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Cep,qt?Kosa C.H. P5-80-474 
ACHMnTOTH4eCKHe CBO~CTB8 p83HOCTH~X CXCM 
M8KCHM8nbHOro He4eTHOrO nOpR,qKa T04HOCTH 

AnR p83HOCTH~X cxeM M8KCHM8nbHOrO He4CTHOro nopR,qKa 
T04HOCTH (2k-1) nony4eH~ 8CHMnTOTH4eCKHC o~eHKH p83HOCTHO~ 
IIJYHK~HH rpHHa H 11 p83HOCTHOH CTyneHbK11 11 , k • O(ln h-I ), h -war 
CeTKH. 38,[1848 CBO,[IHTCR K nOCTpoeHHn 8CHMnTOTHK HHTerpanOB. 
OcHOBH~e o~eHKH nony4eH~ c nOMO~bl? MeTOAa nepcanna. To4KH 

nepesana, onpe,qenR~He 8CHMnTOTHKy, H8XOARTCR BfinH3H OKPY*
HOCTH KOHC4HOrO pa,qHyca H cl:nH*81'JTCR npH h •0 . H3 nony4eH
H~X 8CI1MnTOTH4CCKHX O~eHOK cne,qyeT, 410 npH Ha4BnbHWX ,[18H
H~X H3 C ~ (G) 4HCnCHHOe peweHHe CBO,[IIHCR K PCWCHHI~ Henpe-

PbiBHO~ 38,Q84H CO CKOPOCTbl? 0 (hNW In In h-I ) . WHpHHa 30Hbl 
11 p83M~B8HI1R 11 H30nHPOB8HHOrO pa3pb1Ba npot10P41101hlnbH8 lnh -1. 

Pa6oTa B~nOnHeHa B na6opaTOPHH Bb14HCnHTCnbHOn TeXHHKH 
H 8BTOM8TH38~HH OHRH. 

npenpHHT 06loeAHHeHHOro ltHCTMTyTa AAePHWJ< M<tn•AOUHHM . IIYI!He 1980 

Serdyukova S. I. l'!i 80-474 
Asymptotic Properties of DiffcrcncC' Sr hemes 
of Maximum Odd Accura:.::c,_y ___ _ 

B pa6oTel l / H3y4a~TCR KOHe4HO-pa3HOCTH~e MeTOA~ peweHHR 3a

Aa4H KowH AJlR ypasHeHHR u t + u x = 0 npH Ha4ai1bHblX ycnoBHRX 
u ( x) H3 p (U ) • p (U) - KJlaCC nepHOAH4eCKHX C nepHOAOM 
2 

(J- u p p 
" <I>YHKLIHH, YAOBileTsopRI!JutHX ycnosHJO 

211 ( ) 2 2 f I u P ( x) I dx < (j . 
0 -0 

YpaBHeHHe HHTerpHpyeTCR MeTOAOM KOHe4H~X pa3HOCTeH no CeTKe 
c waraMH r , h • EcnH H3BeCTHbl 3Ha4eH!-1R peweHI-1R npH t = n • r 

X=V• h , TO MO*HO onpeAeilHTb peWeHJ-le C T04HOCTb10 AO BeJl!-1-

41-lH~ nopRAKa O(hP) • no3TOMy HMeeTcR npl-1HL.1Hn!-1ai1bHaR B03MO*
HOCTb, HHTerpHpyR no TaKOH CeTKe, nOI1Y4HTb peweHHe C T04HOCTb10 
AO 0 (h P) . noKa3aHo, 4TO B L2 TaKaR B03MO*HOCTb peam13y
eTCR, eCJlH J-1CnOJ1b3ylOTCR pa3HOCTHble annpOKCHMal.IHH nopRAKa T04 -
HOCTH ln h -1 . PaccMaTpHBaJOTCR RBH~e pa3HOCTH~e CXeM~ MaKCH

MaJlbHOrO npH 3aAaHHOM Ha6ope T04eK nopRAKa T04HOCTH. HaKnaA~

saeTcR ecTeCTBeHHOe orpaHH4eHHe Ha OTHOWeHHe waros ceTKH 
(r/h) 'S_ 1 . 

