTax CXOA.RTC.R paBHOMepHO /cp. C §:4.2 B
131/. 

3aMe4aH11e 5.1 /cBoAcTBO oc11a611eH11.R Koppe11.R411A/. H3 onpeAe-

11eH11A 2. 4 11 2. 5 CJleAYeT ,'. 4TO yCJlOBHble KOppeJ1.Rl.1110HHble <l>YHKlli-111 

p A(_z, X I Y U X A ) , Y n '= An YAOBJleTBOP.RIOT o6bl4HOMY · cooTHOl!JeH1110 
. m n ~ 

AJl.R YCJlOBHblX Bepo.RTHOC Tel1: 

PA(z,XmuY nlXx) 
p A (z, X I y u Xx)= 

m n p A (z, y n l ~A) 

no3TOMY 113 TeopeMbl 4. 3 CJleAyeT ;' 4TO np11 AIR JI 11 dist(a6., aD) ➔ 00 ' 

dist(a6., aA) ➔ 00' dist(aD, aA) ... 00 AJl.R KOMnaKTOB 6., D CR II no11y4a-

eM 

XA(X )x (Y )pA(z,X vY jrA) ➔ x (X )p(z,X )x (Y )p(z,Y) • 
u. m D n m n 6. m m D n '. n 

. /5.1/ 
CoOTHOWeHl1e /5.1/ eCTb npocTeAwee BblpameH11e CBOHCTBa oc11a611e

Hl1.R Koppe11.R411A /K11acTep113a41111/ KoppeJ1.Al.1110HHblX <l>YHKl.111A AJl.R , 

zE 1S (t) /cM. §4.4 B 131, pa6oTy
761, a TaKme cTaTblO M11H11oca'111~ 

HeAaB.Hl1e pe3yJlbTaTbl COAepmaTC.R B 125, 261 /. . . 

nycTb X AG- nx, TOrAa .C11CTeMa. nJlOTHOCTeA pacnpeAeJ1eHl1.R: 

u (z X IX )•-(::.(/3 z AIX ))-1zme-/3U(Xm)-/3W(Xm,XK) m> 1· 
A ' m K - - ' ' li. .. ' - . ' 

KOTOpa.R onpeAeJ1S1eT r1166COBCKYIO Mepy B COCYAe A, BblpamaeTC.R 

4epe3 KOppe11.R4110HHble <l>YHKl.11111 C nOMO~blO COOTHOWeH11A /cM!6 • 161 / 

00 (-l'n 
uA(z, X· IX Ji.) = ~ ~ f dY pA(z, X v Y IX Ji.) • 

m n=0 n ! An n , m n 
/5.2/ 

3aMe4aH11e 5.2 /CM. §7.1 B 1131,a TaKme 16 ,7,231 1: l,13 eAl1H

CTBeHHOCTl1 npeAeJlbHblX Koppe11.R4110HHb1X <l>YHK411A AJl.R z '= 1S (~) 11 

X'f.
0

'= O(d) CJleAyeT eA11HCTBeHHOCTb npeAeJlbHOA r1166COBCKOA Me-

16 

Pbl, KOTOpa.R 3aAaeTC.R Ha O Cl1CTeMoA cor11acoBaHHblX, HOPMl1POBaH

HblX n110THOCTeA lut,,.(z,X )I ~ 1 .3Ta c11cTeMa BOCCTaHaB1111BaeTc.R 

no BeKTOpy p (z) c noM~~b~ COOTHOWeH11A /5. 2/: 
00 (-l) n 

u A (z, X ) = ~ -- f dY p (z, X U Y ) . 
u. m n=0 n I t,,.n n m n 

3AeCb 6. C R JI - npOl13BOJlbHOe 

meCTBO; 0 CB.R311 C ypaBHeHl1eM 
CM• /8-10, 16, 23, 27 / • 

orpaH114eHHoe 113Mep.ReMoe nOAMHo

Ao6pyw11Ha-JlaH<!>OpAa-P10311.R 

Ec1111 napHoe B3a11MOAeAcTs11e 
BO /CM. §.3.2 B /a//: 

pery11.RpHo ctt113y 11 caepxycToA411-

U(X ) > -n(B- - 0 -A); A> 0, B > 0, X G- An , 
n IAI. - n 

TOrAa AJl.R Xx =I ~fl 11 Z 2:, 0 cy~eCTByeT 1231 He 3aBl1C.R~a.R OT A, m 
11 Xm <!JYHKl.111Jl ( (z) > 0, Ta Ka.A, 4TO 

