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KoppenR~HOHH~e ypaeHeHHR AnR KnaCCH4CCKHX 
Henpep~BH~X CHCTeM: peWeHHR B KOHC4HOM 
06DeMe npH HenyCT~X rpaHH4H~X yCJlOBHRX 

npH HCnonb30BaHHH pe30JlbBeHT AllR onepaTOPOB KHPKBYAa-
3anb6ypra, KHpKBYAa-P~3nR H MaHepa-MoHTponna nony4eH~ 
peweHHR KOppenR~HOHH~X ypaBHeHH~ B CJly4ae KOHe4HOrO 06DeMa 
c HenycT~MH rpaHH4H~MH ycnoeHRMH, AoKa3aHa TeopeMa 
eAHHCTBeHHOCTH. 06CYlKA8CTCR CBR3b KOppenR~HOHH~X ypaBHe
HH~ c ypaeHeHHRMH Ao6pywHHa-naH$OPAa-P03nR AJlR rH66coecKoH 
BepORTHOCTHO~ Mep~. 

Pa6oTa BblnonHeHa B na6opaTOPHH TeopeTH4eCKOH 
$H3HKH OH.AH. 

npenpMHT Ofilo~HHeHHOrO HHC.TMTyTa AAePHWX HCCneAOUttHii 1\ytlooa 1'1 

Zagrebnov V .A. I ''• 1111 4!•11 

Correlation Equotlon 
Systems: Flnltc-Volum 
Boundary Condition~ 

for C lclu leal (c,tlll llll•'t' 

Solution'> lo1 Nrrl' lmrty 

1. BBEAEHI1E 

nycTb A c Rv - CBR3HOe J-13MePI-1MOe no,qMHOJKeCTBO /cocy,q/ v -
MepHoro npocTpaHCTBa, !-1Mel0111ee KoHe4HYIO Mepy mesA=IAI 1-1 rpa-

HI>1~Y aA. Mbl 6y,qeM paccMaTp!-1B8Tb CJ.1CTeMy O,QJ-1H8KOBbiX KJ18CCJ.1-

4eCK1>1X 48CTI>1~, B381>1MO,qe~CTBYIOli\1>1X nocpe,qCTBOM napHOrO noTeH~J.1a

Jl8 <1>: Rv-.R 1 u l+ool. KOTOPbl~ RBJlReTCR 1>13Mep!-1MO~ ¢YHK~I>1e~, 
y,qoeneTBOPRIOll\e~ ycnoBI-110 <l>(x) =<1>(-x). Tor,qa 3Hepri-1R B3ai>1Mo,qe~cT-

BI>1R n 48CTI>1~, cocpe,qoTo4eHHbiX B T04Kax (x 1 , x 
2

, .... x n) = X n , 

onpe,qenReTcR, KaK 

U(X ) = ~ <I> (x 1 -x .) , 
n 1~i<j 'S_n J 

I 1. 1/ 

1>1 RBJlReTCR HHBapl>1aHTHO~ OTHOCHTeJlbHO TpaHCJlR~H~ H nepecTaHOBOK 

4aCTI>1~. Mbl nonaraeM no onpe,qeneH!-110, 4TO U ( X )=0 ,qnR n = 0,1. . n 
AJ1R TOr0,4T06bl CJ-1CTeMa npORBJlRJla TepMO,QHHaMJ.14eCKOe noee,qeHI-1e, 

Ha B3aHMO,qe~CTBHe He06XOA1>1MO HaJlOlKJ-1Tb HeKOTOpble AOnOJlHHTeJlbHble 

YCJ10BI>1R I 1, 2/ 

YcnoBHR, HaKna,qbJBaeMble Ha B3aHMo,qe~cTBI>1e 

/Y/ CyllleCTeyeT B ?:_0, TaKHe, 4TO 

U (X ) > - nB I 1. 2/ 
n -

,qnR n > 0 1-1 X ~ R nv /ycT0~41>1BOCTb/. 
- n 

/CY I EcnH A c R v - HeKoTopaR ¢HKC!-1poeaHHaR KOHe4HaR o6nacTb, 

TO cyll\eCTBYIOT A> 0 1-1 B::: 0, TaKHe, 4TO 

A U(X) >-n(B-n-)=-nB (A) /1.3/ 
n - IAI n 

,qJlR n?:_OI-1 Xn~An/ceepxyCT0~41-1BOCTb/. 

/P/ noTeH~J.iaJl <IJ Ha3b1BaeTCR peryllRPHbiM, eCJll-1 OH orpaHJ.14eH 

CHI>13Y 1-1 YAOBJleTBOpReT yCJlOBHIO 

I I 
-{3<1>(x) 

C <I> ({3) = dx e -1 I < oo /1.4/ 
Rv 

,qnR HeKoToporo /a cne,qoeaTenbHO, H AJlR scex/ {3 > 0. 
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3aMe4aH~~te 1. 1. CsepxycTo~411!BOCTb, o4eBII!AHO, 6onee clllnb
Hoe CBO~CTBO, lleM yCTOH4111BOCTb, Ill 3TO 6y,QeT aamHO ,QJlFI ,QBJ1bHei:l
WIIIX paccym,qeHMH. 3aMeTMM TaKme, 4TO IPI - ycnos111e olleHb 6niii3KO 
K Tpe6oBaHMIO 6biCTporo y6biBaHM.A noTeHI..llllaJ10B B3aHMO,QeHCTBIIIR, 
CM./11, Ill HeMHOrO CMJlbHee, 4eM Tpe6oBaHMe peryn.ApHOCTH CHH3y, 
KoTopoe sse,qeHo a pa6oTax /12,13/ 

YcnoBHble Koppen.AI..lHOHHble <I>YHKLIHH 
,QJlfl r11166COBCKO~ Mepbl B 60J1bWOM aHCaM6ne 

~ 

I 
B 3TOH pa6oTe X 6y,qeT o6osHa4aTb KOH$Mrypallllll0 4acTHI..l B R ~ 

1
/ 

a X A. vt X A - cooi'seTcTaeHHo KOH$H rypal..lHI-1 4aCTHLl BHYTPH 111 BHe co-
cy,qa A, TaK 4TO X=XA.U XA.EcnH 4HCJ10 N(X) =CardX I<OHellHO: 
N(X) "'n, Tor,qa Mbt 6y,qeM nvtcaTb TaKme X= X n H nona raTb X n. 0 .. ~. 
<IJa30BbiM npOCTpaHCTBOM f! 6eCKOHe4HOH CMCTeMbl Mbl 6y,QeM Cllii!TBTb 
COBOKynHOCTb MHOmeCTB BCeX JlOKaJlbHO-KOHe4HbiX KOH$11!rypaliii!H, 
T.e. TaKMX, 4To ,QJl.A KaJK,qoi:i KOH$vtrypaliii!H XGf! I-1MeeM: N(XA)<oo I 
,QJ1FI 11106o~ orpaHvt4eHHo~ o6nacTH A c R 1.1. Mbl 6y,qeM o6o3Ha48Tb 

4epe3 !1A. cymeHMe f! Ha cocy,q A., T.e. f!A.=fl ~A, Tor,qa:n::\''"n~(RI.I\A~. 

Onpe,qeneHvte 1.1. KoH$~~trypalii-1R X AEn A HB3bloocrcn pery- • 
JlFIPHOH /no OTHOWeHMIO K KOHT_HrypaliHRM n A I' eCJll-1 CYUICCTOyt: r 
TBKBfl KOHe4Ha.A BeJ11114J.1Ha D(X A.) 2:0, 4TO 3Hepri-1R B38111MOAOHCTDI-1A 

W(Xn,XA.) = }; _<ll(x-y) 2:_-nD(XA) 
xGX

0
,yGXA. 

/1.5/ 

AJIR n > 0 M Kam,Qoei KoH$Mrypall~-'~~-'~ X E nA. no onpe.QenOHIIIIO nonaraeM 

W ·-· -:'11' n n ~X n, v; J = v. 

3aMe4aHMe 1. 2. AnH 4acTI-1ll c TBep,QbiMIII CCPAUODI-1HOMIII oce 
KOH$~~trypal..lll!l-1 {X} FIBJlfiiOTCfl J10KaJibHO-KOHC4HbiMI-I. EC/11-1 1 KPOMC Taro, 
napHwei noTeH4111aJ1 Y.QOBJ1eTBOpFieT IPI-yCJ10BIIIIO, TOr,Qa DCC KOH$1-1ry
palllltlll IX A l fiBJlRIOTCH perynRpHbiMIII, Mbl 6y,QeM ofioaHallaTb VIX !l A. 
To me cnpase,QJ11-1BO ,QJ1H llacTI-11.1 c HeOTPIIIliBTenbHbiMIII napHbiMIII noTeH
liHanaMH B3a~~tMO,Qei1CTBHfl, HeCMOTpfl Ha TO, 4TO IX} )0. nycTb nap
HWA noTeHI.II-1aJ1 l6e3 TBep,qoe\ cep,QlleBI-'!HW/ IIIMeeT KOHe4HWCi pa,QIIIyC 
B38iltMO,Qe~CTBHfl, TOr,Qa X t;;; f! Ill IPI-yCJ10BIIIe TBK>Ke npiiiBe,QeT 
K TOMY' 4TO n A= IT N np!-14eM o6a yCJ10BIIIfl 3,QeCb CylJieCTBeHHbl. 

Tenepb onpe,qeJ11-1M KOH$HrypBI.II-10HHbiH 60J1bUJOH KBHOH!It4eCKIII~ aH

cat-16J1b AJlfl 48CTHI.I, HaXO,QfllJIIIIXCR B COCy,Qe ACRI.I /,QJ1R o6paTHOH 
TeMr~epaTypbl f3> 0 "' aKTIIIBHOCTIII z > 0 I, npM HBJ11114111V1 peryn.ApHo~ 
KOH$111rypalii-1H 48CTHI.I BHe COCy,Qa. 

Onpe,qeneHI-!e 1. 2. AnF1 ycToi141-!Boro B3aHMo,o.ei1cTBVIH ycnos
HaR BepOFITHOCTHBR r11166COBCKBR Mepa ,QJlR 60J1bWOrO KaHOHIIIlleCKOro 

2 t'\ 

aHcaM6J1H s~ocyAe A.cRv 1-1 KOH¢J.1rypai.IVIHI XA.EUA. onpe,qem'l-
eTcfl Ha ~ A. 0 cymeHVI.AMIII 

n=O 

d (X (x ) = (X ) Z~n exp {-fJ(U:X n> + w (X n \X A.)) l 
fl.A. n A XA n n! 2(fJ,z,A.\XA.) 

1'1.6/ 

HB KalK,QOe A. 
0

, r ,Qe X A. (X n) - xap_aKTepiiiCTIII4eCKaR (jJyHKI.IVIR o6naCTH 
A0 c R n~ TaKIIIM o6pa3oM, dp. A. (X n 1 X A.) a6coniOTHO HenpepbiBHa OTHo-
CIIITeJ1bHO Mepbl Jle6era. dXn =dx 1 ... dx 0 , a ee nonHaR Macca pasHa 
6onbwoi1 CTaTJ.1CTIII4ecKo~ cyMMe la,qecb J dX0 = 1, n = 0 I 

A" 
- oo n -

E({3,z,A.\XA.)=}; _z_JdX
0

expl-fJ(U(X 0 )+W(X 0 \XA))l. /1.7/ 
n"'O n! A.n 

Cxo,QI-1MOCTb cyMMbl /1.71 o6ecne4111BaeTCfl ycToi14III§!OCTbiO B3BIIIMo
,Qei1cTBH.A I 1 • 21 111 perynRpHOCT biO KOH¢111 rypa1.111111 X A. I 1 • 5/. 