B npeAilaraeMOH pa6oTe HCCileAyeTCR CXOAHMOCTb B paBHOMepHOH 
MeTpHKe, B C . PaccMaTpHsaeTCR nOAKnacc cxeM He4eTHoro nopRA

Ka T04HOCTH (2 k -1 ) • B cny4ae KOHe4HOro k 3TH cxeMbl ycTOH4H
Bbl B C /2,S/ • npH Ha4aJ1bH~X AaHHbiX 1-13 C: (U) AJlll CXeM no

PRAKa T04HOCTH ln h -1 ycTaHOBJleHa Ol.(eHKa norpeWHOCTH peweHHR 
B C nOPRAKa T04HOCTH 0 (h N+aln lnh -1) • nony4eH~ aC11MnTOTH-
4eCKHe Ol.(eHKH pa3HOCTHOH <)>yHKL.IHH fpHHa. 

KpoMe Toro, nony4eH~ acHMnTOTH4eCKHe ot.teHKH peweHHR pa3HOCT
HOH 3aAa4H B OKpeCTHOCTH H3011HpOBaHHOrO pa3pb1Ba. npH C4eTe 
pa3pb1BH~X peweHHH Ba*HO, 4T06bl 30Ha 11 pa3M~BaHHR11 pa3p~Ba fibiJla 

KaK MO>KHO Y*e. noKa3aHO' 4TO 4HCI10 T04eK' Ha KOTOpble 11 pa3M~
saeTCR11 paapbiB, nponopt.tHOHailbHO nopRAKY cxeMbl. 3oHa 11 pa3Mb1Ba

HHR11 pa3pb1Ba HMeeT WHpHHY nopRAKa lnh -! . /liJR CXeM KOHe4HOrO 

nopRAKa T04HOCTH q WHPHHa 30Hbl 11 pa3MbiBaHHR 11 pa3pb1Ba HMeeT no-
PRAOK h - 1/(qt-t) 14 - 6 1 • npH AOKa3aTeJ1bCTBe OCHOBH~X Ol.(eHOK 

HcnoJ1b3yeTcR MeTOA nepesana. To4KH nepesana, onpeAeilfii()UI~-te 

aCHMnTOTHKy, Ile*aT BfiJ1H3H OKPY*HOCTH KOHe4HOrO paAHyca. 4HCJ10 

3THX T04eK nponOpi.(HOHaJlbHO nOPRAKY CXeM~, H OHM CfiilH*alOTCfl 

npH h -> 0 • 0CHOBH~e OL.IeHKH nOI1y4alOTCR CYMMHpOBaHHeM aCHMn-
TOTH4eCKHX 8~4eTOB no MHO*eCTBY OnpeAei1l'll01JtHX T04eK nepesana. 

~TaK, o6cY*AaeTcR 4HcneHHOe peweHHe 3aAa4H KowH AI1R ypasHe
HHR ut +Ux= 0 c Ha4ai1bHbiMH AaHHbiMH u 0(x) H3 C~((l) . Pac

cMaTpHsaJOTCfl pa3HOCTHble annpOKCHMai.(HH nopRAKa (2k-1) no MHHH
MaJlbHOMy Hafiopy T04eK 
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un+:li 
)./ 

k-1 
= ~ a un 
fr-k ~ v+f 

ae =a = (-l)k+r 
-k+r 

1/=0,±1,±2, ..• , 

(k-y) ... (1-y) y(1+y) ... (k-l+y~ 

(2k-1)! 

cr 
.2J!..:1.__ 

(-k+r +y) 

/1 I 

4epea y o6oaHa4eHo OTHOWeHHe waroe ceTKH ( r /h) . 4epe3 f( ¢) 
o603Ha4HM xapai<TepHCTH4eCKY~ $YHK~H~ 

. k-1 tf¢ 
f(¢)= ~ afe . 

f=-k 

npH y~13aAa4a KowH YCTOH4111Ba 11,71 B L2: lf~¢)1~1,0~¢<;.21T. 
B OKpeCTHOCTH ¢ = 0 cnpaeeAJlHBO paanomeHHe/8/ : 

eiy¢ f(¢)=l- siny" 
1T 

T'(k+l-y) f'(k+y)¢ 2k + 0(¢ 2k+1 ) = 

f'(2k+1) 

= 1- siny" y..!!... (1+ O(k-1 ))(_2)2k + G (¢ 2k-+1). 
1T k 2 

Y4HTbtBa.R peaynbTaTbl pa60Tbl 1 1; nony4aeM, 4TO 

I f( ¢) I~ exp 1- s~n Y" y ~ sin2ki_(1+ O(k -l)) I. 
2 

/2/ 

XapaKTepHCTH4ecKa.R $YHK~H.R. AOnycKaeT npeACTaeneHHe 

• rf.. k ( 2k·1 21T 
f ( ¢) = e -lY'f' ( -1) A 2- 2k·l) ~ Cr f-l)r . ( 21Tiy -1)·1 f !( ·k+r+y)(¢+u -

