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Xopowo M3BeCTHO, 4TO 3aAa4a KowM AnR MOAM<l>M4MPOBaHHOro 
ypaBHeHMR KopTesera Ae ¢pM3a 

ut+u2 ux+uxxx =0, u(x,0) =g( x), t::-:0, -oo < X<oo , /1/ 

6wna peweHa a Knacce 6wcTpoy6wsa~~Mx rnaAKMX ¢YHK4MH MeTo
AOM o6paTHOH 3aAa4M pacceRHMR /CM. HanpMMep, 111 /. 

B HaCTOR~eA pa6oTe c Mcnonb3OBaHMeM MeTOAa "perynRpM3a4MA" 
/a~ 1 3TOT MeTOA npMMeHeH npM peweHMM 3aAa4M KowM AnR ypaBHe
HMR KopTesera Ae QpM3a/ noKa3a ~o cy~eCTBOBaHMe, eAMHCTBeH
HOCTb M HenpepblBHaR 3aBMCMMOCTb OT Ha4anbHblX AaHHblX peweHMR 
3aAa4M /1 /, KOrAa Ha4anbHble AaHHble npMHaAne>KaT npocTpaHCTBaM 
Co6onesa. 

§1. cYmECTBOBAHHE H EAHHCTBEHHOCTb 
PEWEHHH PErYnHPH30BAHHO~ 3AAA4H 

ut + u2ux+uxxx -l-uxxt =0, 

u(x,0) =g( x), x~R. n.o, 0 <(~ 1. /2/ 

CHa4ana Mbl peWMM 3aAa4y /2/ AnR <l>MKCMPOBaHHOro 0 <( f. 1, a no
TOM, ycTpeMnRR f K Hyn~, nepeAAeM K 3aAa4e /1/. 

BBeAeM HeKOTOpwe o603Ha4eHMR: 
1 • W 8 = W 8(R) - npocTpaHCTBa Co6onesa co cTaHAaPTHOH HOpMoA 

s (XI 

11 f I I 2 = I. f I f ( k \ x) I 2 
dx • 

8 k=O -oo 
- s s 

2. WT= C (0,T; W ) cocTOMT M3 ¢YHK4MH u : R x [ 0, T] ➔ R, KOTOpb1e 
npMHaAne>KaT ws npM <l>MKCMPOBaHHOM t E [0,T], M OT06pa>KeHMe 
u : [0,T] ➔ W8 RBnReTCR HenpepblBHblM M orpaHM4eHHblM. HopMa 
a W~ 3aAaeTcR ¢opMynoA lll u lll 8 = sup ll u(• ,t) II . 
- s k k s 0~ t~ T s j - s 

3. WT'= C (0,T ; w ) COAeP>KMT TaKMe ~· 4TO atuE-WT 
npM 0~j~k. M MMeeT HOPMY lll ull ls ,k" sup sup lla/u(·,t) II 

0~ t~T O~j~k 

B cneAY~~eA neMMe c¢opMyn11posaHbl xopowo M3BeCTHble CBOHCTBa 
npocTpaHCTB Co6oneaa 161• KOTOPble HaM noHaA06RTCR 8 AanbHeAweM. 

neMMa 1 

nycTb s?. 1 11 k ~o. TorAa 
/a/ f E W6 => f, f', ... , f (s- l) RBnR~TCR orpaHM4eHHblMM paBHOMepHo-

HenpepblBHblMM <l>YHK4MRMM' CTpel-lR~MMMCR K Hyn~ npM X ➔ ±: 00 • 

I 



s s 
I bl f, g E W => f · g E W • 
/cf U E W ;•k=> a1a! U RBll.RIOTC.R orpaHH4eHHbll,lH ttenpepblBHblMIII 

<l>YHKl.\111.RMIII Ha Rx[ o. T] /paBHOMepHo-HenpepblBHblMIII npH T< oo/, 
CTpeM.RLfllllMIIIC.R K HyllJO np111 x➔ ± 00 ipasHot-iepHo np111 T< oo /, 

O~j::; s-1 , O.:.: f .:.:k. 
/d/ u,vE \V;•k~ uvE w;,k • _ 

.Qll.R (j)IIIKCIIIPOBaHHOrO £> 0 B /2/ CAellaeM 3aMeHy 

v(x,t)=£U(r (x-t).~ 3t). /3/ 

TorAa /2/ TPaHC(j)OpM111pyeTC.R B 3aAa4y 

2 . > 

Vt + V X + V V X - V xxt ·= 0, 
/4/ 

v(x,0).=h(X)=rg(rx), xER, t~O. 

s 
EcllH h(x) E. W , s ~ 2 , TO, paccMaTpHBa.R HHTerpallbHOe ypaBHeHHe 

t 00 3 
v(x,t)= h(x)+ f f K(x-e)lv((,r)+.1..v (t,r)ldc;dr, 

o -oo 3 /5/ 
1 .. 

K(x) = -sgn x,exp[-1 xi], 
2 . ·, 

h(x) = v(x,O), 

Ill COOTBeTCTBYIOLflHM o6pa30M MOAH<l>l-11.\IIIPY.R paccymAeHH.R, np111BeAeH
Hble s121 OTHOCHTellbHO ypasHeHIII.R vt+Yx+ vvx-Yxx;=O, nolly4aeM, 
4TO cy1.11ecTayeT eAHHCTBeHHOe peweHHe V 3aAa4H 14/, KOTOpoe 
npHHaAlle)l{HT w ! ■ KpoMe Toro, np1-1MeH.R.R IIIHAYKI.\H~ Ill lleMMY 1 , 
HeTPYAHO BblBeCTIII, 4TO All.A Ka)l{AOro O <T<oo VE-W; • .Q1-1(j)(j)epeHL1HPY.A 
/5/ no epeMeHH, 111MeeM vt =_[K(x-,-y)(v+ -}v 3 ) dy .Hcnollb3Y.R npeo6-

pa3osaH1-1e <!>ypbe, MO)l{HO noKa3aTb, 4TO ceepKa c K oTo6pa)l{aeT 
HenpepblBHO W8 Ha W ~+1 111_ reM caMblM W; ·Ha w;+t. HHAYKTHBHO 
ecnH AOnycl'HM, 4TO a! V E w ,t1• 1 ::: j ~ k, TO B CHJly lleMMbl 1 

k ~ , . 
at(v+ ~ v3 ) E w; 1-1, ClleAOBaTellbHO, 1,13 npeACTaBlleHHH_ a~+\,= 

00 k 1 · k+l ~ .1 K(x-y) at ( V + a v3 
) dy BblTeKaeT .. , · 4T.O at .y ~ W ;+~ BepHeMC.R 

K peryll.Rplll30BaHHOH 3aAa4e /2/, 06pa1.11aR 'npeo6pa3oBaHHe /3/' All.A 
(j)1-1Kc'1,1posaHHoro r > o. TaKHM o6pa3ot-i,: _Mbl noll.Y4Hll'i-1 clle,qy101.11ee 
YTBep)l{AeHHe. 

neMMa 2 

. . . 

s . 
nycTb g~ W, s ~.2. TorAa cy1.11ecTByeT eAHHCTBeHHOe_peweHHe u 

peryll.RPH30BaHHOH 3aAa4H /2/,fKOToeoe npHHaAlle)l{HT w; All.A 11I06o-
ro KOHe4Horo·T.KpoMe Toro, _atu&WTs-f o::;: f ::;s. 

ClleACTBHe 

nycTb g ~ C 
00 

H BMecTe co BCeMH npOH3BOAHblMH npHHaAlle)l{IIIT -L 2. 

TorAa 3aAa4a /2/ IIIMeeT eAIIIHCTBeHHOe peweHHe u E- C ";' KOTopoe 
BMeCTe co BCeMH npoH3BOAHblMH np1-1HaAlle)l{HT w T All.A lll06oro KOHe4-
Horo T. 