Onpe,QeneHIIIe 1. 3. AnR Mepbi 11.6/ n -To4e4HBR KoppenRI.II-10H
HaR ¢yHKl.\lllfl onpeAeJ1ReTCR CJ1eAYIOlJIIIIM CTBH,QapTHbiM o6pa3oM: 

- - 1 -
p A (z, X 

0 
\ X N = ():: ({3, z, A\ X A.))- r A. (z, X n \ X A.) , 

- oo n+m -fJU(X uy \X ) 
/1.8/ 

rA.(z,Xn\XA.) =xA.(X
0

) l _z ___ JdYme 0 
rn A, 

m=O rn! Am 

rge 

U (X n U Y m \ X A.) = U (X0 U Y m) + W (X 0 U Y m \ X A) , 

Xn uYm =(x1'x 2 .... ,x 0 ,y1 ,y 2 , ... ,ym), p A.(z, !Z) \XA.)=l. 

3aMeTIIIM, 4TO AJ1R Ma.llbiX HenepeceKaiOlJIJ.1XCfl o6nacTe.:i I(). . 1". 
_ 

0 
1 1=l 

0 
BeJ11114J.1HB PA. (z,X

0
\XA.) ll \(). 1\ cosnagaeT lc T04HOCTbiO ,QO o(}; \()./)/ 

1=1 1=1 
C yCJlOBHOH BepORTHOCTbiO Ha.:iTH n Hepa3J11114HMbiX 4BCTVII.I B 06J1aCTI-1 
().

1 
x ... x/); c A. 0 • npH ycnoBHH, 4TO BHe cocy.qa ¢111KCIIIposaHa KOH

n -
¢HrypauHR X A. lrpaHIII4Hbte ycnosl-IRI. 

2. nOCTAHOBKA 3AAA4~ 
KoppenBI..liiiOHHble TO>K,QeCTBa 

C noMOlJibiO He60J1bUIOH MO,QIII$111KBI.IIIIJ.1 CTBH,QapTHbiX Bbi4111CJ1eHV1~ /1/ 
MOlKHO ycTaHOBJ.1Tb AJ1R ycnoBHbiX KoppenRI.IHOHHbiX ¢YHK4111H I 1. 8/ 
HeCKOJ1bKO cep111i1 p83J1H4HbiX TOlK,QeCTB. nepBaR 1113 HVIX - 3TO TQ)f(
geCTBa.KHpKBy,Qa-3aJ1bl.l6ypra IK31: 

3 



- -
p, (z,X \X.) =zx,(X )exp!-,B(W(x ,X' )+W(x ,X,))l x 

H n 1\ 1\ n 1 n -1 1 H 

x ~ -1- J dY K..-.(x
1

,Y )p,(z,X' 1uY \X.) 
0 rnt m "' m 1\ n- m H 

m= }\m 

/2.1/ 

3AeCb 

X~ -1 = (x 2 'x 3, ... , x n) , 

-,B<ll(x -y) 
K<ll(x

1
,Y ) = TI (e 1 -1), K<ll(x , ~) =1. 

m yr;;;y m 1 

/2.2/ 

C noMOil.\biO 1-'!Tepal.IMI-1 /2. 1 I I eM. , HanpHMep ,17 • 131 I HeTPYAHO 
nony41-1T b BTOPYIO cepr-110 TO>KAeCTB, KOTOpaH Ha3biBaeTCFI TO>KAeCT!'Ja
MI-1 Mai:iepa: 

- -
pi\(z,X

0 
u Ve\Xi\)=xi\(Xn uVe)z 0 exp!-,B(U(X

0
)+W(XII,V£)+W(XII,Xi\))lx 

/2.3/ 1 
x ~ - I dY M ,..,(X , Y ) p , (z , V n u Y \X •) • 

_ 0 rnl m "' n m H L rn 1\ 
m- · Am 

np~-1 V f =C/J OHM CBOA.RTCR I< XOpOWO 1'13BeCTHbiM TO>KAeCTBaM Mai1epa-

1'10HTPOJ1Jla /MM/: 

p i\(z,XII\Xi\) =xi\(XII)z
0 exp!-,B(U(XII)+W(Xn\X~))l x 

/2.4/ 
00 1 -

x ~ - I dY M <ll(X , Y ) pi\ (z , Y I Xi\) , 
rn=O rn! i\ m m II m m 

-,Bwcx II ,y) /2. 5/ 
M<ll(X ,Y ) = ll (e -1), M<ll (X , CJ)=l. 

II m yr;;;ym n 

0eHOBHa.R J.1Ae.R, 6narOAaPR KOTOpOJIJ TO>KAeeTBa /2. 1/, /2.3/, 
/2.4/ npespall.\aiOTeR 8 OAHH 1-'13 Ba>KHeJIJWI'tX 1-'!HeTpyMeHTOB eTaT!-1eTJ.1-

t.teeKOJIJ MeXaHJ.1 Kl-1, 3aKJ110t.taeTCR B TOM, 4T06bl paeeMaTpl't BaTb J.1X Ka K 

ypasHeHI-1.R AI1R KOppemH~J.10HHbiX (jJyHKI.ll-1i1 lp i\ ( Z, X II IX' A) I n > 1 . XoTR 

3TO o6LJ4HO noApasyMesanoeb e MOMeHTa HanJ.1eaHJ.1.R TaKOrO-POAa 
eooTHoweHMi:i, TOJlbKO noene pa6oT 6oron1o6osa, Xa1..1eTa /41 1-1 P103-

Jlfl 151, a t<OTOPbiX paeeMaTpM aaneFJ npeAen 6eet<OHe4Horo o6beMa 
1'1 on11eaHJ.1e COOTBeTeTBYIO!l\ero r1166eOBCK0r0 COCTOFIHI-1fl, nnOAOTBOp

HOeTb TaKoi1 T04KJ.1 3peHJ.1f1 6~11~ npoAeMOHeTpJ.1pOBaHa Hal16onee sne

t.taTJl.RIOil.\e. 

4 

"' 

YenoBHbte Koppenf11.lJ.10HHbte (jJyHKI.ll-11-1 I 1. 8/ o6pa3yiOT 6eeKoHet.tHYIO 

nocneAoBaTenbHOeTb pi\ (z) =I pi\ (z, X \Xi\) l ,
1
1'1aMepJ.1MbtX eJ.1MMe.TpJ.14-

~ n n 0.:;, ~ 
HbiX (jJyHKI.ll-11-1. 03TOMy CJleAyeT npHAaTb T04HbiJ.1 eMbleJl KOppeJlf1!.li-10H-
HWM ypaBHeHJ.1.RM 8 HeKOTOpOM npoeTpaHCTBe nocneAOBaTeJlbHO~Tei1 
{jJyHKI.lJ.1i1, npl't4eM AOeTaTOL.JHO 60J1bWOM, 4T06bl OHO BMetllaJlO PJ\ (z) 
J.1 eoOTBeTCTBYIOUIJ.1e npeAeJlbl AJlfl Wl'1pOKOi1 o6nacTJ.1 3Hat.teHJ.1i1 napa
MeTpOB ,8, Z. nepBOHa4aJ1bHbiJIJ, J.1 B HaCTO.Ril\ee speMR CTaHAapTHbli1, 
nOAXOA K 3TOi1 ripo6neMe 6btJl npeAJlO>KeH B pa6oTaX /4-6/ /eM. 

TaK>Ke 111 I. 

l{oppeJl.RI.lMOHHbte ypasHeHMR 

B pa6oTe 141 6oron106os 1-1 Xal.leT npeAI10>KMJ1J.1 paceMaTpJ.1BaTb 6ec
KOHe4Hble nocneAOBaTeJ1bHOeTJ.1 KOppen.RI.lJ.10HHbiX ¢yHKI.llt1JIJ KaK 3ne

MeHT~ HeKoToporo 6aHaxosa npocTpaHCTsa. 

OnpeAeneHI1e 2. 1. nyeTb /;> 0 J.1 ¢=l¢(Xn)ln > 1 
nocneAOBaTeJl bHOCTbiO KOMnneKCHbiX J.13MepJ.1MbiX <lJYHKL\1-1'11 Ha 
BeKTOpHoe npoeTpaHeTBO 

flB!l.ReTCFI 
~ R IIV. 

II~ 1 

E .;=1¢: :i/-0

\\¢(XII)\\ Loo(Rnl) =\\¢\\I; <oo} /2.6/ 

RBJlReTCR 6aHaXOBbiM no OTHOWeHJ.110 K HOpMe \\·\\f' noAnpOCTpaHCTBO 
E l , COCTO.Rtllee J.13 flOCJleAOBaTeJlbHOeTeJIJ Cii!MMei'pi-14HbiX (jJyHKI.lJ.1i1, 
6yAeM Ha3biBaTb npOCTpaHCTBOM 6oronl06osa-Xal.leTa /oX/. 

AnR z;:: 0 /<jJI13M4ecKafl o6naeTb 3Hat.teHMi1 aKTMBHoeTJ4 ycToi1t.tl1-
soro noTeHI.ll1ana /1.2/ 1-1 perynflpHoJIJ KOH$J.1rypal~l1~~~ Xi\ /1-.5/ 
J.1MeeM: 

- - -t" ,BCB+D(XJ\)2 n 
0 'S_p i\ (z,X

0 
\Xi\):: (E.(,B, z,i\ \Xi\)) (ze ) x 

x exp(z\A\l(B+D(XJ\) )) 

,8( B+ D(XJ\)) 
TaKJ.1M o6paaoM, seKTopH03Hat.tHaR (jJyHKI.lMfl PJ\(z)r;;;Et;. t>ze -. 

B
1 

n?ocTp'aHCTBe E 1: onpeAeJliiiM, KaK 3To AenaeTCfl o6bi4HO 
/eM. 1 

/, onepaTop K3: 

00 1 
(K¢)(x 

1
) = :l - I dY K..-.(x1,Y ) ¢(Y ) , 

ml rn "' m m m=l · R mv 

,Bwc x' ) oo 1 /2.7/ 
(K¢)(X )=e- x1, Il-1 :l...,.- I dY K..,.,(x ,Y )¢(X' uY ),n>2. 

n m=O rn! rn ."' 1 rn n-1 m -
Rmv 

J1J.1Hei1Hbli1 onepaTop xi\: E r· Et;(i\)CE.; onpeAeJli-1M, KaK 
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(xA¢)(X ) = xA(X ) ¢(X ) , n n n 
a onepaTop exp (-{3W 

1
(XA)) 'anpe.QenfleTeR Ha no,qnpoeTpaHeT Be E (A) 

ene,qyto!liVIM o6paaoM: 

... - ,.. -{3W(x 1,xA) ,.. 
(exp(-{3W 

1 
(X A))xA ¢)(X

0
) = e (x A ¢)(X n) . 

