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.11c}epHb1x ucc;,1ec}oeaHuil ,l(y6Ha· 

PaccMaTpHBaeTCH pa3HOCTHaH KpaeBaH 3a.n;a11a 

r2 

v (t+r) = I A.v . (t), t= nr _> 0, v=l, ... ,N-1; 
V J V+J 

j=-rl 

N-1 

v ( 0) = f , I [ f [ 
2 

< "" 
V V v=I V 

V ( t) = 
m 

sl 

I 
j=l 

C. v.(t) 
l m J 

s2 

m ·= -rl + 1, ••• , 0 

/I.a/ 

V ( t) 
N +£ 

I Dj£vN-j(t), £=0, ••• , r2-I. /1.6/ 
i= I 

3.n;eci. v - BeKTopi.1 pa3MepHOCTH k ; A j , C jm , D j£ -
IlOCTOHHHhie MaTpun;i.1; A_rl , A r2 • HeBblpO)l(,AeHHbie MaT
pHll;bl. O6o3Ha'IHM 11epe3 G oneparop nepexo.n;a oT cnoH 
K cno10. Ilpe.n;nonaraeTcH, 'ITO ycroii'IHBhI cne.n;y1011J;ue rpu 
3a.n;a•rn: a/ 3a.n;a11a Kornn, b/ neBaH KpaeBaH 3a.n;a11a, 
c/ npaBaH KpaeBaH 3a.n;a11a. B pa6oTe /I/ nocrpoeHbI npu
Mepi.1 HeycTOH'IHBbIX KpaeBbIX 3a.n;a11 C ,D;BYMH rpaHHll;aMH, 
KoTOpbIM OTBe11a10T ycroii11uBi.1e 3a.n;a11u a/, b/, c/. Ilpu 
3TOM B npnMepax .n;nH "rnnep6omi11ecK·nx" cncreM npe.n;
nonaraerc» uann•rne HaKno11Hi.1x xapaKrepncTHK pa3Horo 
3uaKa . B npe.n;naraeMoii pa6ore paccMaTpnBaeTcH no.n;Knacc 
"rnnep6onu11eCKHX" CHCTeM C HaKnOHHbINH xapaKTepHCTH· 
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KaMH noeTO.H·HHOro 3HaKa. ,ll;JI.H :noro no,IJ;Knaeea y,IJ;aeTe.H 

,IJ;OKaJaTb oueHKY ll'Gnll ~ c 1 npH n ~ e c2N , c 2 > 0. 
IloeTpoeH npHMep KpaeBOH 3a,IJ;a11H e ,IJ;BYM.H rpaHH,UaMH, ,IJ;JI.H 

KOToporo ll 1G II>. e cnaN , a<l, c > 0,3TOT npHMep ,IJ;o

Ka3hlBaeT Heyny11waeMoeTb npHBe,IJ;eHHOH BbIWe oueHKH ,IJ;JI.H 

. BbI,IJ;eJieHHOro no,IJ;Knaeea "rHnep60JIH11eeKHX" eHeTeM. 

YeTOH11HBOeTb y,IJ;aeTe.H ,IJ;oKaJaTb npH ,IJ;onoJIHHTeJibHOM or

paHHtfeHHH:. KpaeBbie Ma TPH.UbI K 11 K 2 , K "i K 3 /l ( He 

,IJ;On:lKHbl HMeTb oeo6eHHOeTeii B T011Kax e,IJ;HHH11HOH OKpy)K

HOeTH. y eTOH11HBbie nony6e eKoHetfHbie 3a,IJ;a11H ,IJ;onyeKaIOT 

B BepXHHX rl• k - e 1 eTpoKax MaTpH,Ubl K 11 K 2 H HH)KHHX 

r 2 k - e 2 eTpOKax Ma TPH.Ubl Ki K 3 oeo6eHHOeTH nepBoro 

nop.H,IJ;Ka 121. 

T e ope Ma 1. IlyeTb ,IJ;JI.H Ka)K,Il;OH onpe,IJ;eJI.HIOI.Qeii T011KH 

e,IJ;HHH11HOH OKPY)KHOeTH Bee eo6eTBeHHbie· 3HatfeHH.H /e.3./ 

xapaKTepHeTHtfeeKOH MaTpH.Ubl 3a,IJ;a11H KowH HMeIOT HaKJIOH

Hhle xapaKTepHeTHKH noeTO.HHHoro 3HaKa. Tor,IJ;a, eenH 

3a,IJ;a11H a/, b/, c/ yeTOH11HBbI, TO II G n I I < c 1 npH n.::; e c 2N, 
C 2 > 0 . 

