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PaccMOTP~M 3aAa4y Hen~HeHHoro nporpaMM~poeaH~R 

M~H~M~3~pOB8Tb f(~ /M/ 

np~ orpaH~4eH~Rx 

gi(x) ~0, i=1, ... ,m, /1/ 

g.(x) > 0, j =m~ 1, ... , s, 
J -

/2/ 

h k ( x) = 0, k "' 1 , ... , p , /3/ 

rAe x~En, f: En_.E 1 . 06o3Ha4~M 

R0 "'lxjg.(x)>O, i"'l, ... ,ml, 
I 

R "'lxjgi(x)_:::O, i=1 .... ,ml, 

Q = I xI g. (x) > 0, h k (x) "' 0 , j = m+ 1, ... , s, k = 1, ... , p l . 
J -

nycTb, KaK o6~4HO/l~ orpaH~4eH~R /1/ YAOBneTBOPR~TCR BO BCeX 
T04Kax /T.e. Ha npoTRmeH~~ ecero B~4~cn~TenbHOro npo~ecca 
x~R;,a orpaH~4eH~R /2/, /3/- n~Wb np~ np~6n~meH~~ K peweH~~ 
38A84~ /M/. nycTb' KpOMe TOro' R 0 

.;, 0 ' Q,; 0 ~ 

F(x, r) ==f(x) + l(x, 1/r) + O(x, r), r > 0, - /4/ 

WTP8$HaR $YHK~~R MeTOAa nocneAOBaTenbHOH 6e3ycnOBHOH M~H~M~3a
~~~ /ceoHcTea, onpeAenR~~~e $yHK~~~ I ~ O,np~MeHReM~e e MeTo
Aax BHYTPeHHeH ~ BHeWHeH T04K~ coOTBeTCTBeHHO, AaH~ e 11• c.SS/ I. 
TorAa Henpep~BH~e anrop~TMbl Hen~HeHHoro nporpaMM~poeaH~R 11 ·21 

CBOART peweH~e 38A84~ /M/ K H8XOmAeH~~ npeAenbHOH T04K~ x* = 
"' lim x(t) peweH~R 3aAa4~ Kow~ AnR cneAY~~eH c~cTeM~ o6~KHOBeH-

t-++"" 
H~x A~$$epeH~~anbH~x ypaeHeH~H: 

dx --=-¢(x,t), x(t 0)=X
0 ~R0 , t0 >0, 

~ -
!51 

r. '.::,;;:~-:.-.~ .~: ;~ ~~ t;ee;.n· 11 \ 
~ ,, l""'~·.t ' ,.,~- ,~ n;w.,· .• .:...', ; ••.... J!ef!IIB~.,e 

E,.Ut:;J!rtCYrEKA 

I 



I 

rAe cp (X, t)- HenpepbiBHaR BeKTOp-(j>yHKLV1R AJlR X~ R 0 , t?_ t0 , KOTOpaR 
YAOBileTeopReT ycnoBHIO (¢(x,t), F~(x, t)) > 0 npH !IF~(x, t) II~ 
-f, 0. B cny4ae rpaAHeHTHoro anropHTMa HMeeM 

¢ (x, t) = F 'x (x, t) , !6/ 
a B CJly4ae anropHTMa HbiOTOHOBCKOrO THna 

cp(x,t)=[.F"(x,t)]-1 F'(x,t). 
XX X 171 

B HacTOR~e~ pa6oTe npeAnaraeTcR 3<l><l>eKTHBHbl~ cnoco6 KOHTpo
JlHpoeaHHR BeJllo141o1Hbl Wara npH 4HCJleHHOM HHTerpHpOBaHHI-1 CHCTeMbl 
/51 nyTeM 04eHKH JlOKaJlbHO~ norpewHOCTH/~c·26 1. PaccMaTpHeaeTcR 
TaKme BOnpoc 0 CKOpOCTI-1 CTpeMJleHHR X~) K X*, np1o1 3TOM B Ka-
4eCTBe <I>YHK4H~ I 1-1 0 npeAnaraeTcR HcnonbaoeaTb 

m 
I(x, 1/t) =- ~ lnl th[f3(t) g. (x) ll, 

i= 1 I 

O(x, t) 
s 

=- q(t) ~ g .(x) 11- th[a(t) gJ. (x)ll + 
j~m+l J 

p 
+ q(t) ~ hk (x) th[a(t) h k (x)], 

k =1 

/8/ 

/9/ 

rAe q(t)~O, a(t)~q(t), f3(t)>0 1-1 q(t), a(t), fJ(t)-++oo MOHO
TOHHO npH t-+ + ""• 3aMeTHM, 4TO B OTJllo14He OT npHMeHReMbiX B Ha
