
;1-38/ 

B.M.Jie6e,LJ;eHKO 

0 CHCTEMAX OBPA3YIDmHX 

OEPHO~"qECKHX ABEJIEBMX rPYnTI 

P5 - 7817 



) .' 

8 .M .Jie6eAeHKO 

0 Cl1CTEMAX OBPA3YIOI1\l1X 

nEPl10~l1qECKl1X ABEREBMX rPYnTI 

HanpaaneHo B CR6. MaTeMaTif'ieCKifii >KypHan 

lhe;muemuJI ttHC1'MT.JT 
Mff,ii:lJX l!CCJ:i!!\OB&r.al 

Gtt~GJIViOTEKA 

P5 - 7817 



.. 

~ ";, 

.1 

... 

© 1974 061>eOUHeHHbiU UHCmumyr.r .ROepHbiX UCC/Ie0080HUiij(y6Ha 

r ., 
l
j 
I 

I 

BBE~EHHE 

1. Cy~ecTBYIOT TecHwe caJI3H Me~y cTpoeHHeM a6ene
BbiX rpynn B BHyTpeHHHMB CBO.BCTiiaMB BX CHCTeM o6pa3yw
~BX. 06 3TOM CBB~eTellbCTBYIOT MHOrBe pa60Tbl. 0~0 If:) 
Hanpaaneaaii accne~oaaHBJI TaKax CBJI3eii pa3aaTo B.,LVIa:. 
6oM /3 -5 I. HcnonL3YJI noHJITBe llenp_aao;:ulMoii~ cacTeMw 
o6pa3yiO~HX~ B BBe~eHHble BM llOHJITHJI canbHO npHBO~MOB, 
HaCne~CTBeBHO npBBO~BMOB B ~acne~CTBeHHO CBllbBO npa
BO~BMOB cacTeMbl o6pa3y10~ax I eM. n.2/, )J,na6 pa3~enan 
ace cacTeMbl o6pa3yw~ax a6eneBbiX rpynn Ha cne.nyw~e 
WeCTb THllOB: . 

(I) - Henpaao,naMaJI ·cacTeMa o6pa3yw~x; 
(II) - npaao,naMaJI, ao He canbao npaao,naMaJI a He Ha

cne,ncTaeHHO npaao,naMaJI . CHCTeMa . o6pa3ywu.ritx; 
(ill) - _canLBO npaao,naMaJI, HO He uacne,ncTaeHHO npaao-

,naMaJI CHCTeMa o6pa3y10~X; . /1/ 
(IV) - aacne,ncTBeHHO npaao,naMaJI . cacTeMa o6pa3yw~x,. 

HO He CHllbHO npBBO,nHMaJI; 
(V) - Hacne,ncTBeHHO B CHllbHO' npHBO,nHMaJI CHCTeMa o6-

. pa3yiO~X, HO He Hacne,nCTBeHHO CBllbHO npaao-

,naMaJI; 
{VI)- Hac;,e~cTBeHHO c~nLHO npaao,naMaJI cacTeMa. o6pa-

3YIO~BX • 
. )J,na6 noKa3an, 'ITO c~ecTBYIOT a6eneabl rpynnhl,· o6-

na,naJO~Be .. aceMB weCTbiO TBnaMB. CHCTeM o6pa3yiD~X. 
Hli.t ycTaHo:BneHo, KaKHMB aoo6~e KOM6BHa~BJIMB Tanoa /1/ 
!doryT o6na,naTL a6eneaw rpynnLI /eM. 141·;. ·. . · · . 

3 



.. 

• 

3To cne,nyiOlllBe KOM-6nnannn: 

(I) ; 

(I)' (II); 
) -

(I), (II) , (III) ; 

(I), (II) , (III), (IV), ( V) ; 

( I) , ( II) , ( III) , (IV) , ( V) , ( VI) ; 

(IV), ('V) ; 

(IV) , ( V) , (VI) ; 

('VI). 