)]; 0 Ka 3 a Te JI be TB O. IlpH Heenep;oBaHHH yeTOH11HBo

eTH KpaeBbIX 3a,IJ;a11 eYI.QeeTBeHHO HenOJibJyeTe.H .HBHbIH BH,IJ; 

pe30JibBeHTbl ('G - Z I) -l B OKpeeTHOeTH e,IJ;HHH11HOH 

oKpy)KHOeTH I z I =l /l, 2 /. IlpH 3TOM peJOJibBeHTa KpaeBoii 

3a,IJ;a11H e ,IJ;BYM.H rpaHH,UaMH B OTJI~11He OT pe30JibBeHT nony-

6eeKOHe11HbIX Ja,IJ;atf eo,IJ;ep)KHT p.H,II; B03MylQeHHH: 

M = f (M-N +l K-1 K M N-lK -l K ) s 

5 =0 22 4 3 11 1 2 • 

3,IJ;eeh M 11 , M 22 - 6noKH KaHOHH11eeKoii 4>opMbI peJonb

BeHTHOH MaTpH,Ubl M(i) /21; 

4 

-1 
TMT = 

M1 
A 

C 

M2 

Mu icp 
r=e 

M22 
·1¢-¢l<p. 

I, 

1,'i I 

t· 
.1) 

-1 
C.3. M 1, M~ no MO,IJ;YJIIO eTporo MeHblIIe lnpH 1¢-¢ol<p. 
C.3. A., c- no Mo,IJ;ynro MeHbIIIe 1 npH I ¢-¢0 I <pn 1zl>l, 
HO eTpeM.HTe.H K npe,IJ;eJibHbIM 3Ha11eHH.HM, paBHblM no MO,IJ;y~ 

nro 1 npH ¢ -+¢ 0 • lfaBeeTHO / 3 ~ 11To, eenn Ja,IJ;a11a KoIIIII 

yeTOH11HBa, TO e.3. ee xapaKTepneTn<ieeKOH MaTpH,Ubl BOK

peeTHOeTH onpe,IJ;eJI.HIOlQHX TOtfeK ,IJ;onyeKalOT paJJIO)KeHne 

BH,IJ;a 
2 µ. · · 2µ. 

>.. (VJ) = exp l i ¢ + i y ( VJ - t/J ) + i I a. ( VJ- t/J 
O 

) 
1 -/3 ( t/J- iµ 

0
) + ••• I, 

0 0 j=p J 

. . 
Ima. =0, {3 > O. 

J 

TaK Kcl.K no yenoBHIO Bee y,,{O,. Ka)K,IJ;OMY 

eTBeHHOe e.3. pe30JibBeHTHOH MaTpH,UbI: 

/21.: OTBe11aeT e,IJ;HH-

¢ -¢0 /3 2µ. 
K (¢) = expliiµ +i . . P(¢-¢ )+---(¢-¢ j + ••• I. 

0 y O y:?ft+l O 

P ( ¢ - ¢ 0 ) - _MHoro11JieH e BeI.QeeTBeH~hlMH Ko3<l><l>Hu~eHTa

MH P (O l = l. lfa eTpyKTYPbI K BH,IJ;Ho, 11To >,, e "yxo,IJ;.HJUHMH" 

xapaKTepHeT11KaMH y < 0 nopo)K,Il;aIOT K _e IK I .::; 1 npn 

lzl 2:1,a >.. e "np11xo,IJ;.HlQHMH" xapaKTepHCTHKaMH y > 0 rro

po)K,IJ;aIOT K ·e. I K_,I ~ 1 npH I z I 2: 1. TaKHM o6paJoM, >.. e 

y < 0 nopo)K,Il;alOT K , KOTOphle IIOIIa,IJ;alOT B M 11 , a A e 

y > 0 nopO)K,IJ;aIOT K , KOTOpb1e norra,IJ;aIOT B M 22 • CJie,IJ;o

BaTem,uo, ecn11 Bee y O,IJ;Horo 3HaKa, TO 0,IJ;HH HJ 6JIOKOB 

M 11 , M 2~ HMeeT erreKTp, paerroJIO)KeHHbIH cTporo BHYTPH 

e,IJ;HHH11Horo Kpyra rrpn I ¢ - ¢ I< p. Terrepb ,IJ;OBOJibHO rrpocTo 

MO)KHO rrony11HTb HeKoMyio 08e1rny Gn. B IIHT.erpaJie, rtpe,IJ;

cTaBJI.HIOlQeM 'G n : 