. 2k- 1 e e dt-
r-0 0 

=e-iy¢ ~(¢)=e-iy¢(1-AJ (sin2k·l~ )expi(y- ;)udu), 
0 /3/ 

(k-y) ... (t-y) y(1+y) ... (k-1+y) 22k·l='~yk11(1+ O(k-1)). 
A- " - (2k-1) I 

2 
~ 

.~ 

nepeXOAVIM HenocpeACTBeHHO I< O~eHKe pa3HOCTHOH ~YHI<4lillil rpHHa [' e VI 11 pa3HOCTHOH CTyneHbi<H11 ani/ 

f'~= ~ 1, v=O, G~= I 0, v< 0, 
~ 0, v;o\0, 1, v~O. 

nonOlKIIIM k=[lnr/(4sinf)l. J 0 =max(1,nAkrt.1), J =v-yn, 

n n 
<t> j = G j -(1+ sgnj) I 2 • nocTO.RHHble B ' c • I<OTOpble BCTpe4a!OTC.R 
HlillKe , He 3aBHC.RT Hl-1 OT k , HH OT y , HIA OT n • 

neMMa noKanHaa~MH • Hai1AeTc.R nocTO.RHHa.R B TaKa.R, 4TO npH ecex 

n ~ 1 ~ 1 r ~ 1 < B 1 exp _ ( n JLsin Y" ) + J -ll . 
IJI>J0 J 4-.jkiT 0 

AHanorM4Ha.R o~eHKa eepHa A1l.R <t>?. 
J 

'h -3aMen1M, 4TO nplil n·>>r- yk J 0 orpaHH4HBaeT 30Hy, B KOTO-
pOH 11 pa3HOCTHa.R CTyneHbKa11 OTJ11A4aeTCR OT CTyneHbK~ Ha BeJ11>14VIHY 
nopRAKa eAI-1HI-1~bt. B TaKoM CMbtcne ynoTpe6nReTcJ:l TepMHH "nol<aJll-!3a
t~HR11. tlJl.R OCTaJlbHbiX n :na O~eHI<a .RBJl.ReTCR OCHOBHOH. 
AoKa3aTeJlbCTBO. HaseCTHO, 4TO pa3HOCTHa.R $yHK~H.R rpHHa 1>1 "paa
HOCTHafl CTyneHbl<a11 AOnycKaiOT npeACTaeneHJ>te: 

1 n=_l_J fn(¢)eiv¢d¢, 
)./ 21T-1T 

1 n eiv¢ d¢ 
on=- f f (¢) -i¢). 

v 2" L (1- ·e 

noJliOC o6XOAVITC.R no npOH3BOJlbHOMy nyTH B HHlKH6H nonynJlOCI<OCTH. 
KoHTYP L npeAcTaeneH Ha p1-1c.l. 

-6 

-IT 

P11c.l. 

Lf 

5 

HHTerpHposaHHeM no 4aCT.RM o~eHJ>tsaeM 

fn = .L 
II 211 \¢1~3/:n (¢) eiv¢d¢. 

1t 
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HcnOflb3yeTCR ~HTerpanbHOe npe,qcTaeneH~e /3/. nonom~M 

(sin2k-l ...12.) exp i ( y- . .1.) ¢ 
2 2 e= ij -n·A -------------

¢ 
1-~A J (sin2k-t...!!.) exp i(y-..l) udu 

2 2 0 

3aMeT~M, 4To ·sin2k.!. =v-;-
¢ 4 

• np~ I ¢I <.a_ , I j I > J 
2 0 

11-A J (sin 
2
k-:l.-1!.) exp i(y-_!) u du I> 1-

0 2 2 
2Ayr 

k cos(3/4) 

0TciO,qa cne,qyeT, 4TO I e1 >I j I I 2 • HHTerp~pyeM no 4aCTRM: 

J 
1¢1<~ -2 

fn(¢) eiv¢ d¢= :r(¢) e iJ¢ 

' 
3 

= 'J n(¢) e ijcp c..!.+__£) 12 

' ea _a. 
2 

J 
1¢1::: a 

2 

..a 
12+ f.£_ n 

-:3- 1¢1<.3 e2 'J (¢) e ijcp 
2 -2 

d¢= 

/4/ 

( _£_'_ ace>\ 'Jn (¢) e ijcp d¢. 

