
' j_::: .tr.'" "· ir 
'#I., , ;:; 

B.H.,l~aMHHOB, X.H.XpHCTOB 

\' 

06b8AMH e HHbl M 
MHCTMTYT 
HABPHblX 

MCCn8AOB8HMM 

AY6H8 

~ 

P5-81-164 

·, ,1~ ACl1MIITOTWIECKJ1E 4>YHKUJ1l1 - HOBhltt KJIACC 

\, 0B0)311\EHHbIX <PYHKI.JJ1l1 ,, ... 

' ~11i!• 3AMEHA HE3ABJ1Cl1MOH TIEPEMEHHOH 

~· • 

'l 
~arrpaBJieJ;to B "BonrapCKHH q>H3H'<IeCKHH )ICYPHaJI 11 

, 

. , ri. .. 
' ... ~.. 1; , • 

I 
,_; ~'- \ 

11•1!,i 
,. .1.·· •r 

'/ 

J."l1;, 1981 -
.. 



(• 

0. 

_., .. 

// 3134/2- 81 np . 
t'">- !€!:) .na1u111os s.n., 

· XpwclfOB x. H. 
AclllffllfOtfB11ee1t•e -
tJBWQBW-BOB■f KJ18Ce••• -
7.3a11eR8 • •• 
PS-81-164. 1981. 

u/iiM 

~ 

~IJ 
/V~. 

. 
.' 

1'"1;. 
Jf 

,, 

·,; 
,,,,,.,.__,-

~-

\.,.·· 

~,\ l 
\t 

~ 

l}t· 
J i 

!'{ 

f,
,; . 

' 

8 npeAblAYIJ1HX 4aCTRX AaHHOro HCCJleAOBaHHR I 1·6 1 6b1Jl BBeAeH 
HOBblH KJlaCC 0606111eHHblX ¢YHK4HH - aCHMnTOTH4eCKHe ¢YHK4HH /A¢/ 
f(x) \- oo < x<+oo \ 1-1 6blJlH H3y4eHbl HX CBOHCTBa. 6blJlO noKa3aHo, 
4TO OHH COAep~aT, KaK 4aCTHble CJly4aH, KJlaCCH4eCKHe 6e CKOHe4HO 
AH¢¢epeH41-1pyeMble ¢YHK41-11-1, a TaK~e JlKJ6ble JlHHeHHble KOM61-1Ha41-11-1 
¢YHK4HH ,Q1-1paKa 8(x-xy)U = 1,2, .. . ,L) 1-1 HX npoH3BOAHblX ,5 (k )(x-xp), 
TO4Hee - HX aCHMnTOTH4eCKHX aHanoroB. A<!> MO~HO CKJlaAblBaTb, 
YMHO~aTb Ha 4HCJla, AH¢¢epeH41-1poBaTb H HHTerp1-1poBaTb, a TaK~e, 
4TO 6onee cy111ecTBeHHO, HX MO~HO YMHO~aTb Me~AY co6oA. noKa3a
HO, 4TO npeo6pa30BaHHe <l>ypbe TO~e RBJlReTCR AOnycTHMOH onepa-
41-1eH. 

B HaCTORIJ1eH pa6oTe Mbl noKa3b1BaeM ' 4TO B MHO~eCTBe A¢ f (x) 
Mbl MO~eM COBepwaTb 3aMeHbl He3aBHCHMOH nepeMeHHOH X= ¢ (y) 60-
nee 06111ero THna, 4eM B Teop1-11-1 0606111eHHblX ¢YHK4HH Co6onesa
Wsap4a 11•121 , a HMeHHO: g(y) =f(¢(y)) 6yAeT HOBOH A<!>, eCJlH 
a/ ¢ (y) onpeAeneHa 1-1 6ecKoHe4HO AH¢¢epeH41-1pyeMa np1-1 scex y; 
6/ np1-1 y ➔ ±"" \¢ (y) \ pacTeT He MeAneHHee, 4eM HeKoTopaR 
CTeneHb \y\; B/ npOH3BOAHble ¢ (k) (y), Bblpa~eHHble KaK ¢YHK4HH 
OT X - ¢Ck)(¢ -1(x)),npH X ➔ ±oo HMeKJT yMepeHHblH pocT; r/ B TO4Kax 
y kf , rAe ¢ (y) =Xy, He Bee npo1-13BOAHble ¢ Ck) (y) ~cl.4e3aKJT; Al ec
m1 ( - Manoe nono~HTeJlbHOe 4HCJ1O, a X p= - 1- ¢ ( kfl(y p ) . TO 
A I d f k d kf ! k 
f fmn ((1-t} x kf ¢ -l (x) k ) np1-1 X ➔ ± oo 6blc Tpo HC4e3aKJT / d kf - KpaT-

HOC Tb KOPHR y kf /. 
CneAOBaTeJlbHO, npH 3aAaHHOM y JlKJ6oe 4HCJ1O npOH3BOAHblX ¢YHK-

4HH ¢(y) MO~eT HC4e3aTb ,1-1 TaKHe CHMBOJlbl, KaK 8 (x 2 ), 8 "(x 5), 
a TaK~e 8 (x 3) 2 , 8'"(x4) 5 1-1 T.A,, HMeKJT CMblCJl - RBJlRKJTCR on
peAeJleHHblMH A<!>. 0AHaKO HX ¢YHK4HOHaJ1bl HaA ¢HHHTHblMH 6ecKoHe4-
HO AH¢¢epeH41-1pyeMblMH npo6HblMH ¢YHK4HRMH f(x), KaK 1-1 ¢yHK41-1OHa
Jlbl OT o (x) 2, 8 (x) 3 1-1 T.A,' BeAYT He K KJlaCCH4eCKHM, a K 6ec
KOHe4HO 60JlbWHM acHMnTOTH4eCKHM 4HCJlaM. 

1. ¢OPMYnHPOBKA 3A,QA4H 

B nepBOH 4aCTH 1 11 AaHHOro HCCJleAOBaHHR 6b1Jl BBeAeH HOBblH 
KJlaCC 0606111eHHblX ¢YHK4HH - aCHMnTOTH4eCKHe ¢YHK41-11-1 /A¢/. KaK 
o6bl4HO, OHH aBOARTCR KaK KJlaCCbl nocneAOBaTeJlbHOCTeA KJ1acc1-1-
4eCKHX ¢YHK41-1A /K¢/ f (s,x)(O < s ~ s 1;-oo < x<+oo)- npeACTaBHTeneA 
A¢ f(~. BBeAeHbl TaK~e aCHMnTOTH4eCKHe 4HCJla /A4/ a KaK Knac-
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Cbl noc11eAoaaTeJ1bHOCTe11 KJlaCCH4eCKHX 4HCeJ1 /K4/. a(s) (0< s~ s 1) . 
HapRAY C o6bl4HblMJ.1 K4 OHJ.1 oxaaTblaa10T HH<!>HHHTe3HMaJlbHble 1-1 6ec
KOHe4HO 60JlbWHe 4HCJ1a /nOJlHHOMHaJlbHOro THna/ 191 .Bo aTOPOH 
4acT1-1 121 6blJlJ.1 paCCMOTpeHbl HeKOTOPble 061.111-1e aonpOCbl cy1.11ecTao
aaHJ.1R 1-1 OAH03Ha4HOCTH aaeAeHHblX CTPYKTYP - A4 1-1 A<I>. no npHHR
TblM onpeAeJleHHRM, OKa3waaeTCR, 4TO HMeeTCR MHoro Hy11eablX A4 
1-1 Hy11eabIX A<I>, a cpeAH HHX - OAHO a6COJllOTHOe HyJlesoe A4 1-1 OA
Ha a6co1110THaR HyJleBaR A<I>. B 131 AaHbl 061.111-1e onpeAeJleHHR noHR
TJ.111 KBa3HKJ1acc1-14ecKOl1 <l>YHK4HH HaA /nepeM~HHblMH/ ~4 - a=.F(a 1 ) 

(i=l ,2, ... ,1). KBa3HKJlaCCH4eCKOro / a03MOmHO, HeJ1HHe11Horo/ onepaTopa 
HaA A<I> - f(x) =<I> (f i (x)) 1-1 Kaa31-1K11acc1-14ecKoro /Tome He111-1He11-
Horo/ <l>YHK4HOHaJla - a=l(f 1 (x)). Bee OHJ.1 aaOARTCR TeMH me 
AeHCTBHRMJ.1 HaA npeACTaa1-1TeJ1RMJ.1 a i (s) 1-1 f i (s, x): a(s)= F (a i (s)) ' 
f(s, x) =<l>(fi (s, x)) , a(s) =l(f i (s, x)) np1-1 KamAOM 3aAaHHOM s. np1-1 
3TOM 3AeCb F(ai), <1>(¢ 1 (x)) 1-1 1(¢1 (x)) - yme KJlaCCH4eCKHe 
<l>YHK4HH, onepaTOPbl 1-1 <l>YHK4HOHaJlbl HaA K4 a i 1-1 K<I> ¢i (x). KoHe4-
HO, 0611aCTH, no KOTOpblM MOryT aapbHpoaaTb apryMeHTbl ai 1-1 fl(x), 
T.e. 0611aCTJ.1 onpeAeJleHHOCTJ.1 Kaa3HKJlaCCH4eCKHX AeHCTaJ.111 F, <I> 
1-1 I, 3aBHCRT OT HX KOHKpeTHoro ab16opa. noKa3aHO, 4TO OCHOaHble 
a11re6pa1,14ecK1-1e AeiicTaHR onpeAe11e~bl AilR acex A4 /3a HCKJ1104eH1-1-
eM AeJleHHR, KOrAa 3HaMeHaTeJlb - HeKOTOpblH HYilb/, a JlHHeHHble 
onepaTOpbl c11omeHHR, YMHomeHHR Ha 4HCJ10, AH<l><!>epeH41-1poaaHHR 1-1 
J.1HTerp1-1poaaHJ.1R onpeAeJleHbl AilR scex A<I> 6e3 HCKJll04eHHR. B pa6o
Te 141 noKa3aHo, 4TO AeiicTaHR YMHOmeHHR A<I> OAHY Ha APYrYIO 1-1 111-1-
HeHHble <l>YHK4HOHaJlbl THna 

I = f f(x) f(x) dx, /1/ 

rAe f(x) - K<I> Kllacca D(x) /<l>HHHTHaR H 6ecKOHe4HO AH<!><!>epew 
41,1pyeMaR/, onpeAeJleHbl AilR scex A<I> f(x) . np1-1 3TOM, OAHaKO, B 
061.11eM I RBJlReTCR He. KJlaCCH4eCKHM, a acHMnTOTH4eCKHM 4HCJ10M. 
Ha 6a3e 3Toro noKa3aHo, 4TO 6ecKoHe4HO AH<1><1>epeH41-1pyeMble K<I>, 
a TaKme <!>YHK4HH ,Q1,1"paKa o(x-,xe) 1-1 HX npOH3aOAHble a(k)(x-xe), 
KaK H see HX JlHHeHHble KOM61-1Ha41-1H, HMelOT aCHMnTOTH4eCKHe aHa-

/5/ 16I norH. B . H noKa3aHo, 4TO A<I> HMelOT <l>YPbe-o6pa3bl, KOTOpble, 
OAHaKo, np1-1HaAJ1emaT APYrOMY K11accy A<I> - A<I> BTOporo POAa,aHa110-
rH4HblX, HO ace me OTl1H4al01.11HXCR OT HCXOAHblX /KOTOpble cneAyeT 

·Ha3BaTb A<I> nepsoro POAa/. 
KaK H3BeCTHO, a TeopHH 06061.11eHHblX <l>YHK4Hl1 Co6011esa-Wsap4a 

/0<1>/ 17-9/ AOnyCTHMbl 3aMeHbl He3aBHCHMOl1 nepeMeHHOH X =</> (y) ' 
TOllbKO ecJlH </> '(y)-/, 0 B T04Kax y, COOTaeTCTBYIOLIIHX oco6blM T04KaM 
x O<I> f(x) 17 •81• B nocneAHee speMR paccMaTp1-1sa10TCR e1.11e c11y4a1,1 

C HC4e3alOI.IIHMH npOJ.13BOAHblMH <p (k)(y), HO TOrAa pe3yllbTaT He anon
He onpeAelleH HllH COOTBeTCTBYIOI.IIHe <l>YHK4HOHaJlbl HaA npo6HblMH <l>YHK-
4HRMH f(x) He RBllRIOTCR onpeAeneHHblMH npH acex f(x) 110·121 • 
3AeCb Mbl, nOllb3yRCb onpeAelleHHRMJ.1 1-1 o6o3Ha4eHHRMH pa6oT 11•61, 
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noKameM, 4TO A<I> AOnycKalOT 6011ee 061.111-1e 3aMeHbl He3aaHCHMOl1 ne
peMeHHOH X=</>(y), 4eM Te, KOTOpble paccMaTp1-1aa10TCR a Teop1-11-1 
O<I>. To4Hee, MHomecTao npeo6pa3oaaH1-111 AilR A<I> 4aCTH4HO nepe
KpbIBaeTCR C aHa11orJ.14HblMJ.1 AilR O<I>. OnycKaeM npeo6pa3oaaHHR, 
KOrAa </>(y) npH y ➔± 00 CJlHWKOM MeAJ1eHHO CTpeMHTCR K ± 00, HO A06aa
J1RIOTCR TaKHe, </>(y) npOJ.13BOAHble KOTOpblx AO 11106oro nOPRAKa /JlHWb 
6b1 He ace/ MoryT HC4e3aTb B T04Kax y ke , COOTaeTCTay101.111-1x oco-
6blM T04KaM f(x)(<p(Y,ke)=xe), TaK 4TO TaKHe CHMaOJlbl, KaK o(x 2 ) , 

o"(x5), a TaKme olx 3)2, o"'(x 4) 5 1-1 T•A•, KOTOpble B. Teop1-11,1 
O<I> RaJlRIOTCR 6eccMblCJleHHblMH, HMelOT 3AeCb BnOJlHe onpeAeJleHHblH 
CMblCJl. 0AHaKO <l>YHK4HOHaJlbl THna /1/ 6YAYT 3aAaaaTb He K4, a 
6eCKOHe4HO 60J1bWHe A4, nOA06HO <l>YHK4HOHaJlaM, COOTBeTCTaYIOI.IIHM 
o(x) 2 , o'(x)3 H T .A. 141 • 

3aAaAHM npemAe acero Klla_cc AOnYCTHMblX nOACTaHOBOK X=<p(y). 

OnpeAe11eH1-1e 1. nycTi:. 

X = <p(y) 

K<I> co c11eAyioiq1,1MH caoiicTaaMH: 
a/ <l>YHK4HR onpeAelleHa H 6e_CKOHe4HO AH<l><1>epeH41,1pyeMa npH 

scex se1.11ecTBeHHblX y; 

/2/ 

6/ npH y ➔ ± 00 OHa pacTeT no a6co~THOMY 3Ha4eHHIO He MeAlleH
Hee HeKOTOPOH no11om1-1Tel1bHOH CTeneHH p + apryMeHTa· y, npH 111060M 
no11om1-1Tel1bHOM Y+ cy1.11ecTay10T 1-fHClla C+->0 H P+ > 0, TaKHe, 4TO 

l</>(Y)!~c±IYIP± -npH y5.-y_ H Y2:Y+ cooTBeTCTBeHHO, Kopo4e, 

±y~ y ± /3/ 
a/ npoH3BOAHble <l>YHK4HH /2/ 11106oro nopRAKa k(k=l;2, ••• ), pac

CMaTpHaaeMble KaK <l>YHK4HH OT x: ¢Ck) (lp (x)), rAe 1/1 (x) - <l>YHK4.HR, 
o6paTHaR K /2/, He pacTyT no a6col110THOMY 3Ha4eHHIO 6blCTpee He
KOTOPblX no11omHTel1bHblX CTeneHeH Pk OT !xi, TO eCTb npH 11106blx 
no11omHTel1bHblX x± cy1.11ecTay10T 4HCl1a ck± H Pk±, TaKHe., 4TO 

Pk± 
Ir/> (k) (1/l(x))I~ ck± lxl npH ± x~ x ± ; 

r/ see KOpHH Ykf (b,1,2, ... ,Ke ;Kc~ O), ypaBHeHHR 

/4/ 

ef>(y) =Xe (f =1,2, ... ,L) /5/ 
(d f) . . . . . 

HMelOT KOHe4Hble KpaTHOCTH dkf -ef> k (y f )-/, 0 (k=1,2, ... ,Kf; f=l,2, ... ,L) 
/a ¢<W·(Ykf)=O npi-t._i< dkf /; k . 

Al ec111-1 . ·x kf "'i1-ldkf) (y ke) , a £ - Manoe no11om1-1Tel1bHOe· 
.. , . . !if I ,d . . , .. : d kf 

4HCl10, ,::o <l>YHK4HH ffmn ((1-t:)Xkf r/J(x) ) npH scex 3Ha4eHHRX HH-
AeKcoa i , k , f , m , n HC4e3alOT 6blCTpo, KOrAa X ➔ ± 00 /ec111-1 
ypaBHeHHe /5/ npH HeKOTOPOM f :He:HMeeT KOpHei1, TO AaHHOe yc-
11oa1-1e npH 3TOM f BblnaAaeT/. 
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npHMe4aHHR 

1 • MO>KHO nOAPa3yMeBaTb' 4TO npH 3aAaHHOH <l>YHK4HH ¢ (y) P+ 
HMelOT caMble 6011bWHe, a Pk± - caMble Ma11eHbKHe· B03MO>KHble 3Ha-
4eHHR. noc11e Toro, KaK P± M Pk± <l>MKCHPOBaHbl, Mbl MO>KeM noA-
pa3yMeBaTb, 4TO C± J,1 ck± TO>Ke caMble 6011bWHe H caMble Ma11eHb-
KHe B03MO>KHble /ec11H MHO>KeCTBa AOnyCTHMblX P± , c± H_ Pk±, ck± 
OTKPblTbl CHH3Y H11H ceepxy COOTBeTCTBeHHo; TO Mbl Bb16epeM 3Ha4e
HHR' KOTOpble Ha ( MeHbWe H11H 6011bwe COOTBeTCTBYIO~MX npeAe11oB/. 
TorAa P± H pk± fiYAYT, a C± H Ck± He fiYAYT 3aBHCeTb OT Bbl-
6opa Y± H x± COOTBeTCTBeHHO. 