/1'/ 

B COOTBeTCTBBB C 3TBM a6eneBLI rpynnLI MO)I(HO pa3,ne
nnTL na aoceML nenepecexaiOlllHXC.II xnaccoa, ecnu nocTaBBTL 
B COOTBeTCTBHe Ka>K,nOH TaKOH KOM6BHaiJ;BB THROB CHCTeM 
o6pa3YIOlllBX B~e a6eneBLI rpynnhl, B KOTOpLIX peanB3yeTC.II 
TOnLKO OHa: 

D(lOOOOOJ - (I) ; 

D(UOOOO) - (I) ' ('II) ; 

D( 111000) - (I), (II), (III); 
/I" I 

D(lllllO) - (I), (II), (III) (IV)(V); 

DOlllll) - (I), (II)~ (III), (IV), (V) ,(VI); 

D(OOOUO) - (IV) , ( V); 

D(OOOlll) - (IV) , ( V) , (VI) ; 

D(OOOOOl) - ('VI). 

Onucanue :Knaccoa D(lOOOOO),D(llOOOO), D(OOOOOl) . .nauo 
B pa6oTax /3, 4 I. 

0Ka3anocL~- 'ITO Knacc 0(100000) COCTOBT H3 o,nuoi 
uyne!Joi rpynnLI, a D(UOOOO) co.nep)I(HT TonLKo :tinxnutiecxyro 
rpynny BToporo nop.11,n:Ka - C ( 2) • Knacc D (0 0 0 0 0 l) cocTOHT 
H3 BCeX Heuyn~BLIX HOnHLIX a6ene.BLIX rpynn. 
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B pa6o.fe /5/ B3y'lenw npnMapuwe rpynnw ~naccaD(lllOOO).' 
lloKa3auo, 'ITO npin.t:apuaJI·" a6eneaa rpynna 'G npuua.n-

ne)I(]IT K D(lll000) TOr,na B. TOnLKO Tor,na, Kor,na HOPJIAKB 
ee :me:MeHTOB orpaHB'IeHhl B COBOKynHOCTH • .nnJI BpOB3BOnL· 
uwx_ a6eneawx rpynn uaMB a pa6oTe 17/ nonyqeu cne.nyroliUii 
pe3ynLTaT: ecnu a6eneaa rpynna 'G ~D(lllOOO), TO ona· BMee1' 
BB,n: 

G=T+Fn, 
'/2/ 

r,n_e T • ~epHOAH'IeCKaJI rpynna C orpaHH'IeHHhiMH B COBOKyn
HOCTH HOpJI,nKaMB 3n~MeHTOB, . a F n · - CB06o,nHa.ll a6eneBa 
rpynna paura (0 ~ n .< oo). TaM )l(e noKa3aao, --'ITO ecnu 
a6eneaa rpy:nna 'G(i'GI ::> 2) HMeeT aa.n: 

'G = T + -A . 
p . ' /3/ 

r.ne T p - npHMapHa.ll rpynna c orpanuqeHHhiMH B coao:Kyn
HOCTH nop.ll,nKaMH 3neMenTa, A - rpynna c xone'IHWM qucnoM 
o6pa3YIOIUBX, TO rpynna 'G ~ D( 111000)- •. ' , --- · 

· XoT.II rpynnw au.na /2/ ycTpoenw aecLMa npocTo, aonpoc 
o TOM, xaxoaw ace rpynnw xnacca D(lllOOO),ocTaeTC.II noxa 
oTKPWTLIM. Bo3MO)I(HO, 'ITO oH coana.naeT co aceMB rpymia-
MB BB,na /2/. . 
- B pa6oTe 141 nocTpoenw oT,nenLnwe npauepw npBMapnLix 
rpynn, npana.nne)l(alllBX xnaccau D(lllllO) ,_·D~llllll) 

D(OOO 111). 

B _pa6oTe 181 naua nonyqenw nexoTopwe .nocTaTo'lnwe 
ycnoBB.II, npB KoTopwx a6eneaa rpynna o6na.naeT ann ne 
o6na,naeT Hacne,nCTBeHHO _ CBnLBO- BpBBO,nHMOH ·• bacTeMoi -
o6pa3YJOlllBX /Tan (VI) / •. 3To no3aonB:no .noxa3a.fi.'T.eopeuw 
BJIO)I(eHBJI .nn.11 xnaccon D(lllllO), D(llllll), D(OOOlll).H3 
TeopeM cne,l.(yeT, 'ITO ,nn.11 n106oi a6eneaoi rpynnw 'G B xa>K:.. 
,noM_ ·n3 yKa3annwx xnaccoa CYllleCTByeT rpynna, co.nep
)l(allla.ll G a xaqecT:Be np.11uoro. cnaraeuoro. ITonyqennwe 