Tor,qa Mhl Mo»<eM onpe,qenHTb a npoeTpaHeTee E ~ onepaTop K3 
"a KOHe4HOM o6beMe 11 KA, eooT~eTeT~YIO!liHill eocy,qy A CR~-' e pery-
IIRPHbiMVI rpaHVt4HbiMVI yeJlOBVIRI>II-1 X A~ n A : 

K A "" exp (-{3W /X A)) x A K . /2.8/ 

C nOMO!l\biO /2.8/ eOOTHOWeHt.1fl /2.1/ MOryT 6b1Tb nepen1.1eaHbl B BI-IAe 
ypaBHeHI1H a npoeTpaHeT Be E ~ : 

,.._ 
-f3w (X.., ... 

¢ =Ze 1 'hxAa + zK A¢' /2.9/ 

rp,e a= (1,0, ... ,0, ... ) VI ¢(())=1, eM. Onpep,eneHI1e 1.3. YpaeHeHHe 
/2.9/ Ha3~BatoT o6~4HO ypa8HeHI1eM K3 8 KoHe4HOM o6beMe. B Ha
eTOB!lleill pa6oTe OHO 0606!lleHO Ha eny4ai1 RBHOrO y4eTa peryJlRPHbiX 
KOH¢Hrypa~t.1~~~ flA BHe eoeyAa /3TO 3K8H8aiJeHTHO HeKOTOpOMy 
BHewHeMy non to, eM. 181 I. ,l.\JIR Xi\= 0 onepaTop /2. 8! H ypae
HeHt.1e /2.9/ eBOABTefl K o6W4HWM XOPOWO H3BeeTHWM BWpa»<eHVIfiM 
/eM. 111f. AHanori-14Hwe apryMeHTw, eeTeeTBeHHo, npVIMeHHMW VI t< 
TOlK,QeeTBaM /2. 3/, /2.4/. 

3aro~e4aHVIe 2.1. CVIeTeMbl ypaeHeHVIH, t<OTOPble nopoll<,qatoTeR 
TOlH,qeeT8aMII1 /2. 1 I, /2. 3/ VIII VI /2. 4/, 1-!MetoT no Kpai1Hei1 Mepe OAHO 
peweH!-Ie • .L\rlR ¢Jwt<e11poaaHHbiX rpaHH4HbiX yenoBI1i1 X A~« A ypa8-
HeHI-110 K3 B KOHe4HOM o6beMe /2.9/ TO>K,qeeTBeHHO YADBJieT80pfleT 
eet<TOP ¢(z) = PA (z) ~ E ~ np~-1 eooTBeTeTBYIO!l\HX 3Ha4eH!-IAX napa-
MeTpoe 'i. TaKHM o6paaoM, t<oppenR~HOHHwe ypa8HeHHH, noeTpoeH
Hble Ha OCHOBaH!IIVI TO>t<,qeeT B, VIMeiOT eMbleJI VI npe,QeTa BJlfiiOT 1-!HTepee 
TOJlbKO 8 TOM CJly4ae, eCJlJ.1 4J.1eJIO H $J.13H4eet<Hi1 eMbleJI J.1X peweHHH 
MO>KHO npOKOHTpOIII-1pOBaTb, no Kpai1HeH Mepe B KOHe4HOM 06beMe. 
3Ta T04t<a 3peHHR HBJIReTeR OTnpaBHOH ,(IJIR Beero 11 MeTO,Qa KOppe
II.Al\i<lOHHbiX ypaBHeHHi1 11 *. 

* 3,qeeb eoBeeM He aaTpari1BaeTeR eonpoc o6 J.1enonb3oBaH!-IJ.1 Me
TO.Qa KoppeJIRl.\J.10HHbiX ypaBHeHJ.1H 8 eoBpeMeHHOH TeOpHVI noiJfl, eM., 
HanpHMep, 13~ ' 

6 
"' 

• '"' 

•l •• 

3. KOPPEnRUHOHHWE YPABHEHHR B KOHE4HOM 06~EME: 
EA11HCTBEHHOCTb PE!IJEHHR An.fl PErYnllPHbiX rPAHI14Hb!X YCnOBv1tl 

Mbl paecMOTPHM a,qeeb ypaeHeHI-'!e K3 a KOHe4HOM o5beMe 1-1 ero 
MOAM¢Ht<al.\HIO, npe,qnomeHHyto Pto3neM 1 1. 5/, Afi.FI Taro, 4T06bl peanHao
eaTb nporpaMMy, HaMe4eHHYIO a 3aMe4aH!IIH 2. 1. Ha4aTb eJlet:~yeT 

e xopowo 1138eeTHoro aaMe4aH!II.fl o TOM, \.ITO onepaTopbl K3 /2.7/ 
H /2.8/ eaMH no ee6e AII.FI 3Toi1 l.\8111-1 no,qxo.Q.RT "''ano. AeiieTB!IITenb
HO, nyeTb napHOe B3aJ.1MOA8~CTBJ.1e yeTOi14M80 /1.2/ /HJIIII esepx
YCTOH4HBO /1.3// VI peryii.flPHO /1.4/, Tor,qa Allfl cp ~E~ nony-
4aeM: 

ICK¢)(Xn)1 ~II¢ II ,/cq,(/3} Cte2/3B )n-1 

ICKA ¢)(Xn) I~ ll¢11t /'D(~) e ~Cq,(/3) (~ e2{3B )n-1 
/3.1/ 

Cnet:~oeaTeiJbHo, KA: E p-+ E e 2/3B;: - 3To oaHa4aeT, 4TO )l.paaHeHI'Ie 
/2.9/ HeB03MOmHO paecMaTpHB~Tb B HeKOTOPOM DAHOM 6aHaXOBOM 
npoeTpaHeTae E ~ . 

OnepaTop KHpK8YAa-PI03Il.R 

3aMel.laHHe 3.1. 01..\eHKI-1 /3.1/ He8o3MomHo yny4wHTb 8 o6!lleM 
eny4ae, noct<OJibKy ,qame J:llll'l /CY/-B3a!IIMOAe~CTBHH /1.3/ HMeeM: 

inf W(x 1 ,X~_1 )?. -(n-1)B. 
X ~An 

/3.2/ 
n 

TeM He t<~eHee, Kat< Mbl yBI-IAHM HI-I me, Cllyl..lal-1 /Y I- 1-1 /CY I- B3ai-IMOAei1-
eTBHi1 npHBOJ:IfiT B 60I1bWHHeTBe CJiy4aeB K eyUleeTB8HHO pa3HbiM ene,q
eT8H.RM. 

1-iMeeTCR no Kpai:\HeH Mepe ,qsa llYTI-1 npeOAOI18HI-1.FI OTMe4eHHbiX 
s~we TPYAHOeTeA. nepBwi1 - paceMaTpHBaTb onepaTop KA /HnH K I 
a o6beAJ.1HeHHH E = u Et:. BTopoi1 - aoenonbaoeaTbCfl t<paeHBbiM npHe-

~>o "' 
MOM Pto3JIR, KOTOPbiH npe,qno>KHI1 npocToe npeo6paaol3aHHe, 11 8oaepa-
Uiato!llee" o6nacTb aHa4eHHi1 onepaTopa K A , I-IJIH RanK, a npocT
paHCTBo E ~ /eM. 111 111 /5/ I. 

3aMe4aHHe 3.2. l-13 onpe,qeneHHR 2.1 ene,qyeT, 4To E~cEt, 
All.FI ~ < t'. no3TOMy o6beAHHeH!IIe E He fiBJifleTCfl HOPMHpoeaHHbiM npocT·· 
paHCTBOM, HO o6na,qaeT eeTeeTB8HHOi1 JIOKaJibHO-Bblnyi<JIOH TOnono
rMeH HHAYKTHBHoro npe,qena. 6onee Taro, Kat< HHAYI<THBHbiA npe,qen 
6aHaxoBbiX npoeTpaHeTB E t , o6"be,qHHeHHe E fi8JIReTeR noJIHbiM oT
,qenHMbiM npocTpaHeTBOM Mat< Kill I eM., Hanp!-!Mep ,114/ I. K H3y4eHJ.1to 
eeoi1eTB onepaTopa K3 8 npocTpaHcTae E Mbl eepHeMCR 8 ,qpyroi1 pa-
6oTe. 
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B HaeTOflll\eM pa6oTe Mbl eoenOJ1b3yeMefl npHeMOM PI03Jlfl, KOTOPbiK 
e~OpMyJ1111pyeM B cne,qyiOll\eM Bll1,qe: 

npe,qJ10lKeHII1e 3. 1. nyeTb <lJ- yeTOK4HBbiK 111 peryJlfiPHbiM no
TeH~Han napHOrO B3aHMO,qeJiieTBII1fl. Tor,qa eyll\eeTByeT TaKOK H,qeMno
TeHTHbiM onepaTop nepeeTaHOBK111 ll: E I; ... E C' 4TO n~: E 1; ... E I; 
111 onepaTop a KoHe4HOM o6·beMe TIKA: E .;-+E 1; ,l'vlR X A- ~n A' 

,(\oKa3aTenbeTBO. AoKa3aTenbeTBO nepeo\1 4aen1 npe,qnomeHHfl 
xopowo 1113BeeTHO /eM. 111 I 111 ,qaeT ene,qyiOli\YIO o~eHKY ,qnR HOPMbl 
onepaTopa llK: 

sup IITIK¢ II I; = llllKII < e2{3B ~;-1 l;c<IJ(f3) 
¢~Ef;'ll¢lli1 Et;- e 

/3.3/ 

OnepaTOP n ,qeJiieTayeT B npoeTpaHeTBe E I; ene,qyiOli\VIM o6pa30M 11: 
¢_(X 0)->¢(x17 ,X2,x3 , ... ,X 7,_1 ,x1 ,X 17+l'"''Xn), n03TOMY B e111ny 
/2.8/ nony4aeM: 

IIKA=e-{3wl(XA)xAUK. • /3.4/ 

Cne,qoaaTenbHo, BTopafl 4aeTb npe,qnomeHHH eeTb npoeToe ene,qeT
BHe perynflpHOeTH rpaHH4H~X yeJlOBHK /1.5/ H O~eHKH /3.3/: 

{3(2B+D(X A)) _ 1 l;c ¢(/3) 

llllK AliEf; S e I; e 0 /3.5/ 

s 
Cne,qeTBHe 3.1. nyeTb ¢~E,' Tor,qa TI¢=¢, no3TOMY B npo-

eTpBHeTBe 5X ypaBHeHHe /2.9/ MOlKHO nepenHeaTb B Bll1,qe ypaBHe
HVIfl KHpKey,qa-PI03Jlfl /KP/: 

-f3w <"xN ,. 
¢ = ze 17 xi\ a+ zllKA ¢. /3.6/ 

noeKOJlbKy TIKA: E .; ... E ( /onepaTOP KHpKBy,qa-P103Jlfl e o6naeTbiO 

onpe,qeneHHfl D(llK A)= E I; I, TO ypaaHeHHe /3.6/ MO>I<HO ¢opMaJlbHO 
paeeMaTpHaaTb eo seeM npoeTpaHeTBe E 1;. 