2. C y4eTOM a/Hr/ RCHO, 4TO MHO>KeCTBa KOpHei1 Kr npH Ka>K
AOM f KOHe4Hbl. 

3. <l>yHK4HR X = ¢ (y) B o6~eM c11y4ae He MOHOTOHHaR' OHa 
MO>KeT HMeTb MHOro 110Ka11bHblX MHHHMYMOB M MaKCMMYMOB, H no3TOMY 
o6paTHaR <l>YHK4HR Y=i/J (x) MO>KeT He 6b1Tb onpeAe11eHHOH npH ecex X, 
a TaM, rAe onpeAe11eHa, OHa MO>KeT He 6b1Tb OAH03Ha4HOH. YT04HHM 
onpeAe11eHHe ifr (x). <l>yHK4HH ¢ (y) pacnaAalOTCR Ha 4 K11acca Ill±± 
B 3aBHeHMOCTH OT Toro, K +oo H11M K -oo CTpeMHTeR ¢(y),KOrAa Y➔ ± 00 

/pHe. 1 /. Bb16epeM npoH3B011bHO HeKOTOpoe <l>HKe11poeaHHOe 3Ha4eHHe 
Yo nepeMeHHOH y. /Bee, 4TO 6yAeT eKa3aHO B Aa11bHei1weM 6e3oT
HOCHTe11bHO K Bbl6opy Yo -ec1111 OHO cnpaeeA11HBO npH HeKOTOpOM 

X X 
<I>+:... 

cf>-+ X cp __ 
X 

Yo 

PMe. 1 
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Yo ' TO 6yAeT enpaseA11HSblM H npH 111060M HHOM y O /. TorAa ¢ (y) 
MO>KHO pa3110lKHTb Ha ASe <l>YHK4HH ¢_ (y) H ¢+ (y) , onpeAe11eHHble 
H eoenaAalO~He e ¢(y) npH y :S y0 H y ;;;Yo • 06o3Ha4HM 4epea x o± 
MHHHMa11bHOe 3Ha4eHHe <l>YHK4HH ¢+CY), ee11H OHa npH y➔ ± 00 eTpe-

-
MHTeR K +oo,H11H ee MaKeHMa11bHOe 3Ha4eHHe, ee11H eTpeMHTeR K -coo, 

B e11y4ae lfJ ++ Mbl MO)l{eM B Ka4eeTse YO S3RTb Ty T04KY H11H 
OAHY H3 Tex T04eK, rAe ¢(y) no11y4aeT eBOI~ MHHHMYM, 'a S e11y4ae 
If)__ - OAHY H3, T04eK MaKeHMyMa. TorAa 6yAeM HMeTb xo+ = 
= Xo- = ¢ (y O ) . B e11y4ae <I>++ <l>YHK4HH tµ ± (x) ' o6paTHble K ¢± (y)' 
onpeAeneHbl npH x,;:;, x 0+, a B e11y4ae <fl __ - npH x<x o±. B e11y4ae 
lfl+- <!)yHK4HR t/J+(X) onpeAe11eHa npH X~XO+' a tµ_(x) - npHX<x0_, 
as e11y4ae Ill_+ tfi+(x) onpeAe11eHa n!?H x<~o+•·a i/I_(x) -.npH 
x;;; Xo-. Bo seex e11y4aRx ¢ + + <l>YHK4HH tfi+ (x); KaK npaBH110 , MHO
ro3Ha4Hbl' HO npH eeex AeTepMHHal..lHRX' KOrAa X ➔± 00 ' tµ + (x) 
eTpeMHTeR K +"'c,a tµ_ (x) - K -oo, npHHHMaR npH :HOM see 3Ha4eHHR 
OT Yo AO ± 00 eooTSeTeTSeHHO. MomeM sseeTH <l>YHKLIHH ¢t (y) 
H ¢+ (y) - MOHOTOHHO S03paeTalO~He HJlH y6b1BalO~He Mamopa-HTbl H 
MHHopaHTbl <l>YHK4Hi1 ¢ + (y) . npH Y➔ ± 00 o6e OAHOspeMeHHO eTpeMRTeR 
K + 00 H11H K -oo, nye-Tb tµ t (x) H 1/f-; (x) - HX o6paTHble <l>YHKLIHH' 
npH4eM·, no onpeAe11eHHIO, ifl+(X)st/11 ~ OHH onpeAe11eHbl H OAH0-
3Ha4Hbl npH x~ Xo+ H11H x~ Xo+ - H-npeAeTaB11RIOT eo6oi1 ASe soa-
MO)l{Hble AeTepMHHaL{HH 1/I+ (x) H -tµ_ (x). Ee11H npHMeM, 4TO S T04Kax 
pa3pb1Sa tµ .± (x) npHHHMalOT HH)l{Hee rpaHH4HOe 3Ha4eHHe, a r/J t (x) -
sepxHee' TO npH 11106oi1 AeTepMHHal..lHH+ 1/f± (x) 6yAeM HMeTb -r/J;(x)s. 
S.tfi+ (x) ~ r/Jt(x). TaK11M o6pa30M,i/J+ (y) 111111,4TO see pasHo-; 

+ - - -
¢+ (x) orpaHl1411SalOT Ha n11oeKoeT11 x,y ASe no11oeb1 - OAHY np11 
y ~ y O 11 APYrYIO np11 y ~y O. 0HH MOHOTOHHO YXOART K X=:!: 00 , KOrAa 
y ➔ ± oo, H1111 K Y= ± oo, KOrAa X ➔ ± oo, Ha Hl1X 11e)l{aT see AeTepMHHal..lHH 
r/J + (x) . MHoroaHa4Hble s o6~eM e11y4ae <l>YHK41111 t/1 + (x) MoryT 
6b1Tb 3aAaHbl 3KBl1Sa11eHTHO 11 4epe3 HeKOTOpoe MHO)l{e-CTSO OQbl4HblX 
OAH03Ha4HblX c)lyHKL.111H, 11 TaK KaK np11 pa3Jll14HblX X Mbl MO)l{eM Bb1611-
paTb pa311114Hble AeTepM11Ha41111, TO MHO)l{eeTBO 3THX tiAH03Ha4HblX 
c)lyHKLl11H 04eHb se1111KO, 6e3 n0Tep11 06~HoeT11 Mbl MO>KeM orpaH114HTb
eR TaKl1Ml1 c)lyHKI..IHRMH 1/f + (x) , y KOTOpblX HJ111 11esaR, 111111 npaeaR 
npOH3SOAHaR S T04Kax p~3pb1Ba S03paeTaeT HeorpaHl14eHHO /T.e. 
npOH3BOAHaR (j)yHKL.111R cp (y) XOTR 6b1 S OAHOH 113 T04eK pa3pb1Ba 
1/f + (x) AOJl>KHa 6b1Tb paBHa HY11IO/. 

4. noe11e 3Toro yT04HeH11R o6paTHOH <l>YHK41111 rp(x) ye11os11e a 
e11eAyeT noH11MaTb S TOM eMb1e11e, 4TO s 11esoM 411eHe HepaBeHeTsa 
/4/ Mbl A011)1{Hbl nHeaTb tfi±(x) SMeeTo rp(x) 11 no11y4eHHble. ASa He-
paeeHeTea A011)1{Hbl HMeTb Mee TO np11 X > X 0± H1111 np11 x< XO±, CMOTPR 
no TOMy, rAe onpeAe11eHa Kali<AaR H3 c)lyHKL.111H 1/f+ (x) 11 tµ _ (x). B Ta
KOM )Ke CMblC11e e11eAyeT nOHl1MaTb H yc11oe11e A= c)lyHKL.11111 
Ai d kf 
ff ( (1-d x rjJ (x) ) A011)1{Hbl 6b1cTpo HC4e3aTb np11 X➔ 00 111111 x➔- ""• 

mn kf ± 
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CMOTPH no TOMY, _rAe 3aAaHbl Y'+(x) 11 i/J_(x) ,:3To 3Ha411T, 4TO 
HeT Heo6XOA11MOCTl1 paccMaTp11aaTb o6paTHble C!>YHKl.11111 Ip (x) . .. 3Ha-
4eHl1fl KOTQpblX np11 HeKOTOpblX X 6011bwe, a np11 APYrl1X - . MeHbWe y O· 
3Tl1M M~OlKeCTaO AOryCTl1MblX C!>YHK1.111H /2/ He MeHHeTCH. 

5. 0TMeTl1M;. 4TO orpaHH4eHl1fl, HaK11aAblaaeMble Ha MaJKopaHTbl 
f/ «) ic11oa11eM A; OAl1HaKOabl np11 acex 3Ha4eHHHX i,m;n. 
KmTc?cb1 AOnycTl1MblX Ma>KopaHT saa11CHT T011bKO OT f i-1 np11 3TOM 
q (t) AJlfl KalKAOrO 3aAaHHOrO f • A011lKHbl 6b1Tb TaK11M11,4TO KOrAa 

mn • ,.. i - · · dkf 
X➔ ± 00 1-ieKOTOpoe MHO>KeCTBO <l>YHK1.111H ff m/t(x)) ,t(x):c(l--t")xkf'P± (x) , 

no11y4aeMblX np11 06011x 3HaKax ±, np11 k=l.2, ... , K f 11 np11 acex 
AeTepM11Hal.ll1flX i/1+(~. A011lKHO 6blCTPO 11C4e3aTb. noKaJKeM, 4TO Mbl 
Mo>KeM caecT11 3To-yc11oa11e K He 6onee 4eM AaYM yc11oa11HM Toro 
>Ke rnna A11H cf, (y) np11 y > y O 11 y < y O · 111111 A11fl fo1 ,, (t) np11 t> 0 

· 'mn 
111111 t < 0. 

-1 
0603Ha411M 4epe3 fo (t) Ha11MeHbWYIO MaJKopaHTY <l>YHKl.11111 

'mn 
--i 
ffmn (t), KOTOpaH yfibrnaeT MOHOT~H.HO np11 t;::, 0 , t ➔ oo 11 t < 0 , 
t ➔ - oo • .flCHO, 4TO ycnoa11e A A11fl ff (t) 3Ka11aa11eHTHO TOMY 

. _
1 

mn 
>Ke ,yc11oa1110 A11fl ff (t) . l-1Hb1Ml1 c11oaaM11' 6e3 orpaH114eH11fl 06111Ho-
CTl1 Mbl MOJKeM orpaH~n411TbCfl MOHOTOHHO y6b1aa1011111M11 MaJKopaHTaM11 
fl (t) . ,lla11bwe Mbl 6yAeM noApa3yMeaaTb 3TO, 11 aMecTo ij 1 (t) 

mn ,.. 
1 

_ · mn 
6y1,1eM n11caTb ff (t). Mbl MO>KeM He paci:MaTp11aaTb ace AeTepMl1Ha-

mn - ( ) 1.11111 MHOr03Ha4HblX C!>YHK1.111H Ip± (x) , a a3HTb T011b KO Ip+ X . Y411Tbl-
aaH, 4TO Ip+ (x) np11 X ➔ ± 00 ao3pacTalOT 6eCKOHe4HO, - a11Al1M, 4TO 
Mbl He A011>KHbl paccMaTp11aaTb Hl1 ace 3Ha4eH11H k = 1,2, ... , Ke , Hl1 
o6a H11lKHl1X 3HaKa K Ip; (x). Pa3Ae1111M 11X Ha Aae rpynnbl: rpynna 
A+, np11 KOTOpb1x apryMeHT t(x) np11 i/J+=i/1 .;- no110JK11Te11eH, 11 A- -
KOrAa OH OTPl11.1aTe11eH. nepaafl rpynna OXBaTblaaeT C11y4al1, KOrAa 
dkf 4eTHO 11 Xkf>O 111111 dli.f He4eTHO 11 Xkf'P± > 0 ._ a aTopaH -

KOrAa dkf 4eTHO 11 X kf<O 111111 dkf He4eTHO 11 Xkf'P± < 0. 
CpeA11 311eMeHTOa Ka>KAOH 113 3Tl1X rpynn ab1Ae1111M T~, Y _KOTOPblX dkf 
11MeeT Ml1Hl1Mal1bHOe 3Ha4eH11e, a cpeAl1 Hl1X - TOT 111111 Of11H 113 Tex, 
y KOTOporo IXkf l M11H11Ma11bHO. 06o3Ha411M 11x 4epe3 t + (x)AHa110-
rH4HO aaOA11M c(x), paccMaTp11aaH. apryMeHTbl t(x) , COAep>Ka11111e 
i/1::(~. 4T06bl o6ecne411Tb yc11oa11e A, AOCTaT04HO npoaep11Tb A11fl 

"i + 
C!>YHKl.11111 ff (t + (x)) 6blCTpoe y6b1aaH11e a 4eTblpex C11Y4af!X. mn _ 

B c11y4aHx · t$ ~x) orpaHl14eHl1fl HaK11aAblaa10TCfl Ha cf, (y) . np11 Y > Y , 
a a c11y4af!x _t.: (x) .. - np11 y < y O • B c11y4af!x t! (x) orpaH114eH11H 
HaKilaAblaalOTCH Ha f j (t) npl1 t > 0, a a C11y4aHX t + (x) - np11 

Lmn + -t < 0. Ec1111 HeKOTOpaH 113 rpynn A 111111 A - nycTaH, TO Hl1KaK11x 
" i yc11oa11H Ha f O np11 t > 0. COOTaeTCTaeHHO np11 t < 0, He HaK11a-

Lmn "i 
AblaaeTCH. np11 3TOM, 4T06bl OCYll!eCTal1Tb nepeXOA fo (1-E)X n X 

· ·dkf Lmn kL 
x Ip± (x) ) ➔ 0 , apryMeHT X A011JKeH CTpeMl1TCfl K +oo 111111 K -oo. 

6 

'j 

:I 
;i 

;"":2::" 

KaKOH 113 3Tl1X c11y4aea 6yAeM 11MeTb, ·3aa11c11T OT 'c11y4afl Iii++·• nep
ablH 3~aK yKa3blaaeT, KyAa CTpeMl1TCfl apryMeHT C!>YHKl.111~ i/1:1~ 
/Hi/J+(x) /, a aTOpOH - ip_(x) /11 i/1:(x) /. 

,lla11bwe Al1R npoCTOTbl orpaH11411MCfl c11y4aeM ct:,++• TaK 4TO C!>YHK-
1.11111 ijJ + (x) 11 i/J_ (x) onpeAe11eHbl np11 x > x O ± - HX apryMeHT 
CTpeMl1TCfl K +oo /a He K -oo /. 

6. C y4eTOM yc11oa11H A noKaJKeM, 4TO 

" d f . 
f(x kf (ip ± (xf +~)-ykf) k) 6blCTpO 11C4e3aeT np11 t ";'=X-Xf ➔ OQ. /6/ 

T.e. 
l-1HAel<Cbl . i,, e .. m , n. l< f A11fl KPclTKOCil1 onyc·KaeM. 

no n.5 3HaeM, 4TO C((1--t")~kfip±(x)dkf)'6blcTpo y6b1:aaeT,' 

4To f((l-:-_dxkf'P± (x)dkf)~.k ➔ o~p:H 11~60M k. C11eAoaaTe11bHO,. 

" .. ' . . .. , ' . dkf • k' Xf + ~ k. 
f((1-dxkf 'P+ (xe +e> )f ( . ) ..... o. - e 

Ho (xg+~>I( ➔ L, np1-1 , ➔~, 11TaK, 6blf:Tpoe y6b1aaH11e C!>YHKl.11111 
" · ·· · dkf · . · , · · · · 
f((1-c}Xkf 1/'+ (x) ·) AOKa3aHo,,lla11ee,ae11AY TOr0,4TO 1/'+(X) ➔oo, 
KOrAa X ➔ oo 1 . np11 AOCTaT04HO 60l1bWl1X. X 6yAeM 11('\eTb 

'ix kf <~.+ (~)--~ n',) d1tf I 
.- kL . 

- I ' · d O ' ( .,. ( - Xkf tf.,± (x) kL I• 'f'± x)-Yk'f )d. 
. 1/'+ (x) d > 

~ I (1-c} X n .1. (. ) d kf . -; 
,, . kL 'f'± ,x.. I. 

--i 
A TaK KaK re (t) y6blaaeT np11 t>O,t ➔ oo 11 t<O, t ➔ -IXl. TO 3Tl1M 
/6/ AOKa3aHO ?1° 

B yc11oa11e A.6bln aeeAeH MHOlKHTe11b 1-f 11MeHHO AJlfl Toro, 4TO~ 
6bl abla'ecTl1 /6/. 0TMeTl1M, .4TO 3TOT MHOlKl1Te11b He06XOA11M ;. ec1111 
6bl Mbl 3Ha1111 T011bKo, 4TO tf.,(t) eo3pacTaeT, a }(t) 11 !(tf.,(x))6blcT-. 
po y6blaalOT, Mbl He CMOrJ111 6bl ablaecT11' 4TO f(if, (x) -y O) TaK>Ke 
6b1CTPO y6bleaeT. 

