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4~cneHH~e pac4eT~ paaHOCTH~X ypaeHeH~~ Ha nocneAOBaTenbHO­
CT~ ceTOK n03BOnfiiOT nony4~Tb np~6n~lKeHHble peweH~fl BbiCOKO~ 
T04HOCT~ C ~CnOnb30BaH~eM npOCTe~W~X pa3HOCTH~X annpOKC~Ma~~~. 

\ 8 KOTOp~X ~CXOAH~~ onepaTop paCCMaTp~eaeTCfl B OAHOR ~ TO~ lKe 
c~cTeMe KOOPA~HaT. HapfiAY c ~aaecTH~M~ npe~My~ecTeaM~ 3KCTpa­
nonfl~~~ Ha nocneAOBaTenbHOCT~ CeTOK/1/ MOlKHO OTMeT~Tb, 4TO 
np~ AP06neH~~ wara ceTK~ n~6o 6biCTPO pacTeT pac4eTH~~ Macc~e, 
n~6o Tpe6yeTCfl 3aHOBO CTPO~Tb pa3HOCTHYIO CeTKY ~ npOBOA~Tb 

~HTepnonfi~~IO c OAHO~ ceTK~ Ha APYryiO. 
B HaCTOfl~e~ pa6oTe npeAnOlKeH APYro~ cnoco6 3KCTpanonfl~~~. 

rAe <jl~KC~pyeTCfl pa3HOCTHafl ceTKa, a pac4eTbl BeAYTCfl Anfl no­
cneAOBaTenbHOCT~ pa3n~4H~X C~CTeM KOOPA~HaT. np~ 3TOM B~4~C­
neH~fl npOBOAfiTCfl Anfl OAHOrO ~ TOrO lKe MaCC~Ba T04eK, 4TO ~ no-
3BOnfleT ycTpaH~Tb yKa3aHH~~ B~We HeAOCTaTOK. 8 OCHOBe 3TOrO 
nOAXOAa nelK~T CBO~CTBO ~HBap~aHTHOCT~ ~CXOAHOrO OnepaTopa OT-

12' 
HOC~TenbHO noeopoTa C~CTeMbl KOOPA~HaT. TaK, B KH~re ' OTMe-
4eHO, 4TO Anfl KBaApaTHO~ pa3HOCTHO~ CeTK~ Wh C warOM h one­
paTOp Jlannaca MOlKHO annpoKc~M~poeaTb Ha o6bi4HOM wa6noHe 11 KpecT 11

, 

TOnbKO noaepHyToM Ha yron rr/4. np~ 3TOM war A~CKpeT~aa~~~ 6y­
AeT r 1 =fih. JlerKO B~AeTb, 4TO HOBble annpOKC~Ma~~~ nony4aiOTCfl 
TaKlKe np~ noeopoTax ~yron ¢ k = ± arctgk , k = 2,3, ... , c waroM 

A~CKpeT~aa~~~ r k = v k 
2 

+ 1 h . 
nycTb u* ~ Uh eCTb T04HOe ~ np~6n~lKeHHOe peweH~fl ~CXOAHO~ 

aaAa4~ ~ ycTaHoeneHo paanolKeH~e norpewHOCT~ np~6n~lKeHHoro pe­
weH~fl no cTeneHfiM wara A~CKpeT~3a~~~ 

at a2 
u h = u * + ct (x) h + c2 (x) h + ... ; at <a 2 < ... ; x >; w h , /0.1/ 

rAe <jlyHK~~~ c1 (x) He aae~CfiT OT h. HO MeHfiiOTCfl np~ noeopo ·e 
C~CTeMbl KOOPA~HaT Ha yron ¢. np~ 3KCTpanonfl~~~ T~na P~4aPA~OHa a· 
~cKnl04aiOTCfl HeCKOnbKO nepe~x cnaraeMbiX c 1 (x) h 1 

, i = 1 .... , P. 
8 pa3nOlKeH~~ /0,1/ nyTeM KOM6~H~pOBaH~fl p+1 B~palKeH~fl /0.1/ 
np~ nonapHO pa3n~4H~X 3Ha4eH~fiX h. 3AeCb cy~eCTBeHHO, 4TO 
K03<!><!>~~~eHTbl c1 (x) He aae~cfiT OT h. B paccMaTp~eaeMOM noA­
xoAe OAHOBpeMeHHO C napaMeTpOM h MeHfiiOTCfl ~ K03~<jl~~~eHT~ 
c 1 (~ a aae~c~MOCT~ OT yrna noeopoTa c~cTeM~ KOOPA~HaT ¢. 
YcTaHoeneH~e 3TO~ aae~c~MOCT~ TaKlKe AaeT B03MOlKHOCTb ~cKnl04aTb 

nepBble cnaraeMble a /0.1 I, ~cnonb3Yfl peweH~fl u h Anfl paan~4HbiX 

C~CTeM KOOPA~HaT. 
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.'- ·( :1 ' ~ 

/'.· 

_: miQ'I!t'Yf ~ 
~ICtJref~j~ r 

:,,,.,,..·.i>~FH t-

I 



0TMeT~M, 4TO pa3HOCTH~e CeTKH, no.ny4eHH~e np~ nOBOpOTe Ha 
yron ¢k =±arctgk, k=1,2, ... , pacnaAaJOTC.A Ha k2+1 Hesae~c~MbiX 
ceT04H~X wa6.nOHOB, 4TO n03BO.n.AeT npOBOA~Tb paC4eTbl OTAenbHO 
AI1.A KamAOrO ~3 H~X ~ TaK~M o6pa30M 3KOHOM~Tb naM.ATb 38M. 
~e~CTB~Te.nbHO, B 3TOM c.ny4ae BC.AK~~ pa3 pewaeTC.A C~CTeMa 
c N/k2+1 He~seecTH~MH, rAe N- pasMepHOCTb nepeoHa"'a.nbHOro 
Macc~ea wh. AHa.nor~4Hble B03MOlKHOCT~ AI1.A noeopoTa c~cTeMbl Koop­
A~HaT ~MeiOTC.A "' e t.ny4ae 6o.nee ABYX nepeMeHHbiX. 