2 

\t 

I , 

§2. AnPHOPHWE OUEHKH PEWEHHH 
PErYnHPH30BAHHO~ 3A.QA4H 

Be3Ae s 3TOM naparpa(j)e Mbl 6yAeM npeAnollaraTb, 4TO u(x .O) = 
=g(x)~ C 00 111 BMeCTe co sceMIII CBOIIIMH npoH3BOAHblMH np1-1HaA1le)l{HT 
L2. MHO)l{eCTBO TaKIIIX (j)yHKI.\IIIH Mbl 6yAeM 0603Ha4aTb 4epe3 W"" 
B. CHllY ClleACTBH.R lleMMbl 2 peweHHe u(~t) 3aAa4H /2/ 111 ace ero 
npocTpaHCTBeHHble H speMeHHble npoH3BOAHble np1-1HaA1le)l{aT W T'O<T<oo. 

neMMa 3 
nycTb gE W

00

.TorAa All.A BCeX t>O, He3aBHCIIIM9 OT O<r ~1,HMeeT 

MeCTO 01.\eHKa 

llull 1 ::: a(llgll 1 ), 
/6/ 

rAe a:R+ ➔ R+ .RBll.ReTCR HenpepblBHOH, MOHOTOHHO sospacTa101.11ei1 
<l>YHKl.\ttei1 1-1 a(O}=O. · 

.QoKa3aTellbCTBO 

YMHO)l{HM /2/ Ha u 1-1 npo1-1HTerp1,1pyeM no R, a noTOM no [ 0, t) • 
nocne IIIHTerp1-1poaaHH.A no 4aCT.RM, Y4HTblBa.R TOT (j)aKT, 4TO UH 
see ee npoH3B0AHble CTpeM.RTCff K HYlllO npH X ➔ ±oo, nollY4HM 

""2: 00 2 l [u (x,t)+r2 u;(x,t)]dx= ~[g(x) +r2g'(x) ]dx~ tf gll~. /7/ 

YMHO)l{a.R /2/ Ha u xt' HHTerpHPY.R no R H no 4qCT.RM' nolly4HM 

1 00 3 00 
- ( u u dx = - f u u . dx. /8/ 
3 xxt xx xxt 

-00 -00 

,ltallee YMHO)l{HM /2/ Ha u3 + 3 u ,npOHHTerp1-1pyeM no R H no [ O,t J, xx 
B ClllllY /8/ HMeeM 

00 
2 14 

00 
2 1 4 f [u - -u ]dx"' ( [ g'(x) - -g(x) ]dx. 

-ooX6 -oo 6 

np1-1 1-1cnollb3osaHHH 31leMeHTapHoro HepaseHCTBa 
1/2 

/9/ 

sup I f(x)I.:.: ( 11£11 l!f'II) 5 II flit. f E W~ /10/ 
xER . 

1-13 /7/ Ill /9/ BblTeKaeT 

002 1"°4 00 2 4 
( Ux=- ( u dx+ ([g'(x) _.1.g(x)]dx 

-oo 6 -oo · -oo 6 

1 3 2 1 4 
::;: 6!1ull 1 11gll 1 +llgll 1 + 

6
11gll 1 , 

llull~= f lu
2
+u; ldx~ .!11ull1 11gll: +2llgl!;+ .!.11gll: • 

-oo 6 6 

3 



PewaR 3TO KBaApaTHoe HepaseHCTBO OTHOCMTenbHO llull 1.nony4aeM 
OL(eHKY /6/. 

CneAC_'T_BM_E!_ 

sup I u(x,t)l ~ 11 ull 1 .s: a (ll gll 1 ). 
x'E R, t>-.O , /11/ 

JleMMa 4 

nyc;b g E W
00

, O<T <"". TorAa cyQecTByeT. c0 =c O (T, II gll 3 ). Ta Koe, 
4TO npM O<c ~ t 0, t E[ O,T l MMeeT MeCTO oL(eHKa 

llul12.S: a1(1lgl13), /12/ 

rAe a1:R+➔ a+ RBJlReTCR Henpep~lBH,oA, MOHOT<?HHO soapacTalOQeA 
¢YHKL(Me~ M ai(0)=0.. , " . 

,lloKa3aTeJlbCTBO 

YMHO!KaR /2/ Ha BbIpa1KeHMe G(u)= u
5 

+lOuui +6Uxxxx+l0u2ux:x, 
MHTerpMpyR no R, nocne COOT.BeTCTBYIOQMX MHTerp~posaHMA no 4acTRM 
nony4MM 

d "" 2 2 2 1 6 oo 
-- ( [ 3u -5u u +-u ]dx= e 2 ( G(u)u: dx. 
dt --oo xx ! 6 --oo xxt 

npeo6paayeM 3TO paseHCTBO K BMAY jdV = ~ ([(3-5 f 2u 2)/ 
t dt --oo . xx 

22 1 6 2 2 5 4 
- 5 u u x + - u + f (3 u xxx + - u x )] dx = 

6 2 

=-5t
2 f (2uutu~x +u

4
uxuxt +4uuxuxxu xt )dx. 

--00 

Tenepb npoMHTerpMpyeM no [O,t], nony4MTCR ¢opMyna 

t 00 4 
V(t)=V(0)-5c2 ( ( (2uutu!x+ u uxuxt +4uuxuxxuxt)dxdr. /12/ 

0 -oo · 

CneACTBMe M3 neMMbl 3 YTBeplKAaeT' 4TO u(x. t) RBJlReTCR orpaHM-
4eHHOA ¢YHKL(MeA AilR scex.x Mt M, CJleAOBaTeilbHO,'cyQeCTByeT 
AOCTaT04HO Manoe q> o. Ta Koe, 4TO npM O<t St 1' MMeeM ls:3-5t 2u 2~5. 
TorAa B CMJly /12/ B 0611aCTM O<t~£1MMeeT MeCTO HepaseHCTBO 

(

00

2 00 222 16 2 2 .54 
uxxdx.$'([(3-5cu)u +-u+c(3u +-u )]dx 

--oo --oo XX 6 XXX 2 X 

00 t 00 /13/ 
,:SV(O)+ 5 f u

2
u~dx +5 c

2
( ( I 2u u tu!x+ u4u u +4uu u u ldxdr. 

-oo O --oo x xt x xx xt. 

4 

) 

I, 

1 

0LteHMM csepxy nepswe ABa 4neHa s npasoA 4aCTM /13/: 

V(O)= f [(3-5f2g2)g"2_5g2g,2+!__g6 + f2(3g"'2+-~g,4)]dx 
-oo 6 2 

2 41 6 2 2 5 4 :s 5 I I g I 1
2 

+ 5 II gJ I 1 + 6 11 gll 1 + f 1 (3 II g II 3 + 2 11 g 11 2 ) • 

00 2 00 2 4 
5 f u2 u; dx ;5 5 11 u 11

1 
( u x dx .S: 5 II u I I 1 • 

--00 -oo 

noACTaBJlRR 3TH OL(eHKM B /1)/ M MCnOJlb3YR OL(eHKY /6/ M3 neMMW 

3, nony4MM 
00 t 
( u !x dx.,;, C + 5 l ( ( 2 II u II 00 II u ti I ,JI u xx II 

2 

-oo 0 
/14/ 

4 
+!lull lluxlllluxtll +4l\ul1 00lluxll 0Jlu xxll llu xt \l)dr, 

rAe II £11
00

00 

= sup 11 (x) I. 
xE-R 

06oaHa4MM A==A(t)=llull 2 , M TaK KaK llull 1 M 1lul1 00 orpaHM4eHbl 
/neMMa 3/, TO MW MOIKeM, He yMeHbWaR o6QHOCTM, nepenMCaTb /14/ 
B BMge 

A(t>2:S C+ c 2C f (!luJ!
00

A(r)2+!iuxtll+llux!! 001luxt !IA(r))dr. /15/ 
0 B /15/ C o603Ha4aeT KOHCTaHTY, 3aBMCRQYIO /MOHOTOHHO B03pac-

TaeT M C(O)~O/ TOilbKO OT l!gll 3 • · 
npogM¢¢epeHL(MpyeM no speMeHM ypasHeHMe /2/ M nOJlO!KMM V=Ut· 

nony4MM 

v t + (·vu2 )x + v xxx - c2v xxt = 0. 
YMHO!KaR 3TO ypasHeHMe Ha V M MHTerpMPYR no RM no 4aCTRM, 

nony4MM 
d oo oo 

- ( (v 2+ c2 v 2)dx=-2 f uu v
2

dx. 
dt -oo X --00 X 

0TCIOAa nocne MHTerpMposaHMR no [O,t] BWTeKaeT 

2 2 00 2 2 2 t 
00 

S =B(t) = f (ut+c u 2t)dx=B(O) -2 ff uu u
2

dxdr, 
-oo t X Q -<XI X t /16/. 