B caMOM Ae11e, tf.,(x) = lnlnlna x (a>O) pacTeT HeorpaH114eHo, 
a f (t) = exp (-exp exp t) 6blCTpo y6blaaeT. <l>YHK1.111fl . · 

C(tf.,(x)) = exp(-lnxlna-1x) = 1 
1 X Ina- x 

TO>Ke y6blaaeT: np11 a->1 ,_ 6blCTpO, a np11 · O<a<-1' - MeA11eHHd. 
Ec1111 Tenepb a f(t) noACTaB11M t =tf.,(x)-y0 = lnlnlnax :- ln e Yo = _ 

= ln(e-,-y0 lnln x) , HaHAeM f(tf., (x) -y 
0
)= exp(-exp(e "":Y0lnl~ax)) = e~p(-lnae ~:), 

Ec1111 a> 1, a Yo <"'-lna' . TO <l>YHK1.111fl f(ik(x)-:-Yo) 6yAeT 6b1CTPO y6bl
aaTb, Ho eci111 a>( a Yo>-lna, OHa TOJKe 6yAeT y6blaaTb,- .HO ' 
He 6blCTpO. OTCIOAa a11AHa Heo6XOAl1MOCTb MHOlKl1Te11fl 1-f, 

·7 



rAe 

7, C y4eT0M CBOHCTBa B npH nJ06oH AeTepMJ.1Ha4HH HMeeM 

l'P± (x)j ~ d± jxjt/p± 

P+ 
X± =C±y±-

npH ± x ~ x±, 

-t/p± 
d .. C+ ± -

17/ 

npH4eM 6e3 orpaHH4eHHR o6~H0CTJ.1 6yAeM C4HTaTb, 4T0 3TH X+ 
coenaAalOT c aHanorH4HWMH a /4/. -

8. Knacc noACTaHoeoK X=¢(y) /2/ oxeaT~eaeT, eo-nepe~x, ace 
¢YHKLIHH, K0Topwe npH ±y.<y + CB0ARTCR K n0JlHH0MaM P+ (y). 
/<l>yHKL\HIO ¢ (y) np11 -y - < y< y; CJleAyeT onpeAeJlHTb TaK ~ 4T06~ 
B 4eJ10M 0Ha nony4HJlaCb 6eCKOHe4HO AH<1><1>epeH4J.1pyeMOH H YA0BJleT
B0pRJla r/. JlerKo coo6pa3HTb' 4T0 ecnH m± - CTeneHb n0JlHH0Ma 
x = P + (y), a a+ - era cTapw1111 K03<l><l>HL1HeHT, TO 4To6w peanH30BaTb 
CJly4aH <I>++ , - MW A0JllKHW HMeTb, ao-nepBWX, C+ > 0 J.1, so-BT0-
pwx, c_>O npH m_ 4eTH0M HJlJ.1 c<0 npH m He4eTH0M. TorAa 
jpik>(P:j:'1(x))I 6y,qeT so3pacTaTb He 6~cTpee, 4eM cklxl (m-k)/m 

(C:=( ml) JJt{ml)./npH k>m, 04eBHAH0, p(k)(p-t (x)) = 0 /. 
m-k I -

Knacc <l>YHKL\HH /2/ oxsaTwsaeT TaK>Ke ace Te 4>YHKL\Hl1, K0T0p~e 
b+I I n1 . 

npl-1 ± y ~ y + 11MelOT BHA P + (y) e - y (b + > 0). nycTb y > y + 
/ cny4aH y<-=.y_ paccMaTpHBaeT-CR aHaJlOrH4Ho7. OnycKaR AJlR np0CT0T~ 
J.1HAeKC + K P , a , b, ,m H n, nony4aeM, 1.4T0 np0J.13B0AH~e ef, (k) (y) 
(k=1,2, ... ) HMelOT BHA Pk (y)e byn, fAe P\(y) - n0J111H0M~ CTeneHH 
m + k(n-1) co CTapwHM K03$<!>111.1HeHT0M abkn • lfro6~ 04eHHTb 

' ..1.. .1,.. 
y,¥1(x),Hcnonb3yeM CBR3b Y=(lnx b -lnP(y))n /3HaK x coena,qaeT 
co 3HaK0M P(y) /. B Ka4eCTBe nepeoro npH6J111>KeHl1R B03bMeM..l. 

1 1 . l.. .l.1.. l.. ,, 
Y=(lnx"ii)n. Tor,qa BT0pWM 6yAeT y=:=(lnxb -lnP((lnxb)n )a )n. 
Cne,qoBaTeJlbHO, 

ef, (k) (1µ (x)) =pk (( ln x t/b ) 1/ n .) e In x-lnP((ln x 1/~ t/n ) = 

Pk((lnx 1/a) t/n) 
= X• 

p ((ln x 1/ a ) t/ n ) 

OrpaHJ.14HBaRCb CTapWHMH CTeneHRMJ.1 B P H pk, HaXOAHM 

(k) . abkn k(lnx b) m+k(n+l) 
ef, (t/J(x)) =X• 1/ 1/ 

c((lnx a.) n) 

94eB,11AHO, npH 6omw11x x 11MeeM 1¢(k!(tfJ(x))l<bk/nxlH, rAe f - Ma
noe 4Hcno •. 

8 ' 
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TaKoH >Ke pe3ynbTaT Haxo,qHM 11 a 6onee o6~eM cny4ae, K0rAa 

X=P± (y) eQ± (y) , r,qe cTapw1111 K03<!>¢>114HeHT b± non11H0Ma Q± (y) 

CBR3aH Cera CTeneHblO Il± TaK11M me o6pa30M, KaK H B on11caHHOM 
BblWe CJly4ae. 

MOlKHO "cocTaB11Tb np11Mepbl <l>YHKL\1111 X=cp(y) C oc411111111py~l1Ml1 411e
HaM11, 11 Tor,qa ¢Ck) (1µ(x)) 6y,qyT 11MeTb 6onee Bb1coK11e cTeneH11 pocTa 
/CM. np1111o>KeH11e, n.4/. no,qBOAR l1TOr1-1, 811Al1M, 4TO KJlacc A0ny
CTl1MWX npeo6pa3oeaHHH /2/ 04eHb 6oraT. 3aMeHy /2/ MOlKHO ew-
6paTb CKOJlb yrOAHO 6blCTpo B03pacTalO~eA /no a6COJllOTHOMy 3Ha4e
H1110/ ,. JlHWb 6w ee oc411J1J1RL1111-1 11 oc4HJ1JlRL1HH ee npOH3BOAHWX np1,1 
y ➔ ± oe He 6blJll,1 CJlHWKOM 6onbWl1Ml,1 1-1 KPYTblMJ.1. 

9~ YcnoBHR B J.1 A HaKJlaAWBalOT orpaHH4eHHR Ha ef,(y) /2/, 3aa1,1-
CR~He OT Bbl6opa A<I> f(x)' K KOTopoA Mbl 6yAeM np11MeHRTb /2/, -
Ma>KopaHTbl f~ (t) AOJllKHbl HC4e3aTb AOCTaT04H0 fiblCTPO np1,1 t ➔ ± oo, 

iron 
TeM 6blCTpee, 4eM 6blCTpee B03pacTaeT ¢ (y) np11 Y ➔ ± oo, no:HOMY 
nonpo6yeM CY311,Tb KJlacc nOACTaHOBOK /2/, TaK 4T06bl OHJ.1 CTan11 
np11MeHJ.1MblMH K 111060A Act> f(x) .,llJlR 3TOH 4en11 AOCTaT04HO· coxpaHHTb 
YCJlOBHR a H 6 , OT6poCl1Tb A, a BMeCTO a Hr npl1HRTb: 

B '/ cy~eCTBYIOT nonolKHTeJlbHble 4HCJla C ± J.1 pk±• TaK11e, 4TO 
-

(k) - Pk+ 
1¢ (y)j;Sck±IYI -,ecn1-1 ±y>y±; 

r'/ KalKAOMYX=¢(y)coOTBeTCTByeT 4enoe HeOTPHllaTeJlbHOe 411CJ10 
d=d(y), TaKoe, 4TO ¢(y)(d)1,o /a ¢(y)(i) =0 npH i<d /. 

YcnoeHR a, 6, a', r ' y>Ke He 3aBHCRT OT Bb16opa f(x) . KpoMe 
Toro, 1-13 r# cpa3y MOlKHO BblBeCTJ.1 r .11HTerpHPYR' nony4aeM' 4T0 
eCJlH ycnoev1e B B~nonHeHO npH 60JlbWHX k, OHO 6yAeT HMeTb MeCTO 
vi np11 acex k, B TOM 411CJle vi npH k=O. 0TCIO,qa C Y4eT0M ycnoBHR 
6 BblBOAHM B vi ,q. CneAOBaTeJlbHO' eCJll-1 a-,q 06ecne41,1ea10T cy~ecT-
BOBaHHe A<ll f(¢ (y)) /4TO Mbl AOKa>KeM/' TO a' 6' B , , r ' TO>Ke 
6YAYT 3T0 o6ecne4HBaTb. 

10. Ha OCH0Be 3Tl-1X 6onee npOCTblX YCJlOBHH a' 6' B '' r' nony4a-
eM, 4T0 HeO,qH03Ha4Hble <t>YHKL\HH Ip+ (x) npH Ka>K,q0M X MoryT np1,1-
HHMaTb TOJlb KO KOHe4HOe MHO>KeCTBO- 3Ha4eHHH, 4TO '<l>YHKL\HH t/J: (x) 
H if,± (x) a 111060M KOHe4HOM HHTepaane ocv1 x MoryT HMeTb TOJlbKo 
K0He4HOe MHO>KeCTBO pa3pwaoa H 4TO,, ecn1-1 CY3HM MHO>KeCTBO ,qe
TepM1-1Ha41-1A 'P+ (x) ,Kai< yKa3aH0 B KOHi.ie npv1Mei-1aHHR 3, TO TO >Ke 
caMoe 6y,qeT 0THOCHTbCR K 1110601\ ~3 3THX ,qeTepMHHa41,1i1. 

· ' . I I 
OnpeAeneHHe 2. no onpeAen~~HRM 2 1-1 3a 3 ~o~epwJ.1Tb 3aMeHy He-

3aav1c1-1MoA nepeMeHHOH /2/ a AaHHOH Act> f(x) 03Ha4aeT Ha1hv1 Ho-
ay10 A<I> g(y) , npeAciaav1Ten1,1 KOTopoA g(s, y) nony4a10TcR 1,13 f(s, x) 

i " .. • .• l{ r • , , /,, , ,/ 

3aMeHoA /2/: · 

f(x) ➔ g(y) =f (¢(y)) 1,1 f(s, x) ➔ g(s,y) =f(s, ef,(y)). . /8/ 
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HMeR 3TH onpeAeileHHR, Mbl MO>KeM .C¢OPMYilHpOBaTb 

TeopeMy 1. PaCWHpeHHOe MHO>KeCTBO aCHMnTOTH4eCKHX ¢YHKijHH 
.F(x) /CM_. onpeAeileHHe 16 B 111 /· aaMKHyTO no OTHOWeHHIO K IllOOOH 
aaMeHe He3aBHCHMOH nepeMeHHOH /8/. npH 3TOM npeo6paaoBaHHe 

/3/ . /8/ RBilReTCR 4eTKHM /CM. onpeAeileHHe 5 B . /. PerynRpHaR KOM-
noHeHTa fo(s, x) HCXOAHOH A<l> f(x) nepeXOAHT B peryilRPHYIO KOMno
HeHTY go(s,y) HOBOH AQ g(y), a Ka>KAaR CHHry11RpHaR KOMnOHeHTa 
fem (s,t)(t=(x-x )s-m) B 06111eM nopO>KAaeT y g(y)He OAHY,a HeKOTopoe 
KOHe4HOe MHO>KeCTBO K f( f =0,1,2, •.. ) KOMnoHeHT g kfm(s,r) (k=1,2, ... ,K f; 
r = (y-y f) s-m·), rAe Ke - 4Hcno KopHeti Yke ypaeHe
HHR /3/. 3TH KopHH aaAalOT oco6ble T04KH A<I> g(y).AilR HHX MO>KHo 
eeecrn 1,1 o6utYKl HyMepa1.1H10 Yf' (f '-=1,2, ... ,L';L' .. IKe).BHyTpeHHHe cTe-

f 
neHH KOMnoHeHT gkfm'(s,r) 3aAalOTCR 4epea· 

m'=m/dkf. /9/ 

npeAnonaraR 6ea orpaHH4eHHR o6utHOCTH, 4TO napaMeTpN AilR HC
XOAHOH ¢YHKijHH f(x) paeeH 1 /cM. onpeAeileHHe 14 e 111 I, napa-
MeTp N'kfm AilR KOMnotieHTbl gkfm (s, r) 6yAeT 3aAaBaTbCR /HaH-
MeHbWHM/ 3HaMeHaTeileM Bblpa>KeHHR /9/, a napaMeTp N' AilR ecew 
M> g(y) 6yAeT /HaHMeHbwee/ ofiutee KPaTHoe 41,1ce11 N'kfm. Ec111,1 
/5/ np1,1 3aAaHHOM f He HMeeT KOpHeH (Ke=0), TO KOMnOHeHTbl 
ff (s, t) (m G- Me ) nepeXOART B npeACTaBHTeilH a6COillOTHOH HYI1e-
eoi M> g00 (s,y) 6ea paapblBOB /CM. onpeAeI1eH1,1e 5 0 121 /, TaK 
4TO npH HailH4HH APYrHX KOMnoHeHT y g(y) HX MO>KHO H He n1,1caTb. 

X 

y 

P1,1c.2 

10 
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·'(.. 

Ha pHC. 2 npeACTaBileH rpa¢HK OAHOH ¢YHKl.lHH X=cp(y) /2/. no 
OPAHHareOTilO>KeHbl oco6b1e T04KH xe HCXOAHOH A¢ f(x) ' a no a6-
c1.1Hcce - oco6bie T04KH y kf HCKOMOH A<I> g(y) • Ka>KAOH oco6011 To4-
Ke xe COOTBeTC.TBYIOT CTOilbKO »<e oco6blx T04eK Ykf (k=1,2, •.• ,Kf), 
CKOilbKO paa npRMaR X=Xf nepeceKaeT rpa¢HK ¢YHKl.lHH /2/. BBHAY 
yc11001,111 6 1,1 r onpeAeneHHR 1 MHO>KeCTBO To4eK Yky KOHe4HO 
/OHO MO>KeT 6b1Tb H nyCTblM/. B AaHHOM c11y4ae vtMeeM L=6; K1=K2=0; 
K 3=1 ; K 4 = 4 ; K 5 = 6 ; K6 = 2 ; L •.,13. BMecTo Y kY Mo>KeM aanw 
caTb Yf' (f'=1,2, ... ,13 ). 

AoKa3aTeilbCTBO TeopeMbl 1 CBOAHTCR K ABYM YTBeP>KAeHHRM: 
I. Pery11RpHaR-KOMnoHeHTa r0 (s,x) nocne aaMeHbl /8/ nepeXOAHT 

T04HO B peryilRPHYIO KOMnOHeHTY HOBOH A<I>: 

f 0 (s, ¢(y)) = g 0 (s,y). /10/ 

-m II. Ka>KAaR CHHrynRpHaR KOMnOHeHTa ffm (s, (x-xy) s ) npH no,q-
CTaHOBKe /2/ nepexo,qvtT s ¢YHKL1HIO, KOTopylO MO>KHO npe,qcTaBvtTb 
T04HO KaK CYMMY H3 Ky CHHry11RpHblX KOMnoHeHT: 

gkfm'(s, r kYm') (k = 1,2, ... ,Ky, rkfm•"' (y-ykf )s-m', /11/ 

C Ha,qne»<autHM o6pa30M Bb16paHHblMvl xapaKTePHCTHKaMvt. 

2. nPE06PA30BAHHE OTAEnbHWX KOMnOHEHT A<I> 

Ha4HeM C YTBeP>KAeHHR I. Bo3MO>KHOCTb pa3IlO>KeHHR ¢YHKl.lv!H 
g 0 (s, y) no cTeneHRM s OT v0 ,qo v6 /yc11001,1e A onpe,qeneHHR 
8 s 11 / cne,qyeT HenocpeACTBeHHO via /8/ - aaMeHa /2/ He aaTpa
rHsaeT napaMeTp s, 1,1 Mbl MO»<eM coeepWHTb ee n04IleHHO B /11/ 1 11. 

,llv1<1>ct>epeH1.1HpyeMoCTb npH y ,/ ye Tome nony4aeM nerKo. AoKameM · 
Ma>KOpHpyeMOCTb /ycnosHe C/. PacCMOTPv!M i -IQ npOH3BOAHYIO 
n -Cl OCTaT04HOH CYMMbl <l>YHKl.lHH /11 /: 

g ~ (i) c·s. y) = ...!!.:_i (f~n (s. ¢ (y)) 
n dy 

(i ~ 0). /12/ 

npH i=O OHa, 04eBvtAHO, CBOAHTCR K f~n (s,¢(y)), a np1,1 i>O npe,q
CTaBilReT co6oA KOHe4HYIO cyMMY 4IleHOB, Kam,qblH "13 KOTOpblX RBilR

eTCR npOH3Be,qeHHeM OAHOH npOH3BOAHOH f~~) (s, x) x= (y) (j ~ i) . 
ocTaT04HOH cyMMbl fbn (s, x) -npH X=¢(y) H j npo1,1feo,qHblX ¢<1 h>(y) 
<l>YHKl.lHH /2/ (h= 1,2, .•• ,j; ih£ 1; Ii h = j ). npH AnoMOutJ:1 TeopeMbl 1 
B 121 BHAv!M, 4TO MamopHPYIOlJtYIO c!>YHKijHIO i ! 0 o/s) gin (y) MO>KeM 
nOJlY4HTb, eCJlH B Ka>KAOM 4JleHe BMeCTO npOH3BOAHblX f~~D(s; x) x=cp(y) 

noCTaBHM COOTBeTCTBeHHO j! 60n (s) f Jn (¢(y))' a npm-t3BOAHbleA ¢<th> (y) 
3aAMeHHM HX ,a6COillOTHblMH 3Ha4eHHRMH. BH,qHO np1,1 3TOM, 4TO Ooo<s) = 
=Oon(s) He 6yAeT aaBHCeTb OTj /a cne,qosaTeJlbHO, vi OTi /. 
3THM YTBep>KAeHHe I nposepeHO. 