CTQ~~ee BpeMR WTpa(j>HbiX (j>yHK41-1~ B MeTOAe BHeWHe~ T04Kio1 nopRAOK 
AH(j>(j>epeH4HpyeMOCTH (j>yHK4HH /9/ 3aBHCHT TOJlbKO OT CBO~CTB 
<I>YHK4H~ f, I g j l, I h k I 3aAa4H /M/. B TO lKe epeMR, KaK noKa3aJlH 
4HCJleHHble 3KCnepHMeHTbl, npH nOAXOAR~eM Bbt6ope q (t) 1-1 a (t) 
~YHK4HR /9/ 06JlaAaeT CBO~CTBOM, aHaJlOrH4HbiM CBO~CTBY TaK Ha3bl
eaeMbiX T04Hbtx WTpa(j>HbiX <I>YHK4H~, CBOAHTb peweHHe I c 3aAaHHO~ 
T04HOCTbiO/ 3aAa4H /M/ C orpaHH4eHHRMH /2/, /3/ K OAHOKpaTHO~ 
6e3yCJ10BHO~ MHHHMH3a4Hio1. 

H1-1me pesynbTaTbl <I>OPMYilHPYIOTCR s BHAe OTAeilbHbiX yTeepmAeH~~ 
6e3 AOKa3aTeJlbCTB. 

B AailbHe~weM 6yAeM npeAnonaraTb, 4TO f, lg 1 l, lgj I, !h k I 
ABamAbl HenpepbiBHO AH(j>(j>epeH4HpyeMble ¢lYHK4HH H 4TO BblnOJlHeHbl 
AOCTaT04Hbte YCJlOBHR BTOpOrO nOPRAKa /1, c. 47 I AJ1R TOrO, 4T06bt 
T04Ka X* 6b1Jla H30IlHPOBaHHbiM JlOKaJlbHbiM MHHHMyMOM 3aAa4H /M/. 

1. <l>yHK4HR F(x,r),onpeAeJleHHaR paeeHCTBaMH /4/, /8/, /9/, 
RBJlReTCR V -(j>yHK4~e~ 1-1, CJleAOBaTeJlbHO, YAOBJleTBOpReT yCJlOBHRM 
TeopeMbl 11 B /1, c. 84/ 0 Cy~eCTBOBaHHH TaKO~ nOCJleAOBaTeJlbHOCTI-1 
X(r k ) 6e3yCJlOBHbiX JlOKaJlbHbiX MHHHMYMOB <I>YHK4HH V, KOTOpaR cxo
AHTCR K JlOKaJlbHOMY peweHHIO X* 3aAa4H /M/ npH Tk-++~. npH 3TOM 

2 
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MaTp1-14a BTOpbtX 4aCTHbtX npOH3BOAHbtX F;~ (x(r k ), r k ) nonomHTeJlbHO 
onpeAeJleHa npH A0CTaT04HO 60JlbWOM Tk 1-1 HMeeT TaKHe C06CTBeH
Hble 3Ha4eHHR A1 (x(rk ), r k ), AilR KOTOpbtX cnpaeeAilHBO 
A 1 (x(rk),rk)-++~,1=1, ... , r::; n npH r, ... +~ /eM. TaK
me /3, c.21T4//. CneAOBaTeilbHO, Clo1CTeMa /5/, 6/ RBJlReTCR mecT
t<o.:l 14•51 npH 60JlbWio1X t. 

2. nycTb X0 G- S{x*,p)={x\\\x-x*!\::;pl, p > O,S(x*,p)CDCR0
, 

rAe D - o6nacTb npHTRlKeHio1R noKaJlbHoro MHHio1MyMa ~ saAa4H /M/. 
,llnR 0-s_t 0< t

1
<t

2
< ... <+oo o6o3Ha4HM 4epe3 xk/x 0 ~S(x*, p )/ npw 

6n1o1meHHR K 3Ha4eHio1RM x(tk), k = 0,1, ... , x(t 
0

) = x 0 ,peweHio1R 3aAa41o1 
Koru1o1 /5/, nony4eHHbte c noMO~biO KaKoro-HH6YAb 41o1CJleHHOro 
MeTOAa. nycTb, KpOMe TOro, ek - JlOKaJlbHaR norpeWHOCTb 3TOrO 
MeTOAa Ha k -M ware HHTerpHpoeaHHR /5/ 1-1 hk"'t k+l-t k I k =0, 
1, ... /. TorAa, ec111o1 <I>YHK4HR v(0 YAOBJleTeopReT ycnoBHRM 
0 'S_ V (t) < 1 npH t > 0, V( t) -+ 0 MOHOTOHHO np1o1 t-+ + "" H BblnOJlHeHbl 
COOTHOWeHHR 

\!x(t)-x*\\~L(t 0 , X0 )v(t-t 0)\\X 0 -x*\1, t 2;:t 0 , 