3KenoHeH~HanbHa~ ~opMa onepaTopa K3 
B KOH84HOM o6beMe VI npo6neMa eo6eTB8HHbiX 3Ha4eHII1H 

04eBH,qHo, 4TO 3a,qa4a peweHHfl ypaeHeHIIIH K3 H KP eaRaaHa 
e npo6neMoi1 eo6eTBeHHbiX BeKTOpOB AJlfl eooTBeTeTBYIOli\HX onepaTO
pOB, 3,qecb Mbl 113Jl0l«HM peweHVIe 3TOK npo6neMbl B KOH84HOM o6be
Me, OeHOB~Baf!eb Ha OAHOH Vl,qee naeTypa /eM./?/ /. 

8 "" 

1 v " npe,qJ10lK8HHe 3.2. nyeTb f~L (R) VI d(f):EcE~;- onepa-
TOP 11 e,qBVIra'': 

(d(f)¢)(X 
0

) = f dyf(y) ¢(X 
0
u y). /3.7/' 

RV 

Tor,qa onepaTop d(f) fiBnfleTefl reHepaTopor-1 o,qHonapaMeTpl14eeKoi1 
11·11~;- ronoMop¢Hoi1 rpynnbl Pf (():E.;-E~,r,qe 

Pr<O=exp((d(f)), (~C. /3.7/ 
, 

AoKa3aTenbeTao: CornaeHo onpe,qeneHI1fiM /2.6/ 11 /3.7/ 
11MeeM: 

!ld(f) II s !;II fll L l(RV) • 
Ef; 

/3.8/ 

Cne,qoaaTenbHO, onepaTopH03Ha4HYIO ~YHK~HIO /3.7/ MOlKHO onpe,qenHTb, 
KaK a6eOJ110THO II· II f; -eXOA.Ali\11HeR B t<OMnJleKeHOJii nnoeKOeTI1 ( 
PRA 

oa 'Ill p f(()= I. -(dCf)) m 
m=O m! 

II P r(()IIEI; s_exp(l;l(l ll!liLt(Rv)) • 13.9/ 

Bb!pameHJ::Ie /3.9/ 111 onpe,qen.ReT II· lie -ronoMop¢HYIO rpynny c reHepa
TOPOM d(f). 0 

3aMe4aH~e 3. 3. B eny4ae f( x) =xA(x) Mbl 6y.QeM HenonbaoaaTb 
o6o3Ha4eHH.R dA, PA((),HaKoHeq, PA=PA((=1) /npeo6pa3oBaHI-1e Me-
61-1yea a KOHe4HOM o6beMe A, eM. /7, 15,24/ I. 

Onpe,qeni1M a npocTpaHeTse Ee ,qaa ene,qyl0li\1-1X onepaTopa: 

" 1 , Cx • ¢) (X ) = x A(x ) ¢(X ) , 
H n 1 n-1 

(P 1 ¢) (X ) = o ¢(X ) = I ¢ (x 1) • 
n l,n n O, 

n = 1, 

n 2: 2. 
/3.10/ 

Tor,qa, 11enonb3Yfl yenoe1-1e ¢( (,1) =1, onepaTop K3 /2. 71 MOlKHO aanl1-
eaTb B BH,qe 

, " 1 
K=K-Px, 

1 Rv /3.11/ 
-{3W(x , X' ) "" 1 

(K '¢)(X ) = e 1 n-l I.- f dY K,.., (x
1

, Y ) ¢(X' 
1 

u Y ) , 
n m-O ml m ..., m n- m - Rmv 
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a onepaTop K' npe,qcTaBJ.1Tb e 113KcnoHeHL\I-1anbHoi1" ¢opMe: 
' ,.. ,... ,.. " 1 

K' * exp (-f3W) exp I exp ( -f3<1l) - d ( 1) l )( R v • /3.12/ 

3)J,ec b Mbl nona r a eM' 4TO An~ ¢ ~ E e 
(W¢)(X 

11
) = W(x 

1 
,x;_1 )¢(X 

11
) , 13. 13/ 

Clexp(-f3<f,) -d(l) l¢)(X )= J dy(e -{3<1l(x-y) -1)¢(X U y). 
n v n 

R 
/3. 14/ 

Cne,qyeT no,q4epKHYTb' 4TO \\(exp(-{3~) -d(1)) ¢II e :: ,;c <ll ({3)1\¢1\ c 
O,QHaKO no OT,qenbHOCTI-1 onepaTOpbl, BXOA~~J.1e B /3.14/, He ~Bn~~TC~ 
orpaHI-14eHHbiMI-1 e npoCTpaHcTee E,;. B npocTpaHcTee 6X: E~(M=xAE~ 
ei-1TYal\MR 6onee 6naronpi-1~THa. 

· JleMMa 3.1. OnepaTop K3 e KoHe4HOM o6beMe /2.8/ e D(KA) = 
= E~(A) MOmHO np1-1Been1 K 11 KaHOHJ.14eeKOMy 11 BH,QY e nOMOlJ.Ib~ npe-
o6pa30BaHH~ Me6J.1yea p A. 3To 03Ha4aeT, 4TO An~ ¢ c;. E e (A) 
Mbl J.1MeeM: 

m-1 m -{3W(x 1,XA) oo 1 . 
(-.,A KJ\.JA¢)(x 1)=-e · XA(x 1) I rnt fdYm¢(Ym)' 

m=1 Am 
/3.15/ 

-1 -{3W(xl,X/V -{3W(x 1•X~-1> · 
(PA KAPA ¢)(X

11
)=e e XA(x 1)rp(X~_ 1 ),n~2. 

.[loKa3aTenbeTBO. CymeHJ.1e onepaTopa KAHa npoeTpaHeTso 
E~(A)J.1MeeT ene,qy~ll.IJ.1i1 BJ.1A /eM. /3.11/, /3.12//: 

s -f3w <'xN-- ,.. 1 
K A ~ E e (A) = K A- e 1 ),(A p 1 )( A ' 

/3.16/ 

, -f3w1cxN,.. _13 .; lexpc-{3<£)-ctAl ,.. 1 
KA=e xAe e XA 

nyeTb ¢~E;~(i\),Tor,qa B e~;~ny Toro,4TO supp¢(X
11

)CA 11 ,J.1MeeM: 

1\exp (-{3<£')¢ II e~ 1\¢1\ e \A\ exp(2f3B) • a J.1enonb3Yfl el-iMt>1eTplil~ <IJYHKL\I-1H 

!¢(X ) l > , nony1.1aeM 
n n_1 

[ exp(-{3¢), dA] = 0. /~. 17/ 

10 
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HeTpy,qHo nposepi-1Tb TaKme, 4To 

[ exp ( -d A ) , x A ] = 0 , [ d A , W 
1 

(X A ) ] .. = 0 . /3.18/ 

Cne,QoBaTen bHO' onepaTop K~ ~ E e(A) MomeT 6b1Tb npe,qeTaBneH 8 Bl-1-
,Qe: " -

, -f3wl(XA),.. -f3w exp(-{3<fi) 
KA=e xAe e 

" -d x 1 e A 
A 

no3TOMy' eenl-1 3aMeTJ.1Tb' 4TO p A: E ~(A) ... E l ~A) ' 

m-1 K'(l) -f3Wl(XN-'- -dA -f3w exp(-{3$) "1 
..,A i\JA=e '')(Ae e e XA· /3.19/ 

nyeTb ¢ ~El(A), TOrga np~Mble Bbi4J.1eneHI-1~ noKa3biBaiOT, 
cne,qoeaTe!lbHO /eM. /3. 19/ I, Mbl J.1MeeM: 

4TO, 

-1 , ,.. -{3; 1<x.N -f3w ,.. 1 
p A KA PA =X A e e X A· 13.20/ 

Onpe,qeneHJ.1e /3.10/ 1-1 eooTHoweHHe /3.18/ 03Ha4a~T, 4To 

1 -f3wt <XA) ,.. 1 
( p A e p 1 X A p A ¢ )(X n ) = 

-
-{3w(xl,XN ~ _1_ J dY ¢(Y ) 

/3.21/ 
( )

e "" ' m m = 8 1 ,n )(A X 1 m=l m. Am 

,(l!lfl ¢~ E!(i\).Co6~;~pa~ 8MeeTe eOOTHOWeHI-1fl /3.20/, /3.21/ 1-1 J3.J6/, 
nony4aeM 73. 15/. o 

3'ciMe4aHJ.1e 3.4. ,[In~ XA~ 11A 11 yeTOH411BOro B3avtMO,qeikT
BI-1fl I 1 . 2/ I-1MeeM: 

· -{3U(X 11 )-/3W(~,XA) \ n n{3(B+D(XA)) 
\ f ndX 11 e \ S. A\ e . 

Cne,qo~TenbHo, 6onbwaH eTaTJ.1eTI-14eeKaR eyMMa /1.7/ MomeT 6b1Tb 
npo,qonmeHa 1;13 ¢1-13J.14eeKOH o6naeTJ.1 z > 0 ,QO Llefloi:i ·<llYHKL\1-11-1 
B nnoeKoeTI-1 C, nopR,QOK KOTopoj;j - He- 6onee eAHHI-1llbl I {..If!?. /CY I
B3av.~ogeHCTBMR nop~,qoK_<IlYHKL\1-11-1 Hynesoi1(. TaKJ.1M o6pasoM~ HY!ll-1 
NC2)=!zi~C: E({3,z 1 ,A\XA) = Ol o6pa3yiOT ,Q11CKpeTHoe'MHomeeT-
so C T04KOH crylJ.IeHHfl B 6eeKO,He4HOCTJ.1, 

TeopE!Ma 3.1. nyeTb C(y)=!z~ C:\z\'<y}. Tor,qa eylJ.IeeTByeT 
TaKoe e>o. 4TO 8 KOHe4HOM 06beMe onepaTopbl K3 /2.8/ J.1 KP /3.4/ 
e eny4.a,e yeTqi141-1BOr_9 napHoro B3aMMo,qei1eTBt-~fl <ll 11 perynl'IPI-!~'x 
rpaH~4HbiX yenoB1-1i1 XA I 1. 51 11Me~T B npoeTpaHeTBe 6X E!(A) o6ll.lee 
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KOHe4HOe MHo>KeCTBO coocTBeHHbiX eeKTopoa IrA (z. )l i 2-0 ~ E ~(A), 
rA(z ) =I~] /eM. /1.8//, COOTBeTCTByiO~IIIX CO~CTBeHHbiM 3Ha4e-

i=0 
HlllflM 1\ =Z ~1 : Z i I;N (E) n C (y)(= {): i=O) }, KOTOpble nO!lHOCT biO IIIC4epnbi-
Ba10T C06CTBeHH~e BeKTOp~ 8 3TOM npOCTpaHCTBe. 