'G n= - ~ f, ('G - zi)-l zn dz, 
2m r. • • 

BbI,IJ;eJIHM 11acTb G ( n) , c o,IJ;ep)KaI.Qyro M -E.,D;m1 · 'G ( n) ua 

¢ -n_JIOCKOCTH D OKpecTHOCTH TOtfeK Dbipo~eHH.H Kl • 
K4 B Ka11eeTBe r 6epeM 06xo,IJ;.HI.Q11e neTnn: 

¢0 0 ,.¢ 
-p -o.~ +o .+P 
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OTpe3I<H [-p,-o] , [o,p] ne>KaT Ha Be~eCTBeHHoii: ocn: 
0 BLI6HpaeTCH HH:>Ke. lfa ycToii:qHBOCTH 3a,naq b/, c/ 

cne,nyeT /2/ , qTo Bee I<paeBLie MaTpHn;LI, B qacTHOCTH , 
MaTpnu;LI K-l K 2 , K-J K 3 , B Toq1<ax e,nnHnqHoii: 01<pym
HOCTH I z I = 1 MoryT nMeTL oco6eHHoCTH He BLIWe nepBoro 
nopH,nI<a. OTcro.na nonyqaeM ou;eH1<y: 

I IG ( n) 11.:::N ( i a sN a-2s-i;eno ) 2 , a <I, ~'.5:. 2 + niax 2µ • 
s=I 

,L(anee nonyqaeM Ta1<yro ou;eHI<y: 
2N -4-2.; 

"' 2 2no a 0 
2 

0-a N 0-2) 2 .<e npn ll'G(n) II <Ne 
N 

-1 -
n < o = a ~ + 2;; 

OcTaeTCH 3aMeTHTL, qTo H3 ycToii:qHBOCTH 3a,naq ~ b/,c/ 
n , I cne,nyeT paBHOMepHaH no n orpaHuqeHHOCTL II G - G ( n) I . 

TeopeMa I ,no1<aJaHa. ' N 
u u II G n If cna· flpIIMep pa3HOCTHOH I<paeBOH 3a,naqu C . >e 

c> 0 , a< 1~ 3a,naqu a/, b/, c/ ycToii:qHBLI. 
PaccMaTpHBaeTCH pa3HOCTHaH annpoI<CHMaD;HH npocTeii:

wero rHnep6onHqec1<oro ypaBHeHHH u 1 + u x = 0: 

n+l 
u v. 

u n +u n 
v+l v- 2 

2 

r 

v=l, ••• ,N-1. 

+ 

n n u -u v+ 1 v- 2 h 
3h {I--) =0 

2r ' 

rpaHHqHLie -3HaqeHHH HaXO,IJ;HM H3 icpaeBLIX ycnoBHH: 

n n n n n 
u O = cl O u 1 + c 20 u 2 ' 

u = u ' N N-1 

Un = C Un.+ C 
n u • 

-1 1-1 I 2-1 2 

IlapaMeTpLI c 10 , c 20 , c 1-1 , C2:...1 no,n6HpaIOTCH HH>Ke. 
Mccne,nyeM ycToii:qHBOCTL Ja,naqu Kowu: 

6 

t 
L 

~ 
if ,, 
! 
i 
l 1 

1 l 
•·' . 