B(t)2~ B(0)2 + 2 ( II u II · II iI II· B(r)
2
dr. 

Q oo X oo 

11cnonb3YR oL(eHKM II iI xt II.$' c-
1
B(t), 

, . . 1/2 L'2 
II Ux 11.,., S: (lluxll II u xxll) S: CA(t) , 

II iI t II~ .s II u t II II u X t II "' f- l [llu t II (c II u xt II )] ~ f -

1 
[II u t 11

2 
+c

2 
II u xt 11

2
]== 

==c-13(t)2 , 
M3 /15/ M /16/ nony4aeM cneAYIO~YIO CMCTeMy MHTerpaJlbHWX_Hepa-

BeHCTB: 

5 



. t ' 
2 2 -1/2 2 -1 -1 3/2 

A(t) s; C + £ C ( [ £ BA + _£ B + £ BA ] dr , 
0 t 

B(tf::;; B(Of + C ( A
112 

B2 dr • 
0 

B CH~y HepaBeHCTaa KowH-6YHRKOBCKoro HMeeM 04eHKY 
2 00 

B(t) =-=!, ut(u
2
ux+u xxx )dxs; B(t)llull 3 (1!ull~+ 1), 

B(t).$ l!ull 3 (11ull;+1), B~O)::;;llgll
3

(llg11~+1). 

'noACTaBJlRR 04eHKy AllR 3(0) a:/17/, n_011Y4HM 

2 . 2 t -1/2 2 -1 -1 312 
A(t) ,:;. C + c C ( [ f BA + £ B +. £ BA ] dr, 

2 t 0 
D(t) :5 Ct Cf A112 B 2 dr. 

0 

/17/ 

3AeCb C o6oaHa4aeT KOHCTaHTY, aaeHCRIJ1Y~ /MOHOTOHHO, C(O)=O I 
TOJlbKO oT llgll 3~ no110>1<HM A2+C"'D(t) 2.TorAa H3 nocneAHHx HepaeeHCTB 
BblTeKaeT 

t 
D(t/::;; 2C+2£(C+l) ( BD2 dr, 

t 0 
B(t) 2,$ C + C ( D 112 B2dr. 

0 
3anHWeM /18/ a 6011ee YA06HOH ¢opMe: 

0 2 :S (-a-)4 + < 4c / B 0 2dr, 
1-c b o 

b 2 2 t112 
B2 :5 (--) + ~ ( D B2 dr. 

1-c a_ o 

/18/ 

/19/ 

KOHCTaHTbl a, b, c He 3aBHCRT OT O<c::;; £ l < 1. /CHa4aJla Mbl Bbl6Hpi'leM 
a H b AOCTaT04HO 60JlbWHMH' a nOTOM Bbl6HpaeM C AOCTaT04HO '6011b
WHM/. 04eBHAHO, He yMeHbWaR 06111HOCTH, MO>KHO C4HTaTb, 4TO a,b 
H c MOHOTOHHO eoapacTa~T a aaBHCHMOCTH oT llgl1 3 , a(O)=b(O)~O , 
D(O)= (llgll:+C) 112 < a2 H B(O)<b. B cHny nocneAHHx ABYX 
HepaeeHCTB HeTPYAHO BblBeCTH' 4TO AllR 11_~6oro O $. t < 00 

D(t) < D(t), B(t) < B(t), /20/ 
rAe D(t) H B(t) . RBJlR~TCR peweHHRMH CHCTeMbl 

- 2 a 4 4c t - - 2 
D(t) = (--) + < - (. B D dr, 

1- c b o 

B(t/= (i-f + ~ ( D112 B2 dr. 
1-£ a o 

/21/ 

PewaR /21/, nony4HM, 4TO 

D(t) = ( a ). B(t) = b exp[ ct] • 
1 - c exp [ct] 1- c exp[ ct] /22/ 

6 

-

', 
t 

! 

~ 

,,..,;-• 

Bb16HpaeM£2>0,TaKoe, 4T06bl 1-f_exp[cT];,:,-}, ( $.<2, H nyCTb 

rnin(< 1 ,c2)=ro=<0 (T, llgll 3 ) /KOHCTaHTa c aaeHcHT TOJlbKO OT llg\1 3/. 
TorAa npH O <c :5 ( 0 H3 /20/ H /22/ BHAHO, 4TO. D H B orpaHH4eHbl Ha 
[O,T] rpaHb~, aaeHCRIJ1eH TOJlbKO OTT H llgl'3'.0Tc~Aa, 'HcnomayR 
paBeHCTBO a(O)=O, no11y4aeM 04eHKY /12/. fleMMa AOKaaaHa. 

fleMMa 5 

nycTb g E w"; 0 < T < 00. Bb16epeM f o>O B COOTBeTCT_BHH C JleMMOH 4. 
TorAa npH 0<( .$. c 0 peweHHe u(x,t) orpaHH4eHo aw;. rn~3. rpaHb~, 
aaeHCRIJ1eH TOllbKO OT T, c0 , llgll H c II gll 1 • m m+ 

.[loKa3aTe1lbCTBO 

,[loKa3aTe1lbCTBO npoeeAeM no HHAYK4HH. ,[lonycTHM, 4TO U orpa- · 
HH4eHO B w;- 1,rn>2, rpaHb~, aaBHCR1J1eH TOJlbKO OT T, c O H II gllm, 
B CJly4ae, KOrAa 1Il=2, 3TO YCllOBHe BblnOJlHReTCR /11.eMMa .4/. Mbl 
noKa>KeM, 4TO H3 3TOro npeAnOJlO>KeHHR ClleAyeT, 4TO U orpaHH4eHO 
B wm rpaHb~, aaBHCRtqeH OT T, fo, IU~llm H f II gll ~+1 , 

iMHOlltaR ypaeHeHHe /2/ Ha u(2m)=a;mu H HHTerpHpYR no R, 
no11y4aeM 

d 
00

r[ 2 2 2 }dx 2 
00

r< 3) d - u + ( u =-- u u x. 
dt (m) (m+l 3 (m+l) (m) -oo -00 

/23/ 

B CHJlY HHAYKTHBHOro npeAnOJlO>KeHHR 
. ' 

llu(r)ll.$C, rs;rn-1; llu(r)ll 00 ~C. r;::;m-2. /24/ 

npHMeHRR ¢OPMY11Y fleH6HH4a, aanHweM 
. 2 r 

r ;::; rn-2. /25/ llu(r)lroo s J:oajllu(r) IUlu(r-j)ll 00 $ C 

Tenepb npHMeHHM ¢0PMY11Y fleH6HH4a K 

.2 00 
3 00 2 

(u 3)(~+1) = 3 (u2 u{l) ) (m) • 

- - ( ( u ) u dx = c ( u u u dx 
3 -oo (m+l) (m) 0 -oo · (m+l) (m} 

00 2 00 2 
+ c1 f (u2\1)u(m) dx+cm-if (u )(m-1)u(2)u(m) dx 

-00 -00 

oo 2 m-2 oo 

+cm ( (u ){m) u(l) u(m) dx + ~ Cr ( (u
2

)(r) u (m+1-l<m) dx. 
-00 r=2 -00 

McnOJlb3YR eiqe paa ¢opMy11y fleH6HH4a /25/, HeTPYAHO no11y4H.Tb 
04eHKH: 

00 2 00 ·2 2 2 
cof u u(m+l)u(m}x+ c 1 f (u )(1) u(m)dX$ C llu{m)II, /26/ 

-00 -00 
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00 2 "" 2 2 
Cm•l ( (u im-1)ll(2) u (m) dx + Cm f (u )(m) ll(l) u(m) dx<£ C(llu(m)ll +II ll(m)ll), 

--,,0 -oo /27/ 

m-2 oo m-2 

r:2 Cr Joo (u2 )(r) u(m+l-r) u(m) dx <,;. r:2 Cr II (u2\r) JlJI u(m+l-r)II /28/ 

x II u (m) 11.S C ( II u(m) 11 2 
+ llu (m) II). 