. . ~ . 

pe3ynLTaThl MOI'YT paCCMaTpHBaTLC.II B KaiC ,nocTaTO'IHLie 
ycnoaa.11 npana.nne)I(HOCTB a6eneawx rpynn i< xnaccau ' 
D(lllllO), D(llllll), D(OOOlll). 
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,Uanee HaMH onucaHLI uce C'IeTHLie nepHO)UI'Iec:Kue rpyn
nLI Knaccou D ( 0 0 0 110), D ( 0 0 0 111). Haii,neHLI TaJOKe HeKoTo
phle BH,nLI C'IeTHLIX. HenepHO)UI'IeCKHX rpynn Kmi.cca D(O 0 0 no). 
IloKa3aHo, 'ITO i<a:>K.nag a6eneua rpynna c KOHe'IHLIM qucnoM 
o6pa3YIOII.tHX MO>KeT 6LITL BllO>KeHa B Ka'IeCTBe npgMoro . 
cnaraeMoro B HeKoTopyro c<leTHYIO rpynny Knacca·D(OOOllO). 
AHanorH'IHLie YTBep)KJ(eHHjl ,noKa3aHLI H ,nng Knaccou D(lllOOO), 
D ( 111110\ D ( 111111) , D(OOOlll).Hpo6neMa B.,D;na6a, cocToglllag 
B Haxo)KJ(eHHH KpHTepue:B npuHa,nne>KHOCTH a6eneuLix rpynn 
K KnaccaM (111 ) ' noKa ell.\e He pemeHa IJOnHOCTLIO. O,nHaKo 
HaM B HacTogii.teii pa6oTe y,nanocL ee .pa3peiiiHTL ,n.Ji:g npu
MapHLIX rpynn H ,nng HeorpaHH'IeHHLIX nepHO)UI'IeCKHX rpynn. · 

2. ,Uanee BCIO,ny no;i rpynnaMH MLI 6y,neM rro,npa3yMe
BaTL &.6eneuLI rpynnLI. qepe3 g H fi 6y,neM o6o3Ha'IaTi. 
o6pa3LI JneMeHTa g u no,nMHO>KeCTBa D rpynnLI 'G B $aKTop
rpynne 'G = 'G/ A • . CHMBon "C" ynoTpe6ngeTcg HaMH _nng 
0603Ha'IeHHjl CTpororo BllO>KeHHjl IJO,nMHO>KeCTB B OTllH'IHe 
oT "'c" • MHo>KecTuo, cocTO}III.tee H3 JneMeHTOB g.\ , .\·.;A , 
6y,neM o6o3Ha'IaTL qepe3 [ g.\1.\.; A, a pa3HOCTL HeKoToporo· 
MHO>KeCTBa D H O,nHOJlleMeHTHOrO MHO>KeCTBa g - qepe3 

. D/g. JluHeiiHyiO KoM6HHa~HIO JneMeHTOB. MHO>KeCTBa · A· 
HHor,na 6y,neM o6o3Ha'IaTL qepe3 f( A). ,Ung KoHe'IHoiirpynnLI 
'G = GP + .. -+ G p I 'G p. - npHMapHLie KOMIJOHeHTLI 'G / m ('G) 

1 · n · 1 
6y,neT 03Ha'IaTL 

max (r('GP.)) 
l<i<n 1 

/eM. /B/ /. 

,lJ;ng 0603Ha'IeHHji npgMOH CYMMLI rpynn MLI ynoTpe6ngeM 
3HaKH ''+ "H "2, ", 

IIycTL D - cucTeMa o6pa3yromux HeKoTopoii rpynnLI 
'G (G= I D I) 
OnpeneneHHe 1. D -uenpHBO.llHMa, ecnu cooTHomeHHe 

g~ {D/gl /4/ 

He BLinonHgeTcg HH ,nng o,nHoro JneMeHTa g.; D. B npoTHB-
HOM cnyqae D -npHBO.llHMa. . • 

OnpelleneHHe 2. D - cunLHO npHBO.llHMa. ecnu cooTHomeHue 
I 4/ BLinonHgeTcg ,nng nro6oro JneMeHTa g ~ D. 
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OrrpeneneHHe 3.· D- HacnencTBeHHO npHBOJlHMa, ecnunpuuo-
,nHMa ucgKag no,ncucTeMa, nopo:>K,D;aiOII.\ag 'G = I D I. _. 
Onpeneneuue · 4. D - ,HacnencTBeHHO cunLHO npHBO,UHMa, 
ec·nH CHllLHO npHBO,llH~{a ncgKag IJO,llCHCTeMa D '::SD, KOTOpag . 
nopo>K,naeT G = I D !. 