'3 '4 
Cnpaee,qn~Bbl OLteHK~: le'l_s2Anksin2

k·
2 ~, le' l.s 2Ank2 sin 2k·a ~-

0Tcm,qa ~ ~3 04eHK~ /2/ cne,qyeT 
3 

J fn(¢) e iv¢ d¢= .'J n(¢) e ij¢ e-ll 2 + Rn , 

1¢1::;~ 3 j 

r,qe 2 

4 

~ - - 2 
I n I 4Ankyr (~) 4Ank 
R . <. 3 exp- + ----

j - {ljl/2) sin2(3/4) 2k (ljl/2) 3 

2 2k-3 "' f sin -£ d¢ + 
2 0 

:J 3 2 
(2Ank) 

+6-
WI/2)4 

I sin 4k-4 :!._d¢, 
0 2. 

-r ll. . 2k~a :f:.ct¢ ~ 
3 

;a 
J sm 2 (k-1) sin2 4cos4 0 

.. 

'lj 

" 

AHanor~4HO OLteH~saeTcR BTopoH ~HTerpan. B peaynbTaTe nony1.1aeM 

n -2 Any7" 
IR .I.S Bljl (1+4exp- --~ cooTseTCTBeHHO 

J 2k 

I I r .n I i: B I (ln nk) exp- ( .A..tw.LL) +J~1· I. 
Iii> Jo J 

2k 

4T06bl nony4~Tb aHaflOr1114HYIO OLteHKY AilR 11 pa3HOCTHOH CTyneHbK~ 11 

0~ , B /4/ CYMM~pyeM no j OT -oo ,qo J np~ J <0 ~ OT (J+l) 
,qO +oo np~-t J > 0 . 3aMeT~M, \.ITO 'Jn (cp). e',g" He 3aBHCRT OT 
j . Cnpase,qn~BO COOTHOWeHMe 

'i 6 tj¢ • e -l(j) 
jaJ+l 

00 

I 
j~J+l 

tJ¢ .t<J+ t) ¢ t¢ -n I 
e - e =(1-e ) 

(1-e 1 ¢ ) · e (j) 

+ ~ e ijcp e -1 (j) ' - l(j-1) l.. 
j=J+2 

l1-e 1(
314)1> sinl, 

4 

i(J+l)¢ 
e + 
.f(J+1) 

TaK 4TO rnaBHWH 4flBH aCHMnTOTH~H He MeHReTCR. 4TO KacaeTCR 
CYMM~-tposaH~R no,q 3HaKOM ~HTerpana, TO OC06eHHOCTb B Hyfle 
HeHTpam13yeTCR CTeneHbiO C~Hyca B e' , e'' : 

le'·(1-e1¢ )-1 l_s2Anksin2k·a ~, le"·(1-e 1~-lll-s_2Ank 2 sin2k·4 :. 

B OCTaflbHOM see OCTaCTCR no-cTapoMy. 

HHTerpanbl no OTpesKaM ~l¢1 $; 11 Ol\CH~>1BaiQTCR o,q~>~HaKoeo ,qnR 
(jlyHKLI~~ rp~Ha M 11 pa3HOCTHOH CTyneHbK~ 11 , cpa3y AflR BCeX j 
EcTeCTBeHHO orpaH~4~TbCR 1¢1<¢*: 1f(¢*)1=e··1. np~ 
1¢1<¢ *, lj\>8An lel>lj1/ 2 • nycTb lj 1 .s SAn, t/J(y,¢) onpe-
,qenReTcH COOTHOWeHHeM 

e 1Y¢. f(¢) =1-A(y)! (sin2k·l})expHr-t) udu -=1-t/J(y,¢), 

A(y) = 22k-1 ~k:;-t) ... (1-y) y(l+y) ... (k-l+ykA (.1..), 
(2k-1) I 2 

TT 

1-A( .1) J sin2k·l .!.:ctu=O. 
2 0 2 

TaK KaK, no npe,qnonomeH~-tiO, 0< y < l , 
MOHOTOHHO 803pacTa~T Ha (0, TT) • npl'l 

cf>o 

TO Re t/J(y, ¢) 1'1 I Im t/l(y, ¢)1 
HeKOTOPOM ¢

0
,=¢

0
(y) 

Ret/J(y,¢
0

)=!A(y) f sin2k-!JL.cos(y- . ..l)udu= siny" 
0 2 2 ..jk 
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Cnpase,QI11-1Bbl Ot~eHKH 