Ot.1eHHBaR npaaylO 4aCTb /23/, 1-1cnOI1b3YR 
/28/, nony4HM 

npH 3TOM /26/, /27/ 1-1 

d 
00 

2 2 2 
00 

2 00 2 112 
- ( [ u + f u ( m+ l) ] dx < C 1 ( u ( ) dx + ( ( u ( ) dx) I . 
dt -oo (m) - -oo m -oo m 

0Tcio,qa 

dEm < CEl/2 (Elm/2 + 1), 
dt - m 

/29/ 

r,qe 

Em (t) = f [ u~m) + f
2 

u(~+l)] dx. 
-00 

11HTerp1-1pyR /29/, HMeeM 
· . 1~ . 1~ ' 

I! u(m) II::; Em (t)::;: Em (0) exp[ Ct]+ exp[ Ct]-1, 0< £ S£
0

, t<:-[ o:rl. 

Tor,qa 1-13 Toro, 4TO E 1~ (0).$ II gll~ +£ Ilg jl +11-1 KOHCTaHTa C 3as1-1-
CHT rnnbKO OT i!gJlm, Bbr-}eKaeT, ~TO Jiu(m) !lmorpa/.i1-14eHo Ha [O,T]. 
Cne,qosaTenbHO, u orpaH1-14eHo a W,¥1.fleMMa ,qoKa3aHa. 

3anHWeM /2/ B BH,qe (1- f 2a2 ) ll t = - u2 
U -ll • Q6pa111aR one-

. X X XXX A ' 

paTop 1-£2a 2 , nony4HM llc=-K, *(u2ux+u ), r,qe K (k)=(l+ £2k2)-1 
- x < xjx , f 

If - npeo6pa30BaH1-1e <l>ypbe <l>YHKLIHH . f(x) •.. 0Tcio,qa, 1-1cnonb3YR 
neMMy 5 1-1 HHAYKLIHIO, HeTPYAHO nony4HTb cne,qyio111ee YTBepm,qeHHe. 

~ne,qCTBHe 

PeweHHe u(x, t) 
acex k,f 1-1 T. 

~ k f 
orpaHH4eHO B WT' He3aBHCHM0 OT O < f ,::a: £ O AilR 

§3. CXOA11MOCTb PEWEHl1R PErYnRPl130BAHHO~ 
3AAA411 nPl1 f , 0 

nycTb g(x)E W
8
, s>-..3. C nOMOlllblO caepTKH c COOTBeTCTBeHHO no,qo6-

paHHOH rna,qKOH <l>YHKL1HeH, perynRpH3yeM g. nony4aeM rna,qKyJO <l>YHK
LIHIO g:31

• Aanee pewaeM 3a,qa4y /2/ c uf (x,O) = gf (x) 1-1 noKa3blsaeM, 
4TO np1,1 fl O peweHHR uf (x,t) CTporo CXOARTCR B COOTBeTCTBYIOlllHX 
<l>YHKLIHOHaJlbHblX npocTpaHCTBax K peweHHIO u(x,t) 3a,qa41,1 /1 / 1-1 
u(x,0)= g(x). · 

8 

I) 

" . 
♦ 

Onpe,qen1-1M perynRp1-13a41-110 gf Hag /B ,qanbHe~weM f o6o3Ha4aeT 
npeo6pa3oaaH1-1e <!>ypbe. <!JYHKLIHH f / gf (k) = ¢ (c 1/6 k) g- (k), r,qe 
¢ - 4eTHaR C 

00 
-<1JyHKL1HR, 0::; ¢ ::; 1 ' ¢ (0) = 1 ' np1-14eM <!JyHKLIHR r/J (k)= 

=1-¢(k) HMeeT a Hyne HY/lb 6eCKOHe4HOro nopR,qKa H,KpOMe Toro, 
¢ CTpeMHTCR 3KCnOHeH4HaI1bHO K HYillO np1,1 k ➔ ±oo .Hanpl-1Mep, Mbl 
MomeM nonom1-1Tb ¢(k)=exp[-r(k)],r(k)=k2 exp(-1/1'2]. 113 caoiicT-
aa <l>YHKL.11-11-1 </, cne,qyeT, 4TO gf (x)I; W"". Tor,qa B CHJly YTBepm,qeHHR 
neMMbl 2 3a,qa4a 

2 2 
llt + u u X + u XXX - f u xxt = 0, 

/30/ 
u(x,0)= gf , t >_0, x E- R, 0 < £ <£ 1, 

HMeeT e,qHHCTBeHHOe peweHHe ll f (x,t) = u(x,t ,f ), KOTOpoe BMeCTe 
co aceMH caoHMH npo1-13so,qHblMH np1-1Ha,qnem1-1T WT ,qnR acex T> 0. 

11cnonb3YR paseHCTBa napcesanR, HeTpy,qHo awsecT1-1 /cM mi I 
cne,qyio1111-1e yTaepm,qeHHR. 

fleMMa 6 
s ' 

nycTb g(x)~ W , s ~ 3. Tor,qa HMelOT MeCTO cne,qyio1111-1e Ol.leHKH: 

I I <11B>j II II < c II II - II II - . -cil6>J · a f gf s+j - gs-> gf s+j -0(£ ), J=l,2, ••• , 

/b/ llg-g 11 . = o(f(l/B)j ), j=l,2, ••• ,s·, 
f S-J 

/cl II g-g II = o(l). 
f s 

04eHKH /b/ 1-1 /c/ BWnOilHRIOTCR paBHOMepHO Ha CXOARllleHCR noc
ne,qoaaTe/lbHOCTH a W.8 04eHKa /a/ BblnOilHReTCR paBHOMepHO Ha 
orpaH1-14eHHOM no,qMHOmecTBe w ~ 04eHKa /b/ .Tome 6y,qeT BblnOJlHRTbCR 
paBHOMepHO Ha orpaHH4eHHOM no,qMHomeCTBe Wf eCill-1 3aMeHHTb B /b/ 
o Ha O. 11s neMM 5 1-1 6'swTeKaeT 

Cne,qcTa1-1e 1 
s ~ s 

nycTb g(x)E-W .s~3. Tor,qa uf orpaH1-14eHo B WT,O<T<oo, He3as1-1c1-1-
Mo JIIlR AOCTaT04HO ManeHbKHX f , KpoMe Toro, f m/B llf orpaHH4eHO 
B W ;+m,m::,:1, He3aBHCHMO AilR ,qocTaT04HO Ma/lblX f • 

Cne,qcTa1-1e 2 

a W~ s--3 mAl a· s+m-3 a· 1 2 3 4 tucorpaHH4eHo a T'•f -x tuc, m=,,, 1-1 
f 7 Al a ~+2 a ·t Uf orpaHH4eHbl B WT, 0 < T < oo, He3aBHCHMO AilR ,qocTaTo4-

HO Ma/lblX f , 

AoKa3aTenbcTso 

11cnoilb3YR HHAYKLIHIO 1-1 <!>OPMYilY fleH6H1-14a, MOmHo noKa3aTb, 4TO 

.. 
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k k 
c. g.; w => 11 r g II k .:;: 2 11 n ! k II gl, k • k ~ 1. /31/ 

06pa111afl onepaTOp (1-c 2 a:) B /30/, no11y4HM c3 t Uc = -Kc "'(u;a x11; +a!uc)• 
0TC~Aa, np1-1MeHflfl paseHcTso napcesa11H 1-1 1-1cno11b3Yfl ¢opMy11y /31/, 
nony4HM 

II at uc II ~-3 :s; l<s-
3
> II "c II~ + II uc IIs , 

ID/0 
11

. I . . m/6 2( s+m-3) 2 . . . . . . 
f atuf ls+m·3:Sc (2 lluflls+m-3 lluflls+m-2+IIufIS+m). 

l/011 atuc II s+2 :s; /!0(2
2

<s+~> II "c 11!+2 II uc l1s+3 + II u c II s+2 ), 

B CHilY CileACTBHfl 1 1-13 3THX HepaBeHCTB BWTeKa~T YTBePmAeHHfl 
CileACT.BHfl 2, 

JleMMa 7 
nycTbg(x)EW~ s~3. TorAa lucl flBilfleTcfl o.n. /0606111eHHoi1 

nocI1eAOBaTeI1bHOCTb~/ Kow1-1 B w; np1-1 f ~ o. 
,lloKaaaTeilbCTBO 

no11om1-1M U = lie 1-1 V=Uo, rAe o;S;c. ,(IOCTaT04HO noKa3aTb, 4TO, 
Bb161-1pafl AOCTaT04HO Manoe c, MOmHo CAeilaTb I lu-vll 8 CKOilb yrOAHO 
MaJlblM paBHOMepHO no t E [ 0, T]. 04eBHAHO' W= u-v YAOBJleTBOpfleT 
ypaBHeHHe 

wt+[.1..w3+u2 w-uw2 ] + W xx -o2w t = (c 2 -o2)u 3 x x xx xxt 

w(x,O) = gc (x)-g0 (x) =h(x). /32/ 

YMHomafl ypa BHeH1-1e /32/ Ha w (2j) = a;j w , j :;; s , 1-1HTerp1-1pyfl no R, 
a noToM no [O,t]. 1-1 1-1cno11b3Yfl HHTerp1-1posaH1-1e no 4aCTflM, nony-
4HM 

200 2 22 
00

2 ..22 
V/t) = ([ w(j) +o w (j+l)] dx= f { h {j) + o h(j+l) }dx 

-00 -00 

too 1 3 2 2 
-2f f ((-

3 w + u·w -uw ). -(c2 -B2)ut (J'+2 ) 
0 -00 (J+l) • 

/33/ 
] w{j)dxdr. 