.QoKa3aTeJ1bCTBO. 4T06bl peWIIITb npo611eMy C06CTBeHHbiX 3Ha-

4eHIIIH Ill co6eTBeHHbiX BeKTOpOB .QJlfl HeKOTOporo I; > 0: 

K A¢=>..¢, ¢ <:- E; (A), /3.22/ 

3aMeTIIIM, 4TO OHa eBO.QIIITefl K 3aAa4e 

ro-1 a> s 
J A KA J At/; =At/;, if; <:-E~(A), /3.23/ 

(i) -1 
r.o.e t/;=J A¢. nyeTb /eM. /3.15// 

1 .p 
0 

=- ~ - J dY if; (Y ) , 
m=1 m! Am m m 

/3.24/ 

T~r.o.a, McnoJ1b3YR /3.15/, nony4aeM HBHoe peweHMe aaAa4H /3.23/: 

-1 -,Bwcx1.5{A) 
.p (x 

1
) = A e X A (x 

1
) if; 0 , 

/3.25/ 
-,Bwcx , XA) -,Bucx11 ) 

if; (X ) =A-n e 11 x A( X ) e if; 0 , n > 2, 
n n -

nOCKOJlbKY /3.25/ Ill onpe.Qe11eH111e /3.24/ np!IIBOAHT K 
11
-CeKyllflPHOMY 

ypaaHeHI-1~ 1 /eM. /1.7// 

t/,
0

'f2({3,A-1 ,A\XA) =o. /3.26/ 

Boaapa~aRcb K npo6neMe /3.22/, nony4aeM /eM. /1.8// co6eTBeH

Hble BeKTOpbl 

p -1 
¢1= At/;l=rA(>..i} 

/3.27/ 

-1 s . 
111 co6cTaeHHbJe aHa4eHIIIR I'A.. =Z. : z .EN(E),rA(z. )~Ec-(A)}.OL\eHKa 

1 1 1 1 ., 

. -~ 
11 

n,B(B+D(XAJ) ftCB+D(XA)) 
\\r A ( z) 1\E $. sup ~ !z\ e exp(\z\ \A\ e ) /3.28/ 

~ n::: 1 

111 aaMe4aHHe 3. 4 AOKa3biBaJOT TeopeMy .QJ1R onepaTopa K3, HaKoHell, 

12 

"' 

If 

:j, 
I. 

d ,· 

fl. 
J 

aaMe4aHIIIH o TOM, 4To cymetme II~ E g= l 
saJOT TeopeMy no!lHOCTbiO. o 

11 Kerll=IOl, p,oKa3bl-

PeweHHe ypaaHetil-111 K3 11 !{P 
MeTOAOM aHa!lHTII14eeKoro npO.QOJl>KeHHfl 

Hawa Lle!lb - HaihH p,oeTaT04Hble ycnoBHH Toro, 4T06bl ypaaHeHHR 
THna KHpKByp,a B KOHe4HOM 06beMe HMeJlH ep,HHeTBeHHOe peweHHe. 
YpaaHeHMe KP /3.6/, TaK me KaK 111 TeopeMa 3.1, 6YAYT eny>KHTb 
HaM AAR 3Toro a Ka4eCTBe aamHoro acnoMoraTellbHoro cpep,cTaa. 

neMMa 3. 2. nycTb X x~ nA Ill B3aHMO,Qei1cTBHe flBJlfleTCfl yc
TOH4HBbiM /1.2/. TorAa A!lfl KoMnneKeHbiX 3Ha4eHHi1 aKTI-1BHOCTI1 z 
H Ka>K.Aoro ¢HKCHpoaaHHoro /;>0 aeKTOP p A (z) =I PA (z, X 11]XA) l > 1 
HBJlfleTefl \\•\1.; -MepoMop¢JHOH BeKTOpH03Ha4HOi:1 $yHKI.ll1eH n_ 

PA: c+ (,.;J ... E ~ B o6naCTH /Kp>'r Me~oMop$HOCTH/ 
-,8( B+ D(X A)) 

C +(f) =I z ..: C ~ \z! < ~·e l . /3.29/ 

.QoKa3aTe!lbCTBO. 11cnOJ1b3Yfl ye!lOBHfl yCTOH41-1BOCTI1 H pery
JlflpHOCTI-1 /1.5/ Allfl aeKTopa r A (z) =lr A( z,X IX A) I /eM. /1.8//, n u::: 1 
npe.QeTaBJleHHOrO 8 BH.Qe 

rA(z) = ~ _1_a (z}, 
m=O m! m /3.30/ 

(am (z))(X n ) = z- n+ m f dY e -f3ucxnu Y m I XA) 
AID m 

nony4aeM Allfl $111KCHpoaaHHoro /;>0, 4To 

\Jam(z)\!.;S. sup .;-n (\z\e,B(B+D(XA)) 

n?_1 

f3CB+D(XN \ m. 

)n (jzj \Aje /3.31/ 

oonee Taro, AHA z,z'EC+($ H Hei<OToporo e~ C, \0\ <1, HMeeM 

II ') -1 d m m (a (z -a (z))(z'-z) --a (z)\lc-<\z'-z\IZ+O(z ... -z)\ \AI x 
m m dz m ., -

13.32/ 
m,I3(B+D(XA)) c--n(m+n)(m+n-1) I (}( , )I n-2 n/3(B+D(XA)) 

x e sup ., z + z -z . e 
. n2:_1 21 

r,qe /cp. /3.30// 
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d <-;-a~(z))(Xn)·=(n+m)zn+ni~t fdY e-[3U(XnUYm.\~A) 
J\ID m 

d (< -

IJ-a (z) \I <JAil lm-1 m,AB+D(XN) 
dz m .;- z e 

sup ~ -n (\zl /(B+D(XN ))n /3. 33/ 

n2: 1 • 

Ou~liKI-1 /3.31/-/3.33/ noKa3btBatoT, 4TO am:C+(~ .... E.;.ABJl.AeTc.A 
11·11 ~ -aHaJlVITI-14€CI<OM BeKTOpH03Ha4HOH <!JYHKl.IMeH .Qll.A :!]to6oro m::: 0 

1-1 liTO AJl.A z<;C+W HMeeM llam(z)ll,;_:::(lziiAief3(B+Q(XJ\) )II! lhaK, 
p.A,q /3.3q/ l;'IBJJ.AeTc.A paBHOMepHo 11-11 -cxo,q.AI.llHMC.A B C+(~ ,H, 
cn.e,qoBaTellbt-to, OH onpe,qe.rt.AeT s ::no/ o6nacTH 11·11~ -at-tanHTH
llecKylo BeKTOpHosHa4HYIO ¢YHK1.1HIO r A (z). llo3TOMy onpe,qeneHHe 
/1.8/ H saMe4aHHe 3.~ sasep~atoT ,qoKasaTenbCTBO neMMW. · o · 

T eop eM.a 3. 2. llycTb X A-=-fiA, a napt-tbiW noTeHLIHan ssai1Mo
.Qe.::icTBI1H <tJ .ABJl.AeTc.A ycTOM4HBbiM 1-1 perynl'lpHbiM. Tor.Qa .QJl.A Ka>K.Qoro 
~> 0 ypaBHeHHe KP /3.6/ B KOHe4HOM o6beMe 11MeeT e.QHHCTBeHt-toe 

peweHHe B npocTpaHCTBe E t(A), KOTOpoe: 
/a/ 11·11~;, -at-taJ1HTI14HO s o6nacTH C_({j /Kpyr at-taJlHTH4HOCTv./: 

-/;c <fl(f3'f -[3(2B+D(X A)) 4 
C_W=lz~C: lzl<.;e e , l cc+(~, /3.3 I 

/6/ ll·llc-MepoMop¢Ho B C+(~)' 11 cosnaAaeT a 3To.:1 o6nacTI1 c 

p A (z) ~ C + (~J. _ _ 
AoKasaTellbCTBo. /a/ llycTb XA~nA, Tor.Qa ot.~eHKa /3.5/ 

.QaeT: 

ilzlll<.A II :S 1\zilK II < !z!C1e .;c<D(f3) 
E 8 (A) A Eg - • 

~ 

[3(2B+D(XA)) • /3.35/ e 

Cne.QosafenbHO, ·.Qnl'l z c;. C (0 ypaBHeHI1e KP /3.6/ 11MeeT e.QI1H-
CTBeHHOe peweHHe: 

- _1 -[3W
17
(X!JA 

¢ ( z I X A ) = ( 1 - z IlK A ) ze ' )( A a • /3.36/ 

3To at-tani1TI14ecKa.A seKTopt-tost-ta4Ha.A ¢YHK1.111l'l ¢: C _ ($ .... E ~~A), 
nocKOJlbKy: /1/ PRA IlHYBI1JlJl.A-Hei1Mat-ta .QJlR pe30JlbBeHTbl: R,_ 1 (TIKN"" 
= (z-1 -IlK N-l .QaeT B CHJll: /3.35/ paBHOMepHO CXO.QRI1\€€C.A ZB C_ (~ 
pasno>Ket-t!lle ¢YHK1.11-1H ¢(z I x; A) s PflA no cTerteHRM .z 11 /2/ BeKTop 
pi\ (z), cocTO.AIJ.\1111 1-13 CI1MMeTpi14HbiX tl>YHK1.111M, .ABJlReTcH no onpe,qene
HI110 P._eweH11eM ypast-teHI1.A KP a KOHe4HOM o6"beMe. Cne,qosa-r..enbt-to: 
¢(z\XA) =pA(z) ~ C_W t;;E!(A), 
/a/ llOCJle.QHee paBeHCTBO H pe3yJlbTaTbl JleMMbl 3. 2 03Ha4aiOT, 4TO; 
peweHI1e /3.36/ HMeeT e.QMHCTB~HHOe aHaJ111TM4eCKOe npO.QOJl>KeHt-18 M3 
o6naCTI1 C_($ B o6JlaCTb C~($=C+(~\(N(E)()C+(e), r,qe OHO 

1.¢ 

"' 

'I 
I. 

I 
'~t 
l • 
J ~ 
.. ,~ 
• • 
'I 

onpe,qenHeT <!JyHK1.11110 ¢ (z \X A) ~ E ~(A): ¢CziXA) =pi\ (z) ~ C ~ ~,;). Cne,qosa
TeJlbHo, 3TO npO.QOJl>KeHI1e .ABJl.AeTC.A peWeHI1€M ypaBHeHH.A /3.6/. 
HaKoHel.l, npe.Qnonomet-tHe o TOM, 4TO .QJl.A HeKOTOPbiX z .E C '(~) 
B npocTpaHCTBe E!(A) 11Me10TC.A peweHI1.A, OTJ1114Hble OT ;,b(z\XA), 
npontsope4t.1T TeopeMe 3. 1. 3To ost-ta4aeT,. 4TO aHaJ111TI14ecKcH~ 

npo,qon>Ket-tl1e BbtpameHI1.A· /3.36/ ,qaeT e,qHHCTBeHHOe peweHMe ypas- · 
HeHI1.A KP /3.6/ B npoCTpaHCIBe E e<A) .QJl.A z ~ C~(g). llocKorlbKy 
ot-to cosna,qaeT c p.J\(z)~ C+(e,To, cne,qosaTellbHo, HBJl.AeTc.A 11·11.;
~~poMop<!Jt-twM B 3T~H 06JlaCTI1. D 

Cne.QCTBHe 3.1. Ypast-teHHe K3 /2.9/ 11MeeT a npocTpaHCTBe 
E t(A) e.QHHCTBeHHOe pewe~;tHe 1 KOTOpoe: 
/aJ \\·\\.; -a'HaJ1MH14HO B 06JlaCTH C_ (.(;), 
/6/ 11·11.; -MepoMop<!JHo B C+(~ 11 cosna,qaeT B 3Toi1 o6nacn1 c 

PA(z) ~ C+(~. 