PA(z,Xm 1¢'):S ((z)m • /5.3/ 

04eHKa /5.3/ 03Ha4aeT, 4TO AJl.R Jll06oro <l>11KCl1POBaHHOro 3Ha4eHl1.R 

aKT11BHOCTl1 113 <1>113114ecKoA 0611acT11 ceMeAcTBO BeKTopoB Ip A (zl¢')lAcR11 

np11HaAJ1em11T eAl1H114HOMY wapy npocTpaHCTBa E 8 { • TorAa 113 

TeopeMbl 6aHaxa-Anaor11y /cM., Hanp11Mep, rn. (I~.5 B 1 191 / cneAy

eT, 4TO 3TO ceMeAcTBO KOMnaKTHO B * -c11a60A Tono11or1111. no3-

TOMY 113 ceMeAcTBa Ip A(zl ¢')I AcR11 MOmHo 113BJ1e4b noc11eAOBaTe11b-

HOCTb Ip A ?I ¢')I k ~ 1 , Ak I' R11
, TaKyio, 4To cy~ecTByeT 

w*-lim PA (zj¢') .. p(z). 
k➔ oo k 

/5.4/ 

3aMe4aH11e 5.3. Ec1111 B3al1MOAeHCTBl1e ~(x) ,KpOMe Toro,e~e 

11 peryJl.RPHO /2.2/, TOrAa 1231 BeKTOp p(z) 113 /5.4/ YAOBJleTao

p.ReT ypaaHeHHIO K3 AJl.R AnR 11
' 11 H3 TeopeMbl 4. 3 CJleAyeT paBHO

MepHa.R CXOAl1MOCTb Koppe11.R4110HHblX <l>YHK4111,1 {pAk(z,Xml ¢')I k:::_ l 

Ha KOMnaKTax, AJl.R z<;. lS (t) fl Ri 3TOT npeAeJl aHaJ111Tl14eH 

no aKT11BHOCTH. Cy~eCTBeHHO HOBblA MeTOA AOKa3aTeJlbCTBa cy~ecT

BOBaHH.R TepMOAl1HaM114eCKOro npeAeJla A11.R KoppeJl.Rl.lHOHHblX <l>YHK411A 

tteKoToporo cne411a11bttoro K11acca c11cTeM c no11om11TeJ1bHo onpeAe-

11eHttblM11 napttblMH noTett411a11aMH B3aHMOAeAcTBH.R / cM. §3. 2 B 128/ / 
npeA11om111111 tteAaBtto <!>pe1111x 11 napK /28/. 

3aMe1.1att11e 5. 4. HoBblA ·MeTOA AC?Ka3aTeJlbCTaa TeopeMbl 6P, 113110-

)l(eHHblA BblWe, no3BOJ1.ReT AOCTaT04HO npOCTO ycTaHOBHTb .CXOA11MOCTb 

Koppen.R411ottHblX <l>YHK411A np11 A I' R II K eAHHCTBeHHOMY npeAeny Bo 

BceA 0611acT11 IS(§) j C 0 {t). 3a, c1.1eT TaKoA o6~Hocrn Tep.ReTc.R - . 
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HH¢opMa4HR, KOTOPY~ MOmHO nony4HTb H3 04eHOK BHYTPH Kpyra 
C O (t). 0 CKOPOCTH CXOAHMOCTH AOnpeAenbHblX KOppenR4HOHHblX 
¢.YHK4HH K npeAenbHblM. 0Ha BblpamaeTCR ¢YHK4HeH dist(a~,aA) /CM. 
¢opMynbl /4.13/, /4.19/ H §4.2 s 131 , a TaKme CTaTb~ MHHnoca 111

~. 

8 3aKn~4eHHe X04Y Bblpa3HTb npH3HaTenbHOCTb Jl.A.nacTypy 
H H.AHreneCKY aa HHTepeCHble H 4eHHLle o6cymAeHHR BonpocoB, 
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