CHa4ana Mbl AOKameM JleMMY B c11y4ae s =3. np1-1 
MaeT BHA 

j =0 /33/ np1-1H1-1-

2 2 too 2 ..2 
V0(t) =V0 (0)-f ( lw [2uu -u w-uwx1+2(c2-o·)u wldxdr. 

0 _.., x x xxt 

,llnfl AOCTaTo4·Ho MamIx c s ci,my c11eACTB1-1i1 1 1-1 2 I 2 uu x- uxw - uwx I 
1-1 c113 lli.t xxt 11 orpaHH4eHbl Ha [ 0, T]. rpaHb~, aas1-1cH111ei1 TOilbKO 
OT T 1-1 lll~lla•CileAOBaTeilbHO, 

10 

I 
I I .. 

lj 
11 

I 
,I 
,I 

1: 

.i 
j 

j 
~j 
rl 

2 2 t 2 5/3 
V0 (t) :s; V

0 
(0) + 2C f [ V

0
(r) + c V

0
(r)] dr. 

0 
HHTerp1-1pyfl 3To HepaseHCTBo, no11y4aeM llwll :5 V 0 (t)~ V0 (0)exp[CT] 
+ c 513 (exp[ CT)-1), t E t o, T)., 1-1 TaK KaK V0(0) ~ II g0 -g II 1 + !lgc-gll 1 ~cc1f3 

/11eMMa 6/b//, TO no11y4aeM 

llw!l:s;Cc
113

• /34/ 

Ha 01.1eHKH /34/ BblTeKaeT, 4TO I uc I flBilfleTcfl o. n. Kow1-1 s WT • 
HHTerp1-1pyfl no 4aCTflM s /33/ s c11y4ae j =1 1-1 1-1cno11b3Yfl orpaH1-1-
4eHHOCT~ Ailfl AOCTaT04HO MaJlblX c I WWx+ 3uux-3wux-uwxl , 
l2u~+2uuxx-WUxx I 1-1 cl/2 ffu xxxt I! (B c1-111y CJleACTBHfl 1 1-1 2) 

1-1 01.1eHKY /34/' no11y4HM HHTerpa11bHOe HepaBeHCTBO AJlfl vl (r). noc11e 
HHTerp1-1posaH1-1fl 3Toro HepaseHCTsa nony4HM 

llwx I1.S V 1(t) ~V1(0)exp[CT] +c 113 (exp[CT)-1). /35/ 

OnflTb HCnOflb3Yfl 11eMMy 6, HMeeM V1(0)~ Cc 113 • 4TO BMeCTe C /34/ 
1-1 /35/ AaeT 01.1eHKY 

1/3 
llw!l 1 ,$Cc • /36/ 

,lla11ee, np1-1 j =2 

2 ,2 too 1 3 . 2 
V (t) =V (OJ -2 f ([(-w +u2w-uw) -(c2-o2)u w ldxdr/37/ 

2 2 
0 

_
00 

3 xxx xxxxt xi • 

Ha CfleACTBHfl 2 BbJTeKaeT' 4TO Aflfl ,QOCTaT04HO MaflblX f HMeeM· r (c 2 - 0 2) u xxxxt Wxr!x:s; Cc413 ll w xx 11. ,[11-1¢¢epeHL1HPYfl 1-1 o6"'beAHHflfl 
OAHHaKOBbte 4fleHbl s nepsoi1 4aCTH nOAblHTerpa11bHOi1 ¢YHKLIHH s 

t 00 2 2 
/37/, no11y4aeM ff I wxx [(u-w) 1x-wxx[6uxuxx w + 6u! Wx + 

2 0 - 00 2 2] . 0 + UUxxxW+6uuu:Wx-UxxxW -6UxxWWx-6UxWx Jdxdr. LleHHBafl 
3TOT HHTerpa11 np1-1 noMOU\H 01.1eHOK: l[(u-w)2]x I ~ C , I u I -:_ C , 
I u x I $: C , I u xx I ..:. C , I I u xxx I! ::: C , II w x II :s; Cc 113 1-1 I wl ~ C c 1/3 
no11y4aeM aHa11or1-14HO ToMy, KaK 3To Ae11a11ocb paHbWe, II w xx II 
~ V2 (t) ~ V 2(0) exp[ CT]+ c 113 (exp[ CT] - 1), 1-1 TaK KaK V2(0);$Cc 1!0 

/JleMMa 6/, npHAeM K HepaseHCTBY 

llwxxll~Cc 116 • /38/ 

0TMeTHM, 4TO B c11y4ae S>3 v2 (O)~ Cc 113 
1-1, CJleAOBaTeJlbHO, 

llwxxll:5Cc 113 .,lla11ee, np1-1 j =3 

2 2 too 1 3 
V 3(t) = Va<O) -2: .[!(3 w +ifw-_uvr)xxxx wxxx-(c2-B 2)u xxxxxt w xxJdxdr ./39/ 

Ha CJleACTBHi1 1 1-1 2, /34/, /3~/ 1-1 /38/ BWTeKa~T 04eHKH! 

00 
2 ..2 5!0 r (c -o·)u xxxxxt w xxdx..:. cc II w 11. 

-oo XXX 

11 



l[(u-w{ll.$C,lul.$C,luxl.$C, lu l~C. llu II< C, 
X XX · XXX -

II II 
-1/6 · 1/3 1/6 . 1113 

uxu:x ~cf ,lwl.$Cf • lwxl~Cf , llwxxll ~cf, 

w;x .$ 11 w xx 1111 w xxx 11, 01..1eH1-1BaR np1-1 nOMOl!IH 3THX 01..1eHOK HHTerpan 
s /39/, nony4aeM, KaK paHbwe, 

llwxxx IL.$ V3(t) ~V3(0)exp[CT]+ / 16 (exp[CT]-1). 

C ,qpyroH CTOPOHbl, onRTb npHMeHRR neMMY 6 1-1 HepaseHCTBO 
TpeyronbHHKa, HMeeM 

V3 (0).$llhll3 + 0 IIhll4::;jjg-gfll 3+llg-goli 3 + 0 llg0 11 4 +d!gfll4 

:.:;llg-gfll 3 +llg-g8 !1
3 

+C£ 5113• 

0Tcio,qa 01-1,qHo, 4TO V3 (0) ➔ 0 np1-1'0 0, a cne,qosaTenbHo, 1-1 llw xxxll .:.o 
npHfi 0,3To BMecTe c /38/, /36/ 1-1 /34/ noKa3blsaeT, 4TO luc I 
RBnReTCR o.n. KOWH B w.; B cny4ae S =3. 

YTsep>K,qeHHe neMMbl B cny4ae S> 3 6y,qeM AOKa3blBaTb no HHAYK-
1..11-11-1. Mb1 ,qoKa3an1-1, 4TO l!wll 2~Cc113 .AonycT1-1M, 4TO s cny4ae j<s:....1, 
llwll;-l _::; Cc 1/3 ... np1-1 <• o. 113 3Toro npe,qnono>KeHHR cne,qyeT, 
4TO np1-1 O~k ~j-2 lw(k)l~C fl/3 Ha Rx[O,T]. _B c1-1ny cne,qcTBHR 

1 !lulls $C 1-1 !lvll8 ~C 1-1, cne,qosaTenbHO, npH O~k::; s-1 !u(k) I~ C 
1-1lw(k)l~C HaRx[O,T], KpoMe Toro, c1~IIuclls.$C/cne,qcTBHe 2/. 