AoKasaTeJlbCTBO. 3aMeTI1M, 4TO Il~E~=7,Kerll=l0l. rlo3-
TOMY, ecnH npe,qnOJlOM<~Tb, _ 4TO A~.A Z ~ C~ (.(;) CYil\eCTByeT HeKOTO
poe ,qpyroe pe~eHHe <f>'(ziXA) t;.Et(~),Tor.Qa 3TO npoTHBOpe4HT TOJlbKO 
4TO .QOKa3aHHOH TeopeMe. D 

CsepxycToR4HBWe BSai1Mo,qe.::icTBI1.A 

3,qeCb MW paCCMOTpHM CBepxyCTOH411BWe B3aHMOAe.::ic~BH.A, .lJTO~W . . 
noKa3aTb, 4TO B 3TOM CJly4ae CI1TYal.II1.A CYI1\€CTBeHHO OTJlH4aeTC.A OT 
TOR, KOTopa.A. 11"')eeT .MeCTO .Qll.A yCTOM411BbiX B3ai1MO.QeRC,TBI1H, ~.ac;
CMOTpeHHWX BWWe. 

JleMMa 3' 3. nyc;Tb xxs n A 11 noTeHLIJ1a11 B3ai1MO.QeMCTBM.A csepx
yCTOH4HB /1.3/. Tor,qa pA(z) Go n E C' .QJl.A z E:- C"N(E) H .ABJl.AeTC.A . ~>O ~· . • 
11·11~ -MepoMop<!Jt-to.::i seK'fOPH03Ha4t-to.:1 tl>YHKl.ll1eR pi\: C-.E.; .Qll.A n;o-
6oro .; > 0. , 

.QoKa3aTeJlbCTBO. Pi3CCY>K.QeHI1.A no4TI1 nonHOCTbiO cosna,qaiOT 
C .QOKa3aTeJlbCTBaMH JleMMbl 3.2. /CY/ - CBOWCTBO /1.3/ 11 peryJl.Ap
HOCT b KOH<!l11 rypa1.11111 XA I 1 • 5/ np11 BO.Q.AT K ,ot.~eHKaM, KOTOpbte noKa-
3bJBatoT, 4To 2 ({3, z, A I XA) .ABnfleTC.A .QJl.A z .; C t.~eno.::i ,¢yHKL111e.::i 
Hynesoro nop.A.QKa H am (-> Ee HBJlHeTC.A \\·\\ g -ronoMop<!JHOH <!JYHK-
l.II1€H .Qll.A nto6oro m;::O H e·>O /eM. /3.30//. DOJlee TOrO, 11MeeM 
/cp. /3.31//: 

[3( Bn (A)+D(XJV [3(B (A) +D(X A)) 
!Ia (z)\\c.Ssup~-n(\z\e )IJ(\z\\A\e m ).m/3.37/ 

m s n> 1 -

Cne.QoBaTeJlbHO, rA (z), eM. /3.30/, .Qllfl 111o6oro .f;>O TaKM<e .ABJl.AeT
,c.A t.~enoR seKTOPH03Ha4HOH ¢yHKL111e.::i r A : <C ... E t Hynesoro nop.AAKa. 
CcblnKa t-ta Bblpamet-tl-le I 1 • 8! sasepwaeT .QOKasaTeJlbCTBO. D' 

., 
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B Ka4ecTse cne,qcTBI1R nony4aeM a Han or TeopeMbl 3. 2, a 11MCHHO: 

TeopeMa 3. 3. nycTb xx~ f!A 11 napHbl~ nOT€H[\11an B3a!-1Mo
,qeilicTBI1R <l> HBm=teTcR csepxycToili411BbiM 11 perynRPHb!M. Tor,qa ,QnR 
!1106oro ~> 0 ypaBH€HI1e KP /3.6/ ~1MeeT B npocTpaHCTBe EiX n E;(A) 
C,QI1HCTBeHHOe peweHI1e cp(ZiXA), KOTOpoe .R8JlR€TCfl: ~>O 
Ia/ ll·a ~ -aHanHTI-14HbiM 8 o6naCTI1 c_ : 

_ _ -t3C2B+D(XA)-4A/!.t\l> . 
C_=I~~C:[z[<e 1 Ccp(.B)e }::JC_((), /3.38/ 

/6/ !HI~ -MepoMop¢HbiM 8 nnocKocn1 C 11 ¢(zlXA)=pA(z). 

/.\oKa3aTeJlbCTBO. Hs onpe,qeneHI1R onepaTopa ll/cM. npe,q
nomeHI1e 3.1/ MMeeM: 

(x AllW) (Xn) ;::,-2B n (A). 
' -

13.391 

no:not-ly BMCCTO /3, 35/ nony4aeM: 

liz llK All . < tzi {; -le {;c~f3) , e ,8(2B 2 (A)+D(XA)) • /3.40/ 
E 8 (A)-

Hs HepaseHcTta /3.40/ cne,qyeT, 4To ,qm1 aKTI1BHOCTeili zc;;.C_ypae'
HeHI1e KP /3.6/ 11MeeT e,Q11HCT8eHHOe peweHI1e. AoKasaTenbCTBO 3a
eepwaeTCR CCbtnKoili Ha neMMy 3. 3 11 MeTO.Q aHani1TI<14ecF<aro npo.Qon
meHHfl 11 n04TH ,QOCilOBHO nOBTOPRCT 3aKJli0411Te!lbHYIO 4aCTb ,QOKasa
Te!lbCTBa TeopeMbl 3.2. o 

Cne,qcTBHe 3. 2. B KoHe4HOM o61>eMe ypaeHeH~-te K3 /2.9/ 
,Qml J1106oro /;> 0 HMeeT 8 npocTpaHCT8e oX E ~(A) C,QI1HCTB8HHOe 
peweH~-te ¢: C'\ N (E) ... Ee(A), KoTopoe R8nReTcfl 11·11.; -MepoMop¢HbiM 
1-1 cosna,qaeT c p A (z). 

4. HEOTPHlV\TEJloHbiE nOTEHUHAJlbl 
H nOTEHUHAJlbl C TBEPAOtl CEPAUEBHHOt1. 
OrPAHH4EHHOCTb OnEPATOPA K3 

KaK yKasaHo s saMe4aHI111 1.2, HMeeTCR no KpailiHeili Mepe ,q8a 
THna papHbiX nOT€H[\Ha!l08, KOTOpble cne,qyeT Bbi,Qe!lHT b B CBR311 
c onpe,qeneHHeM 1 • 1 • HH>Ke Mbl noKa>KeM, 4TO TO me cne,qyeT c,qenaT b 
B CBfl3:-1 co csoilicTBaMI1 onepaTopoe 1<3 11 MM. 

npe,QJ10lKCH1<1e 4. 1. nycTb napHbli:1 noTeH[\11aJ1 cD RBill'leTCR 
pel-yilRPHbiM /1 . 4/ 11 I a/ HeOTP114aTenbHbiM, n116o /6/ ~t~MeeT Tsep
,qyro cep.QLI€BI1HY. Tor,qa AI1R n106oro /;> 0 K3-onepaTop /2.7/ orpa
HH4eH e npocTpaHcTBe E; {;; K3-onepaTop a KoHe4HOM o6"beMe /2.3/ 
orpaHI14€H B npocTpaHCTBe E f;A!lfl nl06oi1 KOH¢11rypall1111 X A~ n A' .. 
16 
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f.\oKa3aTCJ1bCTBO, f.\nR C!ly4al'l /a/ OHO RB!ll'ICTCR HCMe,QJleH
HbiM cne,qcTBVIeM paBeHCTB B=O, D(Xt;.)= 0 11 HepaseHCTBa /3.1/. 
B cny4ae /6/ ,qocTaT04HO saMeTI1Tb, 4TO perynRpHoCTb noTeHLIVIa
na 11 Ha!ll1411e TBep,qoili Cep,QLICBVIHW npi1BO,QVIT K TOMy, 4TO cy~ecT
syeT 

inf W(x , X) :-D cp . 
x~n 

/4.1/ 

no3TOMY Mbl nony4aeM cne,qy10~y10 O[\eHKY: 

IlK II <e /3DtiJIIKII <e
2

/3Dcp C 1 e t;ctll(/3) 
A E/;- E{; -

fll. 2/ 

KOTopaR 11 sasepwaeT ,QOKa3aTC!lbCTBO. D 

3aMe4aHI1e 4. 1. nycTb A c Rv - HeKOTOPbl~ <IJI1KCI1pOBaHHbli:1 
COCYA, TOr,qa 113-sa TBep,QbiX C8PALI8BI1H CYli\CCTBYCT TaKOr:i HOMep 
n(A), 4TO exp(-f3W(xl,x;_l ))=0 ,Q!lfl n>n(A) 11 xn~An. Cne-
,QOBaTe!lbHO, (KA¢)(Xn) =0 A!lfl n>n(A) 11 ¢~Et;, T.e. RanKA 
RB!lfl8TCR 11 KOH€4HOMepHbiM11 no,qnpocTpaHCT80M Eo (A) c n E t;. 

,n l;>o '>· 

B 3TOM cMbrcne onepaTop KP llK A AJ1R csepxycTo~411Boro noTCH411a
na COOT8eTCTByeT HCKOTOpOMy 11npe,qeJ1bHOMy 11 C!ly4al0: 11CnO!lb3YR 
/3.39/ HeTPYAHO noKa3aTb, 4TO 

llKA =11·11 ·-limP llKA, /4.3/ 
El; m->o<> m 

r,qe P m: E ~;-+E O,m=l¢ G-E( ¢(X
0

)=0, n>ml .RBJll'leTCR 
11 

m-MepHbiM
11

npo
eKTopoM. 

CyMMI1PYR o6cym,qeHI1e e KOHLie pa3,qena 4 11 npe,qnomeH~e 4.1, 
nony4aeM cne,qy10~11i1 aHanor TeopeMbl 3. 3 AilR onepaTopos K3: 

TeopeMa 4.1. nycTb perynRPHbli1 napHbli:1 noTeH[\!IIan B3ai1MO-
,Qei1cTBI1R <lJ RB!ll'leTC.R /a/ HeOTPI1LiaTeJ1bHbiM 11 <l>(x) > <l) (x) *, - + 
nvr6o /6/ 11MeeT TBep,qyiO cep,QlleBI1HY. Tor,qa Ail.R r.106oro /;>0 11 npo-
113BOJ1bHO~ KOH<!Jitlrypa'-11111 X AG- n A ypaBHeHI1e K3 B KOHe4HOM _o6"beMe 
/2.9/ 11MeeT B npocTpaHCTBe oX (\ E~(A) e,Q11HCTBeHHOe peweHI1e, 

~>O -
KOTOpoe .RBJll'leTCR 11·11~; -aHa!li1TI14€CK11M B o6naCTI1 C_=lz~C: 

-2{3Dtll-1 
iz\ <e C¢(!3)1, 11·11~;- MepoMop¢HbiM s nnocKoCTI1 C 11 
cosna,qaeT TaM c p A (z) . 