PEmEHHE IIPOHJIEMhl B.,[(JIAEA ,[(Jlll 
IIPHMAPHhiX TPYIIII 

1. B pa6oTe Kxa6Ga3a / 6 / noKa3aHo, 'ITO B npHMapHoii 
· rpynne Ka:>K.nLIH JneMeHT Hyneuoii BLICOTLI MO>KeT 6LITL BKnro
qeH B. HeKOTOpyro ee HenpHBO,nHMYIO , CHCTeMy o6pa3YIQmHX. 
IIpoTHBonono>KHLIMH cuoiicTBaMH o6na,naroT JneMeHTbi He-
Hyn{moii BLICOTLI •. 3To noKa3LIBaeT cnenyiOII.ta.H . 
JleMMa 1. EcnH p -rpynna G= ID I ' a~ D H h p ( a)>'o ' TO 

a~ I D /a I. 
lloKa3aTenLCTBO. TaK KaK a =p x , x ~I a, D! a I , TO 

a~ pf(D/a) + pka. · 
Cne,noua TenLHO, 

( p k - 1) a = p f( D I a)~ LD/ a l , 

(pk-1,p)=1 H a~ I D/a I. 

JleMMa ,noKa3ana. . 
HHTepecHLIM gun.HeTC.H· cne,nyroll.\ee yTuep>K,neHHe. 

JleMMa 2. Ecnu u p -rpynne· G cucTeMa o6pa3ywmux 
,nep>KHT JlleMeHT a H TaKOH JlleMeHT b ~0/a,i; 'ITO 

hp(a±b)>O, 
TO 

a~ I D/a J. 
lloKa3aTenLCTBO. ,lJ;eHCTBHTellLHO, TaK KaK 

a± b = pf(D/[a,b]) + kpa -dpb, 
TO 

( k p - l) a = (l ± e p) h- pf( D I [ a, h]) 

· = £
1
(D/a) .;{D/al. 

D co-
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Cnep;oBaTeJI&Ho, a a~ { D I a.l, .• Tal< KaK (h p -1, p) :=1. : . 
JleMMa .I\oKa3aaa. 
3aMe'laaue. YTBep>K,Aeaue neMMbi ocTaeTc.!I cnpaBe.AJIHBbiM; 
ecnu 3aMeHHTb a ± ll aa 

' n 

a + ~ k. b~ 
1 1 

i = 1 

TeopeMa 1. EcJIH B cacTeMe 'o6pa3yroiQHX · D aexoTopoii 
p- rpyi:mhl G p;na mo6oro :meMeHTa . a aaiip;eTc.R Taxoii 
:ineMeHT.b;b~D/b , 'ITO hp(a ±~b)>O*;To D ~- CHJibHO 
npHBO)J;HMa. ; . . . . · . . . · .. . ' · •. .· 
lloxa3aTen&cTBO. TaK xax ,Wumo6oro_:meMeHTa a~ D, h- (~±b)>O 
TO, no JleMMe 2, a~ { D I a: 1.. To eCTb . D CHJibHO n'tfiBo..; ' 

p;u:Ma. TeopeMa p;oxa3aHa. > 

TeopeMa· 2. Ecnu p - rpynna 'G cop;ep)KHT Taxyro 6a3HCHyro 
nop;rpynny B, 'ITO ·G/B~ ~ G\,rp;e 'G\;;_ C(p"") ,_>..r;;,A H 

.. )..t;;,A A A 

I A I =:= I 'G I ,. TO 'G o6nap;aeT cucTeMoii o6pa3yroiQHx THna 
{VI) /eM. /1/ ( , . . 
lloxa3aTen&cTBO. ITycT& 'G>.. = {C>.. I npu KWK.AOM .\ r;;, A, rp;e 

c>..=[c>..i1i: 1 • pc>..1 =o, c->..~-pc>..k+l;,o <k=1,2, ••• ) 

H 
C.\= [ cxi]~=I (cXi r;;,"CXi ). 