IF 



' 

AoKaaaTeilbCTBO yTaep)l(,qeHHR II 6011ee CJlO)l(HO. 4To6b1 nOHRTb, 
no4eMy oco6b1e T04KH HOBOH M> g(y) aa,qalOTCR KOPHRMH y kf 
(k = 1,2, ... , K f) ypaBHeHHR /5/, B03bMeM rpa<IJHKH HeKOTOpOH KOM
noHeHTbl ff (s,(x-Xf )s-m) HCXOAHOH A<l> f(x) npH HeCKOilbKHX 3Ha-
4eHHRX s

1 
~ s 2 >·s 3 napaMeTpa S /pHc.3a/. /Y ffm ('s,(x-xf)s-m) 

f em(S.(X-Xe)Sm) 
a 

Xt X Y,e 
P1-1c.3 

6 

f fm(S,('J)(y)-Xt}S-m) 

Y2e Y3e 

MO)l(eT 6b1Tb H HeCKOilbKO MaKCHMYMOB, HO Kor,qa S➔ O ace OHH 6y,qyT 
cy)l(aTbCR 1-1 co61-1paTbCR K o,qHoi1 T04Ke xe I. 04eBH,qHo, 

y 

fpm(s,(¢(y)-Xe)s-m} aa,qaeT BKJla,q ffm (S,tfm) B HOBOH A<ll g(y) /12/ 
H' ec111-1 /5/ npH aa,qaHHOM e HMeeT HeCKOilbKO KOpHeH y kf ' TO Iler
KO coo6pa3HTb, 4TO rpa<IJHKH /12/ np1,1 s;,,,s 1 ,s2 ,s 3 (s1>s 2 >s 3 ) 

6y,qyT HMeTb BHA, npe,qcTaa11eHHblH Ha PHC.36,c MaKCHMyMaMH, cy-
)l(alOIJ.lHMHCR K T04KaM y kf /Ha pHCYHKe Ke = 3 /. EcilH ~IlR npo-
CTOTbl Y4TeM TOilbKO ae,qylJ.lHH 4JleH ffm vf ({x-X f) S-m) S v m pacCMaT-

v m 
PHBaeMOH KOMnOHeHTbl H ec111-1 y Hero acero o,qHH MaKCHMYM npH X=Xe, 
TO npH 3a,qaHHOM s MaKCHMYMbl 6y,qyT HMeTb OAHY H TY )Ke BblCOTY' 
paBHYIO BblCOTe MaKCHMyMa / 12/: 

vem 
f o (s, t) "' f o (t) s 

tm imvem 

H 6y,qyT TeM y)l(e, 4eM BblWe KpaTHOCTb dkf KOPHR Ykf H 4eM MeHb
we a6co1110THoe 3Ha4eHHe nepaol'.:i OTI1H4HOH OT HYilR npo1-1aao,qHoi1 
¢ (y) npH y = y kf • 

PacCMOTPHM 4eTblpe CJly4aR: llo - ypaBHeHHe /5/ npH aa,qaHHOM 
xe He HMeeT peweHHH (Ke =0); ll 1 - (5) HMeeT T04HO OAHO peweHHe 
Y f (K f = 1); Il2 - CylJ.leCTBylOT T04HO ,qaa pa311H4HblX peweHHR 1Ykf(K r=2), 

H II 3 - HMelOTCR 6011bwe ,qayx peweHHH y kf (Ke > 2) . C11y4ai1 II 0 
OTHOCHTeJlbHO npoCTol'.:i: no,qcTaHOBKa /8/ ae,qeT K a6COI1IOTHOH HY..; 
11esoi1 A<ll g 00 (y). B c11y4ae II 1 paa11o)l(!;'!HHe /11/ a 1 11 BblBOAHTCR 

12 

:'µ ..... 

HeTpHBHailbHO, nOTOMY 4TO X H y BXO,qRT B f fm H g kfm 4epe3 

t=(X-Xp)S-m H r=(y-ykf) S-m', /13/ 

a 3,qecb S y4aCTBYeT B OTpH4aTeI1bHblX CTeneHRX, H n03TOMY 803HH-
KaeT onacHOCTb' 4TO y g*k?' (s, r) no.RBRTCR HeorpaHH4eHHO 6011b-

mn 
WHe OTpt-14aTeI1bHble CTeneHH s /4TO ~e,qonyCTHMO/. 0Ka3blBaeTCR, 
O,qHaKo, 4TO CBR3b t=t(s,r),BblBOAHMa.R 1-13 /2/ H /13/, co,qep)l(HT 
TOilbKO no11om1-1TeI1bHble CTeneHH s /CM. npHJlO)l(eHHe, n.3/. npoaep
Ka CBOHCTBa B CBOAHTCR K Ma)l(OpHpOBaHHIO npoH3BOAHblX no r OCTa
T04HblX cyMM pa3JlO)l(eHHR ¢YHK4HH /12/ HilH, 4TO ace paB~o. /11/ 
no CTeneHRM s.npe,qcTaBHM HX B BHAe CYMM npOH3Be,qeHHH OT npo1-13-
BOAHblX ¢yHK4HH ffm (s, t) H OT OCTaT04HblX CYMM ¢(y). Mbl Hal'.:i,qeM 
B RBHOM BHAe 3TH KOM61-1Ha41-1H. /~x CTPYKTypa He npOCTa, TaK KaK -
ffm (S,t) 3a~HCHT OT S npRMO H 4epe3 t=(X-Xp)s-m, r,qe X=cp(y), 
a Y=Yf +rs m /. noTOM noKa>KeM, 4TO ffm(s,t)·H ¢(y) BXOART 
B Kan,qblH 4JleH TaK, 4TO Ha 6aae HX CBO~CTB MO)l(HO BblBeCTH Ma)l(o-
p1-1poaaH1-1e_. B c11y4ae II 2 - Kor,qa /5/ HMeeT ,qaa KOPHR Ykf 
(k =1,2) -KoMnOHeHTe fpm (s, tfm) (m c;. Mpm) COOTBeTCTBYIOT ABe 

KOMnotteHTbl /II/ AilR g~.y) ,H B03HHKaeT npo611eMa, KaK pac411e
HHTb /12/ Ha ABe 4aCTH TaK, 4T06bl Ka)l(,qa.R 0611a,qa11a CBOHCTBaMH 
A-D onpe,qe11eHHR 8 a1 1i. C11y4aw n

3 
He ae,qeT K cylljecTaeHHblM 

HOBblM TPYAHOCTRM. 
AoKalKeM, 4TO /12/ a c11y4ae II0 aa,qaeT HeKOTOpblH npe,qcTa-

BHTeilb a6co1110THOH Hy11esoi1 A<!> g 00 (s,y) /onpe,qe11eH1-1e 5 B 121 I. 
TaK KaK /5/ He HMeeT KopHeH, CylljeCTBYIOT ,qae aJlbTepHaTHBbl: 
a/ ¢ (y) > x e np1-1 acex y H 6/ ¢ (y) < xp npH acex y. PaccMOTPHM 
c11y4ai::\ a/ e = 1 H e = 2 Ha PHC. 2/. Ailb TepHaTHBa 6 aHa11orH4Ha 
Y4HTblBaR /23/ a 111, AilR g 00 (s,y)=fpm(s.(¢(y)-Xp)s-m) HaXOAHM 

Jg (s,y)j<0 0 (s)fo ((¢(y)-x 0 )s-ID_l=00 (s)rl, [(¢(y)-x 0 )s-m] 2 , 
00 = rm rm t tm 7'm r. 

r,qe dem(t) =+Jf em (t). 04eBHAHO, 

ao ((¢(y)-Xe)s-m) :::de «¢-(y)-Xo)S-lm), de «¢-(yo)-xe)s-~, 
im _ m , m /l 4/ 

H ec111-1 onpe,qeilHM 

000 (S)=Oem(s) d((,r (yo)-xe)s-m_i H goo (y)=d((¢-(y)-xp)S~m), 

TO 6y,qeM HMeTb 

Jg oo (s,y)j :S 0oo(s) goo(y)' 

np1,14eM 6 0oCs) y6b1aaeT 6b1cTpo npH s ➔ 0, a g0o<y) - np1-1 y ➔ ± 00 • 
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0606111eH11e :noro peayilbTaTa AJlfl npo113BOAHblX g ~iJ (s, y) 
¢YHK41111 goo(s,y) ocy111ecTBnReTCR KaK np11 AOKa3aTenbCTBe YTBep>K
AeHl1R I: Al1¢¢epeH411pyR /12/i paa no y,nony411M KOHe4HYIO CYMMY 
4neHOB R (s, y) ,Ka>KAblA 113 KOTOpblX COAep>:<11T OAHY npOl13BOAHYIO 
di . 
-.-ff (s,t) (t=(cp(y)-xf)s-m; j=l,2, ... ,i), 11 nOMHO>Ke_HHOe Ha 
dtJ m (! ) . 1,. . 
s -m npo113BeAeH11e j -npOl13BOAHblX ¢ h (y) (h = 1,2, ... ,J. I 1 h = 1) : 

h= 1 

g~iJ(s,y)=! I R 1 .. (s,y) (h=1,2, ... ,j;ih,;-1;Iih=i), 
i=t ih Jlh 

- . (') (i1) (12) (i•) . -
R.j. (s,y)""s mJfnJ (s,t)¢ (y)¢ (y) ••• ¢ J (y) (t==(cf>(y)-xn)S m). 

I I h tm t 

Ha ocH0BaH1111 TeopeMbl 1 s 121 Mamop11posaH11e g~b(s,y) CBOA11TCR-
K Ma>Kop11posaH1110 4neHOB T11na R(s, y) /11HAeKCbl i, j, ih ony111e-
Hblf. 3a~eHReM npo11aBOAHb1e f~) (s, t) Ha 11x Ma>KopaHTbl 
j! Oe (s) f nJ (t). /Ecn11 He n11weM Hl1lKHl1A 11HAeKC n 11. sepXH11i1 ot, m rm · · 
TO 3TO 03Ha4aeT, 4TO Ma>KOPl1PYIOTCR npOl13B0AHble CaMoA ¢YHK41111 
ffm(s,t), a_He ~p0113BOAHble 11X ~CTaT04HblX CYMM, T~e. 4TO n = 
= Ve -1 /. HaXOA11M m . 

IRCs,y)l,,;j!OemCs)s-mi ctr~ (t)2 1/
11

\y)I 1¢ 02 >(y) 1 •••• 1¢ <~ty) I 

(t=(cf>-(y)-xf) s-m). 

3AeCb' KaK 11 BblWe' a; (t) =lfe~ (t). Ha OC~OBaHl111 /14/ 11 np11Me-
4aHl1R B K noc.TpoeHl1IO 11 a121 onpeAen11M KOHCTaHTbl ain 11 He 

(ffiA 

3aBl1CRIJ1YIO OT j 6blCTpo y6b1Bal01J1YIO np11 S ➔ O ¢YHK41110 0 ~s) TaK' 
4T06bl O 

j A A -mj A j - -m 
a fm 000 (s) > ofm (s) s tlem ((¢ (y) -xe) s ) . 

3To B03MO>KHO BB11AY 6b1cTporo 11c4eaH0BeH11R dim ( t) np11 t ➔ ""· Ecn11 
3aAaA11M e111e 

Ai A 
g 00 (y) = ~ g iji (y) 

j, 1 h h 

(1 ~ j ~ i ; i h ~l; I i h = j ) , 

rAe 

J ~j - -m 01) (12) Oj) 
gijt/Y)=aemdfm((c/> (y)-xf )s1 )1¢ (y)I 1¢ (y)l, .. 1¢ (y)I, 

TO 11CKOMOe HepaeeHCTBO 

lg~0 (s, y) _I~ 0 
00 

(s) g~o<y) . 

fiyAeT o6ecne4eHO, np114eM, KaK y>~E;_ ynOMRHYTO, 0
00

. (s) fiblCTpo 11c-
4e3aeT. OcTaeTcR npoeep11Tb, 4To gJ

0 
(y) 1,m11, 4To ece paeHo, 

14 

;'; .... 

glji h (y) np11 y ... ± 00 TO>Ke 6blCTPO 11C4e3alOT. ,llnR 3TOH 4enw AO
CTaT04HO npoeep11Tb, 4TO np11 n1060M k>O Bblpa~eHl1R 

, ,., k 
Gk (r) = g ijil h(y) IYI = 

= aJm aim ((cf, (y) -Xe )s~m) 1¢ 01)(y) I 1li2)(y) 1 ... 1 ¢ (ij \y) I !Ylk /1 5~ . 

CTpeMRTCR K HynlO np11 y ➔ ± 00. /HHAeKCbl i, j, i h K ·a ony111eHbl/. 
BepHeMCR K nepeMeHHOH X = ¢ (y) • TO eCTb Bblpa311M y 4epe3 X /2/ 
Mbl orpaHl1411nl1Cb cny4aeM <I>++, TaK 4TO AOCTaT04HO npoeepl1Tb 
3TO >Ke CBOHCTBO np11 X➔ oo,TaK,_/15/ nepeXOA11T B 

j ,., j ·. -m 
R

0
±(x) =R

0
(tf,± (x)) = afm dfm((x-xf)s 1 ) ·x 

X 1¢ (i 1>ctf, ± (x)) I 1,,P2>(tf, ± (x)) I ... I¢ (i j ltf, ± (x)) I It/,± (x) I k • 

11 Mbl AOn>KHbl noKa3aTb, 4TO 3Tl1 ABa Bblpa>KeH11R, COOTBeTCTBYI01J.111e 
ABYM 3HaKaM + K tf, (x), np11 rno6oi:\ AeTepM11Ha41111 t/,+ (x) CTpeMRTCR 
K HynlO, KOrAa X ➔ o0. Ho C y4eTOM /4/ 11 /]/ B11A11-M, 4TO np11 X>Xo± 

R +Cx) .$ a} 7d ((x-xn)s-m)x 
D - - l.ID l.ID l. 1 

Pi1± Pi2± Pi j ± dA k k/ P± 
XC +x C +X ... ci_+X ±x ' 

it- 12- J-
"'I -m 

3T11 Bblpa>KeHl1R CTpeMATCA K HynlO, TaK KaK de~ ((x-xf) s 1 ) 6blCTPO 
y6bleaeT 11 KOMneHc11pyeT ece CTeneHl1 X B cneAYIOIJ.ll1X MHO>Kl1TenAx'. 

Mbl AOKa3an11 Mamop11pyeMOCTb ¢YHK41111 /12/ 11 ee npo11aeoAHblX, 
a He OCTaT04HblX CYMM ee paano>KeHl1A no CTeneHAM S 11 11X npo113-
BOAHblX, 4TO Tpe6yeT CBOHCTBO C onpeAeneHl1A 8 B 11~He AOKaaan11 
Aa>Ke pa3.no>K11MocTb /12/ no CTeneHAM s /cs,.,oi:icTeo A/. B. 3TOM HeT 
He06XOAl1MOCTl1, TaK Kell< Mbl 

0

Bl1Aen11', 4TO O oo(s) CTpeMl1TCA fiblCTpo 
K HynlO 11, cneAOBaTen~~o, /12/ ce6A11Tci K CBOeMy OCTaT04~0Mi 
4neHy, cTeneHb 11 T04HOCTb KOToporo paBHbl oo, TO eCTb ¢YHK411R 
/12/ 11MeeT TOnbKO OAHY OCT_aT04HYIO ,CYMMY_, KOTOpaA cosnaAaeT 
C 3TOH ¢YHK411ei:\. 

HTaK, B cny4ae llo Bblpa>KeH11e -/12/,TO eCTb KOMnoHeHTa 
C fm (s, (x-x )·s-11) nocne npec:iGpa30BaHl1A /2/ npeepa111aeTCA B ()>yHK41110, 
KOTOPYIO MO>KHO paccMaTp11eaTb KaK npeACTaB11TenA a6conlOTHOH Hy
neeoi:\ A<t>. np11· 3TOM Mbl nony4HnH m' = 0, TO eCTb OH a OTHeCeHa 
K perynApHOH KOMrio'HeHTe go(s,'y). Ho B c11ny TeopeM 5 H 6 B 121 

3TO Hecy111·ecTBeHHO - ee MO>KHO OTHeCTl1 TaK>Ke K n106oi1 113 CHHry-
nApHblX KOMnOHeHT g kfm(s, (y-ykf) s -m,) • . 

nepei1AeM K cny4a10 11 1 - KOrAa ypaeHeHHe /5/ np11 AaHHOM f 
11MeeT T04HO OA11H KOpeHb Y f. nycTb d - ·ero KpaTHOCTb. noKa>KeM, 
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4TO B 3TOM cny4ae /12/ AaeT T04HO OAHY CHHrynRpHylO $yHK4HIO 
ge (s,r) /11/ (Ke=l) np1,1 r=re ==(y-yf)s-m'. Ee BHYTPeHHRR CTe

neHi m' /9/ 6yAeT 4em1M t.J1-1cnJIM, TOilbKo ecn1,1 m Kparno d. 11Ha4e 
OHa AP06HaR. 6e3 orpaHH4eHHR 06111HOCTl,1 C04TeM, 4TO m KpaTHO d, 
TaK 4TO m~ 4enoe. AocTaT04HO AnR 3TOH 4en1,1 $OpManbHO 3aMeHHTb 
11CXOAHOe S Ha S d. /KpaTHQCTh KOPHR d OT 3TOro He 113MeHl1TCR/. 
8 KOH4e MOlKeM sepHYTbCR K HCXOAHOMY s, 3aMeHRR npoMemyT04HOe 
S Ha d-H KOpeHb OT HCXOAHOro. t!TaK, Mbl AOnlKHbl noKa3aTb, 4TO 

KOMnOHeHTa 

g fm (s, r) =fem (s, t(s,r)) /16/ 

o6naAaeT CBOHCTBaMl1 Cl1HrynRpHoi1 KOMnOHeHTbl C oco60111 T04KOH Yf 
1,1 C BHYTPeHHeH CTeneHblO m· /9/~ np11 3TOM cornacHO /2/ 1,1 /13/ 

t=t(s,r) =(¢(yf +rsni')-xe)s-m, /17/ 

a CTeneHb i'fm 1-1 T04HOCTb 11e~ KOMnOHeHTbl gem(s,r) COBnaAalOT 
C aHanorl14HblMl1 .z:inR fem (s, t). 06o3Ha4HM 

<;=X-xf =tsm, 71 = y-y f = rs m,' 

)( (j) (0) 
/;= ¢(71 +y n )- X o =)((71) =)(d 71d + l'ix(71) (x. = --- ), 

. L l J j J 

/18/ 

rAe l'ix(71) - OCTaT04HaR CYMMa. pa3J'iomeH11R x:(71) no 71 T04HOCHt d 
/11 CTeneHH d + 1 /. 4>yHK411R x<11). riony4aeMaR 113 X== ¢~) TpaHcnR-
411RMl,1 <;=X-xe, 71=Y-Y£ /11nH, 4TO BCe paBHO, -xd71 11 l'ix(71)/, 
3aAaeTCR 4epe3 ¢ (y) /1,1 e111e xe 1,1n11 Ye /. 0Ha HeceT BCIO l1H$Op-
Ma41110, COAepma111y10CR B ¢ (y) /KpOMe 3Ha4eHl1R Xf 11n11 y f /. 0Ha 
11 ee npOl13BOAHble nopRAKa HHlKe d paBHbl O np1,1 71=0, a B l'ix(71) 
pasHa Hynio e111e 1,1 d -R. npOH3BOAHaR np11 71=0. TorAa 113 /I 8/ 
HaXOj\11M 

t(s,r) = s-mx(r sm') = t
0

(r) +l'it(s,r), 

to(r) =xd rd,. i\t = s-m.l'ix (rsm') 
/19/ 

(m=m'd). 
> ' 

BHAHO, 4TO 3aBl1C11MOCTb MelKAY t 1,1 r COAePlKl1T e111e 1,1 s, HO, HeCMOT
PR Ha 3TO, 3Ha4eHl1IO t:O COOTBeTCTByeT 3Ha4ett11e r =0, TaK 4TO 
gfm MOmeT 11MeTb pa3pb1Bbl TOnbKO np1,1. r =0,. KaK 1,1 ,qonlKHO 6b1Tb. 