O<L(t 0 ,X 0 )~L, t
0

:;:0, x 0 <;S(x*,p), 

l\ek\l::;f3v(hk)!\xk+l_xk\\, 0~/3 <1/2, 

hk > h' 

nony4aeM 

(2L + 1) v(h) < 1 , 

llxk+t_x*l!<okllxk-x*ll, k=0,1, ... , 

rAe ok= (2L + 1) v(hk) < 1 1-1 lim xk = x *. 
k-+oc 

/10/ 

/11/ 

/12/ 

/13k 

/14/ 

3. B AaJlbHe~weM q(t)= at+ b, 
a::::o, h?.O. 

a (t) "" exp[ q(t) ], f3(t) ~ a(t), 

npoBeAeHHble 41-lCJleHHble 3KCneplo1MeHTbl C nOMO~biO nporpaMMbl 
GERUN 191 , e KOTopo~ peanH30BaH o6o6~eHHbt~ MeTOA PyHre-KyTTa 16 • 8~ 
nOATBepAHJllo1 npHBeAeHHble BbiWe pe3yJlbTaTbi.KpOMe TOrO, OHI-1 noKa-
3aJlH CileAYIO~ee. 

PeweHHe x(t) 3aAa4H Kow~-1 /5/ YAOBJleTeopReT /10/ c v(t) = 
= exp(-at), a MaTPH4a recce F~~ (x(t), t) HMeeT TaKHe co6cTBeHHbte 
3Ha4eHHR, AJ1R KOTOPbiX cnpaBeAJ1HBO 

A i ( x (t) , t) = 0 (a ( t)) , i = 1, ... , r ~ n . 

lKeCTKOCTb CHCTeMbl /5/, /6/ AeJlaeT 04eHb MeAJleHHOH CXOAH
MOCTb nocneAOBaTeJlbHOCTH /14/. HcnOJlb3oeaHHe anropHTMa 1 o6o6-

3 



~eHHOrO MeTO,qa PyHre-KyTTa He np~eeno K yny4WeH~~ CXOA~MOCT~ 
B C~ny HeaBTOHOMHOCT~ /5/, /6/. no3TOMY peKOMeH,qyeTCR ~cnonb-
30BaTb C~CTeMy /5/, /7/, Y KOTOPOH CKOPOCTb CXOA~MOCT~ nocne
AOBaTenbHOCT~ /14/ cy~eCTBeHHO 6onee BWCOKaR. np~ 3TOM np~Me
HeH~e anrop~TMa 1 o6o~eHHOro MeTo,qa PyHre-KyTTa TaK,KaK 
3To ,qenaeTcR a 1101, noaeonReT yeen~4~Tb war ~HTerp~posaH~R e 
HeCKOnbKO pa3 npH AOCTaT04HO 60nbWOM t. 

B cny4ae, Kor,qa c~cTeMy /5/, 171 He y,qaeTcR npo~HTerp~po
eaTb, aa,qaqy /M/ MOmHo pew~Tb MeTOAOM nocne,qoeaTenbHOH 6ea
ycnOBHOH M~H~M~aa~~~ 111 ,nonaraR a~o ~. Hanp~Mep, b =5, 15, 
25 /ecnH T04HOCTb npe,qcTaeneH~R 4~cen-np~6n~3~TenbHO 17 3Ha-
4a~~x ~~~p/. np~ 3TOM yme peKOMeH,qyeTCR ~CnOnb30BaTb C~CTeMy 
/5/, /6/ ~ anrop~TM 1 o6o6~eHHOro MeTo,qa PyHre-KyTTa 16 •7•91 , 
0Ka3biBaeTcR, 4TO 6e3ycnOBHbiH M~H~MYM x b ~YHK~~~ F (x, r) c q (r) = 
=by,qoeneTeopReT ycnoe~~ \\xb-x*\1 =O(exp(-b)). Cne,qyeT 
OTMeT~Tb, 4TO ,qnR peWeH~R 3a,qa4~ /M/ C TaKOH me T04HOCTb~, 
KaK e cny4ae np~MeHeH~R c~cTeMbl /5/, /7/, MeTOA nocne,qoeaTenb
HOH 6e3ycnoeHOH M~H~M~aa~~~ Tpe6yeT, soo6~e roeopR, ~cnonb
aoeaH~R 6onbwe 3Ha4a~~x ~~~p. 

11, HaKOHe~, AOCTaT04HO 3~~eKT~BHbiM KP~Tep~eM OCTaHOBK~ npo
~ecca 4~cneHHoro ~HTerp~poeaH~R /5/, KaK ~ e cny4ae 6eaycnoe
HOH M~H~M~3a~~~, RBnReTCR ManoCTb HOPMW npaBOH 4aCT~ /5/. 
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