"1 

n+ 1 
u 

V 

f( e i¢ ) 

1 n n r 1 n n 
=-(u +u )-(---)(u -u ) 

2 v+l v-2 3h 6 v+l v-2 

(~ 
3 

a i¢ I a 
-)e +(-+-} 
3 3 3 

r 

h 

-2i¢ 
e 

a ' 

i¢ 
npu a :S 2 3a,naqa Kowu ycToii:quBa, ff ( e ) I .:S l .Ilono:>KHB 

a = 2 , nonyqaeM Ta1<y10 cxeMy: 
2 

n+l 
u 

V 

1 · n 
=-u 

6 v+ I 

5 n 
+-u 

6 v-2 

ug= clO uf +c20 u;, 

n n n-
u _l = cl-I u l+c 2-1 u 2 

v = I, ••• , N - 1, 

n n 
UN=UN-1' 

,L(anee iccne,nyeM ycToii:qHBOCTL nony6ec1<ouequLix 3a
,naq. ,L(n.R :noro CTPOHM pe 30IlLBeHTHYIO Ma TpHu;y M ( z) H HC • 
cne,nyeM ee cneI<TP 

6z 

M{ z) = I 1 

0 

0 

0 

1 

-5 

0 

0 

( 3 2 
C.3. M z} y,noBneTB0pHIOT ypaBHeHHIO K -6zK + 5 = 0 . 
TaK I<al( Ja,naqa KowH ycToii:quBa, M( z) He HMeIOT k (z) l=l . . l 

npu.lz l>l. M(z) ue HMeeT 1<paTHL1x c.3. npu[zl~l. 
B roq1<ax ¢ = 0, ± ~ 1T pe30ilLBeHTHaH MaTpHu;a HMeeT 
C.3.' paBHLie no MO,nynro I. IlpH ¢ = 0 pe30ilLBeHTHaH 
MaTpHu;a HMeeT TaI<He C.3.: 

Kl(0)=l, K2(0) 
5+y45 

2 
>5, 
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K3 (0) = 
5-\/'45 

2 

B 0KpeCTH0CTH <p = 0 

<O, I K 3 ( 0) I < 1. 

· 2 2 . 
K 

1 
{¢)=exp{-3 i¢+0(¢ )l,IK

1 
(¢)!< 1 rrpH lzl:?; 1. 

,!l;m1 I z I ~ 1 orrpe;::i;eJieHo HeBhipo)K)];eHH0e aHaJIHTHqecKoe 

rrpeo6pa30Bamie rro;::i;o6m1 T ( z) ' K0T0poe IIPHB0)];HT M ( z) K 

;::i;HaroHaJibH0MY BH)];Y -
Tll Tl2 

2 2 2 
K3 0 0 I K 3 K 1 K 2 

TMT-~ I 0 KI 0 
T-1 ~ 1 ' K3 KI K2 

0 0 K2 1 1 1 

T- T-
21 22 

IIPH I z I > 1 IK 3 I < 1 , jK l I < 1 , J K 2 I > 1. 
,!l;aJiee CTP0HM KpaeBhie MaTpH:QhI /2/ 

sl 

K1 = ½I:... I C T ; 1 M1~ , 
v=rI v 

s2 

Ka= - T1-;. + I 
v=r2 

D - -v 
v TH M 11 ' 

rl = sl = 2, 

I c20 

·C2 = c2-I 

r2 = s2 = 1, 

CIO I D = 1. 
·• I 

C -1-1. 

sl 
- . - V 

K2=-T22 + I CVT22 M22' 
v=rl 
s2 

- - -v 
K4= Tl2- v~

2 
°v Tl2M22' 

IIocJie IIO)];CTaHOBKH II0Jiy.qaeM T8.KHe MaTpH:QhI: /2/ 

.. [ . 3 2 
K 3 - C 20 K 3 - C K 3 

K - 10 
I - 3 2 

1 - c 2-1 K 3 - cl-I K 3 

3 2 
K I - c 20 K I - c 10 KI 

3 2 
l - c2- l K I - cl -1 K I 

I . 
9 

. ~ 

3 · 2 

K - , 
-1-K2 + c20 K2 + Clo K2 l 

2 3 2 
K3=(K (1-K ),K (1-1<3)), 

3 3 3 
- l + C 2-1 K2 + Cl -1 K 2 

K
4

=K
2 

(K
2
-l} , K~.(z) =I= 0 rrpH lzl ~ 1. CJie;::i;oBaTeJihHO, 

rrpaBaJI Kpaeaa.H 3a;::i;aqa ycToiiqHBa. IloJI0:>KHM 

c 20 = c2-l = O' 

Tor;::i;a 

c10 = 1/K ·co) 3 ' 
2 

c1-1=l/K3 (0) 