HaM noHaAo6RTCR senH411Hbl 6onee 0611111e, 4eM !ix 1-1 lit. nycTb 
)(j (71) 1-1 t j (s, r) - OCTaT04Hble ~cyMMbl CTeneHH j pa3nomeHl1H )(,(71) 

fr 

11 t (s, r) no 71 1,1 Sm, COOTBeTCTBeHHO: 

j-1 
x(71) = ~ X _ 71i + x+(d), 

I= d l j 

j-1 ,. 
t(s,r)= ~ t.(r)sm 1 +t+j(s,r). 

i= 0 I 

/20/ 

/Ecn11 no o603Ha4eHHRM s 11~ t* (s,r)- ocTaT04HaR CYMMa T04HO
crn j, TaKaR, 4TO t'!'(s,r): sl ➔ o np11 s ... o, TO t:(s,r)=t*,. 1(s,r) /. 

J • J m.i-
TaK, C y4eTOM /19/ 

· · t~ (s,r) =S-m)( t+d·(rs m ') (m=m'd). 

Ecn11 )( +(k} 11 t :<k) - k -e npOl13BOAHble OT x-1: 11 t: no 71 11 r , TO 
j J . J J 

x-t:(k)(71) =)( .<~>:'(71) = i (i:k) ! X. 711 + X~(k}+ (71) 
J J k i=Fk 1! I+ k J 

x<f>+<11)=x~~~(71), 

t:(k}(s r) =t(k)+(s r)=s-(~k)m' +(k) (rs m') 
J ' j -k ' . )( j +d 

/21/ 

~ (i+k) ! . 18 (i+k-d) m' +(k}+( ) 
~ ..:.. --:--Xi+kr +x. s,r, 

i = }+'ci=k. l ! J 

t(k)+(s r) - t+ (k) (71) 
j • - j+k 

np1-1 3TOM ii=n, ecn1-1 n~O •. 11 ii=O, ecn11 n<O. /0cTaT04Hble ·1meHbl Xj(k)-1(71) 
11 t-J:(k)+ (s, r) nony4alOTCR scneACTBl1e Toro, 4TO PRAbl ac11MnTOT1-1-

J . 
4ecK11e. 0Hl1 6b1CTPO 11C4e3alOT np11 ,, ... o 11 S➔~ HO HX $OpMa 3as1,1-
CHT OT Bb16paHHoro cnoco6a cyMMl1pOBaH11R/. 04eB11AH0' Ax 1,1 ~t 
nony411M np1,1 j=d+l, k=O 1,1 j = 1 , k=O cooTBeTcTBeHHO. 

BseAeM e111e $YHK4HH a±(t') 1,1 r±(s,t)p6paTHble K x(71) 11 t(s,r). OH11, 
KaK npas11no ,MHOr03Ha4Hbl, np114eM a+ 11 r + npHHl1MalOT TOnbKO no
no>K11TenbHble 3Ha4eH11R, a a_ 11 r_ - 0Tp114aTenbHb1e. B cny4ae 
<l> ++ II l, KOTOPblH Mbl paccMaTpHsaeM 3AeCb, OHl1 onpeAeneHbl np11 
71 ~ 0 11 t> 0 COOTBeTCTBeHHO. Ka>KAaR 113 3Tl1X $YHK4HH, XOTR 1,1 
MHOr03Ha4HaR, KaK H ~+(x). HMeeT ac11MnTOTH4eCKOe pa3nomeH11e no 
4enblM nono>KHTenbHblM CTeneHRM OT f t/d 11 t t/d COOTBeTCTBeHHO: 

00 1/d 
a± (t') = i; 1 a I± t' + a 1 (t')' 

/22/ 

r ± (s, t)=S-m~± (tsm) = i=~\ a
1
± s(i-l)m't l/d + s-m' a: (tsm). 
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/MHor93Ha4HOeTb 3aTpantBaeT TOJlbKO OeTaT04Hble 4JleHbl a! (.;) 
H ·s-ma t (ts m) /. BTopoe Bblpa>:<eHHe RBJlReTeR B TO >Ke BpeMR pa3-
JlO>KeHHe-M r+ (s,t) no 1..1eJ1blM eTeneHRM sm'. Ko3<!H!JH1..1HeHTbl seex pa3no>Ke
HHl1 Bblpa>KaK>TeR L1epe3 K03(j)())H1..111eHTbl pa3JlO>KeHHR x(77) /20/: 

1 Xd+t (d+3)X~+1 Xd+2 
a =±--; a =--~~-; a =±-----,--+ / ./23/ 

1± X 1/d 2± dx 1+2/d 3± 2d2x_2+3/d dx 1+2 d 
d d d d 

H3 / 19/, r ± (s,t) 11 a /'I) ene,qyeT, 4TO 

r±(s,t)=s-m~±(tsm). /24/ 

06o3Ha4HM L1epe3 

a\(t)=x~(k)(a+(fl) H p\ (s,t) =t:<k) (r+ (s,t)) /25/ 
J- J - J - J 

+(k) +{k) 
<l>YHK1..111H x j (TJ) 11 t j (s,r), r,qe 1/ 11 r Bblpa>KeHbl 4epe3 f 11 t 
ITJ =a+ff) , r=r +(s,t) /. Ka>K,qaR 113 HHX MHoro3Ha4Ha, HO HMeeT 
ae11MnTOTHL1eeKoe pa3no>KeH11e no 1..1eJ1blM eTeneHRM ( lid 11 (ts m) lid 
e OAH03Ha4HO onpe,qeneHHblMH K03())())HL1HeHTaM11. Pa3JlO>KeHHR Ha4HHa
~TeR ene,qy~~l1M o6pa30M: 

j•k · 1 t (j•k)/d 
(-1) .. 1..:-x .(-=-) + ... 

(j-k)! 1 X d 

k J'=i -a·. +(f)=(-1) (k-t_j-k)! ( (j-k)/d 
J- <I--=i0i -xk+j-k<x}. + .•• = 

npH k ~ j, /26/ 

. k! X d+ ••• np11 k~ j. 

k d+j·k (k d~k )-
P. + (s,t)=(-1) + +J- ! 
J- (--d+j-k)! 

(k-d+d+j-k)hi' t (d+j-k)/d 
xk+~s <-;-) + .• ,= 

d 

[ 

(-l)d+j-k, (d+j)! jm' t (d+j-k)/d 
(d+j-k)!. x,d+j S _.(~) + ... np11 k~ d+ j, 

k! 
8

(k-d)m' _ 
xk +... np11 k~d+j. 

/27/ 

np11H11MaR BO BHl1MaH11e /19/ H /24/, Haxo,q11M, 4TO t :<k)(s,r) 
p~ (s,t) BblPa>Ka~TeR 4epe3x(_k>(y) 11 a\(f>;· J 

J ± J J -

11 

+(k) -(d-k)m' (k) m' 
t. (s,'.r)= s x. (rs ), 

J ~d 
/28/ 

k -(d-k)m' k m 
p . (s,t) = s a·. d + (ts ). 

J ± J+ -

18 

,! 
I 

II, 
f 
1.! 

! 

t 
1) 
\~ 

nyeTb, HaKOHel..l, 

+{k) x -(k-d+i+-d-k)m' +{k) -(~m' (k) , 
tJ. (s,r)=s tJ- (s,r)=s x. (rsm ), 

J+d 

k +(k) -(k+d+~)m' -(j+d::i)m' k (t m) 
/29/ 

pj; (s,t)=tj (s,r±(s,t))-s =S aj+d± 8 • 

+ {k) x kx +(k) 
<l>YHK1..111H tj (s,r) 11 Pj± (s,t), 04eBHAHO, noJ1y4a~TeR 113 t j (s,r) 
11 P~+ (s,t) Bene,qeTBHe Bb1,qeneHHR MaKe11MaJ1bHOl1 / He 3as11e11MOl1 OT 
Bb16kpa K03())())1-141-1eHTos/ eTeneH11 s, noene 4ero B pa3JlO>KeHHRX T11-
na /21 / ,QJlR t ~(k) 11 p :'+k see e~e He nORBRTeR OTp111..1aTeJ1bHble . J J-
eTeneHH s. 

Tenepb, ene,qy11 BblBO,qy /18/ a 141, ,qoKa>KeM esoiieTBO A, 4TO 
<l>YHKI..IHR gfm(s,r) /11/ 11Jll1, 4TO Bee paBHO, /12/ pa3JlO>KHMa no 
eTeneHRM s: 

gf (s,r) = I go ,(r) Sn'+ gr (s,r), /30/ 
m n '...vem r.mn mn 

np11 Jl~60M n=vem-1,vym • •.• '1:'~ • Pa3JlO>Kl1M npe>K,qe seero frm (s,t(s,r)) 
/16/ no eTeneHRM s11flt(s,r) /19//a He t(s,r)/. Y411Tb1BaR, 4TO 
eTen~Hb flt nos nOJlO>i<HTeJlbHa - OHa paBHa rn;Haxo,qHM 

n in' i i n'-m·' 
go (s,r)= I I fe , , (to)flt s 1 + r: (s,to ,lH) 

rm n'=i-pm i=O ,m,n -mi rm /31 / 

(in, = [(n, -v rm )/rn, J), 

intl i 
* . Xi-1.* n xi* f 0 (s,t0 ,flt)= I fy (s,t 0 ,flt)- I fit ,(s,t

0 
,t\t). 

rm (n) i =O ,m,n-mi !=O . ,m,n-mi /32/ 

3,qeeb in =[(n-vrm )/rn'l np11L1eM, KaK 113BeeTHo, [x] . 03H_a4aeT eaMoe 
6oJlbWOe 1..1enoe 411eJlO, KOTOpoe eo,qep>Kl1TeR B X, a f 1y , 

xi* • ,m,n-mi 
11 ff ,, (s,ta,flt) - K03())())HL1HeHTbl 11 ABOl1Hble OeTaT04Hble eyMMbl ,m,n-rn 1 

141 
pa3llO>i<eHl1R f fm (s,to+flt) no eTeneliRM .s 11 flt . 

4T06bl np1-1seeT11 /31/ B B11A /30/, oeTaeTeR np1-1 nOMO~H /20/ 
pa3JlO>Kl1Tb flt (s,r)i no srn' ,qo eTeneHH j ,=[(n-n')/rn'J+ i. HMeeM 

nn 

· -mi m' Jnn'-l i m'· i+ 
flt{s,r)

1 
=S flx(rs )= I flt.(r)s J+flt. {s,r), 

j=i J Jnn' /33/ 
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i 
I 

. I 
I 

rAe 

~ti(r)=~xi /i+j 
di+j 

i+ -mi ix m 
~t- , (s,r)= s ~x . (rs ). 

Jnn di +Jnn, 
/34/ 

. i 
np1-1 3TOM M 1 - i ;-fl cTenyHb ~ t , . ~ t j - ee AeJleHHafl Ha j ! j -H 
npol-13BOAHafl no sm np1-1 sm =0, a ~t~+ ,- ocTaT04Hafl cyMMa paa110-

i , J nn 
lKeHHfl ~t no sm T04HOCTl-1 jnn'• nposepHeM 

. d· . i 
~t

1
.(r)= r HJ 2 j IT X d+ib 
J jb~lb=l 

/35/ 

i-1 ( 1)1' (. 1)' i 
~t~+(s,r)=2 - l-. 2- ,+f+ 1 11t~(s,r). /36/ 

Jnn' e=o f ! (i-1-Y. )! Jnn b=l lb 
jb~{'+l 

np1-1 3TOM 1-1HAeKC K i -KpaTHb!M cyMMaM no jb 03Ha4aeT, 4TO cyM-
Ml-1POBaH1-1e npOl-13BOAl-1TCfl no TeM 3Ha4eHl-1flM j b , CYMMa KOTOpblX 
1-1MeeT yKa3aHHOe 3Ha4eH1-1e - j 1-1111-1 jnn, + e + 1 COOTBeTCTBeHHO. 0TMe
Tl-1M, 4TO ¢opMyJ1a /36/ flBJlfleTCR HeKOTOP~M aHa11oroM 1-1 0606~eH1-1-
eM /18/ s141• 0Ha BblpalKaeT OCTaT04HYIO CYMMY CTeneHl-1 ~t(r) i 
AaHHOH <llYHKL.11-11-1 M(r) B BHAe KOHe4HOH CYMMbl 1-13. npo1-1aseAeHHH 
pa3J11-14HbIX OCTaT04H~X cyMM 3TOH <llYHKL.11-11-1. Tenepb, 4T06bl no11y-
41-1Tb /30/, AOCTaT04HO nOACTaBl-1Tb /35/ 1-1 /36/ B /34/, a peay11b
TaT - B /33/ 1-1 nOTOM B /31/. TaK, 3Ha4a~afl 4aCTb /30/ 6yAeT 

n , 
}:_ gf ,( r) Sn = 

n',.vrm mn . 
i ,, j ,, . ,, , , . 

n n nn 
1
- n -m l -m J d . . 

~ ~ ~ 2 2 fo ,. , (t 0(r))s r 2 j IT x 
n"=vrmi=O j=i r.,m,n-m i jb~l b=l d+jb 

1-1, noACTaBJlflfl n'=n"-m'i-m'j,,AJlfl K03Q)Q)l-11..11-1eHTOB g~mn·(r) HaXOA1-1M 