B HacTO.Aute~ pa6oTe no.ny4eHbl <)lopMy.nbl 3KCTpanon.AI..I~~ An.A ypae-
HeH~.A nyaccoHa np~ noeopoTe Ha yron ¢ 1 = 17/4 e c.ny4ae ABYX, 
Tpex ~ 4eTblpex npocTpaHCTBeHHbiX nepeMeHHbiX ~ AnA 6~rapMOHH-
4ecKoro ypaBHeH~.A Ha n.nOCK~CT~. ~nR ABYMepHoro ypaeHeH~.A nyac­
COHa no.ny4eH~ TaKme <)lopMy.n~ 3KcTpano.n.ALI~~ c yr .naM~ ¢

2 
= ± arctg 2 

~ <)lOpMy.n~ KOM6~Hio1pOBaHHOrO T~na, B KOTOp~X OAHOBpeMeHHO ~c­
nO.nb3yeTCR ~3MeHeH~e war a ceTK~ "' noeopoT c~cTeMbl KOOPA~HaT. 
noKa3aHo, 4TO npeA.nomeHH~~ MeTOA Tpe6yeT MeHbWe B~4~C.J'1~Te.nb­
HO~ pa6oTbl no cpaeHeH~IO c MeTOAOM PH4apACOHa, ecn~ pa3HOCTHble 
ypaBHeH~.A pewaJOTC.A HTepai..I~OHHOo 

§ 1. On EPA TOP JlAnJlACA ~AA n = 2 

PaccMOTPHM 3aAa4y ~~p~xne A11R ypaeHeH~.A 

Au= f(x, y); ur = ¢~0. ~~ r /1.1/ 

B np.AMoyro.nbHHKe II =fO:sx:sa, o..:s y,:Sbl. nycTb A1l.A AOCTaT04HO 
rnaAKoro peweH~.A u(x, y) BblnO.nHeHbl yc.noe11R cornacoaaHH.A 13 1 

d 4 u d4 u --+--=0 
dx 4 dy 4 /1.2/ 

e yr.nax np.AMoyro.nbH~Ka, o6ecne4HBaiOut~e cornacHo 14 •51 pasnome­
H~e 

2 2' 6 
P u - u =- P ( I c. (x, y) h 

1 
) + TJ, !rJ I .:S c h ln h, 

h h h j =1 I /1.3/ 

rAe Ph - npoeKTop Ha KBaApaTHYIO ceTKy wh c waroM h,a uh - pe­
weH~e pa3HOCTHO~ 3aAa4~ 

L\uh=Phf(x,y), uh,r=¢(0 /1.41 

c npocTe~we~ n.AT~To4e4HO~ paSHOCTHO~ cxeMo~. 

Hcno.nb3YR noeopoT c~cTeMbl KOOPAI-1HaT Ha yron 77/4, nocTpOI-1M 
Ha ceTKe wh APYryJO pa3HOCTHYIO annpoKC~Mai..I~IO onepaTopa Jlan.naca 
1\ 7 no <)lopMy.ne 

2 

l'\ u (X, y) = r-2 (u (x- h, y- h)+ u (X+ h, y t h) -1 

/1.5/ 
+ u(x-h, y+h) + u(x +h, y-h)- 4u(x, y)), 

rAe T =y2h. B C~.ny 1-iHBap~aHTHOCTI-1 onepaTopa /\ OTHOC~Te.nbHO 
noeopoTa onepaTop /\r annpoKc~M~pyeT ero c T04HOCTbiO 0(r 2 ). 
PeweH~e ~ ypaeHeH~.A 

/\ u = P f ; u I , = ¢ (/;) , P oc P 
1 r r r r, r 1 11 .61 

CyuteCTByeT, eA~HCTBeHHO ~ nOA41-1HReTC.A anp~OpHO~ Ol..leHKe 

[u
7 

[::,:cmax[f(x,y),¢i. 11.71 

06osHa4~M peweH~.A ypaeHeHH~ 11.41 ~ 11.61 Ha ceTKe c waroM h'2 
4epe3 Uh/2 ~ U

7
/ 2 COOTBeTCTBeHHO. 

TeopeMa 1. nycTb f(x,y)"O np~ (x,y) .... l' ~ BblnO.nHeHO yc.no-
B~e /1.21. TorAa Anfl u(x, y) '- C 6 (I)) Ha ceTKe w 11 J.1MeeT 
MeCTO COOTHOWeH~e 

2u 11 + u r 

3 
h2 

4 + 12f(x,y) ~ u(x,y)-+ O(h ) , 11.81 

s-
a AI1.A U (x,y) c;.( (II) BblnO.nHeHO 

1 h2 
-(2(16u 1 -u )-+ 16u. -u )+-f(x.v)=u(x,v)-tflt, 
45 h. 2 h r 1 2 r 60 · · 1 

11.91 

llt 11 1 :=: ch6 lnh. 

8 -
~oKasaTe.nbcTeo. PaccMOTp~M pas.nomeHI-1e 11.31 An.A u "'- C (II). 

Cor .nacHo '5i yc.noe~e I 1 • 21 rapaHTI-ipyeT, 4TO I c 
1 

( x, y) 1 / M 
I c2(x,y)l< M. rAe M He 3aB~C~T OT h. npl1 3TOM 

2 d 4 u d 4 u 
!\c =--(--+--); c t•=O. 11.101 

1 4! dx 4 dy 4 1, 

06osHa411M Hanpae.neHI1e oce~ e CI1CTeMe KOOPAI1HaT nocne noeopoTa 
Ha yron ¢ =17/4 4epes f 11 n, TaK 4TO 

d2 d2 
Au= (--+ --)u. 

dP 2 dn 2 

TorAa yc.nOBI1.A I 1. 2/ 11 f(x. y) ""c4 eli) B CI111Y TeopeM~ 1 113/4/ 
rapaHT11PYIOT pas.nomeHI1e 

3 



I 

pr u-~ =-Pr (i~t di (x,y)r2i) +ryr' 111r I :S..cr6lnr, /1.11/ 

r,qe 

2 d4 u d4 u 
t\dt =- -

4 
<-4- +--4-); dt r = 0 · 

' de dn • 

/L 12/ 

HaH,qeM CBR3b Me*AY K03~H~HeHTaMH c 1 H d 1 :nepexo,qR B ypaBHe­
HHH /1.12/ K nepeMeHH~M X H y,HMeeM 