Hcnonb3YR ¢opMyny fleH6HHL1a H HHTerp1-1pyR no 4aCTRM, HHTer
pan 1-13 /33/ MO>KHO np1-1secT~ K Bl-1AY 

t 00 2 2j +1 . 2 
/ ~( W(j) (-2-) [(u-w) ]x .+(•)W(j) I dxdr. 

AHanorH4HO TOMY, 4TO ,qenanocb paHbWe, 3TO Bblpa>KeHHe MO>KHO 
01..1eHl-1Tb, Hcnonb3YR 1'1HAYKTHBHOe npe,qnono>KeHHe. 0KOH4aTenbHO 
nony4HTCR 01..1eHKa llw(j) II.$ Vj (t)~ Vj(O)exp[CT] + c113 (exp [CTl-1),a 
OTC!O,qa, TaK KaK V;(O)~Cf 1/3, 1-1MeeM llwll;.$Cc 113 =>IIwll

8
_2~Cfl/3. 

AenaR aHanorl'14Hble Bbl4HCneHl'1R npH j = s-1, HaXO,C11'1M, 4TO 
llwll s-1 ~ C c1113 , a np1-1 j =S, 1-1cnonb3YR orpaH1-14eHHOCTb c

116 i!ull~+l' 
£1/3 llulls+2 1-1 f7113 llu t,(s+2) II, nony41'1M 

I lw(s) I I::; (11 g-gf 11 s+ I lg-gs!! s + cf l/3 )exp[CT] +c 116 (exp[CT]-1) 

1-1, cne,qosaTenbHo, II w (s) 11 ➔ 0 npH £ O. fleMMa p,oKa3aHa. 

Cne_.gc_Ts1-1e 

lut (x,t, c) I ~ s-3 
RBnReTCR o.n. Kow1-1 B w T npH f ~ o. 

12 

AoKa3aTenbcTso 

wt =-[J-w3+J?w -uw2]x -wxxx+<'/wxxt +(c2-a2)uxxt 3 

~s-3 
nepBble ,qsa 4neHa CTpeMRTCR K Hyrno B w T np1-1 f' 0 B c1-1ny 

AOKa3aHHOH neMMbl, a CXOAHMOCTb nocne,qHHX ABYX 4neHOB K HYnlO 
s W ;-3 npH c • 0 BblTeKaeT 1-13 cne,qCTBl'1R 2. 

TeopeMa 

nycTb g.; W
8
, r,qe S>-,3. Tor,qa Cyl!leCTBYeT e,qHHCTBeHHOe peweHHe 

U(x,t) ypaBHeHHR /1/, np1-1Ha,qne>Kall1ee w;.o<T<oo,1-1 u(x,O)=g(x), 

l!oKa3aTenbCTBO 

E,qHHCTBeHHOCTb BblTeKaeT cpa3y 1-13 cne,qylOlilHX CTaH,qilpTHblX 
Bb14HCneHHH. AonyCTHM, 4TO CYl!leCTBYIOT ABa peweHHR, U H ~ 1-1 
nycTb w=u-v. Tor,qa 

wt+! [w(u
2

+uv+v
2

)]x +wxxx =0, w(x,0)=0, /40/ 

YMHO>KaR /40/ Haw 1-1 1'1HTerp1-1pyR no R,nony4aeM HepaBeHCTBO 

d 00 2 2 00 2 . 00 

--(w dx=- { (u +uv+v2)ww dx< C fw2(xt)dx 
dt -oo 3 -oo x - -oo • • 

00 2 
0TCIO,qa ( w (x,t) dx =0 ,qnR scex t LO H 1-13 HenpepblBHOCTH w BblTe-
KaeT, 4TO w = O. 

Cyl!leCTBOBaHHe peweHHR HeTpy,qHO AOKa3aTb B CBeTe npe,qblAYlill-1X 
paccMOTpeHHH, nycTb gf o6o3Ha4aeT per.ynRpH3al..lHIO ¢YHK1..1HH g,a 
uf(x,t) - COOTBeTCTBYIOl!lee peweHHe per:ynRpH30BaHHOH 3a,qa4H /30/. 
6 CHny YTBep~,qeHl'1R neMMbl ] H ee cne,qCTBHR npH .c I O 1-1 Uf ➔ 1!_ B w; 

, at U f ➔ V . B W8T-3• 0TCIO,qa BblTeKaeT, 4TO a x(U 3) ➔ ax -(U 3) B WsT- l ~ s 3 · £ 
H axxrlc ➔ axxxli_ B WT- .• H3 cne,qCTBl'1R 2. neMMbi" 6 BblTeKaeT, 4TO 
£2a2at llc ➔ OB WTz>c2a 2atu ➔ o B CMblCne pacnpe,qeneHHH, TaK KaK 

X ~ X f 
uf ➔ U. B w.;,ToUc ➔ u s CMbIcne pacnpe,qeneHHH 1-1, cne,qosaTenbHo, 
atuc ➔atu 1-1 s CMblcne pacnpe,qeneHHH 1-1 V=UtJaKHM o6pa3oM, ,qe
naR npe,qenbHblH nepexo,q s /30/, nony4aeM, 4TO s CMbIcne pac

npe,qenJHHH ut + u
2

ux + uxxx=O, u(x,O) = g(J_C). 0:TCIO,tia, TaK KaK u G- W{ 
1-1 llt E W {-3 

, RCHO, 4TO u(x,t) RBnReTCR L 2-peweHHeM 3a,qa41'1 /1 /, 
ecn1-1 s =3, 1-1 Knacc1-14ecK1-1H peweHHeM B cny4ae s >3 /TepMHH L

2 
-

peweHl'1R 03Ha4aeT, 4TO Bee 4neHbl B ypasHeflHH /1/ RBnRIOTCR L2-
¢YHKLIHRMl'1 OT x 1-1 ypasHeHHe /1/ y,qosneTBOpReTCR ,qnR Ka>K,qoro t 
n04Tl'1 BCIOAY no X /. 

nycTb uN(x,t) o6o3Ha4aeT peweH1-1e /1/ Ha Rx[ O,N],. r,qe N=l, 
2, •••• Onpe,qenHM Ha Rx[0, 00 )¢yHK1..11'1IO u(x,t)=UN(x,t) np1-1 t ~N. 
B c1-1ny e,qHHCTBeHHOCTl-1 ¢YHKLIHR u(x,t) KOppeKTHO onpe,qeneHa 1-1 

~ s npe,qcTasnReT rno6anbHoe peweH1-1e /1/, KOTopoe np1-1Ha,qne>K1-1T WT 
,qnR rno6oro KOHe4Horo T. TeopeMa ,qoKa3aHa. 
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H3BeCTH0/4~4TO AnH MOAH$H4HPOBaHHOro ypasHeHHH KopTesera 
Ae $pH3a cy~eCTByeT 6eCKOHe4HaH nocneAOBaTenbHOCTb 3aKOHOB 
coxpaHeHHH, KO_TopylO MO>KHO 3anHcaTb B $OpMe 

00 
2 2 

lk(u) = ( pk dx, pk= u(k) -ck u2u(k-1/ Qk(u 1•····"(k-2) ), 
-00 .• 

rAe k=O, 1, ••• ; Qk HMeeT paHr k+l. CornacHo onpeAeneHHIO M11ypb1 
H AP. 151 nonHHOMHanbHblH paHr_ AnH ypaBHeHHH /1/ onpeAenHeTCH 

a a ap 1 P 
cneAYIO~HM o6pa3oM: paHr cnaraeMoro u(0°)u(l) ... u = --: _k (l+i) ai 

(p) 2 1=0 
H paHr nonHHOMa HBnHeTCH MaKCHMY"OM paHros CBOHX cnaraeMblX. 

TeopeMa 2 
s 

nycTb gE W. s ~ 3, 11 nycTb u(x,t) 
peweHHeM /1/ tia Rx[,Q,qo).TorAa liu),c 
BYIOT H He 3aBHCHT OT speMeHH. 