<Po 2k· 
!Imtj;(y,¢ )I=A(y) I sin 1 .!L.sin Jy-..lJudu< cosrrr 

0 2 2 - • 

1 I t/J(y,¢ o>l < yk · 

3aMeTHM, 4TO npH 

I t/J(y ,¢) l<2rr/ yk 

0 .yk 

y< 1 , tj;(y,rr) =-isinyrr+O(k" 1), T.e. npH 
yk 

.QilR scex ¢ . npH r~J£ cnpase.QnHBa 

1 y<-
..[k 

Ol.leHKa 

sin y rr sin y rr 
1- <If(¢ ) 1<1- . COOTBeTCTBeHHO ,QilR HHTerpanos no 

yk 0 2yk 
OTpe3KY ¢

0 
:5.¢ 'S..¢* cnpase.QnHsa Ol.leHKa 

nsin yrr n sin yrr 
~ I I~ I <17 Anexp - < Bk exp- ----"-

.ljiSSAn J 2yk 4/k 

Ha oTpeaKe [ 1...., ¢ ] 
2 0 

~=ij-nA(sin2k·t-t)(expi(y--})¢)(1+ R(y.¢~. IR(y,¢)1<2. 
yk 

sin2k·ti.' =...!_sin 2k·1 .!}_ 
, 2 2 2 ' 

nycTb j=nA sin 2k·l : sin(y- !) e 
.rl." 

sin2k·l· :!:.. = 2 sin2k·l .!}_ 
2 2 , 3neMeHTapHaR B~Kila,QKa, HCnOIJb3Y~~aR 

paano>KeHHe s PRA Te~nopa, noKa3biBaeT, 4TO .QJ1HHa OTpeaKa [ ¢ ',¢ "] 

He npeaocxOAI-'IT y(2k-1)-1 ln 2 • CooTBeTCTBeHHO 1-iHTerpanbl no 

B~,QeJ1eHH~M OTpe3KaM ,QOnyCKB~T Ol.leHKY 

_ nA,j; .. _ nA,j; 

~ II~ 1<(9Any'7"e 4k + ~ exp-Jil)y(2k-1)-11n2::;By'ke 4k. 

IJI<SAn IJI•>4Anyr. Sk 

Ha ocTaswHXCR OTpeaKax lfl>ljl/ 2 . HHTerpan~ no 3THM OTpea-
KaM Ol.leHHBa~TCR HHTerpMpOBaHI-'IeM no 4aCTRM 

b ¢ :fn (¢) ij¢ b b e 
I f

0
(¢) e

1
v d¢= e I + I 21°(¢) e ij¢ d¢. 

e a a e a 

6 ... 

~~ 

~~ 

) 
t 

Ha paccMaTpHsaeM~x OTpeaKax 

nAy-;- 3 
I f

0 
(¢)I< exp(- --). .lcfil> '-. 

4k 2 

OcTaeTcR Dl.leHHTb 
b • 
I I('(¢) I exp-( n.A.sin2k~) d¢. • 
a k 2 

CnpaBe,QilHBbl COOTHOWeHHR /S~ 

. 2k·1 ¢ ¢ . 2k ¢ 
(2k-1) sm -cos - am -

I~'(¢)\<2Anl 2 2 + 
2 

+ 4Asin
4

k·
2 : l, 

. 3 . 3 am- sm-
4 4 

b . 2k·1 .rl. rf.. n A . 2k rf.. nA . 2k <h.. b 
I kAnsm :t::...cos..Z..exp-(-sm ..l::)d.rl.=3k exp-(-sm -!-J I 
a 2 2 3k 2'1.' '!3k 2a 

b ¢ . -
I n.Asin2k- exp -( nA sin 2k ~ d¢:>:: 4k(b-a) exp -( nA,jr ), 
a 2 3k 2 4k 

b 2 4k·2 ¢ nA 2k rf.. nA·'r I nA sin - exp- -sin :r: d¢< 3kA(exp- ~) x 
a 2 :3k 2 4k 

b x£ sin2k·2 fd¢ S.. 3k!A 

sin2 
T 

-.!!...,. r(2k+ 1) exp _ n Av-;- < c . 
22k (r(k+1))2 4k -

neMMa IlOKa11H3al.IHI-1 ,QOKa3aHa. 