21 d d4 1d d4 M =--[-(- +-) u +-(-- --) u] 
1 4! 4 dx dy 4 dx dy 

1 1 d4 d4 d4 
=--[-(--+-)U+3 u], 

12 2 dx4 dy4 dx2dy2 

OTKy,qa C y4eTOM /1.10/ nony4aeM COOTHOWeHHe 

t\(c 1 +d 1) =--1-.!.-t\2 u =-LM 
12 2 8 

/1.13/ 

80 ecex BHyTpeHHHX T04Kax o6nacTH II. TaK KaK rcn = 0, e ~ r' 
TO H3 /1,13/ CJ1e,qyeT paBeHCTBO 

1 
c 1 + dt + 8 f = 0 . /1 • 14/ 

Y4HT~BaR, 4TO r 2 = 2h 2, Ha/1 • 14/ nony4aeM/1 • 8/. ,llanee paccMoT­
PHM ,qee napbl peweHHH: u h , u h/2 ; u1 , u 1; 2 • lknonb3YR paa­
no*eHHR /1.3/, /1.11/, nony4HM paeeHcTea -. 

16 ( ) ·1 2 
15uh/2-uh =U+5c1h +Tit• l111 I ~ ch

6
lnh; 

/1.15/ 

16 ( 1 -u
1 

-u )=U+-dr2+ry 
15 T 2 T 5 1 2 

111
2

1 :S. cr6 lnr , 

H3 KOTOp~X C y4eTOM /1.14/ nOJ1y4aeM /1,9/, nerKO BH,QeTb, 4TO 
COOTHOWeHHe /1,8/ Cnpaee,qJ1HBO H npH U G- C 6 (i)). TeopeMa 
,qoKaaaHa. 

0TMeTHM, 4TO $OpMyna /1,8/ COOTBeTCTByeT pa3HOCTHOH CXeMe 
4eTBepTOrO nOpR,qKa Ha wa6noHe THna 11RII4HK 11 l2l, a COOTHOWeHHe 
/1.9/ COOTBeTCTByeT 17-T04e4HOH cxeMe nOpR,qKa 0(h6 ).MHO*H­
TeJ1b ln h B /1 • 9/ HC4e3aeT, eCJlH BblnOnHeHO e111e O,QHO YCJ10BHe 
cornacoeaHHR. 

PaCCMOTpHM no eo poT CHCTeM~ KOOp,QHHaT Ha yron cp 2 = arctg 2. 
CooTBeTCTBY~lllaR pa3HOCTHaR annpoKCHMa~HR onepaTopa nannaca 
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onpe,qenReTCR $OpMyJ10H 

t\ 1 u(x,y) =r-2 (u(x-h, y-2h) +u(x-2h, y+h) + 
2 2 

/1.16/ 

+ u(X+h, y+2h) + u(X+2h, y-h)- 4u(x,y)), 

r,qe T 2=y5h H annpOKCHMHpyeT onepaTOp t\ C T04HOCTb~ 0 (h 2 ) . 
B npHrpaHH4HbiX yanax onepaTop /1.16/ onpe,qenReM c noMOlllb~ 

$HKTHBHbiX T04eK X = ih , Y= b+ h j X= ih , y =- h ; X = - h , 
y = jh ; X= a+ h, Y= ih, a ycnoeHe ur=¢(,;) annpoKCHMHpyeM 
C · T04HOCTbiO ,qo 0 (r ~ ) • HanpHMep, Ha CTOpOHaX, napanneJ1bHbiX 
OCH Ox, 

q,
2

u== ~(u(x-~,y-h)+u(x+~, y+h)) 

/1.17/ 

r,qe 

=¢(e)- 5~ 2 Du(e); e = (x, y) >;. 1·, 

D =.!... 
5 

d2 

dx2 

4 d2 +---5 dy 2 • 

a Ha ,qeyx ,qpyrHX CTOpOHaX 

4 d 2 1 d2 
D =- -- +- --. 

5 dx2 5 dy2 

nocKOJ1b Ky H3BeCTHO i\u1· = f1 · , TO BeJ1H4HHa Du BbiPa*aeTCR 4epe3 
fr (0 H BTOp~e npOH3BO,qH~e cp (e), 0603Ha4HM HanpaBJ1eHHe HOBbiX 
oceH Koop,qHHaT 4epea f H n. Tor,qa ,qnR e,qHHCTBeHHOro peweHHR 
U ypaeHeHHR 

T2 

t\T Ur =Phf' Q T 2 U = <1>(0, /1.18/ 
2 2 

r,qe q
1 

H <1> onpe,qeneHbl e /1.17/, BblnonHeHa anpHOpHaR o~eHKa 
2 

/1.7/ 1-1 cnpaee,qnHBO paano*eHHe THna /1.11/ c r =r2 
YpaeHeHHe /1.12/ C y4eTOM COOTHOWeHHH 

d ..1. d . ..1. d 
- = cos'f'

2
- + sm'f' 2 -; 

dn dx dy 
d · A. d ..1. d -=-Sln'f' -+COS'f'-
df 2 dx 2 dy 

npHBOAHTCR K BHAY 

2 1 d 4 d4 d 4 d 2 d2 d 2 
M =-- -[17(-+--)+48 +24--(----2)]u, 

1 4! 25 dx4 dy 4 dx2 dy2 dxdy dy 2 dx 

5 



• 

d =+.!... _L 1,1 - 5 dxdy u<O. ~~ r, I 1 • 19/ 

rAe np~;~ y=const Bb16HpaeM 3HaK nn10c, a npH X=const - 3HaK MHHyc. 
4T06bl BblpameHHe B npaeo~ 4aCTH CTaJlO CHMMeTpH4HbiM no X H y, 
a Kpaeeoe YCilOBHe CTaJlO OAHOPOAHbiM, paCCMOTPHM e~e OAHO pe­
WeHHe ur_

2 
c yrnoM noeopoTa ¢_2 =-arctg2. B 3TOM cny4ae, 

HCnOJ1b3YR KOM6HHaJ.4HIO V = ~ (d
1 

+ d_
1 

) , nOJ1Y4HM COOTHOWeHHe 

25 2 17 2 2 ~(c +-V) =--(1+-)~ u =--M 
1 7 4! 7 7 , 

/1.20/ 

v(~) = 0, ~ .,; r , 

KOTOpOe, Y4HTb1BaR YCilOBHe f f' = 0 , npHBOAHT K HymHO~ ~OpMyJle 

25 d1+d_l 2 
c 1 + 7 -- 2 + 7 f "' 0 , 

-
X.,; 11, 

H3 KOTOpO~ CJ1eAyeT ¢QpMyJ1a 3KCTpanOilRJ.4Hio1 

7 5 h2 4 
-(Uh+-(U +U ))+-

6 
f(x,y)=u(x,y)+O(h ). 