ITono>KHM c.{i = p c A.i ( i = 1, 2, ••• ) • 
)l;anee, nycTb B =[ b >..] X~ A /cpep;a :meMea:roB b >.. MoryT 
6biTb op;uaaKOBble, ecnH !AI> 1 BI/H 

e \ . = c't. + b \ , . E \ = [ e \ . ] ."" 1 · A1 AI A 1\ 1\ I I= ' 

· E = >..~A EX· Torp;a MHO>Ke~TBO. D = BUE - cucTeMa o6pa-
3YIOlJ.lHX Tuna {VI) p;n.s rpynnw 'G. To, 'ITO D - cacTeMa 

. o6pa3yl0ll\HX 'G, He Bbi3biBaeT COMHeHHH, Tal< KaK o6pa3 E B 
G/B no'po)K)J;aeT'G/B ( p('G/B)\= G/B) .llYCTb D' cD H { D'},;. 'G. .. . -

Torp;a D',;,B'UE'j rp;e . . 
rl S B' S B, E' s_ E, E' = ·u E'>.. 

( E ~- s. E)..) '. I EX I ='I( 0 • 

* llop; a ± b Mbl nop;pa3yMeBaeM 3p;ecb a+ b HJIH a- b. 
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HoKa>KeM, 'ITO D' CHJibHO npBBO.AHMa. 'Bo3bMeM iBa npou3 ~
BOJibHbiX 3JieMeHTa eAi =~xi +hA H e.\.=~!·+b>..a3'E~cD'(~Ij). 
TaKKaK · . ..· ··. .-· -. J _ . J · · · 

e)d- C\ ·= c'\.- c't'. = p(c\ :- c\ .) , 
AJ 1\l . AJ AI · AJ 

TO hp Ce>.. i- ~,>ij) >'0. no.zio6H}de IIOCTp?eHH.R MO)KHO cp;en~TI~ : 
JPIB JII06oro. 3JieMeHTa eAi (;;; .D'-. _ ITycTb rl fB'r;;,b),. Pac~ . 

• CMOTPHM. 3JieMeHT C)..kr;;, ~~--- • e..\k,; ~Ak +b).. :'exk:~b ~ ~·cxk:;; 
.:= pc.\k" To ec:rL hp(b>..-_e>..k)·> 0. Tenepb BH,D;ao;.l{TO p;ng
irio6oro 3JieMeHTa x €; D'-ecTb Ta:Koii 3JieMeUT yr;;,D~/x , iiTo 
h p( X- y) >0 ~-·· B CHJIY, T~opeMbll D'. CHJibUO nplmo.niiMi: 
HaMa .· nm<a3aHo, 'ITo npoH3BOJI&Haa. nop;cucTe:Ma 'D'CD ·, 
_ID'} = { D} = G - .CHHLHO npHBO.AIIMa. Cne.iioBaTeJri.iio: D .
. aacnep;CTBeHHO __ CHJibJiO npHBO~HMa /TJIIi . {:VI)j; TeopeMa 
p;oKa3aiia. H3 npep;w.I\Yu@x pe3yni..TaToB crie.riyei ::. · ~- ... -. 
TeopeMa 3. ITycT& 'G 7 p -. ;npuMapHiu rpyrina. Torp;a~cne~ < 
.AYIDll\He YTBep>Kp;eHHB 3KBHBamillTHbi: . . . . . . . . -··- .· 

A/. 'G HMeeT CHCTeMy o6pa3yroiQHX THna ('VI) •· . . 
B/. G HnH JIOJIHa.R rpynna;· HJIH; HMeeT TaKyiD 6a3HCHyro 

noArpynnyR,~To rp('G/B) :::_r/B) . . ...... , . 