AoKasaTenbCTBO. Paccym,qaR TaK me, KaK np11 ,qoKa3aTenbcT
se TeopeM 3. 2 11 3. 3, 11 ccbrnaRCb Ha npe,qnomeHI1e 4. 1 , nony4aeM 
pe3yJ1bTaTbl HaCTOR~ei1 TeopeMbl, 0 

* c:Il (x) ~ C ( R v ) , <I> (0) > 0. 
+ + 
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3aMe4aHHe 4. 2. B o6~eM eny4ae perynRpHoro HeoTpt-·H.taTenb
Horo napHoro noTeH~Hana nony4aeM /eM. /3.37/ 11 /4.2//: C 

1 . 
={z~C:.jzi<Cm(,B)e-IH ¢(ziX-)=p (z)~C (.;'),rAe C ($=1zcC:Izl<tl. 

'l' A A + · + 

YpasHeHHe Ma~epa-MoHTponna 

11AeonorHR, paaBI1TaR Bblwe A11R ypasHeHYI~ K3 1-1 KP, MomeT 6b1Tb 
paenpoeTpaHeHa Ha eny4a~ TOlKAeeTB MM /2.4/. BHa4a.ile onpeAem1M 
¢op~anbHO onepaTop MM /eM, /2.4/, /2.5//: 

(M¢)(X ) = zne-,BU(XJ}; -1 f dY Mm(X , Y ) ¢(Y ) , 
n _ 1 m! m "' n m m m- · Rmv 

!4.l•f 

1-1 eooTBeTeTBYIOUIH~ onepaTop MA s KoHe4HOM o6beMe: 

-,Bit iN A -,BW(~' X N 
(MA¢)(X )=(e )xAM¢)(X )=e xA(X )(M¢)(X )./4.5/ 

n n n n 

TorAa ypasHeHHe MM e KoHe4HOM 
npoeTpaHeTBe/ 11MeeT BHA: 

o6beMe /B HeKOTOPOM BeKTOPHOM 

-.Bw<itJ,., . 
¢ = e X A e (z) + M A¢ , 

-/3U(X ) 
(e(z))(Xn) = zne n • 

/4.6/ 

3aMe4aHHe 4, 3. AnR yeT0~4HBoro B3aH~10AeMeTBI1fl BeKTOp 
e(z)EE~AilR lzl<te-f38 ,_TorAa exp(-(3W(XA))xAe(z)~E~ A11R 

-- (3(B+D(X ) ) \. 
XA~OA 1-1 lzl<te- A. 

TeopeMa 4. 2. nyeTb ¢-perynRpHbiM noTeH~Hail napHoro B3aH
MOAei1eTBI1R, YAOBJleTBOPRIOl!IH~ OAHOMY 1-13 eneAYIOII~HX yeJlOBHM: /a/ 
noTeHL\11aJ1 R BJl.ReTeR HeOTPHf..laTeJ1 bHbiM, /6/ noTeHf..l!-1aJ1 RBJl.ReTef! 
HeOTPI14aTenbHbiM 11 esepxyeTo~ 41-1 BbiM /Hanp!-1Mep, <ll(x) ~ <ll + (x) I, 
/B/ noTeHl.IHaJl COAeplKHT TBePAYIO eePAL\6811Hy. TorAa /1/ onepaTop (3 
MM /4.4/ orpaHH4eH s npoeTpaAeTBe E,; ,een11, lzl<ee-f38 exp(-.;C¢((3)e Dq 

s eny4ae /a/, 11, eenH lzl < ,;exp(-.;c<ll(f3)), 8 eny4al'lx /a/ 11 /6/; 
/2/ onepaTop MM 8 KOHe4HOM o6beMe /4.5/ orpaHI14eH s npoeTpaH-

-.;c<ll(,B) 
eTee E.; A11R n106o~ KoH¢1-1 rypal.!~-'~11 XJ\~OK, eem-1 I zi < .;e 
B eny4ae /a/, H AJlR Z te-C 11 npOI13BOJ1bHOrO .;>O B eny4aRX /6/ 
11 /a/; /3/ ypa8HeHI1e MM s KOHe4HOM o6beMe /4.6/ HMeeT s npoeT
paHeTBe 6X E ~(A) eAHHeTBeHHoe 11·11.; -MepoMop¢Hoe pewe1-111e 
¢(ziXK) =p A(z) AJlR 11106oro t> 0 11 KOH¢11rypal.\11~ X K s eny-
4aRx /6/11 /s/, 11 6AHHeTB6HHOe 11·11,; -MepOMOp<iJHOe peUJeHI1e 
¢(ziXA) =pA(zH lz<e-C:Izl<tl s eny4ae /a/. 
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.[\o K a 3 aT en beT so. I 1 I B e11ny onpeAeneHI-'IR I 4. 4/ 11MeeM: 

I(M¢)(Xn)I.:S\\¢1\s:lzlnenf3B ~ .;m f dYmiM(fJ(X ,Y )\, 
., m=l m! Rmv n m 

3AeCb ¢~E.;- Boenonb3yeMeR Tenepb OL\eHKOM 1181
: -

n -(34! (x. -y) -(3<ll(x . -y) 

IM(fJ(X • y ) I< n I k I e 
1 

-11 n e J 
n m - y~Ym 1=1 l::;j<i 

11 /4. 1/, TOrAa nony411M, 4TO 

oo .; m {3DcfJ 
j(M¢)(Xn)\~l\¢\l.;<lz\ef3B)nm:;l-;!(nC<ll((3)e )m < 

(3B (3D(fJ 
.:::; 11¢11.; <lz\e )n exp(n.;ccfJ(f3)e ) . 

CneAoBaTenbHO, Mbl nony4aeM HepaseHeTBO 

-n (3B .;c<ll({3)exp(f3D<t>))n 
1\MII ~sup.; (\z\e e 

E,; n2:,1 
/4.7/ 

KOTOpOe H npHBO,QI1T K ,QOKa3aTenbeTBY B eny4ae /s/. B eny4a.H)( 
/a/ 11 /6/ s HepaseHeTse /4.7/ Heo6XOAHMO nonolKI1Tb B=O 1-1 D<ll=O. 
3aMeTHM, 4TO \\Mil E{l AJlfl aKTI1BHOeTe~ 113 AOnycTI1MbiX o6nacTel:1. 
/2/ 04eHKa I 4. 7 I nP11 B = 0 , D c'fJ = 0 He M3MeHReTe.A, een11 Mbl nepe
XOA11~1 K onepaTopy a KOHe4H.,OM o6beMe M A I 4. 51 s eny4ae I a/, eM. 
npi1Mep 3. 1 . 4T06bl ou,eHI1T b 1\M A II E e B eny4af!X /6/ 11 I B/' He
o6XOAI1MO np~ttHHTb BO BHHMaHitte /CY/-eBo~eTBO Itt /4. 1/, TOrAa 

(3Bn(A) n n{3D1J nec(fl({3)exp((3D<ll) 
\(MA¢)(Xn)l~\l¢1\.;<lzle ) e e ·/4.8/ 

no3TOMY onepaTop MA: EE ... .;~0 E fAJlH npoi13BOnbHoi1 KOHQMrypal\11H 
XA- 11 z.::: C. B 4aeTHOM cny4ae /6/ nony4aeM: D...,= 0 11 B (A)=-nA/IAI, 

"' ,.. 'I! s n 
eM. /1.3/. /3/ B eny4ae /a/ exp(-(3W(XA)) XA e(z).:::E,;(A). A11H \zl<e 

/eM. 3aMe4aHI1e 4. 31 11 1\MA II Es (Af 1 B o6nacTI1 lz.:::C: \zl <.;e -t'%((3)1, 

eM. /4.8/. CneAoBaTenbHo: .; 

-1 
¢(zjX-)=(l -MA) . A 

--(3W(Xf...) ~ e (z) 
e XA /4.9/ 

RBJlf!eTeR e,QMHeTBeHHbiM II·\ I.; -aHaJ111H14eCKHM peWeHI1eM ypaBHe~H ((3) 
/4.6/, KOTopoe eeTeeTBeHHO eosnaAaeT e p A (z) ~ lz ~ C: \z\<ee % I. 
npHMeHHR Tenep b MeTOA aHaJ1!-1TI14eeKoro npOAOJ1lKe''HI1H' I I,. 9/ MOlKHO 
npo,QOJllKHTb AO 11·11,; -MepQMOp¢Horo peweHI~fl ¢(ziX x) =p A (z)t {zkC:\zl <el. 
HaKoHe~, eA~t~HeTBeHHOeTb peweH~tt.A RBnReTel'l npRMWM eneACTBHeM 
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TeopeMbl 3.1 11 saMe4aHI1R o TOM, 4To ypaBHeHVIe MM no~4aeTeH 
npoeT~M V1Tep11poaaH11eM ypaaHeHVIH K3 /eM. pas,Qen 2 VI 71 /. ~o
Ka3aTenbeTBo a· eny4aRx /6/ 11 /a/ RBnReTeR npRMO~ a,QanTa~VIe~ 
BbiWe npi1B8fl~HH~IX "paeey>K)::!8HI1~ 11 3aMe4aHVIR 0 TOM, 4TO Tenepb 
aeKTop e -f:iW(X i\) x e(z) ~ n E ~. o 

A ~>O s 
3aMe4aHVIe 4. 4. PesynbTaTbl TeopeM 4.1, 4. 2 1-1 saMe4aHVI~ 

4. 2, 4. 3 noKa3biBaiOT, 4TO ypaaHeHI1R K3 VI MM a KOHe4HOM o6beMe 
3KBVIBaneHTHbl AilH napHbiX noTeH~~-tanoa 83aVIMO,Qe~eT8VIR, YA08neT
aopRIOLI.\VIX OAHOMy VIS yenosH~, I a/, /6/ HnH I a/, TeopeMbl 4. 2, 
a TaKme, 4To ypaaHeHI1e MM Hey,QosneTBOPI1T.enbHO a APYrVIx eny4a
RX, KOr,Qa ypa8HeHVIe K3 see ellle 11pa6oTaeT". no noeTpoeHVIIO Kam

,Qoe peweH~-te ypaBHeHVIH K3 YAOBneTsopReT ypaaHeHVIIO MM, o6paTHoe, 
a o6ll.leM eny4ae, Heenpaae,QnVIso, eM. 1191.0 ,qpyr1-1x no,Qxo,Qax 
K o~eHKe onepaTopa MM /4.7/ eM/.2°,211, 

5. 3AK1110411TEJlbHbiE 3AME4AHI1.fl 

YpasHeHVIH paBHoseeHR 

TaK >Ke, KaK 3TO noReHReTeR 8 pas,Qene 2, TaKO~ nO,QXO,Q OeHo-
8aH Ha HeKOTOPbiX 11ypaBH8HVIflX pa8H08eeHR 11

, KOTOpble noeTym-!py
IOTeR 1-13 TO>K,QeeT8 ,QJlfl rH66eoBeKO~ M8pbl 8 KOH84HOM 06beMe, a 3a
T8M MOryT 6b1Tb paenpoeTpaHeHbl AJlR OnVIeaHVIfl 8epOHTHOeTHbiX 
rVI66eo8eKVIX Mep /rH66eo8eKVIX eoeTORHW~/ ,QilR 6eeKOH84H~X eHeTeM, 
eM./22,23/ H /13,15/. 6 e8fl3H e nony48HHbiMVI BbiWe pe3yJlbTaTaMVI 

noy4VIT8JlbHO epa8HHTb ,(\Ba 3TVIX nO,QXO,Qa K OnHeaHVIIO eVIeTeM ,Qa>Ke 

8 KOHC4HOM 06beMe /npo6neMa epaBH8HVIR 3TVIX nO,QXO,Q08 8 6eeKo
H84HOM 06beMe o6ey>K,QaeTeR_ B I 13, 19,24/J. 

nyeTb aA(Z)=ln!diLJ\.(X [Xi\.)/dX l > - 88KTOpH03Ha4Hafl 
u n · o n_1 i\ Rv nJlOTHOeTb YCilOBHOVI 88pORTHOeTHOVI M8Pbl B eoey,Qe C ,QilR pery-