.12 14 r2 r_2 /1 .21/ 

0TMeTHM, 4TO pa3HOCTHaR CXeMa /1,18/ pac~ennReTCR Ha nRTb He-
3aBHCHMbiX CHCTeM ypaBHeHH~, KamAaR H3 KOTOpbiX onpeAeJleHa Ha 
Macc~;~ee pa3MepHOCTH N/5, rAe N - pa3MepHOCTb Mace~;~ sa wh. Pac4e-
Tbl np ~pMyne /1,21/ cneAyeT eecTH cneAYIO~HM o6pa3oM. EcnH 

. 5 

w h = u w 1 , TO, nony4HB peweHHe Ha ceTKe w 
1 

r , 6epeM 
1=1 ,r2 ' 2 

ero KaK Ha4ailbHOe npH6nHmeHHe np~;~ pac4eTe Ha ceTKax w. ,i>2. 
1, T2 -

~anee peweHHe ur 
2 

HCnOJ1b3yeM KaK Ha4aJ1bHOe npH6J1HmeHHe npH 

onpeAeneHHH u 7 -2 
3yeM AilR pac4eTa 

H, HaKOKeJ.4, BeJ1H4HHY 1
2 

(Ur + UT ) HCnOnb-
2 -2 

uh . 

§2. OnEPATOP IlAnllACA ~ml n "'3,4 

nycTb B npRMOyrOJlbHOM napannenen~;~neAe 11 = I 0 ;S. xi .:s ai , i = 1,2,31 
3aAaHa Ky6H4eCKaR pa3HOCTHaR CeTKa W h C warOM h, Ha KOTOpO~ 
onpeAeneHo ypaeHeHHe AI1R 7-To4e4HO~ pa3HOCTHO~ cxeMbl 

~huh= Ph c ; u h,r = ¢ <~> • ~.,; r . /2.1/ 

6 
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COOTBeTCTByiO~ee ypaBHeHHIO nyaCCOHa 

~u=f(x1 ,x2 ,x 3 ); "r"'¢((), ~~r. /2.2/ 

nycTb peweHHe u(x)' X=(X1,X2,x3),TaKOBO, 4TO u.,;c6 (JJ). Ha ceTKe 
Wh paCCMOTplo1M e~e Tplo1 pa3HOCTHbiX onepaTopa ~ p. i , i = 1, 2, 3, 

KOTOpble CTPORTCR aHaJ10rH4HO, onepaTopy ~T· H3 /1.5/ npH noeopo­
Te CHCTeMbl KOOPAHHaT OTHOCHTeJlbHO OAHO~ H3 Tpex OCe~, napan­
JleJlb HbiX Ox1 • i = 1,2,3 : 

~ u(x) ,h-2 (u(X+~. )-2u(x)+u(x-~.))+~ u(x); i=1,2,3. 
P. i 1 1 r /2 .'3/ 

rAe onepaTop hr Ae~CTByeT no ~OpMyne /1.5/ B nnocKOCTH, OpTO-
roHaJlbHO~ ocH Ox 1 , a eeKTOp h 1 =h£ 1 , rAe f 1 - eAHHH4Hbl~ 
BeKTop, napannenbHbl~ Ox

1 
• YpaeHeHHR 

~ u "'p f' 
P.j P.t h 

u I' = A ( i:) i - 1 2 3 lli ' 'j-1 ~ ' - f ' ' 
/2.4/ 

OAH03Ha4HO pa3peWHMbl, H AJ1R peweHHR UP.i B CHilY MamopaHTHO~ 

TeopeMbl/2/ cnpaBeAJ11o1Ba anp~;~opHaR OJ.4eHKa THna /1.7/. 
6 -

TeopeMa 2. nycTb u(x).,;C (11) 'fl-=0 H peweHHR vi (x), i=1,2,3, 
ypaBHeHHR 

1 3 d4 d4 . 
i\v. =--( ~ --+6 

2 
)u, m;of n;oft; v

1
r =0, 

1 12 k=l dx 4 dx dx 2 ' k m n 
/2.5/ 

HMeiOT OrpaHH4eHHble 4eTBepTble npOH3BOAHble, T, e, Vi ~ C 4 (11) • 
TorAa AilR peweHH~ Up.i ypaeHeHHR /2,4/ cnpaBeAJlHBO COOTHOWeHHe 

1 3 h2 4 
- ~ u (x) +-f(x) =u(x) +O(h ), x~wh. /2.6/ 
3 1=1 P.j 12 

~OKa3aTeJ1bCTBO, ,l\JlR ~YHKJ.4H~ Up.. H3 /2.4/ cnpaBeAJlHBbl pa3-
J10meHHR 1 

Ph u- uP. 
1 

=-Ph d 1,1 (x) h 2 + 0 (h 4 ) ; i = 1,2,3 , 

rAe, y4HTbiBaR, 4TO r 2 = 2h 2 , 

2 d 4 1 d d 4 1 d d 4 M =--(-- +--(-+-) +-(-- --) )u; 
1, i 4! dx4 2 dx dx 2 dx dx 

i k n k n 

d 1, I (0 = 0, ~ ~ l ; k ;of n ;of i. 

/2.7/ 

/2.8/ 

7 



• 
3ro cneAyer H3 reopeMbt 1, ' 41 ecnH y4ecrb, 4TO d

1
.;; C 4 (1t) 

d ,I 
Ai = --, i = 1, 2, 3, ror Aa B CHilY ycnOBHA 12.51. 0603Ha4HM 

3 ') dxi 
4TO Au=( I A'":)u =f. V13 12"81 cneAyer, 

i = 1 I 

3 1 3 22 1 
!\( l d . ) ~--·3( I A.) u =--1\f, 

i=1 1,1 12 l=l I 4 

OTKy,qa, 11CnOilb3YA YCilOBHe f f' = 0, nony4aeM 

3 1 
I d 1 +- f = 0, 

i= 1 ,I 4 
x;; II. )2.91 

CyMMHPYA paeeHcrea 12.71 no i 1-1 y4HTbtBaA 12.91, nony4HM 12.61. 
TeopeMa AOKa3aHa. 