,IJ.nR 3k<j~ J 0 OL~eHKI-1 rj , Gt nony4aiOTCR C nOMOII\b~ MeTO,Qa 
nepeaana. HH>Kecne,Qy~~He TeopeMa 1-1 neMMa .Qa~T T04HY~ no nopR.QKY 

Ol.leHKY 30Hbl 11 pa3MbiBaHHR 11 H30J11-1POBaHHOrO pa3pb1Ba npH n>>r....l~'k.' 

TeopeMa. npl-1 3k<j.<;;. J 0 ' O<y< 1 ' n S..r -1 aci-!MnTOTHKa rt .oj-1 
onpe,QeJ1ReTCR CyMMO~ aCHMnTOTH4eCKHX B~4eTOB OTHOCMTe!lbHO T04eK 
nepeeana tl $YHKLIMH 

r n ( 2 arc sin t) • exp ( 2 vi arc sin t) , 

pacnono>KeHHbiX B aepXHe~ nonynnOCKOCTH, Cnpase,Q!li'IBO COOTHOWeHPfe 

n k-l f 2t (1-t 2)-l - t 
rJ = ~ ( -1) v' e £ (l+pe( y!..)) exp 2iJ I arcsin tr- .:.l.(t+ o (k - 1))}+ 

f=O rrij(2k-1) J 2k 
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+ Rn 
j 

4 1 E...+2rrf - . - 2 
n c n A v r ) ( l ) 2k- 1 exp i ~--- ,, I R. ! <-:- exp -( 4k , t e= nA (2k-1) J J 

/51 
t*=t

0
(1+0(k-2)), sin2.!.(1+0{k-1))<1t* l<sin.!.(t+O(k-1 )). e L 4 e 4 

n n 
A~~o-~MnTOTitiKa (Gj -1) OTJ11t14aeTCfl OT. a~~o-~MnTOTitiKH rj MHOlKio1TeJ1eM 
(2lte)- t no,q 3HaKOM CYMMbl. np~1-J0 $y<-,3k ac~t~MnTOTHKa onpeACJlfi
CTCfl T04KaMH nepeeana, pacnono»<eHHbiMitl a Hlti»<HeH nonyn.nocKOCTH. 

,l\OKa3aTeJ1bCTBO. 1-iHTerpaJlbl no 0Tpe3KaM ¢
0 

$l¢1s_rr, Bin~ 
=v sin! = t 0 ,qonycKaiOT o4eHKY 

n nAr \4 cJo nAr\4 
IIJ I <c exp-( )< -exp-(--). 

3k j 3k 

,l\anee pe4b noHAeT o6 HHTerpanax no o-rpe3KY 1¢1 ~ ¢
0 

• B npo-
4ecce AOKaaa-renbc-raa o-rpeaoK V.HTerp~ttpoeaH~ttfl Ae~opM~ttpye-rcfl, 111 
HaM noTpe6yeTC.R cnel.IHaJ1bHOe rlPCACTaBJlCHHe ~n (cp(t)) B Kpyre 
. . ¢. 
ltl$t 0 , t=sm-2. 

8 

¢ . 2k ¢ 
2k·ll u 1 n A sm -

(1-A I sin -· expi(y--) udu) =(1-- expi(y-.1.)¢-
0 2 2 k ¢ 2 

A 
-k 

sin 2k+ 1 :!:_ 
...._2 

(2k+1) 

¢ 
aln-

cos-
2 

. ¢ 
sm-

. 1 i(2y-1) 2 (expt{y- 2 )¢)( + )-

cos2 2.. cos3 ¢ 
2 2 

- _A_ I2 t2k+1 k(2k+1) 
0 

(expi(2y-1) arcsint)( i(2r:1)t 
2 n 

(2y-1) ) dt) 
2 3/2 

'11 sir?-kj;_ sin _t. 
= exp n(-- --..2_(1+ O(-L)) 

k ,./, k 
cos :r._ 

2 

"' 

(1-t2) 2 (1-t ) 

exp i ( y- L) ¢) . 
2 

\ I 

i1 
(" 

il 
c t 

~ 
,~~. 

f 

-, .. 

nocne aaMeHbl nepeMeHHbiX nony4aeM 

fn 
j 

1 2k 
- I exp(- nA. t (l+O(.L)) exp i(2y-1) arcsint+ 
17 

It! S. t0 k y 1-t 2 k 

+ 2ij arcsin t) dt = ..! I exp n x ( t , j ) dt . 
yl-t2 "!t!.:Sto yl-t2 

Paa6epeMC.R B CTPYKType JlHHIIIH YPOBH.R $YHKQHH x(t,j) B Kpyre 
ltl-:;.t 0 , t=p·expiw. 06nacTb 

R - ·c . ) nA 2k 2k . . < 0 en x t, J = - T p cos cv- J p sm cv _ 

Ha PMC.2 3aWTPIIIXOBaHa. 