IlRpHbiX rpaHVI4HbiX yeno811~ xi\ ~;{i i\' Tor,Qa a/\(z) TO>K,QeeTBeHHO 
YAOBneTsopReT 11 ypa8H8HVIRM paaHoaeeHR 11 8 KOHe4HOM o6beMe 119,24/: 

- N(X) -{3U(X)-{3W(X,YuXi\.) -
ai\.(XuY[Xi\.)=z e )(/\(X)a/\(Y[X~,Y~~./5.1/ 

KOTOPbl8 3KBI1BaneHTHbl XOPOWO VI3BeeTHbiM ypaBH8HVIl1M ~o6pyUJVIHa
JlaH<)lOp,Qa-P103Jlfl /~JlP/ .Qilfl Mepbl {dll/\(Xn[XJ\.)ln>t ,eM./13,19,22·24/: 

- -{3 U(X) -{3W(X Y UX ) dX 
dlli\. ((XcD.)u(Yc/\ \ M!Xi\.) =zN(X) e ' A -- x 

. N(X)! I 5. 2/ 

xdp. 1\.(~u (YeA\ D.)JXA), t-..cA. 
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Een~-1 B3aHMO.Qe~eTBVIe Me>KAY 4aer114aMV1 yeTo~4VIBO /1.2/, Tor,qa 
-{3(B+D(XJ\.)) 

a .A (z) i;E. (/\) ,Qilfl O:S Z <~e . npVI 3TVIX 3HB48HVIHX aKTVIB-

HOeTI1 ebOTHOW8HVIfl /5.1/ o6pa3yiOT 8 npoeTpaHeTBe 6X E~(A) 
ypaBH8HVIR, peweHVIl'l KOTOpbiX eBl'13aHbl e KOppenfl~:.-!OHHbiMVI <)lyHRI..IVIl'l

MVI e noMOLI.\biO npeo6pa3oaaHHi:1 Me61-1yca: pi\ (z) = Pi\ a I\ (z), eM. saMe-
4aHHe 3.3. 

~R epa8HeHHl'1 ypasHeHH~ /5.1/ e ypa8HeHHeM K3 s KoHe4HoM 
o6beMe /2.9/ e o6nacTbiO onpe,qeneHHH EJ(A) aoenonbsyeMeR 
pe3yilbTaTaMVI IlCMM~ 3.1 VI TeopeM~ 3.1. tor,Qa BMeeTO /2.9/ M~ 
nony4VIM ene,qyiOLI.\He ypaaHeHMR AJlH t/J=Pj\1¢ /3,qeeb ¢~ E ~(A) 1-1 

¢ < ~) = 1 I: 

-{3W(x .~\J -{3wcx ,x/\) 
t/J(x 1)=ze 1 xi\.Cx

1
)+ze 1 XJ\.(x

1
).P

0
, 

-{3W(x 1 , x~_ 1 U X IV 
/5.3/ 

..;, (X ) = z e x, (x 
1

) tjJ (X ' ) , n > 2, 
n 1l n-1 -

r,qe .;, 0 onpe.QenReTcR paaeHeT80M /3.24/. 11TePHPYR /5.3/ AI1Rn:::2, 
nony4aeM ypaBHCHVIH /5. 1/. TaKVIM o6pa3oM, ,QOKa3aHa 3KBI1BaneHT
HoeTb OnHeaHVIH rH66e08eKVIX eoeTOHHVI~ 8 KOHC4HOM 06beMe .QJlfl 

perynRpHbiX rpaHH4HbiX yeno81-1~ e noMOLI.\biO ypasHeHHR K3 1-;1 
11ypa8He

Hil1~ pa8H08eeHR 11
• To me caMoe enpa8e,QnVI80 ,QJ1H eaepxyeTo~41-1BbiX 

asaHMO,Qe~eTBI-1~ npH MeHee mecTKI-1X ycnoBI-1Rx: a i\.(z) ~; n E ~(/\), 
~>O s 

0 < z <"" , eM. neMMy 3. 3 11 pa3,Qen 4, a TaK>Ke pa6oTy /25/ r,Qe 
3TOT <)laKT fibiJl yeTaHOBJ18H C nOMOLI.\biO M8TO,Qa npOI13BO,QRUtero '<)lyHI<-
4110Hana, npe.QnomeHHoro 6oron106oBbiM. 

YpasHeHI-1R /5.3/ 1-1 yenoaHR ¢(~)=1 a .Qe~cTBVITenbHOeTH ,qoeTa
T04Ho ,QJlfl HBHOrO HaXO>K,Q8HVIR paBHOBeeHOrO eoeTORHI1.R B I<OH84HOM 
o6beMe. CooTHoweHVIe ¢ ( Q)=l AaeT yenoa11e 1-JOPMVIPOBKVI (P A.;,) ( Q) = 1 
B T04HOeTI1 TaKoe, f<at<Oe VIMeeTeR Ailfl a i\.(z), eM. /5.1/. no3TO

My, HenOilb3YR /3.24/ 11 /5.3/, Mbl nony4aeM Ailfl n =1, 4TO: 

-{3W(x 1, X J\.) 
tjJ(x

1
)=ze X;\(x

1
)t/J(I/J), 

- -1 
t/JW) = (2({3, z, A JX A)) • 

TaKVIM o6pa3oM, tjJ =a/\ (z). 0,QHaKO_AOKa3aTenbeTso Toro, 4TO AilR 
perynHpHoro rpaHI14HOro yenoBVIR xi\ peweHio1e 11ypaBHeHV1H paBHO-
see~tll'l11 npV!Ha,qneM<VIT npoeTpaHeTBy 6X E~(A) 1-1 HBilReTeR e.QVIHeTBeH
HbiM, Tpe6yeT T8XHI1KI1 pa3Ae!la 3. 
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06CYlKAEHI1E 

BnepBbre npo6neMy peweHYr.A ypaeHeHYr.A K3 B KoHe4HOM o61>eMe 
IAII.A HenpepbJBHbiX "' peweT4aTbiX CYICTet~/, a TaKlf<e ee CBR3b c Teo
pYre~ $peArOIJbMa P~CCMOTpen nacTyp 171 • B Ae~CTBY!TeiJbHOCTYI OH 
pew11n 6onee o6U(yro 3aAa4y, KOrAa ceo6oAHbr~ 4J1eH e ypasHeHJ.-H1 
MO>KeT 6biTb npOYI3BOJ1bHbiM BeKTOpOM 113 HeKOTOporO,.RBHO OnY!CbiBae
MOro,noAnpOCTpaHCTBa ~ c u E~(A),OAHaKo np11 3TOM nonaranocb, 

s ~>O ~> 
4TO 11 o6nacT b onpeAeneHYr.A onepaTopa K A coenaAaeT c .~ 
/cp. SaMe4aHYre 3.2/. noAnpocTpaHCTBO ~ 6,KaK OTMe4aeTC.R

6
B /71, 

.RBJ1.ReTC.A MYIHY!MaJ1bHbiM MHOroo6pa3YreM, Ha KOTOpOM TOlf<AeCTBa K3 
MOryT paccMaTpr.-tBaTbC.R KaK COAep>KaTeJ1bHble ypaBHeHY!.R. 

HeKOTOpbri:i aHanYrs nOAXOAa, npeAJ1olf<eHHoro nacTypoM, .ABJ1ReTc.A 
npeAMeTOM pa60TW/S~ rAe Y4TeHO Ail~ HenpepWBHWX CYICTeM HaJ1Yr4Y!e 
BHewHero noTeHl.IY!aJJa, a TaKlf<e, OT4aCTYI, pa6oT 1!9,24/ /peweTo4-
Hble Yl HenpepbrBHbre CYICTeMbJ/, rAe, KpoMe Toro, paccMaTpY!saeTC.A 
CB.A3b MelKAY pa3J1YI4HOrO TY!na KOppeJ1.Al.IYIOHHbiMYI ypaBHeHY!.AMYI 
11 "ypasHeHYreM pasHosee~>1.A 11 • B 4aCTHOCTYI, s 1191 npY!BeAeHo He
CKOJ1bKo noy4Y!TeJlbHb!X npY!Mepos, KOrAa ypaBHeHY!e K3 YIMeeT pe
WeHYI.R, KOTOpwe He OnY!CWBaiOT paBHOBeCHWX COCTO.AHMH CYICTeMW, 

B nepeyro 04epeAb .A 6naroAapeH n.A.nacTypy, nOA 4bYIM He
nocpeACTBeHHbiM BJlM.RHMeM HanYrcaHa 3Ta pa6oTa. R npMSHaTeneH 
TaKlf<e H.AHrenecKy M r.HeH4y, npo4Y!TaBWYIM PYKOnMcb, sa 60J1bWOe 
4YICJlO nonesHbiX saMe4aH.Yri1. 
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TEMATWIECKHE KATErOPHH OYBJU1KAID1R 

OB'bE,lU1HEHHOrO HHC'Ilfi'YTA H)JEPHWX 

HCCJIE,.QOBAHHR 

HH.neKc TeMaTHKa 

1. 3Kcnep~MeHTanbHa~ $~3~Ka B~COK~X 3Hepr~~ 

2. TeopeT~4ecKa~ $~3~Ka BbiCOK~x 3Hepr~~ 

3. 3Kcnep~MeHTanbHa~ He~TpOHHa~ ~~3~Ka 

4. TeopeT~4eCKa~ $~3~Ka H~3K~x 3Hepr~~ 

5. MaTeMaT~Ka 

6. RAepHa~ cneKTPOCKon~~ ~ paA~Ox~M~~ 

7. $~3~Ka T~*en~X ~OHOB 

8. Kp~oreH~Ka 

9. YCKOP~Tenl-1 

10. AeToMaT~aau~~ oEpa6oTK~ 3Kcnepi-1MeHTanbH~x 
AaHH~x 

11. B~4~cn~TenbHa~ MaTeMaT~Ka ~ TexH~Ka 

12. X~M~~ 

13. TexH~Ka $~3~4ecKoro 3KcnepHMeHTa 

14. 11ccneAOBaH~~ TBePAbiX Ten ~ *HAKOCTe~ 
~AepH~MH MeTOAaM~ 

15. 3Kcnep~MeHTanbHa~ ~I-13HKa ~AePH~x peaKu~~ 
np~ H~3K~x 3Hepr~~x 

16 • .Qoa~MeTp~~ ~ $H3~Ka aa~J~~Tbl 

17. Teop~~ KOHAeHC~pOBaHHOrO COCTO~H~~ 

18. 11cnonb30BaH~e peaynbTaTOB 1-1 MeTOAOB 
$YHAaMeHTanbH~X $~3~4eCK~X ~ccneAOBaH~~ 
B CMe*H~X ofinaCT~X HayK~ ~ TeXH~K~ 