.(rp·(G/B) = .\'GI ', ec_JIH ~ :r~(G) 

B/. 'G ae~npep;cTaB~~a:B JJ~e.nJ.IiMtiii CYMMM 

G = 'G 1 + 'G 2 , 
·. 

r;ie· 'G 1 - 9rpaiiH'IeHa * .H · r CG ~) '> r'('G 2 ). 
)lolca3aTenLCTBo. )l;n.s npu:Map:Hwx rpynn Koileiia'oro paara 
TeopeMa cnpaBep;nusa /cM./s/;. · .·· , ·_ . 2'/' ,, · >2 _: ··. 
. B -..A. EcnH. rpynmi 'G · HMeei- 6ecxoHe.'lllblii paar II 

.r (G/B)>rp(B) ,'To rp('G/B) ;:: l'GI: Cne,l(oBaTeJibHO, H K 
GP npHMeHhMa TeopeMa 2 H OHa o6nap;aeT cHcTeMoii-o6pa-

. 3YIOUulX THna {VI) • . . . . 
· B -.c. Ecnil rpynna 'G HMeeT 6ecKoHe'IHblii paHr •H 

rP ('G/B) ::::· r p( B), TC) oaa He npep;cTaBHMa i3 :BII,Ae /5/. 
· C--+ B. EcJIH rpynna 'G He npep;cTaBHMa B BH.Ae /5/, To 

MO~O JIOA06paTb · TaKyro 6a3HCHYJO nop;rpynny _. B, 'ITO 

* 3p;ecb H B p;aJibHeiimeM UO)J; orpaHH'IeHHOH nepHO)J;H'Iec
KOH rPYIIIIOii 6yp;eM noHHMaTb rpynny_ c ·nopgp;KaMH 3JieMeH
TOB , orpaHH'IeHHbiMH B coBOKYJIHOCTH. · 

9 



-
r P{ G/ B) J ~ r P/B) • ,ll;nH AOKa3aTeJILCTBa AOCTaToqHo 3a
MeTHTL, qTO BCJIKaJl cqeTHa.H HeorpaHHqeHHaJl peAYIUIPOBaH
HaJl rpynna C' o6naAaeT TaKoH 6a3HCHOH noArpynnoB: B', 
qTo r(G'/B')=l. 

A-. C. IlycTL rpynna G . o6naAaeT cHcTeMOH o6pa3yro
li\HX THna ("VI).TOrAa OHa He npeACTaBHMa B BRAe /5/ B CHny 
TeopeMbl 7 pa60TLI/8(HTaK, ycTaHoaneHO, qTO 

B-C, B-.A-.C. 
-TeopeMa AOKa3aHa. 

2. IlpHMapnLie rpynriLI H KnaccLI ,D;na6a. IlonyqeHHLie 
pe3ynLTaTLI AaJOT B03MO)I(HOCTL ~aTL nonHyro Knaccul}lHKa
UHJO, a cMLicne ,D;na6a, ·npHMapHLIX a6eneaLix rpynn. IIo
cKonLKY AnH npuMapHLIX rpynn KnaccLI D(lOOOOO), D(UOOOO), 
D(lllOOO) ,D(OOOOOl) · onucaHLI, HaM ocTaeTC.II paccMoT~ 

peTL KnaccLI D(lllllO), D(ll1lll) ,D(OOOllO) ,D(OOOlll)· 
a/ Knacc D(lllllO)_. . 

p - npHMapHaH rpynna G npHHaAne:lKHT K G (111110), ecnH 
oHa HMeeT BHA /5/ G = 'G1 + G 2 , rAe G1 - · orpaHHqeHa, 
r. - HeorpaHuqeua H r P ( G 1 ) > r P ( G2) , r ( G 1) ~ 1{ 
Ecnu G HMee'i' yKa3aHHLIB BHA, TO oHa otfnaAaeT Hen~uao
.AHMOH CHCTeMOH o6pa3yJOIUHX, TaK KaK HMeeT npHMOe cna~ 
raeMoe MOll\HOCTH I G 1. pa3no:lKHMOe a npHMYID cyMMY UHKnu
qecKHX rpynn /eM. /6/ I H He HMeeT cHcTeM o6pa3yiOII\HX 

Tuna (VI) /eM. TeopeMy 2/. 
B TO · :lKe apeMH G o6naAaeT cHcTeMaMH o6pa3yiDIUHX · 

Tunoa. (IV) , ( V) , TaK KaK He ;mn.HeTcH orpaHuq(mHoH H cucTe
MaMH o6pa3yJOIUHX THnOB(II) ,(Ill) /eM. / 4/ j. . . 