~-----.../.Q/#h\:77/'/_~i'//fLL/?'-.Q~~/~./) 

P~ttc.2. ---
B Kpyre Jt!:s; t 0 BCTBH Renx(t,j)=O CMCUI810TCR OTHOCMTC!lbHO BeT-
BCH Renx(t,j)=O Ha yron, He npeeocxo,qflll\HH rr/6k • Ac~t~MnTOTbl 
BCTBCH Renj((t,j) =0 pa3,qeJ1eHbl yr!laMM rr/2k , TSK 4TO KOM-
rlOHeHTbl o6nacTeH Renx(t,j) :::;; 0 11 Ren)((t,j) .::::o yc-rpoeHbl o,qHHa-
Koeo. 0AHHaKoso se,qy-r ce6R 1o1 1111HI111 HaHcKope11tuero cnycKa, npo-
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XOARtqHe l.lepea TOl.IKI-1 nepeeana, pacnono>KeHHbte e eepxHei1 nony
nnocKOCTH. ~1cXOAHb!C1 0Tpe30K IIIHTerpHpOBaHH.A Ae<!>OPMHpyeTCfl B 
KOHTYP L • B Kpyre It:\::; t 0 KOHTYP L HAeT no AYraM 11HHHH Ha
HCKopee1wero cnycKa, npoxOAfltqHX 4epea onpeAellRIDtqHe T04KH nepe
sana. 3TH AYrH COeAHHfliDTCfl MelKAY COOOH H C BetqeCTBeHHOH OCbiD 
AYraMH oKpy~<HOCTH \t\= t 0 , norpy>KeHHb!MH e o6nacTb Renx(t,j)<O, 
KaK noKaaaHo Ha p11c.2. TaK KaK onpeAenR~tqHe T04KH hepeearia . 
HaxoARTCR Ha KoHe4HOM paccTORHHH oT OKPY>KHOCTH It I= t 

0 
=v sin -f, 

TO aCHMnTOTI14eCKH HHTerpanbl no AYraM 11HHHC1 HaHCKOpee1wero 
cnycKa paBHbl aCHMnTOTHl.leCKHM Bbll.leTaM OTHOCHTellbHO OnpeAe11RD-
1!1HX TOl.leK nepeeana. iiiHTerpanbt no AYraM OKPY>KHOCTH \ t 17 t 0 
O~eHHBaiDTCR CBepxy Be11H4HHOH 

n k-1 B e n·A I/. R = I - exp ( - j t sin ..!L - -· - ,. 14 ) < 
J e~o k o k 2k -

c 
jexp- ~,'i4 

4k 

CyMMHpyeM 3TH 04eHKH no j : 
Jo n 
I R . < c (In J 

0 
) exp -

j=3k J 
n A r ';4 < B exp - nA r ';4 • 
4k 8k 

/9/ 
OcTaeTc.R HcnonbaosaTb cTaHAaPTHbte (j>opMynbl Allfl acHMnTOTH4ec-
Koro Bbt4eTa. OnpeAen.AIDI!IHe T04KH nepesana HaXOARTCR Ha paccToR
HHI-1 O(k-1 ) APYr oT APYra. no3ToMy acHMnTOTI>'tKa onpeAenRe'rcR He 
ABYMR, a k T04KaMH nepesana. TeopeMa AOKaaaHa. 

CneACTBHe. Cyl!leCTByeT nocTORHHa.A B TaKaR, 4TO 

I 1r.n\<B, 
3k<\ '\<J J J- 0 

I \<lln \<·B. 
Sk< \"\< J j J - 0 

4T06bl nony4HTb Ol.leHKH I rjn I • I <II t I ' cyMMHpyeM B /5/ no e 
3aMeTHM, l.ITO T04KH nepesana pacnOJlOlKeHbl CHMMeTpHl.IHO OTHOCH-
TCJlbHO MHHMOH OCH 

.!...+2rr(k-f) ..!!..+2rrf 
2 2 ,.. TT-

2k-1 2k-1 
t =-t 
k-1-r e · 

CyMMHpyeM cnaraeMbte, OTBel.latOI!IHe T04KaM nepesana, pacnonomeH
Hb!M B nepBOM KBaApaHTe. nonOlKHM e o=[k/2]-1 • CyMMHpyeM no Me
TOAY A6enR: 

eo e 2te(i-t2}h - -
ResJ= I (-1) y e - (1+pe (y-\L))exp2ij{arcsintf-!t(1+0(k 1))1= 

f=o rr ( 2k -1) i J J 2k 

10 
.... 