jnn' in• i d. 
gr ,(r)=2 2 fr , ,.(to(r))ri+j 

mn · i=O j=i ,m,n -m J 

i 
2 j IT x 

j b ~ 1 b=l d + jb 
/37/ 

+ X +(O)x · w 

~~~:: ~~~~~a::~eXOAfl K t j . (s,r)= t j . (s,r) /28/ ,AJlfl OCTaT04HOl-1 

i +1' . . 
n x i-1 * 

1
n xi* 

g~ (s,r)= 2 f O ,.(s,t
0
(r),M(s,r))- _2 f;, ,. 

r.mn i=O r.,m,n-m 1 i=O r.,m,n-m 1 

i , 

(s,t
0 

(r), M( s,r)) + 

/38/ 
n n -

+ 2 2 r n~ ,. 
n '=Vfm i=O f,m,n ~m'i (t0(r))s in 

1 i-1 {' . 1)' i m'jbt * 
2 (-l) (l- ·, 2 jnn•+f+lITs t.x(s,r). 
e=of!(i-1-f}!jb~r+i k=l lb 

20 

Bl-1Al-1M, 4TO OCTaT04HaR CYMMa /38/ OKa3~BaeTCfl KOHe4HOH 
a11re6pa1-14eCKO~ CYMMOH 4JleHOB ABYX Tl-1noe: 

Xi* S(s,r)= C0 , (s,t 0(r).~t(s,r)) 
rmn · (n '-m 'i +m' = n,n+l) 

1-1 

/39/ 

(i-1\1 n'-m'i+m'(jn~+E+t) i •i +x 
T(s,r)= --'-=--- s fp m n'-m'i (t

0
(r)) IT tJ. {s,r), 

f! (i-1-P)! ' ' b=l b 

/40/ 
(jb;;;f+l, vrm ;;n•-~n. O~iSin'• O";i £ ~i-L 

/np1-1 cocTaa11eH1-1H T(s,r) 1-1MeeM 2jb=jnn'+ f +1 /. 
Y41-1TblBaR, 4TO ~t(s,r) KaK <llYHK1..11-1fl OT t l-1MeeT CTeneHb m', a 

f fm (s,t) -KaK ll>YHK1..11-1fl OT t 6eCKOHe4HO Al-1$¢epeH1..11-1pyeMa ' HeTPYA
HO coo6pa31-1Tb, 4TO T04HOCTb ABO~HOH OCTaT04HOH CYMM~ T1-1na s 
6yAeT v;=n'+(i+l)m'. H TaK KaK n'+(i+l)m'=n,n+l /39/, ·Bl-1A11M, 
4TO T04HOCTl1 4JleHOB S He Hl-1lKe n. Y41-1T~BaR Aanbwe, 4TO MHOlK1-1-
TeJ11-1 ttx (s'.r) / =qox (s,r) /29// _1-1Me10T CTeneHb HYilb no s, Haxo
AHM' 4TO CTeneHb 4JleHOB Tl-1na T /40/ 6yAeT 

vT=n'-m'i+m'(jnn'+f +l)=n~m'i+m({(n-n')/m' l+i+ P + 1). 

H TaK KaK [(n-n')/2n'] ,>(n-n')/2n'-(m'-1)/m',HaXoAl-1M vT;;;n+m'f + 1, 
To eCTb np1-1 Jll060M r l-1MeeM VT ;:: n + 1, TaK 4TO MOlKeM B3f1Tb I/*= n. 
TaK' CBCH1CTBO A - pa3J10X{l-1MOCT~ gfniCs r) / 12/ no CTeneHflM TAO 
*' * 1'rm = 1pm - o6ecne4eHo. A1-1¢(lJepeH1..11-1pyeMocTb no r np1-1 r /. O 

/CBOHCTBO B/ 04e81-1AHa. 

nposep11M Ma>Kop1-1pyeMOCTb - CB014CTBO C. no TeopeMe 1 B 121, 

Ma)l(op1-1poBaHv1e Bce11 CYMMbl /38/ CBOA11TCR K MalKop11poBaH1-110 OTAeJ1b
H~X 4JleHOB /39/ 1-1 /40/. Ha4HeM C /39/. no ¢opMyne Kow1-1 AJlfl oc
TaT04Horo 4JleHa PRAa Te1111opa, M~ MOlKeM Han1-1caTb 

S(s,r) =~t(s,r)i+ 1 r* i+l 
fmn' (s,t0(r)+ O ~t(s,r)) . (0~ 0~1). 

/BepXHl-1H l-1HAeKC ~+1 K ~t 03Ha4aeT CTeneHb, a f*- npOl-13BOA-
Hafl not, Ae11eHHa.n no (i+l)! /. TorAa HaXOAHM 

JS(s,r)] S s(i+l)m, O o ,(s)~tx(s,r) i+l i}+i,(0 t(s,r) + (1-0) t
0 

(r)), 
imn imn 

X -m' 
rAe cornacHo /29/ ~t (s,r)= s ~t.(s,r). B~61-1paeM 

A (i+l)m' A 

0 8 {s)=s Ofmn'(s), 

gA8 {r)= sup~tx(s,,r)i+l sup fr~!,(0t(s,r)+(1-0)t
0

(r)). 
O< S~So o< S.!,SiJ 

/41/ 
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I 

I 
I 

;I 

1_aK, 11cKo~a.R 01..1eHKa IS(s,r)I~ 08 (s)g 8 (r) 06ecne1.-1eHa~ 1111w_b 6br 
Os(s) 11 gs(r) 11Me1111 Tpe6yeMble CBOHCTBa. T04HOCTb Os(s) pas-
Ha (i+l)m '+n, , 11 cornacHO /39/ OHa He H11lKe n, KaK 11 AOJllKHO 6b1Tb. 
OcTaeTC.R nposepl1Tb, 4TO ~ (r) np11 r ➔ ± 00 CTpeMl1TC.R 6blC_TPO K HY!llO, 
TO eCTb 4TO np11 Jll060M k g s<r) r k ➔ 0, KOrAa r ➔ ± "" . ApryMeHT 

Ot(s,r)+(1-0)t
0

(r) <!>YHKL.11111 il~!• B /41/ HaXoA11Ts_~ MelKAY no-
11olK11Te11bHblM11 rpaH111..1aMl1 to(r) 11 t(s,r). H TaK KaK rt;:;~ (t) np11 
t ~o MOHOTOHHO y6blBaeT, 11CKOMOe YTBeplKAeH11e CBOAl1TC.R K TOMY 
lKe yrneplKAeHl1IO A11H g8(r) 11 g 8 (r), no11y1.-1aeMblX 113 g 8 (r), KOrAa 
apryMeHT 3aMeHl1M Ha 3Tl1 rpaHl14Hble 3Ha4eHl1.R. B nepBOM c11y1.-1ae 

sonpoc CBOA11TC.R K TOMY, 4TO ec1111 

, I lkA x )i+tr~i+t g (s,r)= r at (s,r O , (t0 (r)), 
Sk rmn 

/42/ 

TO 

/43/ g~ (r) = sup I g~ (s,r)I 
k O< s~ so k 

np11 Ka)l(AOM k cTpeMl1TC.R /6blCTpo/ K HY!llO, KOrAa r ➔ ± r,c. Ho 
gs (s,r) 11 gSk (r) npeACTaBJl.RIOT. co6oi71 BblpalKeHl1.R rnna W(s,r) 
11 kU(r),pacCMOTpeHHble B np1111olKeH1111, n.7, npl1j=i+1, jh=l, 
kh=O. IT03TOMY 11CKOMOe yTBePlKAeH11e 3AeCb .RBJl.ReTC.R cneACTBl1eM 
AOKa3aHHOH TaM o6~ei71 TeopeMbl. AHanor111.-1Ho paccMaTp110aeTC.R 
isk (r) •. B 3TOM c11y1.-1ae AalKe AOKa3aTe!lbCTBO 6011ee npOCTOe, i-<1~ 
KaK nocne BOCCTaHOBJleHl1.R nepeMeHHOH t apryMeHT MalKopaHTbl rJ+

1, "· r,mn 
OKa3blBaeTC.R paBHblM t. a rt:;~, (t), no onpeAe!leHl1IO, 6b1CTPO 
y6blsaeT • 3Tl1M MalKOp11poBaH11e 41leHOB T11na S( s,r) /39/ AOKa3aHO. 

MalKop11posatt11e 1.-111eH0B T (s,r) /40/ AOKaabrElae'rc.R aHa11oni1.-1Ho. 
Ha onpeAe11eH11.R 8 0111 /csoi71c:rsa A 11 C/ MOlKHO BblBeCT11, 4TO 

lff~n (t) I< ci f Lnn (t), rAe cp
1
mn - nOAXOA.Rl!411M o6paaciM Bb16paHHble 

KOHCTaHTbl. 'Yfo3TOMY Mbl MOlKeM Han11caTb 

jT(s,r)!S:ci , , (i-1)! 8n'-m'i+m'<Jnn'+f+t) ~i 
- f,m,n -mi f!(i-1-P)! . • ff,m,n'-m'i (to(r))x 

i i +x 
x Il sup I tJ (s,r)I 
h=l s h 

( jh 6 1 , I. jh = j , + f ), 
h=t nn 

Ec1111 np11MeM 

A n '-m 'i+(j nn'+ P +l)m' 
OT(s) .. s , 

~ (i-l)l i 
g ,Ir)= f! (i-1-f )I cf,m,n ~m 'i 

f i , ,. 
f.m,n -m 1 
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i +x 
(t 0(r)) Il sup t J (s,r), 

h=l s h 

/44/ 

To HepaseHcTBo IT(s,r)l~OT(~)gT(r) ·06ecne1.-1eHo, np111.-1eM, KaK 
ylKe ynoM.RHyTo, cTerieHb O,i<s) 6011i.w~. n /11 3Ha1.-111i-, T04HOCTb 
He Hl1lKe n /. OcTaeTC.R ~ noKa3aT·b, 4TO gT (r) 6blCTpo CTpeM11TC.R 
K HY!llO, To ecTb 4TO gT (r) I r I k 11c1.-1eaaeT np11 r ➔ ±oo. HeT cy~ecT-
BeHHOH pa3Hl11..1bl MelKAY 3Tl1M BblpalKeH11eM ~ i;<~. //41/ np~ 0=0 /. 
Bo-nepBblX, 3AeCb no.RBJl.ReTC.R e~e HeKOTOPblH KOHCTaHTHblH /He 
3aBl1C.R~l1H OT S 11 r / MHOlKl1Te11b, HO OH, 04eB11AHO, He MeH.ReT 
nop.RAKa 11C4e3HOBeHl1.R MalKopaHTbl iT(r). Bo-BTOpblX, BMeCTO 

sup(!~tx(s,r)li+t) B /41/ 3AeCb HMeeM sup(fi t7x(s,r)), HO 3TOT 
s s h=l Jh 

C11Y4aH TOlKe OXBaTblBaeTC.R o6~ei71 TeopeMOH, AOKa3aHHOH B np111lOlKe
Hl1H, n. 7. 

TeM caMblM AOKa3aHa MalKOp11pyeMOCTb 11 OCTaT04HOH cyMMbl 
gpmn (s,r) /39/, 0AHato HaM He06XOAl1MO AOKa3aTb Ma>Kop11pyeMOCTb 

He TOJlbKO <!>YHKL.11111 gfmn (s,r), HO 11 ee npOH3BOAHblX no r. no 11Aee · 
3TO ocy~eCTBJl.ReTC.R KaK 11 np11 AOKa3aTe!lbCTBe YTBeP>KAeHH.R I: 
Al1¢¢epeH1..111pyeM 4JleHbl s /39/ H .T /40/ H noKa3blBaeM, 4TO Ka>KAblH 
113 Hl1X AaeT KOHe4HYIO CYMMY 4JleHOB HeCKOJlbKO 6011ee o6~ero T11na, 
KOTOpble Bee >Ke OXBaTblBalOTC.R TeopeMOH, AOKa3aHHOH B np1111olKeH1111, 
n,7. B caMOM Aene, HanOMHl1M, 4TO S(~ri /39/ He 4TO HHoe, KaK 

'* OCTaT04Ha.R CYMMa CTeneHl1 i pa3JlO>KeH11.R rfmn (s,t) no CTeneH.RM 
~t BoKpyr T04K11 t0 (t=t(s,r)=t0 (r)+~t(s,r) ,~

0
(r)=xdrd (19)). C11e

AOBaTe11bHo, 
. afXi* 

_dS_=~- · fmn (s,t0 ,.1t) 

dr dr at~ 
dt\t 

+-• 
dr 

xi* a .f fmn (s,to. ~t) 

ait" 
H TaK KaK 

Xi * * i-1 1 (j) * j 
fv (s,to.~t)=fo (s,to+~t)- I. -:-fo (s,to)~t 

. mn lffill j=O J! lffill 

nerKo nposepl1Tb, 4TO 

a.ct~: (s,to ,L\t) .f' xi* (s,t ,L\t), 
at flmn 0 

0 . 

· Xi* At) X(i-1)* ) a•c (s,t0 ,u .. r~ (s,t
0 

.~t. 
, rmn a~t 

TorAa c y1.-1eTOM /19/ 11 /29/ HaXOA11M 

dS d-1 ,xi* · A 'm'+i~ ,xi-1* A 
-dr = dxdr Jo , ,. (s,t0 ,ut)+s tf (s,r)f 0 , ,. (s,t

0
,ut). 

L,m,n -m 1 L,m,n -m 1 
dkS · · 

11TaK, npOl13BOAHble -k. npeACTaBJl.RIOT co6oi71 KOHe4Hble CYMMbl . dr . 
•npOH3BeAeHHH, B KOTOPblX y1.-1aCTByeT OAHa <!>YHKL.1~.R-Tl1na 

fe~M~ni~~ ,1 (s,t 0, L\t), HeKoTopa.R cTeneHb apryMeHTa r 11 HeKo,:opoe 
4HC110 MHO>Ki-1Te11ei71 tfW X (s,r) /29/ /11 e~e HeKOTOpble ,KOHCTaHTHble 
MHO>Kl1Te111111 HeKOTOpble HeOTp111..1aTe1lbHble CTeneH11 gm ,KOTOpble He
cy~eCTBeHHbl/. 8blpalKeH11.R TaKoro THna MalKop11py10Tc.R T04HO TaK lKe, 
KaK 11 CaMa <!>YHKL.111.R S, .TaK KaK,, so-n_epBblX, CBOHCTBO A OTHOCl1TC.R 
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'r11: 
il! 
''f ••!, 

* He TOJlbKO K ffrnn , HO J.1 K J.1X npOJ.13BOAHblM J.1, eo-eTOpblX, y41,1-
Tb1BaR ;n9/, BJ.1AJ.1M, 4TO noRBJ1eHJ.1e HOBblX MHO>KJ.1TeJleH r J,1 t :kx (s,r) 
He BblBOAJ.1T no11y4eHHble Bblpa>KeHJ.1R J.13 0611aCTJ.1 npJ.1J10lKJ.1MOeTJ.1 Teo-
peMbl, AOKa3aHHOH B npJ.1JlO>KeHJ.1J.1, n. 7. d k T 

TaK >Ke AOKa3b1BaeTCR Ma>Kop1,1poeaHJ.1e npOJ.13BOAHblX --- - 3TOT 
drk 

eJly4aH Aa>Ke 6011ee npocToH; OH CBOAHTCR K CJly4a~ g's (r) /42/, 
A • k 

TaK KaK apryMeHTOM <l>YHK41,11,1 rl , ,. (t) 3Aeeb RBJlReTeR t = 
d L,rn,n -m 1 

= t0 (r)= x'a r . 
4T06bl no11y4J.1Tb <l>YHK4J.1J.1 O'r!n(s) J.1 ie~n (r), npOJ.13BeAeHJ.1e KO-

TOPblX Ma>Kop1,1pyeT g(k) (s,r), no Teo_peMe 1 B /~~ Mbl AOJllKHbl B3RTb 
eepXH~~ f paH1,14y M~OlKJ.1TeJ1eH rnna O ~ £s) J.1,_ 0 T (S) J.1 CfMMY MHO-
~J.1TeJ1eH g~ (r) 1,1 gT (r), 060611\a~ll\J.1X Os(s), gs (r) l,._41 / 1,1 OT(s) 
gT(r) /41.f/ AJ1R 11~6oro k. 0AHaKo 3TJ.1M cnoco6oM 0~ (s) no11y-r.rnn 
4aTCR 3ae11eRII\HMJ.1 OT k, 4ero, no onpeAeJleHH~ 8 ell/, He AOJllKHO 
6b1Tb. no3TOMY, KaK B c11y4ae llo , Mbl npeACTaBHM HaHAeHHble 

A k k A 
O 'n (s) a BHAe a vm O~m-n(s),4TO no npHMe4aHH~ b K noeTp,,eHH~ r.mn , n L A k A 

B /2/ B03MO>KHO, J.1 3aMeHJ.1M gok (r) Ha an gf (r). Ha 3TOM 
CJly4aH II1 1,1e4epnaH. 

trnn 1rnn .rnn 

nepeHAeM K CJly4a~ 112 - KOrAa ypaeHeHJ.1e /4/ J.1MeeT ABa KOp-
HR Yk c KpaTHOCTRMJ.1 dk (k =1,2) /J.1HAeKebl r, m 6yAeM onyeKaTb/. 
Paao6beM /12/ Ha ABe <l>YHK4J.1H, Ka>KAaR c OAHOH oeo6oH T04KOH 

yk(yl<y2): ., 

, { ffrn(s,(¢(y)-xp)s-ml) 

gl (s,(y-y 1 )s-rnl) = 
0 

np1,1 Y<Y12, 

/45/ 
npH y> y12 ' 

, [ 0 g2(s,(y-y2)s-rn2 )= 

. fpm (s,(¢(y)-xe)s -rn2 

npH y < y 12 • 

/46/ 

) npH y> Y12 , 

np1,14eM y =(Y +y )/2, a m'1 1,1 m2 3aAa~TCR 4epea /9/. CyMMa 
gl ( s,(y-y 112s-rn if+g Js,(y-:;. )s·rniAaeT /12/, HO 3TO ell\e He HeKOMble 
<l>YHK4HH gk(s,(i-yk)

2
s-rnk)(k=l,2),noTOMy 4TO /45/ J,1 /46/ HMe~T 

pa3pblBbl He· TOJlbKO npH Y=Yk. HO ell\e J,1 o6e - npH Y==Y12. Mbl cr11a
AHM 3TH AOnOJlHHTeJlbHble pa3pb1Bbl. nycTb 

. i 1 di -rn 
M (s)=:--(-.fe (s,(¢{y)-xe)s )) /47/ 

1! dyl rn Y=Y12 

TO eCTb 3TO pa3pb1Bbl <l>YHK4HH /46/ J,1 ee npOH3BOAHblX np1,1 Y=Y12 
J,1Jl),1 /45/ C o6paTHblM 3HaKOM. TaK KaK 3AeCb <l>HKCHpoeaHO y,a He 

-rnit . 