0rMen1M, 4TO a ¢opMyne 12.61 peweHHe u h ypaeHeHHA 12. 1 I 
He 14CnOI1b3YIOTCA, a Tpe6yiOTCA IlHWb CeT04Hbte <I>YHK~I-11-1 UIL i 1-13 12,41, 

TaK KaK Ka>KAOe ypaeHeHHe 12.41 pacna,qaercA Ha ABe He3aBHCHM~x 
nO{.ICMCTeM~, TO f.IOCTaT04HO npOBOf.IMTb BCe pac4eT~ Ha MaCCMBe, 
Bf.IBOe MeHbWeM, 4eM W h . 

PaccMOTpMM 4er~pexMepH~A cny4aA n=4. Oneparop nannaca 
TpeMA pa3HbiMJ.1 cnoco6aMM npef.ICTaBHM B BH{.Ie CYMMbl ABYI-IepHbiX 

!\ =l'i(x 1,x 2 ) t !\(lla,x4 )=!\(x1,x
3

)ti\(x
2

,x
4 

)=!\(x
1

,x.
1 

)+l\(x
2
,x

3 
), 

r,qe apryMeHTbl yKa3~BaiOT, ,qnA KaKMX nepeMeHHWX onpe,qeneH coor­
aercrayiO~MA oneparop Ha nnocKOCTH, AnA peweHMA ypaaHeHMA nyac-
coHa a o6nacrM II = ! 0 < x. < a . ; i = 1,2,3,4! 

- I ·- 1 

!\u=f(x); u
1

=¢((), x = (x
1

, x
2

, x
3

, x 
4 

) , 12.101 

nOCTpOMM pa3HOCTHyiO CeTKy W h C Of.IMHilKOBbiM 80 BCeX Hanpaane-
HIIIAX waroM h, noKpbtBaiOutYIO !!. ,l\n.R Ka>KAoro H3 rpex npe,qcraeneHH~ 
onepaTopa !\ nocrpOMM Ha w h pa3HOCTHbtA oneparop !\

7
. , i = 1,2,3, 
I 

ABilAIO~MACA cyMMOA f.IBYX oneparopoe THna i\
7 

M3 11.51, f.leAcr-
ByiO~HX 8 COOTBeTCTBYIO~HX ABYMepHbiX nof.lnpocrpaHCTBaX. HanpMMep, 

!\7 u = !\
7 

(x1 , x2 ) u + !\
7 

(x
3

, x 
4 

) u . 
1 -

TeopeMa 3. nycTb u ~ c 6 
(fl) ' ~'r =0 M peweHHA vi (x) . i=1,2,3. 

ypaBHeHIHl 

1 1 4 d4 . 
!\v 1 =--(-I-- t3D. )u; v

1 1
,=0, 1=1,2,3, 

12 2 k=1ctx4 1 , 
k 

12. 11 I 

rf.le 

d4 d4 ; D = d4 d4 d4 d4 D = + + ; D = +--1 dx2 dx 2 dx2 ctx2 2 ctx2dx 2 dx2 dx 2 3 dx 2ctx 2 ctx2dx 2 1 2 3 4 1 3 2 4 1 4 2 3 

8 

'' 

"'l 

l
·j<,l 

' '. 
' 

'"" 
~ ~' 'I 

~ 
••. !/';1 
;l;\1 
J~<' 
'$): 