JlerKo noKa3aTL, qTo rpynnLI KOHeqHoro paHra He 
npHHaAne:lKaT K D(lllllO) /eM. / 6,8/ /. C Apyroii CTOpOHLI, 
ecnu p -rpynna G · 6ecKoHe"'Horo paHra npHHaAne:lKHT K 
D (lUUO) , -TO OHa /no TeopeMe 2/ HMeeT BHA /5/ H He 

JlBnJleTCJl orpaHHqeHHOH. 
6/ 'Knacc D( llllll) I rpynnLI :noro Knacca xapaK-

TepH3YJOTCJl paaeHCTBaMH 
I G/ B I = I'G I = I B I 

I B- .6a3HCHaH noArpynna G /. EcnH rpynna G yAoaneTao
p.lieT 3THM_paBeHCTBaM, TO /eM. 16 1 / oHa HMeeT cHcTeMy 
o6pa3YJOIUHX THna /1/H CHCTeMy o6pa3yiOIUHX THna(VJ) 
/eM. TeopeMy 2/. Il03TOMY G o6naAaeT H CHCTe~aMH 
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o6pa3YIOIUHX OCTanLHbiX THnoa·{II), (III); (IV.), (V)/CM. / 4 /j. 
C ApyroB: cTop(>HLI, ecnu rpynna G npHHa~Jle:lKHT K ~ (llllll), 
TO OHa HMeeT 6ecKoHeqHLIH paRr /cM./8/; H IG/BI=IGI , 
no TeopeMe 2. JJ;anee, I Bl =I Gl /eM.· /6/ /. · · 

B/ Knacc D(OOOllO) • 3TOMY Knaccy npHHaAne:lKaT 
cqeTHLie rpynnLI BHAa 

G = G1 + D, 
rAe G 1 - KOHeqHa, D - nQnHaH rpynna, 0 < rp (D)< r P ( G1 ) 
H TOnLKO OHH. · 

KaK noKa3aHo ·a pa6oTe /8 ~ 3THMH rpynna:MH'HcqepnLI
BaJOTCH ace cqeTJiLie npHMapHLie rpynnLI Knacca D (00 0 llO). 

c·· APYrOH CTOPOHLI, ecnH rpynna 'G . HecqeTHa H He 
HMeeT CHCTeM o6pa3yiOII\HX THna (VI) , TO no TeopeMe 2 
oHa HMeeT BHA /5/ G = G1 +'G 2, r:ne IG11,;,1GI H G1 pa3no:lKH
Ma a npJIMYJO cyMMY. :UHKnHqecKHX noArpynn. Ho OTCIOAa 

cneAyeT, qTo G o6naAaeT HenpHBOAHMOH cHcTeMoH o6pa-
3YJOU\Hx /cM.f6l /. . 

' r / Knacc D ( 0 0 0 Ill) • rpynnLI'6eCKOHeqHoro paHra 
3TOrO Knacca xapaKTepH3yiOTCJl COOTHOWeHHeM: 

0 < I B I < I 'G I B I = I G I /7/ 

fB- (ja3HcilaH noArpynna 'G I. 

,lJ;eHCTBHTenLHO, ecnH rpynna 'G YAOBneTBOpHeT COOTHOWe
HHJIM /7 I, To oHa He o6naAaeT cHcTeMaMH o6pa3yroiUHx THna 
/1/ /cM./6/ I H o6naAaeT cHcTeMoii o6pa3YJOIUHX THna (VI} 
no TeopeMe 2. TaK, ecnH G - HenonH:aJI rpynna, ·TO y Hee 
ecTL cHcTeMLI o6pa3yroli\HX THnoB (IV) , ( V) /cM./41;. C 

I . 
ApyroB: cTopoHhl, ecnH 'G~ D(OOOlll),To IGI.> 1 B 1 /MJI 
n106oB: 6a3HCHOH noArpynnLI B I, TaK KaK a Heii HeT. CHCTeM 
o6pa3YJOIUHX THna (I) /eM. 16 1 I. IloCKOnLKy 'G o6iui.AaeT 
CHCTeMOH o6pa3YIOIUHX THna (VI) ' rG/BI ·~ I Bl ~- A. TaK KaK 
I Gl > I B I; To I G/BI >I Bl ~ CpeAH rpynn KoHeqHoro paHra 
Knaccy D( 000 lll) npHHaAne:lKaT rpynnLI BHAa G='G1 +D, rAe 
G I 0 -. ~oHeqHaJI, a D - ,nonuaJI rpynna, r P (D) > ·. rp ('G ) , H 
TOnLKO OHH /CM. /8//. · . - . . 