f=(Y-Yk)s . • HeeMOTpR Ha TO, 4TO CTeneHJ.1 /12/, /45/ J,1 /46/ 

KOHe4Hbl, L\f I ( s) 6YAYT 6b1cTpO y6b1eaTb np1,1 s ➔ 0 J,1 np1,1 3TOM 
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6YAYT YAOBJleTBOpRTb ye11oe1,1~ orpaHH4eHHOCTJ.1, KOTOpoe ~Ka3aHo 
B npHMe4aHJ,1J,1 b K noeTpoeHH~ 1 B 121• CJleAOBaTeJlbHO, no nocTpoe-
HJ.1~ 2 s

12
', eyll\eeTeyeT <l>YHK4HR g(s,y) THna npeACTaBHTeJlR a6co

Jl~THOH HyJleBOH A<I> /1,1111,1, 4TO see paeHo, THna MOAYJlR f(s,x) /2/ /, 

KOTOpaR np1,1 Y=Y 12 BMeeTe C ee npOJ.13BOAHblMJ.1 npHHHMaeT 3Ha4eHJ.1R 
/47/. /3Aeeb Aa>xe KOHCTPYK4J.1R 6011ee npoeTa, nOTOMY 4TO HMeeM 
ii= i7 * = "" /. Paa11o>KJ.1M g(s,y) noAo6Ho /45/ 1,1 /46/ Ha 

g 1(s,r1)= _ . (r 1 "'(y-y 1)s 1 ), 
{ 

0 np1,1 Y < Y 12 -rn' 

g(s,y) np1,1 Y > Y 
12 

[ 

g(s,y) 
/48/ 

npH y>yl2 

gis,r2)= ( 
-rn, 

r2 = (y-y2)s 2 ). 

0 np11 Y<Y12 

/OrneeTH i1 (s,y) H i2(s,y) K KOMnOHeHTaM gl (s,r 1> J.1 g2(s,r2) MO>K-
HO np1,1 Jl~6blX mi J,1 m2. TaK KaK npeAeTaBJ.1Tem1 a6eo11~THOH Hy11e
BOH A~ MoryT npH4HCJlRTbeR K Jl~60H KOMnoHeHTe /CM. TeopeMy 3 
B 

121 
/. Tenepb Mbl MO>KeM eocTaBHTb J.1CKOMble <l>YHK41,11,1; 

g 1(s,r 1) = ~ 1(s,r 1 )+ g 1 (s,r 1); g is,r 2 ) ~ ::/ s,r 
2

) + g
2 

(s,r 
2 

), /49/ 

npH4eM pa3pb1Bbl np1,1 Y"' (y l +Y2)/2 KOMneHeHpOBaHbl. Cy MM a <l>YHK4J.1H 
/49/ He 6yAeT AaBaTb /12/, HO 3TO Heeyll\eCTBeHHO, TaK KaK pa3-
HJ.14a g(s,y) HaXOAHTCR B paMKax MOAYJleH /onpeAeJleHHe 2 a /2/ /, 
TO eeTb B KOH4e Mbl no11y4HM APYrOH npeAeTaBHTeJlb TOH me eaMOH 
HeKOMOH A<I> g(y)= f(¢,(y)). 

CJleAyeT noKa3aTb, 4TO "/49/ YAOBJleTBOPR~T eeeM yeJlOBJ.1RM 
I I ' 

onpeAeJleHHR 8 B 1 • npoeepHM TOJlbKO YCJlOBHe C AJlR gk /49/, 
see ocTaJlbHO~ AOKa3blBaeTeR 11erKo. Ho 1,1 3To He TPYAHO. A11R 
gk(s,(y-yk)s-rnk ) /45! J,1 /46/ 3TO AOKa3blBaeTeR KaK B CJly4ae II 1 • 
a AJlR gk(s,(y-yk) s-rnk) AOS:TaT04HO coo6pa3J.1Tb, 4TO 3aMeHa ap-
ryMeHTa Y Ha rk=(Y-Yk)s--qlk(k=l,2),To ecTb nepeXOA OT.g(s,y) K 
gk(s,r k ), eoxpaHReT HX npJ.1HaAJ1e>KHOCTb K npeACTaBHTeJlRM a6eo
Jl~THOH HYJleBOH A<i>. HanoMHHM, 4TO g(s,y) KOHeTpy1,1pyeTCR Ha 
n11oeKOCTJ.1 s. y, TaM OHa paa11araeTeR Ha gi(s,y) J,1 f2 (s,y), J,1 
TOJlbKO nOTOM BBOARTCR HOBble apryMeHTbl rk= (y-yk)s-rnk (k =1,2). 
3THM Mbl 06XOAHM Heo6~0AHMOCTb CWHBaTb gk C gk· BAOJlb r1,1nep6011 

, rn /2/ 
rlsrnl =Y12-Y1H r2s 2=Y12-Y2, K 4eMy nocTpOeHHe 2 B He np1,1-
cnoco611eHo. 3THM J,1 CJly4aH 112 He4epnblBaeTCR. 

C11y4aH II 3 , no HAee, eBOAJ.1TCR K c11y4a~ II 2 • Y>Ke /12/ pac-
naAaeTcR He Ha ABe, a HaKr>2 CJlaraeMblX gk(s,y) c AOnOJlHJ,1-

TeJlbHblMJ,1 pa3pb1BaMH B T04Kax Yk,k+l = (y k.f+ yk+l,£)/ 2 (k=l,2, •• ,,Ke-1),. 
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a 11X er11a»<11BaH11e npOl13BOAl1TeR np11 noMOlJ.111 Ky-l<!JyHKL.111"1 gk,k+l (s,y) 
(k=1,2, ... ,Kp-1),npeAeTaB11R10lJ.ll1X a6eo1110THy10 Hy11esy10 A<ll. Ka»<AaR 

-+ 113 Hl1X paenaAaeTeR Ha ABe 4aeT11 gk,k+l (s,y)=O np11 Y < Y k,k+l 
11 g-:- (s,y) = 0 np11 y> yk k 1 · TorAa /49/ 0606LI.1aeTeR B BHAe 

K,k1-l • + 
- - -·+ 

gk (s,y) = ~k ( s,y) + gk· 1,k ( s,y) + g k,k+i<s,y) (g (s,y)"' g (s,y)=O). 
01 Kr ,Ke +1 

noe11e Toro, KaK eKOHeTpy11poBaHbl pery11RpHaR KOMnoHeHTa 
go(s,y), eooTBeTeTBYIOll.laR KOMnoHeHTe fo(s,x). 11 e11Hry11RpHble 
KOMnOHeHTbl g kYm• eoOTBeTe TBYIOlJ.111e seeM KOMnOHeHTaM f Ym< s,t Pm ) ' 
11eXOAHOJ.1 A<ll f(x), eK11aAb1BaR 11X, eoeTaB11ReM npeAeTaB11Te1111 <!JYHK-
1..11111 g(~. no11y4aeMoJ.1 113 f(zj 3aMeHoJ.1 /2/. Tenepb, Koria see 
KOMflOHeHTbl g0 (s,y) 11 gkrm(s,tkfm ) Ha"1AeHbl, HeTPYAHO npose
pl1Tb ye11os1-1e D - KDMneHea41110 pa3pb1BOB: OHa e11eAyeT 113 A11¢¢e
peH411pyeMoern f(s,x) no x 11 ¢,(y) no y. 

HeKOTOpble Be1111411Hbl, TaK11e · KaK T04Kl1 pa3611eHl1R Yk k+l 
(> Yk• < y k+l ) 11 er 11am11Ba10lJ.ll1e ¢YHKL.11111 g k,k+ l (s,y), 6b11111 ~ HeKOTO
poJ.1 Mepe npOl138011bHWMl1. no3tOMY MW MO»<eM yTBep»<AaTb, 4TO npeA-
110»<eHHWJ.1 enoeo6 Aa11 HaM B03MO}l(HOeTb BWBeeT11 see eBOJ.1eTBa KOM
noHeHT 11eKOMOJ.1 M> g(y), Heo6XOA11Mble no onpeAe11eHl1IO 8 B ' 11• HO 
MO»<eT oeTaTbeR eOMHeH11e OTHOe11Te11bHO OAH03Ha4HOeTl1 pe3y11bTa
Ta. H3 onpeAe11eHl1R 2 ReHO, Aa 11 HeTPYAHO nposepl1Tb HenoepeA
eTBeHHO, 4TO 3Ta HeOAH03Ha4HOeTb HeCylJ.leeTBeHHa - OHa oeTaeTCR 
B paMKax MOAY11eJ.1, A11R KOTOPWX B006LI.1e onpeAe11eHW npeAeTaB11Te1111 
Ka»<AOJ.1 A<ll Hee KOMnoHeHTW. 

B11A11M, 4TO MHO»<eCTBO oeo6wx T04eK A~ g(~ 3aAaHo MHO»<eCTBOM 
KOpHeA y kf ypaBHeH11R /5/ np11 r = 1,2, ...• L. 3TO MHO»<eeTBO Ko-
He4HO - 411e110 ero 311eMeHTOB L = 2 Ky • np11 3TOM 3Tl1 KOPHl1 pa3-

p 
11114~W, TaK KaK KOPHl1 np11 pa311114HWX Y He MoryT eosnaAaTb. 3TO 
e11eAyeT 113 OAH03Ha4HOeTH ¢,(y) /2/. Ho HeKOTOpwe BHyTpeHH11e 
CTeneHij m'=m/d kV np1,1 3aAaHHblX k H p H pa311H4HblX m ~ My MO
ryT cosnaAaTb. no3TOMY l!He110 e11Hry11RpHblX KOMnOHeHT M> g(y) He 
MO»<eT 6blT b 6011bwe' HO MO»<eT 6b1Tb MeHbWe' 4eM l Ky M f' 

y 
Ka»<AblJ.1 aHa11or ¢YHK41111. a (x-x f) 111111 ee npo113BOAHOA noe11e 3a

_MeHb1 /2/ nepeXOA11T' B aHa11or HeKOTOPOJ.1 1111HeJ.1HOJ.1 KOM611Hati1111 a -
<!JYHKL.1"111 H ee npOl13BOAHblX, np114eM ee1111 dkp > 1, TO COOTBeTCTBylO
ll.111e K03¢¢11411eHTbl 6YAYT 6eeKOHe4HO 6011bWl1M"1 A4. 3Tb pe3y11bTaT 
nOH"1}1(eHl1R BHyTpeHHl1X CTeneHeH /9/, a He 113MeHeHl1R BHeWHl1X eTe
neHeH Vfm ,_KaK B e11y4ae YMHO»<eHl1R. 

nepBl14HOe MHO»<eeTBO A<ll /onpeAe11eHHe-15 s 111 / eTp011TCR Ha 
6a3e <!J11Ke11posaHHoro paeno11omeH11R oco6wx T04eK 1,1 no3TOMY He RB-
11ReTcR l1HBapr-1aHTHWM no OTHOWeHl1IO K TpaHe11Rl.111RM BA011b oe1,1 x. 
Ho "13.AOKa3aHHOJ.1 3Aeeb TeopeMbl 1 C11eAyeT, 4TO paew11peHHOe MHO
mecTBO A<ll, To ecTb MHomecTBO seex A<ll /onpeAe11eH11e 16 s 111 /, 

Ha 6a3e KOTOporo nocTpOeHa TeopeMa 1' yme HHBapHaHTHO'He T011b-
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KOK TpaHC11R4"1RM, HO 11 K 11106011 non11HOMl1aI1bHOl1 3aMeHe He3as11e11-
MOl1 nepeMeHHOH X=</,(~ 11 K ropa3AO 6onee 06LI.111M npeo6pa3osaH11-
RM, BKJll04eHHblM B onpeAeI1eH11e 1. 

BblpamaeM cso10 rny60Ky10 6naroAapHoeTb npo<!Jeccopy B.K.HeaHo
ey 3a 11HTepec K pa6oTe 11 KaHA11AaTy MaTeMaT114eCKl1X HayK 
B.X.XpHeTOBy 3a OKa3aHHYIO noMOlJ.lb np11 BblBOAe HeKOTOpblX AOKa-
3aTeJlbCTB. 

nPHJlOlKEHHE 

HEKOTOPblE CBO~CTBA <l>YHKLIH~ x(11) H t(s,r) B CJ1Y4AE <I> ++II.
1 

1 • 11CXOAR 113 onpeAeneHHR 1 RCHO' 4TO B c11y4ae <I> II1 (=x (71) 
/19/ "17]=a±(() /22/ o6naAalOT BCeMl1 CBOHCTBaMH X=</,(i11Y=t/,+(X), 
ecn11 OT6poCl1Tb MHQ)l(HTenbl-r B <!JOPMYI111pOBKe YCI10B11R A /11 3aMe
Hl1TI;, x , y Ha (, T/ I. KpoMe Toro, MO>KeM yTBePlKAaTb, 4To <!JYHK
LIHR )((71) 11MeeT eAl1HCTBeHHbll1 HYilb 7) = 0 4eTHOJ.1 KpaTHOCT"1 d 
11 OOJ10)1(HTenbHbll1 BeAYll.l~J.1 K03<!J<IJ1,1411eHT Xd· 0Ha YAOBJleTBOp~eT He
paBeHCTBaM /3/ np11 Tex me 3Ha4eHl1RX P+ /KOTOpble He 3aBl1CRT 
HH OT Bb160p_a 411Cen y ±', Hl1 OT 7) +, nORBJlRIOIJ{"1XCR 3AeCb BMeCTO y + /. 
npeACTaBHM rpa<!JHKaMH L 8 /p11c .li/ 3aa11c11MocTb -

-m m' t=t(s,r)=s x(rs ) /nl/ 

/ 17 / np11 pa3JlH4HblX 3Ha4eHHRX 8. • np11 s ➔ 0 LB 
npHMblKalOT K napa6one · d -11 ·, CTeneHl1 L o: t = xd i d, 

r,qe d= mlm' -~ 1. Kp11e1i1e L 8- roMonorH4eCKHe /aBTOMop4>tt1i1e/: 
ecn1,1 L 8 nony4aeTCR np11 S-= So, TO Ka»<AYIO KPHBYIO L 8 np11 s<·so 

0 ' 

.1 

o "' C" Lo:sC {/;_j;/;Ls3 
. I / 

· ts2. 

(Si> 5?S_,) r . 

P11c.4 
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no11y•n1M, eem1 a6_e1.111eey 11 OPA11HaTy Ka~AOH T04K11 P
0 

as ( r JI, t ) 
Ha L 80 YMHO>Kl1M no MOAYilRM Aj,=(s0 /s)m 11 .\t=A~=(s 0/s) • <t-0Mo-
11of114eeK11e T04K11 Ha pa3Ill14HblX rpa¢11Kax, eoOTBeTeTBYI0~11e AaH
HOH T04Ke Po 11 seeM 3Ha4eHl1RM SOT So AO 0, eoeTaBilRIOT npoeK
Tl1PYIO~YIO AYrY - 3TO AYra napa6om1 d-i1 eTeneH11 t/t 0=(r/r0 )d, 
AilR KOTOPOH r/ro~l 111111, 4TO see paBHO,t/to~l. ,Qyrn C BblXOART 
113 T04eK Po KPl1B0H Lso 11 YXOART B 6eeKOHe4HOeTb. 

2. 06o3Ha4HM q(s,t)=t0 (r±(s,t))=xdr±(s,t)d _ 11 q(t)= inf q(s,t) IAnR 
npoeTOTbl 3HaKl1 + ony~eHbl/. noKa)KeM, 4TO f(q(t)) np11 t ➔ 00 6b1eT-
po y6b1BaeT. Cor nae HO onpeAeI1eH1110 8 B 111• onpeAeI1eH11K1. 1 3Aee b 
/ye11os11e Al 11 np11Me4aH1110 6 K HeMy f(t) 11 f(x do-±(~~) 6bleTpo yGb1-
aa10T np11 t ➔ 00 11 ( ➔ 00. C APYr9i1 eTOPOHbl' . ¢YHK1.111R X d a+(~ d 
np11 (➔ 0 eTpeM11TeR K Hy1110 KaK ( le K03¢¢11411eHTOM 1 I, a- np11 
(➔ 00 paeTeT HeorpaH114eHHO' HO He 6bleTpo /MO>KeT paeTl1 MeAileH-
Hee 11106oi1 eTeneH11 ( I. fpa¢11K11 ¢YHK1.111H q(s,t) = x s-m a+( ts m) d 

dl -
np11 s=so 11 s<so noA06Hbl, OH11 npeAeTaaneHbl Ha p11e.Sa. KorAa 
s ➔ 0, KPl1Bble Q=q(s,t) npl1MblKalOT K npRMOH q =t, npoeKT11py10~11e 
AYrl1 C B AaHHOM e11y4ae 6YAYT 11y4aM11, 11eXOAR~l1Ml1 113 T04eK 
q(5o,t) 11 YXOAR~l1Ml1 paA11aI1bHO B 6eeKOHe4HOeTb. Kp11BaR q(t) -
3TO H11lKHRR rpaHHl.la 0611aeT11, 3aWTpl1XOBaHHOH 3Tl1Ml1 11y4aM11.3Ta 
KpHBaR np11KaeaeTeR K npRMOH q =t · B T04Ke t = 0, a yr11osoi1 K03¢-
¢11411eHT ee KaeaTeilbHOH Hl1rAe He npeablwaeT qA lp11e.56I. HMe-
JOTeR ABe B03MO>KHOeTl1: a/ ey~eeTBYIOT n > 0 · 11 qo> o. TaK11e, 4TO 
q(t)>CJotn , 11 61 TaK11e n 11 q 0 He ey~eeTByJOT. BTopoi1 eny-
4ai1 paenaAaeTeR Ha ABa noAeily4aR: 6#/np11 AOeTaT04HO 60ilbWl1X t 
11MeeM q(t),.. q(so ,t), 11 6## I 11MeeTeR 6eeKOHe4HOe MHO)KeeTBO YXOAR-
~11X B 6eeKOHe4HOeTb 11HTepaanoa [ t -· t +l I TaK11~, 4TO q(t±)=q(so,t±) 
11 q(t)< q(s0 ,t ) np11 t _< t< t +. B eny4aRx a 11 6 yTBeP}l(AeH11e 04e-
Bl1AHO. 0eTaHOBl1MeR Ha e11y4ae 6,,; OH oey~eeTBilReTeR TOilbKO 
a TOM e11y4ae, ee1111 np11 111060M p>O 11MeeM q(s

0
,t±)t~ ➔ O, 

q a 
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/ 
/ 

ff J .,...q·(~t) 

t 

q .6 

Pi,ie.5 

.,,,. 

KOrAa t+ .. 00. Ee1111 t np11HaAI1e1K11T AaHHOMY 11HTepaany (t ,t ), TO 
. - ct 8<),t_} q(t) <!Bo,t ) - + 

6yAeM 11MeTb -·= -· = t + '• H TaK KaK np11 60ilbWl1X t 
t_, t + q(s t \ 1 ... 