,1, :, 

·.: .. ~ f ·~ 
~~~II 

:I 

:&i ').; :,~, 
j~ j I 

I 

~ ,, 
I 
I 

MMeiOT orpaHH4eHHble 4eTBepTble npOM3B0f.IH~e, T,e, 
Torf.la ,qnA peweHHA u ypaaHeHHA 

r i 

4 -
vi ;; c (It). 

'\ oc ph f. U [=cb((),i~·1,2,3, 
'i ' 

u 
r i 12.12/ r i 

cnpaBef.lnMBO npef.ICTaaneHMe 

3 2 
...L I u (x) t 1L f(x) ~ u ( x) + 0 (h 1 ) ; x .,. w 
3 i=l T j 4 h 

12.131 

AoKa3arenbcrao. AHanon14HO npe,qbtf.ly~eMy 
ao npef.ICTaeneHMe 

Ail A u 
r i 

cnpaae{.lnH-

P u-u ~-P d.(x)r 2 +0(r4), r2=2h2, 
h r i h 1 

rAe <I>YHK~MA d1 ( x) YAOBileraopAeT ypaaHeHMIO 12. 11 I. CyMMI1PYA 
12.11 I no i. nony4HM 

3 1 3 1 ;\ ( 2: d.) =--·-'\2 u =---'\f, 
i = 1 I 12 2 8 

OTKyf.la B CHilY 1·=0 nony4aeM 

3 1 -
I d. (x) + -f(x) = 0, x;; II, 

i= 1 I 8 

orKyf.la M cne,qyer 12.131. TeopeMa noKa3uHa. 

§3. 5V1rAPMOHV14ECKOE YPABHEHHE 

PaccMOTPMM 6HrapMOHM4CCKoe ypaeHeHMe 
I' 

.'\
2 u ~ f(x,y), u

1 
,c 0, .\u f' = 0 /3.11 

a npAMoyrortbHV!Ke II'"! 0:::. x::; a, 0::.: y ~; b l , noKpbiTOM Ksa,qpaTHO~ 
cerKoA wh =!(x.,y ) ; x. o ih, i~O.l, ... , N ; y. ~jh, 

I .) I J 

j = 0,1, ... ,M! c waroM h. YpaaHeHMe 13. 1 I annpoKCMMMpyeM coorHowe-
HMeM 

l\,2 u 
h h 

u __ +2u __ +U __ =Pf; 
hxxxx hxxyy hyyyy h 

13.21 
u 

1
,= 0, 

h, 
~ u I' = 0, 

h h, 

c noMo~biO see,qeHHA <I>MKTMBHbiX T04eK (x 1 , b t h), (x 1 , -h), (-h, Yj ) , 
(a+h, Yj ), l_::;i_:sN-1 , l~j,:SM-1. 

nocne noaopora CMCTeM~ KOOPf.IMHaT Ha ¢=rr/4 paccMorpMM Ha 
cerKe wh peweHMe u

7 
ypaaHeHMA 
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~~u,=Phf, u -0 r, r- . 
rAe ~r onpeAeneH B /1.5/. 

~r u r, r 0 • /3.3/ 

TeopeMa 4. nycTb u(x,y) te-C 8 (ll), f(x,y)r = 0 
ypaBHeHHR 

H peweHHe v(x,y) 

' 4 
~2 v = _.! (~ 3 - 2~ d ) u ; 

6 dx2dy2 /3.4/ 

1 2 d 4 
~VT"=- -(~ -2 ) U, 

1 12 dx2dy2 
vr = 0, 

HMeeT orpaHH4eHHYIO wecTyiO npoH3BOAHYIO, vt;;, C6(1J). TorAa AnR 

peweHHH Uh H u 7 ypaaHeHHH /3.2/, /3.3/ cnpaBeAnHBO npeACTaB­
neHHe 

2uh + UT h2 4 

3 
+S~huh=u(x,y)+O(h ), (x,y)t;;,wh. /3.5/ 

~oKa3aTenbcTeo. npemAe ecero ycTaHOBHM pa3nomeHHR 

P u -u =-P c (x,y)h 2 +0(h 4 ), 
h h h 1 

/3.6/ 

P u - u =- P d (X, y) r 2 + 0 (r 4) , 
h T h 1 

r 2=2h2, /3.71 

rAe ~YHK~HH c 1 H d 1 He 3aBHCRT OT h H r. Pa3nOmHM norpeWHOCTb 
annpoKCHMa~HH cxeMbl /3.2/ no cTeneHRM h: 

--p ~2 u-i\2 P u=P 1\(i\u)-!\ (P ~u+_g_(_L+L)u.h 2 + 
h h h h h h 4! dx 4 dy 4 

+ a (x, y) h4 + 77 ) = P 1'1 (i\u) -A P flu -
2 h h h h 

2 d4 d 4 2 4 
--~h(--+--)u·h +!\a (x,y)h +!\ 77 = 

4! dx 4 dy 4 h 2 h h 

1 d 4 d4 2 1 d4 d 4 2 =--(--~+--1\)u·h - -1\(--+--)u·h +p. , 
12 dx4 dy4 12 dx4 dy4 h 

rAe IP.hl<;;_ch 4 , TaK KaK I7Jhi:Sch6. 
B HTore nony4aeM 

p ~ 2 u _ !\ 2 p u = _ L (!\ 3 _ 2!\ 
h h h 6 

d4 
dx2 dy2 ) u + 0 (h 

4 
) 

~0 

C y~eTOM pa&eHCTBa 

p !\ u - !\ p u = - _g_ ( d : + d 44 ) u. h 2 + 0 (h 4 ) 
h h h 4! dx dy 

HCKOMOe pa3nomeHHe npHHHMaeT BHA /3.6/, rAe c1 (x,y) YAOBneT
1
- I 

BOpReT ypaBHeHHIO /3.4/. 3TO pa3nomeHHe cneAYeT H3 TeOpeM~ 1 4 

nOCKOnbKY 3aAa4a /3.2/ YAOBneTBOpReT ycnOBHRM MamopaHTHOH Teo­
peM~121. 3AeCb MamopaHTHYIO ~YHK~HIO MOmHO B~paTb B BHAe 

U ( X, y) = k (R 4 - X 2 - y 2 - x2 y 2 ) , 

rAe Kpyr paAHyca R COAepmHT npRMOyronbHHK n. npH 3TOM U(x,'y) 2 0, 
k? 0 H 

f\2 U =-4k, !\U =-2(1 + x 2 +y2) k~ -2k, 

4TO H o6ecne4HBaeT HY*HYIO anpHOPHYIO o~eHKY peweHHH ypaaHeHHR 
/3.2/. 

AHanorn4HO TOMy, KaK Bbi.BOAHnocb cooTHOWeHHe /1. 11 I, H Hc­
nonb3YR npeAbiAY~He paccymAeHHR, nony4HM /3.7/, rAe 

2 1 2 d4 ) !\ d =--!\(!\ . - 2---- u. 
1 6 dn.2df 2 

2 d 4 
!\d r =--(!\2 -2 2 2 )u. 