Pe3ynLTaTbl,· nonyqeHHble HaMH. MH npHMapHbiX rpynn, 
HcnonL3YIOTCH a cneAyroll\eB: rnaae AnJI nepHoAUqecKHx rpynn. 

II 
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2."llepuoou<~ecKue zpynnM.u KAaCCbl ,/1Aa6a 

a/ Kmiec D (11100 0). . Ecnu nepHOJUI'IecKaJI rpynna 
npHHaAne:lKHT K D( 111000) , .To OHa ()rpaHH'IeHa /eM. 711 /. 
Bonpoc o TOM, KaKOBld see nepHOJUI'IeCKHe rpynnhl"Knacca 
D( 1ll000 ),OCTaeTCJI noKa OTKpldTldM. ~cmi ecTi.-orpaHH'IeH
Hble rpynnbl C HacneACTBeHHO npHBOJUIMbiMH CHCTeMaMH o6-
pa3yiO~HX, To OHH ripiiHaAne:>KaT K D(llll10)/cM.f7/;. Bee 
nepROAH'IeCKHe rpynnhl DRAa Tp -t A, rAe Tp.- orpaHH'IeH
uaJI n·puMapuaJI rpynna, · a A - rpynna c KoHe'IHbiM 'IHcnoM 
o6pa3YIOIIlHX, 3aBeAOMO npuHaAn~:>KaT K D(ll1000)/cM. 171/. 

6/ Knacc D ( 111110) • HeorpaHH'IeHHaJI nepHOJUI'IecKaJI 
rpynna G npuHaAne:>KRT K D (111110) TOrAa H TonLKO TorAa, 
KOrAa.oua HMeeT BRA: 

G = G 1 + G 2 , 1 
r ( 'G 1 ) . ~ O' 

rAe G 1 - ()rpaHR'IeHa, G 2- ueorpaHR'IeHa H 
. r(G 1)>r(G2). 

,I:(oKa3aTenLCTBO Mo>fwo npHBeCTR TaK ,ice, KaK H AflJI npR
MapHbiX rpynn, onRpaJICL ua TeopeMy 4. 

B/ Knacc DOllllU. rpynnld noro Knacca He npeA-

CTaBRMld B BRAe /5/: 

G = Gt + G2·· 

rAe G 1 - .orpaHR'IeHa R r ( G I) > r(G 2) /eM. TeopeMy 4/. 
KpoMe Toro, OHR RMeiOT paBHOMOIIlHble npJIMble cnarae

Mble, pa3flO:lKHMble B npJIMYIO CyMMY UHKflR'IeCKHX rpynn 
/eM. /6//. 

r /. Knacc D ( 0 0 0110) • rpynnbl :noro Knacca RMeiOT 

BRA. G = G1 + D, 

rAe G 1- KOHe'IHaJI, D - nonuaJI rpynna, 0 < r (D) < m( G I) 

/eM. BBeAeHRe/. ,I:(oKa3aTenLCTBO 3Toro·yTsep:>KAeHRJI aua
norR'IHO AaHHOMY HaMH AflJI npRMapHoro cny'laJI. 

A/ Knacc D (000111) • rpynnbl 6ecKOHe'IHOro paHra 
3TOrO Knacca xapaKTepH3YfOTCJI COOTHOWeHiieM 

I Bl < I G /B I = I G II 
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rA.e B- .CYMMa 6e3HCHldX noArpynn scex npHMapHLIX KOM- · 
I noHeHT rpynnld G/. rpynnLI KOHe'IHoro paHraKnacca D(OOOlll) 
j . • < 

HMeiOT BJ:l,J:I;: , '· 
c·.= ·Gi + D·;~ 

rAe G i ~ 0- ~ouequa, a D - nonu3:~ rpynna, 

r( D) :?. m rG-:1):.:. :·:: . 
· ,D;oKa3aTenLCTBO 3Toro yTsep:>KAeHHJI auanorH'IHO AaHHOMY 

HaMH AflJI npHMapHldX rpynn. _ .,. 
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