( ) 112 Q' -V ,,. 11MeeM q (so,t } > 1 H q So ,t+ < t + , HaXOA11M t = t_----<t t , 
-.· + q(s tJ. -· + 

A A O' 
TO eeTb t+ < t,:, • TorAa no11y4aeM 1 f(q(t))tPI ~ f ( q( s

0 
,t_))t+P < 

<f (q (t_))t,:P • KorAa t, nepeMe~aReb no 11HTepaa11aM (t_,t+) , B03pa
eTaeT HeorpaH114eHHO, npaBaR eTOPOHa np11 Ill060M p 6yAeT eTpe
Ml1TbeR K HYillO, 4TO 11 Tpe6oaa11oeb A0Ka3aTb, 

3, <l>yHKl.11111 1/ =a+(fl, a n03TOMy 11 _f(k)=X{k)(a+(~) = a·!w, HeOA-
H03Ha4Hbl. Heo,qH03Ha4HOeTb y a}(~ AalKe 6011ee- e1101KHaR, 4eM 
y a-+((): <l>YHKl.11111, o6paTHble K a((), OAH03Ha4Hbl, a K a~(() - onRTb 
Heo,qH03Ha4Hbl, HI1I110eTp11pyeM 3TO Ha .npoeTOM np11Mepe, Bb16epeM 

·r P71 ( = X (71)"" . 

p 1/ + sm 7/ 

np11 I ~I~ N11, 

np11 111 I ~ N 11 , 

1n21 

r,qe p>-l,<1, a N- 4e11oe, 6onbwe l/11p /p11e.6al. nepexoA a 
T04Kax 1/= ±N11 er11a1KeH. JlcHo, 4To x(11) 11MeeT aeero o,q11H 
HYilb -71;:0 Kparnoern d=l,a a(() npH l(l>N11p MHoro3Ha4Ha. 
/ .QnR npoeTOTbl Mbl B3RI111 e11y4ai1 <I> +-ll 1 , 4T06bl ocy~eeTBl1Tb <I> ++Ill, 
,qoeTaT04HO B /n2/ B3RTb p71 2 BMeeTO P7J /. HaXOA11M 

fl)_ . 
{

p 

• /2k)= • /2k+~ 

{ 
o · {o np11 !~I ~ N 11, 

1n31 

P+COS71 (-l)ksin71 (-tlcos71 np11 l11l~N11, 

TaK 4To ypaaHeH11e 1n2/4 11 KalKAOe 113 ypaaHeH11i1 1n3; 3aAaJOT napa-
MeTp114eeK11 <l>YHK41111 ( k)=a(k)(() (k=l;2, ... ). IB AaHHOM e11y4ae 
npo~e Bblpa311Tb RBHO ( 4epe3 {(k), 4eM f (k) 4epe3 ( I. Hx rpacti11K11 
npeAeTaBileHbl Ha p11e.66,B 11 r. Bl1A11M, 4TO 3aAaHHOMY ( eoOTBeT-
eTayeT BeerAa KOHe4HOe MHO>KeeTBO 3Ha4eH11i1 ((k). IIOA06HyID 
eTp,YKTypy 11MelOT 11 t<k)=t(k}(s,t)(t=(S-m, f=71s-m: m'=m). 

4.nyeTb 11(11) - nOil11HOM OT 1/ AaHHOH eTeneH11 n. noKa1KeM, 4TO 
np11 ~I060M ¢11Ke11poBaHHOM no1101K11TeI1bHOM ( 0 <l>YHK1.111R p/()=11(a±(()) 
AonyeKaeT• Ma1Kop11poaatt11e T11na -

q11+ • 
IPifll~d 11 ±( -,ee1111 (~(0 1n41 

8 e11y4ae 11(71)"'1/• e y4eTOM Toro, 4TO (=x(11) no11y4aeTeR TpaHe
IlRL111ei1 113 X=¢(y),YTBeP>KAeH11e eneAyeT 113 onpeAeneHHR 1 B oeHOB
HOM TeKeTe /eaoi1eTBO 61 11 np11Me4aH11R 7 K HeMy' npH4eM q11 ±'=lip±· 
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a t 6 t(1) 

Nn z 

B 

s(2kJ 
r 

t (2k+IJ 
' ' 

-pNrr 

-1 

P1-1c.6 

Ho ecn1-1· yTeep1K,qeH1-1e· cnpase,qn1-1so AilR rr(TJ)=TJ,. TO oi-lo 6yAeT cnpa
ee,qnHBblM AilR · rno6olti cTerieHH T/ 1-1 AI1R 'rno6oro nom1H0Ma npH q ~ = 
= n /p ± / K03<!><!>HttHeHTbl aaBHCRT oT Bbl6opa 11 ( T/ )' /. "-

5. noKa>KeM, 4TO npH n1060M <!>HKCHposaHHOM fo /Bbl6epeM fd 
KaK a n.4/ Mbl MO>KeM BBeCTH HenpepblBHYIO <l>YHKttHIO 

{ 

k j-k/d 
aj±f npH O ~ f ~ ( 0 

ak (f) = 
j ± k 

. k q j+ 
bj±( -np1-1(>,,,;fo, 

/n5/ 

TaK 4T06bl npH scex f>O HMeeM 

I 
k -;,,.

1
. -·k 

aj± (.,, ~ a j ± (f}. 

0IKa>KeMCR CHa4aJla OT TpefioBaHHR HenpepblBHOCTH ,t\JlR aj+(e}/n5/. 
TorAa /n5/ npH f<fo CJleAyeT H3 /20/, /21/ H /26/ s OCHOBHOM 
TeKCTe. AO Y4eTOM n.4 onpe,t\eJleHHR 1 /yCJlOBHe B H npHMe4aHHR 
4 K HeMy, a TaK>Ke Y4HTblBaR, 4TO X)k_!; (TJ) OTJ1H4aeTCR OT )tk)(TJ) 
Ha na111-1HoM /cTeneHH 'T'=i /, HaXOAHM, 4To ec111-1 k <! 1, To /n5/ sbl
nonHHMO H npH (>"(o /npH4eM q~± =max(pk+,0-k)/p± -/. CnpaBeAJ1H
BOCT b ./n5/ npH k = 0 nposepsieTCR aHaJ10rH4HO Ha OCHOBe. HCnOJlb-
30BaH.HR YCJlOBHR B BMeCTO yCJlOBHR 6 onpeAeJleHHR 1 B OCHOBHOM 
TeKCTe H npHMe4aHHe 7 ,K HeMy. nocne 3Toro HenpepblBHOCTb ,qo-

30.-, 

-· -k 
CTHraeTCR nerKo: ec111-1 a3 ± (f0 -£) <a·j ± ('(0 +£ ) • 

-k 1: -k t: bk a ecnH af ± (.-,,0 -£)> aj± ( .,0 +£), TO ysenH4HM j ± • 
HHe AOKa3aHO. 

k yBeJ1H4HM a ·+ , 
J-

11TaK, YTBeP>KAe-

6. noKa>KeM, 4TO <l>YHKLIHH pf± (s,t) /29/ npH t>,,,to=(os;m AO
nycKalOT HeaaBHCHMOe OT s Ma>Kop1-1poeaH1-1e: 

-k 
I . k X I . dk qj + 
p j ± (s,t) ~ J± t - • /n6/ 

-·k k . 
/3AeCb q. + = max(qj+d+ ,J+d-k/d), 
k k J- -• - k 

dj±= bj± npH j+:'.ct-:-~/dS, qj+d 
Y4HTb1BaR ,/29/, HaXOAHM 

k k 
a dj±=aj+d± 
/; 

kx -(~)m' k m' 
P.+(s,t)=s a:a+(ts ). 

J- J+ -

-· k npH j+d-k/d ~. q. 
- J 

HJlH 

1n71 

BHAHM. 4TO npH pa3JlH4HblX s KPHBble p~~ ·(s,t) /29/ /KaK H 
trck)(s,r) /29/ H tc:t(s,r) /17// roMOJ10rH4eCKHe /CM. n.1/, npw 
4eM npoeKTHPYIOl!IHe· ,qyrH HMelOT BHA P=Ctf+ct-k/d • CpaBHHBaR HX C 
/n5/, r,qe COrJlaCHO /n] / BMeCTO j Mbl AOJllKHbl nHCaTb j +d, BH,t\HM, 
4TO 3TH AYrH RBJlRIOTCR napa6onaMH TOH >Ke CTeneHH, 4TO H CTeneHb 
napa6onbl ~ aa,qa10111elti <l>Y~KLIHIO ;;J~d (e} /n5/ np1-1 (< ( 0. npose,qeM 
H3 Ka>KAOH T04KH KPHBOH 

-k (t) , :_(~)m' -•k ( m) 
P. =So a·. + ts0 J J+d_ 

1ns1 

COOTBeTCTBYIOIIIYIO npoeKTHPYIOIIIYIO AYry. 3TH ,qyrH aawTpHXYIOT HeKo
TOPYIO 0611aCTb Ha nJlOCKOCTH t, p • KOTOpaR, so-nepBblX. noKpoeT 
see KPHBble p;,,,pf.f (s,t) npH O < s~ So H, BO-BTOPblX, 6yAeT HMeTb 
BepXHIOIO rpaHHLIY. 'EcnH q ~~(t) ~- J +d-k/d, TO eCTb eCJlH npoeKTH
PYIIIHe ,qyrn ne>KaT HH>Ke KPHBOH P=Pl:f (t), 3To 6yAeT _ Ta >Ke caMaR 
KPHBaR /n8/, a ecnH q~~j+d-,k/d, TO eCTb eCJlH npoeKTHPYIOIIIHe 
AYrH XOTR 6bl 4aCTH4_Ho npoxoART Bblwe p = PJ?(t), TO 3To 6yAeT 
napa6ona P-Po= a~+dtJ-k/d , cocTaBJlR,IOlllaR 11IB/ npH t<i,t 0 , Ho 
npo,qneHHaR AO t ➔ oo. TaK' B 0601-1x CJ1Y4aRX HCKOMaR Mal!COpHpyeMOCTb 
,CIOKa3aHa. /<l>YHKLIHR p ff Ma>KOPHPY~. H npH t ·~ to -Ma>KopaHTOH 
MO>KeM Bb16paTb /n8/ TO eCTb · a k . tJ-k+d/d /. 

' j+d± 
7. 06oaHa4HM 

kj .+khx A 

W(s,r)=lrl Il ltJ (s,r)lf(t
0
(r)), 

h=1 h · ' 
U(r)= sup W (s,r) • 1n91 ' o<,s~s

0 
· · 

kx , , 
3AeCb t J A ~s,r) · aaAalOTCR · 4epea /29/, a 
lKOpaHT ffmn (t). noKa>KeM, . 4TO <!>YHKI.IHR 
k, j, j h H kh CTpeMHTCR K HYJllO, _ ,Kor,qa 

f(0 - HeKOTopaR H3 Ma-
u (r) npH Jll060M Bbl6ope 
f ➔ ±oo. 
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PaCCMOTPl1M CHa4ana ¢YHK41111 

V+ (t) = sup W(s,r + (s,t)), 
- O<s~s

0 
-

/nlO/ 

no11y4aeMbIe 113 W(s,r) TeM >Ke cnoco6oM, 4TO 11 U(r), HO np11 BbI-
pa>KeH1111 r 4epe3 t /r= r ± (s,t) /22//. nony4aeM 

. . k j khx A 

V+(t) ~ [ sup I r+(s,t)!], II sup Ii>. (s,t)! sup f (q+(s,t)). 
- s - h=l s lh ± s -

0TCIOAa C y4eTOM nn. 2 11 6 HaXOA11M . 

V±(t) ~ p±(t/ ht Pj:h(t)f(qt)). 

Y411T~BaR e~e /7/ 11 /n6/, nony4aeM 

k k/p + j kh iii; + A 

V+(t)~ d
0

+ t - II dj + t -f(q(t)). 
- - ~1 h-

/nl l / 

no n. 2 f(q(t)) 6b1cTpo y6~aaeT , 11 no3TOMY W(s, r +(s,t )) np11 1110-
60M s .6YAeT CTpeMl1TbCR K HYJllO, KOrAa t ➔ 00 • Ho - 04eHKa /nl 1 / 
He3aB11C11Ma OT s, TO eCTb y6b1BaH11e paBHOMepHO no s, 11 no3-
TOMY K HYJllO 6yAeT CTpeMl1TbCR 11 V±(t) /nl 0/. 

TaK KaK ¢YHK411R t=t(s,r) B03pacTaeT HeorpaHl14eHHO np11 f ➔ ±oo, 
CJleAyeT, 4TO W(s,r) np11 111060M s TO>Ke 6yAeT CTpeMl1TbCR K HYJllO, 
KOrAa r ➔ ±oo .noKa>KeM, 4TO 3TOT nepeXOA paBHOMepeH no s. 4T06bl 
BblRCHl1Tb c11Tya41110, npeACTaBl1M ce6e nonocy O<s~ s 0 ,-oo<r<+ 00 , 

Ha nflOCKOCTl1 s,r, rAe onpeAeJleHa ¢YHK411R W(s,r). npoBeAeM 
Ha 3TOH nonoce 1111H1111, 3aAal0~11e r KaK ¢YHK41110 OT s: r=r+(s,t) , 
0< s ~ So np11 pa3J1114HblX ¢11Kc11poaaHHblX 3Ha4eH11RX napaMeTpa t~O 
/ P,11R npocTOTbl Mbl orpaHl1411J111Cb 3HaKOM +, TO eCTb c11y4aeM r > 0 /. 
TorAa, 04eBl1AHO, U(r) 6yAeT npeACTaBJlRTb co6oi:i BepxHIOIO rpa-
Hl14Y ¢YHK41111 W(s, r) Ha oTpe3Ke r= canst, 0 < s ~ s0 , a V(t) - aepx-
HIOIO rpaH114y TOH )i(e ¢YHK41111 Ha KPl1B0H r = r+(s,t) , 0 < s~ SO, np11 
¢11KCl1POBaHHOM Bbl6ppe napaMeTpa t. ¢yHK41111 r=r+(s,t)=s•ffit,+(tsm), 
paccMaTp11aaeM~e KaK ¢YHK41111 OT S np11 pa3J1114H~X 3Ha4eHl1RX na
paMeTpa t, roM011or114eCKl1e C MOAYJ1RMl1 µ•s= t l/m 11 µr =t-lld '. TaK 
4TO npoeKT11py10~11e AYrl1 6YAYT r11nep6011aM11 r=p_~-~ np11 3TOM t 
npo6eraeT ace 3Ha4eH11R OT O AO 00 • <i>yHK41111 r= r+(s,t) np11 t=t 1 <t 2< 1 3 
npeACTaaneH~ Ha p11c.7. 

Ec1111 P+>·d, OHl1 CTpeMRTCR K+ 00 ,KOrAa S ➔ O, a ec1111 P+<d, TO 
OHl1 MOryT y6b1BaTb AO O, KOrAa s ➔ 00 /p11c. 7a 11 6/. 0Hl1' KaK 11 
11x 06paTHb1e ¢YHK41111, a . o6~eM cny4ae MHoro3Ha4Hbl, HO 11x rpa¢11-
K11 nepeceKalOT Ka>KAYIO 113 npoeKT11py10~11x r11nep6011 TOJlbKO OA11H 
pa3. noKa>KeM, 4To, KorAa napaMeTp t ¢11~c11poaaH, as npo6era
eT ace 3Ha4eH11R B 11HTepaane (0, s 0 ]. ¢YHK411R r=r (s) ocTaeTcR 

V V B ++ orpaHl14eHH011 - 11MeeT KOHe4H~l1 cynpeMyM. CaMOM Aene, 3TO cyn-
peMyM MO>KeT HaXOA11TbCR np11 s = 0, np11 S= So 111111 B OTKPblTOM 
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l i 

a 
6 

So So s 
P11c.7 

d-• 
11HTepaane O<s <SO• 8 nepBOM CJ1y4ae 11MeeM lim r ++(S)=vt/x d' 11 yT-

s ➔ O • m 
aep>KAeH11e npoaepeHo. Bo BTopoM cny4ae supr+(s,t)=s;;m a+(ts

0 
), 

11 no onpeAeJ1eH1110 1 /CBOHCTBO A/, yTBeP>KAeH11e TO>Ke cnpaBeA/11180. 
8 TpeTbeM CJ1}'._4ae sup r ++<s) TO>Ke AOJl>KeH 6b1Tb KOHe4HblM, TaK KaK 
¢YHK411R r= s-m a.j..(ts m ) onpeAeneHa np11 acex nono>K11TeJ1bHblX s, 11, 
XOTR 11 MHOr03Ha4HaR /BMeCTO C ee o6paTHOW/, OHa 3aAaeTCR OAHOH 
IAa>Ke 6ecKoHe4Ho/ rnaAKOH Kp11eow, yxoAR~ei:i e 6ecKoHe4HOCTb 
TOJlbKO np11 S ➔ O. PewaR ypaetteHl1R r=s-m'·a·+(tsm) 11 r=ps-m', 
ee MO>KHO npeACTaBl1Tb napaMeTpl14eCKl1 ABYMR -OAH03Ha4HblM11 6ecKo-

m--- d-..---· 
He4Ho rnaAK11M11 <i>YHK411RM11: s(p) =vx +<P)/<l, r(P)=pVt Ix +(p) (p~O). 
A TaK KaK 3TOT cynpeMyM He MO>KeT 6~Tb Hl1>Ke 3Ha4eHl1H r np11 s ➔o 
11 S=SO,HaXOA11M, 4TO OH B03pacTaeT HeorpaHl14eHHO, Karp.at ➔ 00. 

Ka>KP,OMY f > 0 OTHeCeM /KOHe4HOe/ 3Ha4eH11e t>. 0 - TO' np11 KO
TOPOM V+(t')~!, ec1111 t·-~·t /111111, 4TO see paBHO, W(s,r')~(, 
ec1111 r'> J+(~t)/. 3TOMY t COOTBeTCTBYeT /KOHe4HOe/ 3Ha4eHl1e 
r - TO, np11 KOTOpOM sup r+(s,t) = r. TaK KaK o6naCTb r'::,: r RB-

o<s~ s0 -

nReTCR nop,o6nacTblO 0611acT11 r••~· r +( s, t) /Ha nnocKocT11 r ;s /, 
TO RBHO 6yp,eM 11MeTb W(s,r'.):;f np11r·~r .• 3TO 3Ha411T, 4TOU(r')~f 
np11 r•~;r. TO eCTb 4TO U(r) CTpeMl1TCR K HYJllO np11 r ➔ 00. AHanor114-
HO paccMaTp11aaeTCR c11y4aw, Karp.a r • -r_(s,t ). HTa.K, yTaep>K,qeH11e 
AOKa3aHO. 
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