1, 4! dn df d1,r = o, 

3To ypaaHeHHe nocne nepexoAa K nepeMeHHbiM x,y npHMeT BHA 

2 1 (1 2 d
4 

) !\ 1i =--!\ -~ +2--- u, 1 6 2 dx2dy2 

2 1 2 d 4 
d T" =0, Ad r=--(-!\ +2 )u. 

1,1 1, 4! 2 dx2dy2 

CpaBHHBaR /3.8/ c ypaeHeHHeM /3.4/, AnR c 1 HMeeM 

!\2 (c +d )=-l.. • .L~ 3 u =-l..A2 (~u) 
1 1 6 2 4 ' 

d . "( 2 3 2 1 c r + r = o, u c + d )r =- - -!\ u =--A(!\u), 
1, 1, 1 1 41 2 8 

HnH 

A 2 (c 1 +d 1 +~!\u)=O; (c 1+d1)r=O; !\(c1 +d1 +~!\u)r=O, 

OTKYAa, Y4HTbiBaR, 4TO !\uf' =0 H fr=O, nony4aeM 

/3.8/ 

1 
c1 +d 1 +4~U=0. /3.9/ 

ll 
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~3 $OpMyn~ 13.91 cneAyeT, 4TO d 1 ~C 6 (~). 3TOT $aKT BMeCTe 
c anp~opHOH 04eHKOH AnR u1 M AaeT 13.71. 

KoM6~H~PYR pa3no~eH~R 13.61, 13.71 c y4eTOM 13.91, np~XOA~M 
K $OpMyne 

2u_h+U 1 

3 
h 2 1 ~ -t\u = u (x, y) + 0 (h ) , x ~ w , 
6 h 

KOTOpaR B C~ny pa3no~eH~R 13.61 np~BOA~TCR K B~AY 13.51. Teo­
peMa AOKa3aHa. 

0TMeT~M, 4TO pa3HOCTHOe ypaBHCH~e 13.31 aHanor~4HO npeA~Ay­
~eMy pacnaAaeTCR Ha ABe He3aB~C~M~X nOAC~CTeM~, Ka~AY~ ~3 KO­
TOpbtX MO~HO pewaTb OTAenbHO, 

§4. CPABHEH~E 4~CJlA OnEPAI..l~f1 Allfl PA3Jl~4HbiX METOAOB 

npeAnono~~M, 4TO AnR peweH~R ypaeHeH~H 11.41 ~ 11.61 ~cnonb-
3yeTCR ~Tepa4~0HHbiH MeTOA, CXOAR~~HCR CO CKOPOCTb~ q n, rAe q 
DAHO ~ TO me AnR o6o~x ypaeHeH~H. np~ pac4eTax no $opMyne 
11.81 Bbi4~CneH~R Uh ~ U1 3aKaH4~Ba~TCR, KOrAa ah =lt\huh-f! :;:h4

, 
a1 = it\1 u r -fl.::; r 4 • Pac4eT u1 Ha ceTKe v.h npoBOA~TCR Ha ABYX 
CeT04H~X ofinaCTRX Wl u w2 = Wh C y4eTOM TOro, 4TO t\

1 
onpe­

AeneH Ha ABYX He3ae~c~M~x wa6noHax. Pac4eT Ha ceTKe w1 Tpe6y­
eT k 1 ~Tepa4~H, rAe 

q k t = h 4 ' k = 4 ln h = 4p . 
1 ln q 

3Ty een~4~Hy 6epeM c K03~~4~eHTOM 112, TaK KaK Macc~e w1 
cocTaBnReT nonoe~HY nepeoHa4anbHoro. ~cnonb3yeM nony4eHHOe 
p~weH~e KaK Ha4anbHOe np~6n~meH~e np~ pac4eTe Ha ceTKe w

2 
, 

AnR Hero a 
1 

= c h 2 e c~ny I 1 • 11 I" 4~cno ~Tepaf.4~H Ha ceTKe w2 
n03TOMy paBHO k2 , rAe 

q k2 _ c h2 k _ ln c + 2ln h _ 2p N 
- ' 2- - + 0' ln q 

rAe NO He 3aB~C~T OT h. 3T~ ~Tepa1.111~ TaKme y4~TbtBaeM C K03$$~­
l4~eHTOM 112. AnR pac4eTa uh c ~cnonb3oeaH~eM u

1 
noTpe6yeTCR 

2p + N1 ~Tepaf.4~H, rAe N He 3ae~c~T oT h. 06~ee 4~cno ~Tepa­
L4~H Q paBHO 

1 1 1 
Q = "2'4P+T· 2p+"2N0 +N 1 +2p = 5p +ko. 

np~ pac4eTe c noMO~b~ MeTOAa P~4aPACOHa np~ YABOeH~~ nepBOHa-
4anbHOro wara noTpe6yeTCR 

G1 = 4p + 4·2p + L 0 = 12p + L
0 

~Tepaf.4~H. ToT me MeTOA c ~3Menb4eH~eM wara noo4epeAHO AnR 
nepeMeHH~x x ~ y noTpe6yeT 

12 

G2 = 4p + 2:2p + 2·2p+ M0 =12p + M0 

~Tepaf.4~H. t:\nR MeTOAa PH4aPACOHa Ha o6nacTRX wh ~ wh , rAe 
h1 = 1/N, h 2 = 1/N + 1 - 4~cno onepa1.411H Q > 4p + 2p =6p ~6e3 y4eTa 
3aTpaT Ha nocTpoeH~e HOBOH ceT04HOH o6nacTH ~ HHTepnonRf.411~ 

c DAHDH ceTKH Ha APYry~. 
t:\nR n = 3 pac4eT~ no $opMyne 12.61 Aa~T 

1 1 Q = - 4p + -. 2p + 2. 2p = 7p 
2 1 2 1 1 1 

~Tepaf.4~H 6e3 y4eTa cnaraeM~x, He 3ae~cR~~x oT h. MeTDA P~4apA­
coH.a c ~cnonb3oeaH~eM ceTKH wh/2 AaeT 

Q 1 = 4p1 + 8·2p 1 = 20p 1 

~Tepaf.4~H, a np11 YABOeH~~ MaCCHBa noo4epeAH0 AnR KamAOH 
KODPA~HaT~ nony4~M 

Q = 4p +3·2·2p = 16p 
2 1 1 1 

~Tepal.I~H. t:\nR ceTOK C waraMH h 1 =1/N ~ h 2= 1/N+1 

Q 3:::. 4P 1 + 2p 1 = 6P1 
~Tepaf.411H 6e3 y4eTa 11HTepnonR~I1~ ~ nOCTpOeH~R HOBOH CeTK~. 

B cny4ae n=4 AnR $DpMyn~ 12.131 ~MeeM 

Q = .!.. 4p + .L . 2p + 2· 2p = 7p 2 2 2 2 2 2 

~Tepaf.4~H, a AnR Tpex paccMOTpeHH~X Bbtwe eapHaHTOB MeTOAa P~-
4apACOHa Q 1 =4p 2 +16·2p2 =36p 2 , G2 =4p2 +4·2·2p2 =20p2, 
Ga ~ 4p 2 + 2p 2= 6p 2 • 