,[loKa3aTenbCTBO 

HBnHeTCH COOTBeTCTBYIO~HM 
-k=l,2, ••• , s, cy~ecT-

nycTb uf(x,t) HBnHeTCH peweHHeM perynHpH30BaHHOH 3aAa_4H /30/. 
.[lnH KpaTKOCTH BMeCTO ~ 6yAeM nHCaTb u, 

dlk = f (gradPk )utdx. 
dt -oo 

CIOAa nOACTaBHM Uc=-u2u -u +(2U xt' 
X XXX X 

dlk 00 2 2 00 

-- = ( (grad Pk· )(-u- u · - u ) dx + f ( (grad Pk ) u dx • 
dt -oo x xxx -oo xxt /41/ 

0AHaKO no onpeAeneHHIO I k npOH3BeAeHHe (grad pk )( -u2 u X -u xxx)' 
HBnHeTCH noriHblM AH$$epeH411anoM, H TaK KaK uE W"'; AnH Ka>KAOro t 
$HKCHPOBaHHOro 

f (grad pk )(-u2 u x -u XXX ).dx= ,0. 
-00 

TorAa H3 /41/ BblTeKaeT, 4TO 

dlk 2 oo k-2 a.Qk 
-- .. r ( I _k -- ut (J'+2)+ 2u(k)u t (k+2) 
dt -oo J=O a.u • ' 

(j) 

-2cku "xxt u~k-1) 2cku2u~.(k+1)u(k-1Jdx, /42/ 

HHTerpHpyH /42/ no 4aCTHM, a nOTOM no [O,t], HeTPYAHO,nony4HTb 
paseHCTBO 

14 

t oo k-2 
J k (u) = J k (g ) + £2 ( ( I I 

£ O -oo j=O 

a.Qk 
-u (') a U t, J+2 

' {j) 

+ 2ck[2uuxu{k-l)ut,(k) -uuxxt u{
2
k-l):.... 2uutu{

2
k)] ldxdr, 

/43/ 

_, 

rAe 
00 

2 2 2 2 2 2 2 Q ] 
Jk(u),,, ( [(1-2£ cku )u(k) + r u(k+l)-cku u(k•l)+ k dx. /44/ 

-00 

B c11ny neM~bl 6 Jk(gf) ➔ lk(g) · npH riO,k=l; ••• _, s. KpoMe 
Toro, H3 cneACTBHH / 1 / · neMMbl 6 BblTeKaeT, 4To J k(ur ) ➔ I k ( u) 
npH r +0,k=l,2, ••• , s, rAe u- peweHHe ypasHeHHH 1, cy~eCTBylO
~ee B CHny TeopeMbl 1 • Hcnonb3YH cneACTBHH 1 H 2 neMMbl 6' HMe- ' 
eM, 4TO HHTerpan B npasoH 4aCTH $OpMynbl /43/ CTpeMHTCH K HynlO 
npH r +O TaKHM o6pa3oM, nepexOAH K npeAeny s /43/ npH £+0, nony~ 
4aeM, 4TO lk(u) =lk(g), k =1,2, ••• 's AnH Ka>KAOro t. 

CneACTBHe 

nycTb gE w8.s>3, H nyCTb u(x,t) HBnHeTCH COOTBeTCTBYIO~HM peweHHeM 
/1/ Ha Rx[O,oo),TorAalltillk• k=l, ••• , s, pasHoMepHo orpaHH4eHbl 
no t E [ O, oo ). 

,[loKa3aTenbCTBO 

I0(u) = II ull
2 

He 3as11c11T oT speMeHH. npH k=l 
00 1 00 4 
( u

2 
dx = C 1 + - ( u dx ~ C (1 + I lu 11 ). 

X 6 · X . 

H3 -;'Toro KBaApaTH7ro HepaseHcTsa BbtTeKaeT, 4TO I lu xi I orpaHH4eHbt 
paBHOMepHO no t. 

,[lonycTHM no HHAYK4HH, 4TO llullk-l orpaHH4eHa pasHoMepHo no t. 
H3 :noro npeAnono>KeHHH s c11ny neMMbl 1 cneAyeT, 4TO I ul , ••• ,[ "< k-

2
)1 

orpaHH4eHbl Ha Rx[O,oo), KpoMe Toro, H3 TeopeMbl 2 BblTeKa
eT, 4TO Ik(u)= C,k =1, ... , s, AnH scex t~O.CneAOBaTenbHO, 

(

00 

2 -
00 

2 2 -
00 

/45/ 
_

00 
u(k) dx -C + ck ioo u u(k•l) dx l Q k (u, .•• ,u (k-2 ) )dx. 

04eHHBaH /45/, B CHny HHAYKTHBHoro npeAnono>KeHHH, nony4HM, 
4TO llu(kjll orpaHH4eHa pasHoMepHo no t. 

061,eAHHHH TeopeMy 1 H cneACTBHe TeopeMbl 2 11 AH$(JlepeH4HpyH 
f-1 pa3 ( s-3P > 0) no t ypasHeHHe Uc= u2u + u , nony4aeM oCHOBHOH 

- · X XXX 
pe3ynbTaT HaCTOH~eH pa60Tbl. 

TeopeMa 3 

s ' 
nycTb gEW, s2:,8. TorAa cy~eCTBYeT eAHHCTBeHHOe rno6anbHOe pelJ!.eHHe 
u(x,t) 3aAa4H KowH / 1 /' KOT~poe npHHaAne>KHT - np_?CTpaHCTBy w ! 
KpoMe Toro, ecn11 s-3P ~O.To ai u npHHaAne>KHT w ~ 3P • 

§4. HEnPEPWBHAR 3ABHCHMOCTb PEIBEHHR 
OT HA4AJlbHblX ,llAHHblX 

s 
nycTb g(x)~W.s2:,3.TorAa, s c11nyTeopeMbl 3 U(g)=u(x,t) OTo6pa-

>KaeT ws B npocTpaHCTBO 

- s . e - s-af . x s,oo = I u E w 00 • at u E w 
00 

• s- a e 2:. o 1. 
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np.OCTOH np11Mep noKa3blBaeT, 4TO U He .ABJl.AeTC.A HenpepblBHblM. Aei:1-
CTBl1TeJlbHO, ypaBHeH11e /1/ 11MeeT peweH11e Bl1Aa yeA11HeHHOH BOJlHW 
uc(x,t)= <l>c(x-d?t)"' cy'6sech[c(x-c2 t)]. npocTble 01..1eHKl1 noKa-

3bIBa10T, 4TO q,c ➔ <l>d B W 8 np11 C➔ d B R. 
A C APYrOH CTOPOHbl, HeTPYAHO Hai:irn t~1!!,lluc-udll

2 
=ll<l>cll

2
+II<I>dll

2
• 

CJ1eAOBaTeJ1bHO, Uc He CTpeMl1TC.A K ud B L 2 /a 3Ha411T, 11 B W 
8 

/ 

pa BHOMepHO no .t E [ 0,;,., ). 
0AHaKo, ec1111 paccMaTp11BaTb KOHe4HWH l1HTepsa11 speMeHl1, 11MeeT 

MeCTO CJleAYIOl!la.A 

Teope~_a_li_ 

nycTb 0< T < 00 11 nyCTb u(x,t)= Ug: w s ➔ Xs,T ,gE w s's~ 3' u- cy>Ke
Hl1e Ha [O,T]' eA11HCTBeHHOro r1106aJ1bHOro peweHl1.A u ypaBHeHl1.A 
/1/. TorAa U .ABJl.AeTC.A HenpepwBHWM. 