Kl K3 
Det K 

1 
= ( 1 - --- ) (1 - ---) ( K 3 - K 1 ) 

K
3
(0) K/0) 

· II pH I zl ~ 1 HeT Kpa THhIX ToqeK crre KT pa, no 3T0MY K 
3 

-K 1 =I= O_ 
rrpH lzl L 1. ,!l;aJiee, TaK KaK K 1 (z) ,/K 3 (0) rrpH lzl ~ 1 H 

K 
3 

( z) =-= K 3 ( 0) JIHWh IIPH z = 1 , Det KI ( z) -I- 0 rrpH 

I zl :::.1, z I 1. TaKHM o6pa3oM, .JieaaJI Kpaeaa.H 3a;::i;aqa He 

HMeeT ToqeK crreKTpa rrpH I z I> 1 H Ha e;::i;HHHqHoii 0Kpy)1rno

CTH eCTh e;::i;HHCTBeHHaJI ToqKa Bhlp0)K)];eHHJI Kl ( z) , z = 1 
K-1 

IloCMOTPHM, KaKHe oco6eHHOCTH HMeIOT 3JieMeHThl I 0 

K3(0)+Kl K
1

K
3

{0) 
-

-1 y I., Kg (0) -K
3 

Kg (0) - K 3 

K 1 = 
K3 -Kl 

K 3(0) +K 2 K
3 

Kg (0) 
--

Kg(0)-Kl K
3

(0) -KI 

K 3 ( 0) - Kg = 
2i<p Kg (0) 

( 1 + 0 ( ¢ 
2
)) 

4 - Kg ( 0) 

TaKHM o6pa30M, IIPH ¢ = 0 3JieMeHThI BepxHeii CTp0KH 

K11 HMeIOT oco6eHHOCTH rrepBoro rrop.H;::i;Ka, 3JieMeHThl 

HH:>1rneii CTP0KH He HMeIOT oco6eHHOCTeii. CJie;::i;oBaTeJihH0, 

_JieBaJI KpaeBaJI 3a;::i;aqa ycToiiqHBa • 
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,ll;arree CTp0HM pH,n; B03MYll.leHHH, KOTOpbIH 3,n;ecb HBJIH

eTCH CKaJIHPHbIM «l>YHKUHOHaJibHbIM PH.D;0M: 

M = . ; (M-N+l K-1 K M N-1 K-1 K ) s = 
s = O 22 4 3 11 1 2 

00 

= l: <p-s(ipl(cp) Kt+lKt-1 +<p2p2(<p)Kt+l K~~J;)~ 
s=O 

PI(¢) , p 2< ¢) - aHaJIHT11qecK11e B 0KpeCTH0CTH ¢=0 «l>YHK
UHH 

pl (0) = 
(K 

2
(0) -K 

3 
(0)) (4--K 

3
(0)) 

---------- = d > 0. 
2K 

2
(0) 

Bb16epeM g =0 npH 11 =/= 3 H 
II 

g (0) = T;.-l(O) 

/1/ 
Tor,n;a HMeeM /CM. , CTp. 5/ 

I 
w 

II 

Mv-1 wl =- Mv-1 K-lK M ... ( 
11 I 11 I 2 

-N +I 
-K 2 (cp)•cp•p(<p)), 

3 
K 2 (0) 

K ~ ( cp) 

o I. 
[ 

0 ] 
K ~ ( 0) 

p(cp) orpaHHqeHa e 0KpecTH0CTH ¢=0. OTCIO,n;a crre,n;yeT, qTo 
·c n pacTeT He Me,n;rreHHee TaKoro HHTerparra: 

1 £ -1 v-1 == in¢ 
1v n = -. f, ¢ K 3 ( ¢) M ( ¢) e d ¢ . 

2 771 -( 

IlopH,IJ;OK pocTa Ivn onpe,n;errHeTCH BhlqeT0M 0TH0CH
TeJibH0 cp = 0: 

. IO 

11-l 00 K (0) N-1 
Res ( 0) = K 

3 
( 0) I (- d ( 3 ) x 

vn s=O K
2

(0) 

s 1 
x(n +w

3
(v-l) +ws(N-1) .. )-, -,., 

s . 