np~ pac4eTax c T04HOCTb~ AO h5 nony4aeTcR aHanor~4HOe co­
OTHoweHHe 4~cna 11Tepaf.4~H. JlerKO BHAeTb, KaK B03pacTaeT 3$~K­
TI1BHOCTb npeAnOmeHHOrO MeTOAa np11 yeenH4eH~~ pa3MepHOCTI1 npo­
CTpaHCTBeHHOH nepeMeHHOH, 411Cfl0 onepal.I~H KamA~H pa3 np~MepHO 
paBHO TOMy, KOTOpoe Tpe6yeTCR B MeTOAe P~4apACOHa Ha ABYX 
CeTKaX C Ha116onee 6ni13K~MI1 waraMH h 1 , h 2 . 0AHaKO BO BTOPOM 
cny4ae Tpe6yeTCR nOCTpOeH~e HOBOH pa3HOCTHOH CeTK~ 11 11HTep­
nonRf.4~R C OAHOH CeTK~ Ha APYry~, B TO epeMR KaK B HaWeM cny4ae 
BCe paC4eT~ npOBOARTCR Ha OAHOM MaCC~Be T04eK. 

§5. 4~CJlEHH~~ nP~MEP ~ HEKOTOP~E 3AME4AH~fl 

PaccMOTPHM ypaeHeHHe 

~U =-217 2 SinrrX• Sinrry, Ur = 0 

B KBaApaTe ll ={0 :S X;S 1, 0 ;S y :S 1}, peweH~eM KOTOpOrO RBnReTCR 
$YHKf.411R u(x,y)=sinrrx·sinrry. ~cnonb3yeM $OpMyny 11.81 TeopeM~ 1 
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np1o1 pac4eTax Ha Kea,~:~paTHoi1 ceTKe \II h c waroM h-- 0.1 . Benlo141o1Ha 
max 1 u 

11 
- u (x, y) I AJl.A peweHio1.A uh (1,4) Ha ceTKe v.;h ,~:~acTio1raeTc.A 

B T04Ke X~ 0,5, y ~· 0,5, rAe llh -u(x,y)~-0,00827. ,liJl.A 3TOi1 
lKe T04Kio1 U

7 
- U(X. y)-- -0,0336, r,Qe U1 €CTb peW€Hio1€ ypaBH€Hio1.A /1.6/, 

11HTepnaJl.Alllo1.A no <:>apMyne I 1 • 8! ,~:~aeT ceT04HYtO <I>YHKLII-110 v11 , ,QJl.A 
KOTOpOi1 B 3TOi1 T04Ke V h - U( X, y) ~ 0,000247. Te lKe CaMbte B€Jl"'-
41o1Hbt, HO AJl.A T04Kio1 X·- h, y ~ 2h HM€10T 3Ha4eHH.A -0,0015-
-0,0061 H -0,0000449 COOTB€TCTB€HHO, 

TaKHM o6pa30M, T04HOCTb npeAnomeHHOro MeTOAa coena,~:~aeT no 
nop.AAKY c T04HOCTbiO MeTO,Qa PH4apACaHa. npH 3TaM pac4eT~ 3KCTpa­
nonHpyeMbiX peweHHi1 npoBOA.ATC.A C HCnOJlb30BaHH€M OAHOrO H Taro 
lK€ MaCCHBa T04eK, 4TO ynpo~aeT npaKTH4eCKYIO peaJ1H3aliHIO MeTOAa. 
KpoMe TOro, paaHacTH~e cxeMbt, nocTpoeHHbte nocne noeopoTa clo1c­
TeM~ KOOPAHHaT, onpeAeJleH~ Ha HeCKOJlbKHX He3aBHCio1M~X wa6JlOHax, 
4TO npHBOAHT K pac~enneHHIO pa3HOCTHOrO ypaBHeHH.A Ha HeCKOJlbKO 
He3aBHCHM~X nOACHCTeM, 

OrpaHJ.14eHJ.1e f 1 · ~ 0, $Hryp1o1py10~ee ea ecex TeapeMax, Hecy­
~ecTBeHHO. OT Hero MOlKHO J.136aeHTbC.A .QBYM.A cnoca6aMH: nt-~6o 
B~4J.1Ta.A 1-13 peweHH.A U(X, y) HeKOTOpae 4aCTHOe peweHJ.1e, Jlt-160 
npH6aBJl.A.A K rpaHH4HOi1 (j)yHKLIJ.1H 0(() B pa3HOCTHOM ypaeHeHJ.1H 
eenH4HHY, nponopliHOHaJlbHYIO h2 f((), ( .. :.... I·, 4T06bt o6paTt-~Tb B HYJlb 
Ha rpaHHlle BbtpalKeHH.A TJ.1na e 1 4 d 1 + a f(0, B03HHKatO~He npH AO­
Ka3aTeJlbCTBaX TeopeM. 0TMeTt-~M, 4TO Tpe6aeaHio1.A rnaAKOCTH pe­
WeHio1.A U(X, y) COBnaAaiOT C COOTBeTCTBYIO~HMJ.1 AJl.A pa3HOCTHbiX 
cxeM noe~weHHoro nop.AAKa annpoKCJ.1Malllo1H. KpoMe Taro, (j)opMyn~ 

/1.8/, /1.9/, /2.6/, /2.12/, /3.5/ cpa3y AatOT pa3HOCTH~e cxe­
M~ naB~WeHHOrO nop.AAKa annpOKCio1Malllo1H H O,QHOBpeMeHHO CBO,Q.AT HX 
K HecKaJlbKHM 3aAa4aM AJl.A npocTei1w1-1x pa3HOCTHbtX cxeM. 

•Bee B~WeCKa3aHHOe n03BOJl.AeT HaAe.ATbC.A, 4TO MeTO,Q yT04He-
HH.A pa3HOCTHbiX peweHHi1, HCnOJlb3YIO~Hi1 B Ka4eCTBe napaMeTpa 
3KCTpanOJl.ALIHH yrOJl noeapoTa Clo1CTeMbl KaapAHHaT, OKalKeTC.A none3-
H~M npH peweHHt-1 3a,Qa4 MaTeMaTio14eCKOi1 (jlt-~3HKH, CB.A3aHH~X C ane­
paTOpOM, "'HBapHaHTH~M OTHOCHTeJlbHa nOBOpOTa CJ.1CT€M~ KOOPAio1HaT, 
B Ka4eCTBe npt-~Mepa MalKHO Ha3eaTb 3a,~:~a41-1 Ha ca6cTBeHHbte 3Ha4e­
HH.A, CB.A3aHH~e C anepaTOpaM nannaca B ABYMepHOi1 HJlH TP€XMepHOi1 
o6nacTH. MeTO,Q PH4apAcoHa e 3a,Qa4ax Ha ca6cTeeHHbte 3Ha4eHH.A ,QJl.A 
HHTerpO,Qio1(jl(j)epeHLIHaJlbHOrO ypaBHeHH.A npHMeH.AJlC.A B /6', 

AeTap 6naro,~:~apeH npo<t>. E.n.~H,QKOBY 3a BHHMaHHe K pa6oTe. 
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