] 
:( 

eo e 0 . 

= e:o (uf-af+lt )ef' ae·o~£(-l)~oxpl-2jlmarcsintf +}Imtel, 

- 8 
(J e 0 + 1 - 0 • B I( pyre I t I~ to·Y Bin T cnpaBeAJ1!>1Da Ol.leHKa 

Imarcsint•pstnru(l+R), IRI~( 1 -l) ~0.78, t-pexpiw. 
y1-p2 

0Tci0Aa cneAyeT, 4TO \ae \<2oxp(-!]-atn(( ;+27Tf)/(2k-1))). 

CnpaBeA11HBO COOTHOWeHHe 

. fo 
Resj=Ia 0 (~ 0 -( 0 )+a~. 

f= 1 l. L L -1 0 0 
I ee I< B exp( ..ElL). 

v jk k 2 

B peaynbTaTe nonyl.laeM 

I Re s. \ < B exp - J.e_ , 
J yjk 5k 

1 . 2 :a 
p> -sm-. 

2 4 

CnaraeMbte B /5/, OTBel.laiOI!IHe T04KaM nepesana, pacnonomeHHbiM so 
BTOpOM KBaApaHTe, O~eH~BaiDTCfl aHanorH4HO. TaKHe >Ke o~eHKH Bep
Hbl Allfl <lJ r . OcTaeTC.A npocyMMHpOBaTb nonyl.leHHble o~eHKI1 no j • 

neMMa. npH O<y< 1 ' r·~(Akr 1~n ~r- 1 

I !r~IXlnk, 
\j\ ~8k J 

I l<ll~l~lnk. 
I j I<;;, sk J 

!61 

.QoKa3aTeJ1bCTBO. nonOlK11M t = sin 1:._ • 11HTerpamr no It I> t =ysin.! 
2 0 4 

3KCnOHeH~Ha1lbHO MaJlbl: ...!_Asin2ki '> r -';4 _!... 
2k 2 2k2 

• np~~~ 1 t 1 ,< t 
- 0 

fn ( rl.) e iyh¢ A sin2k ¢ '~" =expl- .!!._ 2 
k cos¢. 

2 

. ¢ sm-
(1-r-0( --2..)) exp i(y- 1..) ¢ l=exp ne(y,t) 

k 2 

t2-k 

nycTbt=t(l+.£...) .t=Binil.. 'nA ll. =j_. npH It\< tl 
21 k l 2 k 2 4 

y1-t 
1 

lnO(y,t)1<
2
1 , \1-expnO(y,t) \<!..lnO(y,t)\<~~. 

3 k -
y1-t2 
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np~-1 It I> t 
2 

lf
0
(¢(t))l<exp- (2b+1) 

8 . 

HHTerpHpyR no 4aCTRM, nony4aeM 

rn = Binj¢1 +Rn+O(k-1), IR~ 1<-Lexp- (2b+l). 
J i·" J J Iii 8 

n 
~j HMeeT aHanorH4HOe npeACTasneHHe. 0TC~Aa cneAyeT 161, 
ecn~-1 b AOCTaT04HO 6onbwoe. 

O~HKa norpewHOCTH peweHHR I 1 I np~-1 Ha4anbHbiX AaHHbiX u 
0
(x) 

H3 Ca (<i) RBnReTcR npocTbiM cneACTBHeM Ol..leHOK Ij0 
, a: . B 

caMOM Aene, cnpaseAnHsa 1..1eno4Ka paseHcTs: 
oo n 

U(nr,vh)-U~ = UO({v-yn)h)- l; r 0 U (fh)=U ({v-yn)h)-
-oo 1/-L 0 0 

-u ((v- f )h)-l: Ge(u ((v-f )h)-u ((v- f-l)h))-l: (0°
0 

-l)(u ((v-i)h) · 
0 0 f< yn 0 0 f?;: y 

0 
L 0 

- u 
0
((v- f-1) h)), eo = minf 

f?::. yn 

0Tc~Aa nony4aeM, 4TO 

n N+a n n 
I u < n r. v h)- u v I~ ct h ( t + l: I a e I+ l: I of -11). 

f<yn f:<:yn 
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