__.....,, 

-,f .. 

w. 
1 

2 

K 1 ( 0)-4 

/ ,, 

w=w3-W2• 

. t<a (0) N-1 
IlpH qeTH0M N N.;. I neqeTH0e H .., ( ( ) = a N -1, 

0 < a < 1 • K 2 O) · · · 
HanoMHHM, qTo K 3 ( 0) < 0 , K 2 ( 0) > 5, I K 3 ( 0) I < 1. 

TaKI!M o6pa30M, ,n;nH qeTHJ:,IX N. HMee:t,c 
. c,,o ' • 

Res (0) ::aKv
3
-I (0) I (J.)s ai,N(n+w3(v-·l) +~s{N-1))

6 

/s!, 
vn s=O.U · 

IloKa:iK_eM, qTo cyll.leCTBYeT c > 0 TaKoe, 'ITO 

!Res ·co) I> IK3v-l(O) I ecnaN. 
vn 

Pa3o6beM I B:a ,n;ea cnaraeMhI~: 

00 

I =I 1 + I 2 
0 

l: 6el 

peTCH no TaKHM s, ,IJ,JIH K0T0pbIX ..!l > -w 3 ( v-1) -ws ( N-J) , 
w < 0 -, w 

3 
<0 , Cnpaee,n;nuea ouem<a 

2 · 

N-1 s 
(~a 6lwl Ns) 

I ~ 2 I < I 
s l: so s ! 

..!l.+w (11-1)· 
2. 3 . · . . n 

s• = > 
0 ,J -w(N-1). aNlwl· 

npn n > 6N I w 
3 
I ; s !> e -s. s s ~ OTcro,n;a norryqaeM, qTo ,n;rrH 

.Il0CTaT0'iH0 6oJibllIHX N n 

II I < (J t;j;r 
2 -

,ll;arree 0l,leHHBa¢M CHH3Y I 1 

s -1 

I > 
I 

O d s · sN.. s 
I (-) ~ (B-) 

(J s ! ·.• 2 

. dn N . · · 
= expl-:---o- 1;·(}-R), t 

2a., · 
s·=o 

d 
sN : s 

s (J n 
, I (-) - (,-) 

. a s I 2 
s~ s

0 
· 

-.··- d $0 · 
< (-) ' 

(1 

s ON . co 
(1 .. n·· so . , d s 
___:.. (---.) · ,· I (-) X 

' 2 ' s · s-0 u 0 ' - ' 

II . 



sN s 
a n) 

"I X --(-

5 ! 2 

• n 

OTCIO,IJ;a rronyqaeM,' qTo I RI :::; a 6r;;;T . HcKoMaH o:ueHKa 
Res v (0) rronyqeHa: IResvn(0) l>IKv-l(0) l•e cnaN. 

n 3 n N 
TaK KaK I K 3 ( 0) l<l.oTCIO,IJ;a cne,IJ;yeT, qTo II G 11 > e cna • 

Te Ope Ma 2. EcnH BbIIlOnHeHbl ycnoBHH TeopeMbl 1 

, H Ma TPH:ULI K 11 K 2 , K •i K 3 He HMeroT oco6eHHocTeii 

B ToqKax e,IJ;HHHqHoii oKpy)KHOCTH I z I =1,To /1/ ycToiiqnBa. 

1; 

-1 · -1 
,11; o Ka 3 a Ten h c TB o .. Ecnu K 1 K 2, K 4 K 3 He HMeIOT 

oco6eHHOCTeii B ToqKax e,IJ;HHHqHoii OKPY)KHOCTH I z I = 1, TO 

PHA B03MyLQeHHH 6bICTpo CXO,Il;HTCH B OKpecTHOCTH e,IJ;HHH'I"' 

HOH oKpy)KHOCTH: 1 - f < I z I< 1 + f .OTCIO,IJ;a cne,ztyeT, qTo 

aCHMIITOTHKH HHTerparioB, B03HHKaIOIUHX IIPH Hccne,IJ;OBaHHH 

/1/, OTnuqaroTCH OT aCHMII_TOTHK HHTerpanoB, paccMaT· 

PHBaeMblX rrpH HCCne,IJ;OBaHHH nony6eCKOHeqHblX 3a,IJ;a:q, no· 

CTOHHHbIMH MHO)KHTenHMH, He MeHHIOIUH.MH o:ueHOK CBepxy. 
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