,[loKa3aTeJlbCTBO 

Ol'MentM, 4TO All.A :noro AOCTaT04HO AOKa3aTb, 4TO U:W8 ➔ W8 
.AB

Jl.AeTC.A HenpepblBHblM. H3 MeTOAa 11HAYK1..11111 11 ypaBHeHl1.A / 1 / tfyAeT 
CJleAOBaTb, 4TO U: W5 ➔ XS T TO>Ke .ABJl.AeTC.A HenpepblBHblM • 

nycTb g
0 
➔ g s W 8 ,s ~ 3. Heo6xoA11Mo noKa3aTb, 4TO u0 = U(g )➔ u=U(g) 

B w;. 111111, APYr11Ml1 CJlOBaM11, I lti0
- ul J s➔ 0 paBHOMepHO no tE[ o?TJ.- HMe

eM 

llu0 -ull ~llu0 -u0 ll +llu
0
-u Ii +lru -ull.. 1461 

S (S £ (S £ S 

3AeCb u( 11 u~ - peweHl1.A pery11.Apl130BaHHOH 3aAa411 /2/ C rJ1aAKl1Ml1 
g( 11 g Il( • np11noM11Ha.A AOKa3aTeJlbCTBO JleMMbl 7' 11t1eeM 01..1eHKY np11 
0 :S ( : 

llri 8- u( 11S ~- C ( 
116 

+,C(Jlg-g( Ir~+ Ilg-gs I1s)· 

YcTpeMJl.A.A a ➔ o. B 3TOM HepaBeHCTBe no11y4aeM, 4TO All.A tE[O,T] 

llu-u( IIs:S cc/16 
+Jlg-g( I1s)' II ii 

0
-uf 11 ~.$ C(/

16 
+Jlgn- gll( II s). /47/ 

B AOKa3aTeJlbCTBe JleMMW 7 KOHCTaHTW C 3as11ce1111 TOJlbKO OTT 
11 JJgJJ~. a TaK KaK Jlg 0 1l8 .$M (g0 ➔ g W

8h /47/ MO>KHO C411TaTb 
KOHcTaHTY C He 3as11c.A111ei1 OT n. B c1111y 11eMMbl 6 J Jg-g£ II 8 11 
1lg 0 -gncll~,n=1,2, ••• , CTpeM.ATC.A paBHOMepHo I{ HYJllO np11 HO. 
TorAa 01..1eHKH /47/ noKa3bIsa10T, 4TO liu

0
-u~ II ➔ o. llri-u£ll ➔O np11 £ + 0 

paBHOMepHO no t E [ 0 'T 1 11 no n =1 '2' ... 11, CJleAOBaTeJlbHO' 113 
/46/ Bl1AHO, 4TO All.A Toro, 4T06W nOJlY411Tb YTBeP>KAeH11e TeopeMw, 
AOCTaT04HO AOKa3aTb, 4TO llri~ -u( lls'O np11 Il ➔ oo All.A <))11KCl1POBaHHOrO 

c paBHOMepHO no t E [ 0, T]. 
AoKa3aTeJlbCTBO 3Toro c)JaKTa nOA06HO AOKa3aTeJlbCTBY JleMMbl 7. 

np11MeH.A.A TpaHC<))OpMat.11110 /3/, CBeAeM pery11.Apl130BaHHYIO 3aAa4y 
/30/ K 3aAa4e 

16 

Vt +vx+v2vx '--Vxxt=O, v(x,0)= h(x)=cg£ (x). · 
/48/ 

nycTb v0 
11 V .ABJl.AIOTC.A peweH11.AMl1 /48/ COOTBeTCTBeHHO All.A ~ (x) = 

=cgru:(X)H h(X)=cg((x).TorAa, eCJlH MW AOKa>KeM, 4TO v0 ➔ V ew;AJl.A 
npOl,13B0JlbHOro KOHe4Hoi:.o R,TO, 06pa111a.A /3/ / ( - c)JHKCHpoeaHHoe/' 

n ws nOJlY4HM, 4TO u( ➔ u( B T • k · 

B. Cl1Jly JleMMW 6 gll( ➔ g( B w All.A ecex k 2: 0 /np11 k > s CXOA11MOCTb 
3aBHCHT OT ( I. CJleAOBaTeJl~HO, hn ,_hE w"" 11 h 11➔ h B wk All.A scex 
k;.: o. no AOKa3aHHOMY v 0

• VE w;,oo All.A scex O<R < 00. YMHO>Kl1M ypaBHe

Hl1e v~ + v: + (v
0f v~ -v :xt=O Ha v~j) 1-1 npo11HTerp11pyeM no 4aCT.AM, 

no11y411M 

d 
00 

n 2 n 2 2 00 n 
dt- ( [(v(.)) +(v(. )]dx=--([(v0 )

3 ]. (v) dx. 
--00 J J+l) 3 --00 (j+l) (j) 

0TCIOAa,11cno11b3Y.A HHAYKLIHIO H npaBHJlO flei:16H114a, aHa11or114HO 
TOMy, .4TO AeJ1a11ocb paHbWe, MO>KHO noKa3aTb, 4TO_ 11 v n 11 k ~ C n , 
t;;[o.R]. rAe Cn 3aBHC.AT TOJlbKO OT llhnllk 11 R. Y411TWBa.A, 4TO 
h ➔ h B wk All.A scex k>O, noily4HM . n -

l!v
0

JJk .$ C, tE[O,R]. 
/49/ 

w
0
=v

0
-vyAOBJleTBOp.AeT CJleAYIOl!lee ypaBHeHHe: 

wtn + w n + (w n f wn + ( v vn Vin) - w n t = 0, 
X X X XX 

w
0

(x,O) = h (x)-h(x) = f (x), 
n n 

/50/ 

Aa11ee All.A Kpan<ocT11 BMecTo w n 6yAeM n1-1caTb w. YMHO>Ka.A /50/ Ha 
W (2j)• l1HTerp11py.A no R H no [ O,t ].. noc11e COOTBeTCTBYIOl!lero l1HTe
rp1-1poBaHH.A no 4aCT.AM nOJlY411M 

. . j+ 1 t c,.:, 2 2 2 ' 
W.(t) = W .(0)+(-1) ,2 ( ( [ w wx +(v w) + (vw ) ] w . dxdr, 

J J Q -oo X X (2J) 
rAe "" · 

Wi (t) =_1, [ w~i) + w<f+l)] dx. 

HHTerp11py.A. no 4aCT.AM 11 np11MeH.A.A ¢opMy11y flei:16H111..1a, 3an11weM: 
dW. . oo j k 

---.I::::cf[I.I.Jw. w w w 
dt --oo k=O s=O (J+l-k) (k-s) (s) (j) 

j+l k 
+ I. I. (lw. v v w. l+lw /51/ 

k=O s=O (J+l-k) (k-s) (s) (J) (j+l-k) W(k-s)v(s) w(j) l)]dxdr. 

0TMernM, 4TO B c1-111y /49/llwllk~C.tE[O,R],. npH4eM C He 3aBHCHT 
OT n. {J,1/ B c11y4aej=O 3an1-1weTC.A e Bl1Ae dW

0
/dt~C supj wv x + 

+2vvxlfw
2
dx:SC%. 0TCIOAa _W 0(t):SW 0(0)exp[Ct]=s>Jlw 0 Jl 1 _silfnll

1
x 

xexp[Cltf.11, c11eAOBaTeJ1bHO, IJwn 11 1 ➔ 0 (!If Jl1 ➔ 0) pasHoMepHo no 
t E [O,R] •. 
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AonycKafl 1t1HAYKT1t1BH0, 4TO tlwn llj ➔ o npv1 n ➔ 00 paBHOMepHo no 
tE[O,R].1113 /51/ nony41t1M, 4TO 

1~ 1~ · · 
W/t) .$ Wj(O) exp[CRJ + an(exp[CRJ-1), 

rAe an➔ o. np1t1 ll ➔ oo. 0TCIOAa MO>KeM 3aKnl041t1Tb, 4TO llwnllj+l ➔ o npl-1 
n ➔ 00 paBHOMepHo no tE [ O,RJ. TorAa no 1t1HAYKL11t11t1 cneAyeT, 4TO · 
llvn-vllk= lfwnlli~ ➔ o npv1 ll ➔ oo paBHOMepHO Ha orpaH1t14eHHOM Bpe-
MeHHOM 1t1HTepsane Aflfl scex k ~ o. TeopeMa AOKaaaHa. 

0:rMeTlt1M, 4TO nonyTHO Mbl AOKasa11111 CI1eAYIOL11ee YTBeP>KAeH1t1e: 

TeopeMa 5 

PacCMOTplt1M 3aAa4y 
2 

ut+ux+uux-uxxt =0, 

u(x,O) = g(x), x E-R, t ~ O. 
/52/ 

nycT~ g(x)~W~ m>...2. TorAa cyll{eCTBYeT eA1t1.!jCTBeHHOe peweH1t1e 
u(x,t)r 3aA_ayH /52/, KOTOpoe np1,tHaAne>KHT w ~ AilR scex KOHj4HblX 
T,a atu E- w;+1 Ailfl sce~J >O •. PeweH1t1e u /coo_TBeTCTBeHHo i\u) 
3aBlt1CHT HenpepblBHO B WT /COOTBeTCTBeHHO W ;+1 / OT Ha4ailbHblX 
AaHHblX g B Wm• 
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